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Decryption of the title words

� Quark-gluon plasma (QGP): Hot and dense medium,
made of free color charges, existed in early universe
and reproduced at heavy ion collisions (HIC).
We know little about this state of matter !

� Quarkonia: are bound states of heavy quark-antiquark
pairs (Q �Q), charmonium and bottomonium.

� In-QGP quarkonia: A composed system of
interacting quarkonia and QGP, whose study
deepens our understanding of QGP. Which
framework to use ?
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Outline

� Is there a uni�ed theoretical framework that enables us to study
quantum as well thermal aspects of in-medium quarkonia dynamics
simultaneously?

� Is, a simpler, semi classical description of in-medium quarkonia able to
capture most of the physics of pure quantum dynamics ?

Along the way to answer this questions, we get insights on other questions
as:

� How/When quarkonia quantum states get classicalised in QGP ?

� Do quarkonia thermalise in QGP? To which limit?
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Open quantum system approach to quarkonia-QGP
interactions

� Quarkonia interaction with QGP implies exchange of
quantum coherence as well of energy between the two
systems ) quarkonia must be studied as an open
quantum system.

� The basic idea behind open quantum systems approach
is to take advantage of the hierarchy in dynamical time
scales between the constituents of the global system,
quarkonia-QGP, and split it as:
Total system= Quarkonia (our system of interest) +
QGP (medium)
� The work boils down into deriving a master equation describing the

dynamics of quarkonia under the in
uence of QGP.
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From total system to quarkonia system
The master equation is derived from the von-Neumann equation of the total
system

d�̂tot (t)

dt
= �i

[
Ĥtot; �̂tot (t)

]
(1)

with

j	toti =
∑

i

ci j�i i =) �̂tot = j	toti h	totj =
∑
i , j

cic
�
j j�i ih�j j (2)

Ĥtot = ĤQQ̄ 
 ÎQGP + ÎQQ̄ 
 �HQGP + gĤint (3)

Our system of interest is quarkonia ! We can trace out QGP degrees of
freedom.

�̂QQ̄ = TrQGP (�̂tot) (4)

and end up with an equation of the form

d�̂QQ̄ (t)

dt
= L̂

[
�̂QQ̄ (t)

]
(5)
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Lindblad equation from NRQCD

Starting from NRQCD, one arrives to the master equation[1,2,3] :

d�̂QQ̄

dt = �i
[
ĤQQ̄ + �ĤQQ̄ ; �̂QQ̄ (t)

]
+
∫

x ;y W (x � y)
(

~na
x �̂QQ̄ ~na

y � 1
2

{
~na

y ~na
x ; �̂QQ̄

}) (6)

with

~na
x = na

x �
i

4T
_na
x (7)

and

�ĤQQ̄ = � i

2

∫
x ;y

V (x − y)
[
na

xna
y ; �̂QQ̄

]
(8)

being QGP induced modi�cation to ĤQQ̄ ! Debye screening.
The correlator W (x � y) represents the QGP induced imaginary potential.
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Physics of the Lindblad operators in L̂ (t)

d�̂QQ̄

dt = �i
[
ĤQQ̄ + �ĤQQ̄ ; �̂QQ̄ (t)

]
+
∫

x ;y W (x � y)
(

~na
x �̂QQ̄ ~na

y � 1
2

{
~na

y ~na
x ; �̂QQ̄

}) (9)

with

~na
x = na

x �
i

4T
_na
x (10)

The Lindblad map is the non unitary part /W (x � y), it is made of :

� The di�usive operator L̂2 / na
xna

y describes 
uctuations, i.e the heating
up of our system by QGP constituents kicks.

� The damping operator L̂3 / _na
xna

y and / na
x _na

y describes dissipation.

� The operator L̂4 / _na
x _na

y is subdominant, but mandatory to restore
positivity if dissipation operator is included in Lindblad equation.
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Semi classical approximation (SCA)
There are di�erent, but equivalent, ways to state the semi classical
approximation:

� It consists in assuming a small extension of the density matrix along the
o� diagonal direction. i.e non vanishing density matrix elements are
localized around the diagonal.

� The system has short quantum coherence length beyond which any
superposition would be extremely suppressed.

〈
r 0
∣∣�̂QQ̄

∣∣ r〉 / e
� (r−r′)2

�2
th with �th ’

1p
MT

(11)

The density operator �̂QQ̄ and its associated Wigner function W (r ;p) are
related by the Wigner transform

W (r ; p) =
1

�~c

∫
dse

ips
h̄c

〈
r +

s

2

∣∣�̂QQ̄

∣∣ r � s

2

〉
(12)
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Wigner equation in semi classical limit
An expansion, in QED limit, of Lindblad equation in terms of coherence
length followed by Wigner transform leads into the semi classical Wigner
equation [1]:

@W (r ;p)
@t =

[
�2p:∇r

M �∇r V (r) :∇p + 1
4∇p: (H (0) +H (r)) :∇p

+ 1
2MT∇p: (H (r) +H (0)) :p

]
W (r ;p)

(13)

with H (r) being the hessian matrix of imaginary potential.
It could be shown that Gibbs-Boltzmann distribution

Wst (r ;p) = N exp

[
� 1

T

(
p2

M
+ V (r)

)]
(14)

is a steady state solution of Eq. (13). But the quantum dynamics relaxes to
di�erent steady state !
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Quantitative comparison QM Vs SC

� The expectation value of a given observable is based on the density
matrix or, equivalently, the Wigner function which keeps a full track of
our system’s state.〈

Ô
〉

= h	jÔ]	i = Tr
(
�̂Ô
)

=

∫
r ;p

W (r ;p) O (r ;p) (15)

� As �rst quantitative confrontation of the approximate SC to the
fundamental QM description, we compute trace distance between their
respective Wigner functions

d =

√∫
drdp (WQM �WSC )2 (16)
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Before comparing QM vs, SC, could you show us a case of a pure QM
e�ect that could be described by SC description ?
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Negativity of 1P-like state Wigner function
A simple observable to monitor the classicalisation of quarkonia states is

negativity indicator. For 1P-like state :  (r) / re�
r2

�2
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QM vs. SC comparison

13 / 47



1S-like initial state
We adopt a 1S-like initial state and solve the two equations in 1D for a static
QGP, using the same set of parameters[5].

 (r) =

(
2

��2

) 1
4

e�
r2

�2 with � = 0:54 (fm) (17)
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Trace distance
The lowest the temperature is, then, the longest QM features survive $ The
longest decoherence time is $ The largest is trace distance and smallest is
its decreasing rate.
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A key ingredient to solve a part of the puzzle !

A key concept in the classicalisation and thermalisation of our system is the
energy exchange with medium and strength of momentum kicks it receives
form it.
This could be re
ected, to some extent, through root mean square
momentum of our system

√
hp2i.
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Mean square momentum
At thermal equilibrium we have

√
hp2ist =

√
MT=2.

The larger internal e�ective temperature of our system in QM description
w.r.p to SC one implies faster classicalisation of our system, and faster
delocalisation of its Wigner function.
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1S state survival probability

Compared with SC description, the overheating of quarkonium state in QM
description leads to a larger depletion of 1S state population .
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2S state generation probability at high T
More insights on the possible e�ect of interference and negativity of Wigner
function comes from 2S state generation probability.

Good agreement at high T, but the interference terms may cause problems at
lower T.
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2S state generation probability at low T

Though the SC approach could describe the dynamics of a negative Wigner
function, but its accuracy is questionable, especially, at low temperatures and
early times. Why negative SC probability at early times ?!
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Dangerous cross terms in Wigner function
The break down of SC description in case of 2S state at low T could be
attributed to the "dangerous cross terms" in its Wigner function [6].

	2S (r) =
1p
2

( 1 (r)�  2 (r)) (18)

corresponding to a Wigner function

W2S (r ; p) =
1

2
W1 (r ; p) +

1

2
W2 (r ; p)�Wint (r ; p) (19)

The interference term Wint results from cross terms as  �1 2 and contains
very oscillating terms

Wint (r ; p) / cos
( rp

~c

)
; sin

( rp

~c

)
(20)

which spoil the SC expansion of unitary operators L̂0;1 and necessitate
all-orders resummation w.r.p to coherence length or $ ~ .
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Conclusions

� SC description of in-QGP quarkonia breaks down in studying early time
dynamics of excited states. Scuh break down could impact our late time
predictions in the case of non-Markovian limit.

� Otherwise, SC description reproduces very well the results of a full QM
description, especially:
� At high temperatures.
� At late times, though, the QM steady state still a topic of investigation !
� In studying the lower and compact states that are free of the dangerous

cross terms.
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Thank you for your attention !
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Back up
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Constraints on the master equation
The master equation, or dynamical map, governing time evolution of
quarkonia density matrix must satisfy two requirements:

� Since probabilities could only be positive, the initial positive semide�nite
density matrix must be evolved, i.e mapped, into another positive
semide�nite matrix ! The map must be positive.

h� j�̂ (t)j�i � 0 (21)

� Probabilities should always sum up to one , therefore, the trace of the
initial normalized density matrix must be preserved during its time
evolution ! The map must be trace preserving.

Tr (�̂ (t)) = Tr (�̂ (0)) (22)

In order to satisfy those requirements, a master equation must be in Lindblad
form. To this end, some approximations are needed along the way of deriving
a master equation!
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Derivation of master equation
The main approximations usually adopted are

� QGP is assumed to be at thermal equilibrium all along the evolution
time.

� The quarkonia-QGP total density matrix assumed to be initially and
remain factorisable all along the time evolution ! Born approximation.

�̂tot (t) ’ �̂QQ̄ (t)
 �̂QGP (0) (23)

� The quarkonia state time evolution depends only on its current state, i.e
the dynamical map is local in time ! Markovian approximation
(�R >> �E ).

d�̂QQ̄ (t)

dt
= L (t) �̂QQ̄ (t) (24)

Depending on whether we are in quantum optical or Brownian regime,
additional approximations as gradient expansion or rotating wave
approximation are needed to get complete positive trace preserving (CPTP)
master equation !
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Various regimes of quarkonium in QGP

� Several scales are involved in quarkonium-QGP system:
M;Mv ;Mv2;T ;mD ;�QCD .

� The temperatures attained so far in heavy ion collisions satisfy M � T ,
and since M � �QCD ! Heavy quark mass is larger than thermal and
quantum 
uctuations ! We can adopt a non relativistic description.

� Di�erent hierarchies between the scales Mv ;Mv2;T ;mD leads to
di�erent regimes.

� In case of high QGP temperature, T � E � Mv2 we are in the
quantum Brownian motion regime and a gradient expansion is required
to get a CPTP master equation.

� The appropriate basis of this regime is phase space variables.

� E�ective �eld theories are a suitable starting point to derive a Lindblad
equation in our case. The hierarchy between the soft scale p � Mv and
temperature T dictates the use of NRQCD or pNRQCD.
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Quarkonium-QGP dynamics within NRQCD

Ĥtot = ĤQQ̄ 
 ÎQGP + ÎQQ̄ 
 ĤQGP + gĤint ; (25)

The system intrinsic Hamiltonian ĤQQ̄ corresponds to the free case

ĤQQ̄ =
p2

Q

2M
+

p2
Q̄

2M
; (26)

while the QGP Hamiltonian corresponds to the light particle sector of
NRQCD

ĤQGP = Ĥq+A: (27)

The interaction quarkonium-QGP is given by

Ĥint = �g

∫
x

na (x) Aa
0 (x) ; (28)
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Negative Wigner functions

The use of Wigner functions to generate the initial conditions requires to
overcome the obstacle of the negative Wigner distributions.
For W (r ;p; 0) = W+ (r ;p; 0) + W� (r ;p; 0), and using the linearity of the
dynamical map, we get

W (r ;p; t) =
∫ t
0 dt 0L (t 0) W (r ;p; 0)

= W+ (r ;p; t)� jW� (r ;p; t)j
(29)
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Negative Wigner functions
The expectation value of an observable O (r ; p) is given by

hO (r ; p; t)i =
∫

r ;p O (r ; p) W (r ;p; t)

=
∫

r ;p O (r ; p) (W+ (r ;p; t)� jW� (r ;p; t)j)
(30)

In a Langevin dynamics and at each event "i", we have

W (r ;p; t) = � (r � r i (t)) � (p � pi (t)) (31)

So the above integral turns into stochastic average over a given number of
events as

hO (r ; p; t)i =

∑
i O (r i (t) ;pi (t)) f� (Wi (r0;p0))�� (�Wi (r0;p0))g∑

i f� (Wi (r0;p0))�� (�Wi (r0;p0))g
(32)

with � (x) being the top hat function.
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Negativity of 1P state Wigner function
The pictures are beautiful, but plots are more beautiful !

The negative region is smoothed slower at lower temperatures because the
non unitary dynamics of quarkonium state is less e�cient compared to high
temperatures case.
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Langevin equation

The semi classical Wigner equation has the well known from of
Fokker-Planck equation, hence, It could be cast into a Langevin equation [1]:

M
2

dv i

dt = ∇i
r V � 
 ijvj + �i (r ;t)

(33)

The di�usion, stochastic, force satis�es

h� (r ;t)i = 0〈
�i (r ;t) �j (r ;t 0)

〉
= 1

2 (Hij (r) +Hij (0)) � (t � t 0) � �ij (r ; t)
(34)

The drift and drag coe�cients � and 
, respectively, satisfy the Einstein
relation


ij (r) =
1

2T
�ij (r) (35)
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QM vs. SC Snapshots of Wigner distributions
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One dimensional real potential
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One dimensional imaginary potential
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Some quantum to classical transition observables
In order to probe the quantum to classical transition of quarkonium state we
need a set of observables:
� Due to the fact that negativity of Wigner function is pure quantum

e�ect, this property could be used as indicator of quantum to classical
transition [4], so we can use the observable

� (t) =

∫
r ;p

[jW (r ; p)j �W (r ; p)] =

∫
r ;p
jW (r ; p)j � 1 (36)

� Positivity of Wigner function is a necessary condition for clssicality but
not su�cient !
� A more accurate indicator of quantum to classical transition is the purity

of a state and, closely related, concept of quantum entropy. A simpli�ed
expression of this last is the linear entropy

SL = 1� Tr
(
�2
)

= 1� 2�~c

∫
r ;p

W 2 (r ;p) (37)

which is an approximation of von-Neumann entropy.
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Computation of linear and von-Neumann entropies

The covariance matrix

C =

 〈
r̂2
〉

hr̂ p̂ + p̂r̂i/ 2

hr̂ p̂ + p̂r̂i/ 2
〈
p̂2
〉

 (38)

The purity is given by

Tr
(
�2
)

=
1p

4det:C
(39)

and the corresponding von-Neumann entropy is de�ned by

SVN = �Tr (�ln�) F
(p

4det:C
)

(40)

with

F (x) =
x + 1

2
ln

x + 1

2
� x � 1

2
ln

x � 1

2
(41)
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Quantum to classical transition
The Wigner function of 1S state is always positive, though, still representing
a quantum state. So we make call to quantum entropy.

SVN = �Tr (�ln�) ’ SL = 1� Tr
(
�2
)

(42)

Higher temperatures implies larger momentum kicks and higher resolution of
our system by QGP, hence, fastest and larger decoherence.
QM system heats up faster ) yields faster clssicalisation and larger late
values of entropy.
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Trace distance in states basis
How about the observables sensitive to o� diagonal elements of density
matrix ? Could they dominate the trace distance between QM and SC
descriptions?√∫

drdp(WSC �WQM)2 !
√∑

n;n0
(< nj(�SC � �QM)jn0 >)2 (43)
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Comparaison of trace distance in different bases
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QM system evolved with an effective temperature
We evolve our quantum system with an e�ective temperature that leads to
same SC stationary value of

√
hp2i corresponding to T = 0:3 (GeV).
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Conclusions from trace distance observable

� At early times for T=[0.2, 0.3] (GeV), we see 17:5% and 11:5% distance
between the two descriptions, respectively ! The accuracy of a SC
description is questionable in this case !

� Even at the relatively high temperatures T=[0.4, 0.6] (GeV), we still
have non negligible values of trace distance at very early times, around
8% and 7:5%, respectively.

We conclude that any comparison QM Vs SC descriptions should consider
the two factors:

1. Early Vs late time probing / description of the system. (Markovianity
could cast a shadow on this factor !)

2. Low Vs high temperature of medium.

Is there other factors that should be considered in the examination of SC
description ? And how this non zero trace distance is re
ected on the various
observables ?
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QM system evolved with the effective temperature
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Trace distance QM Vs SC with an effective temperature
At early times we compare quantum distributions while at late times we
compare "thermalized" distributions.
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Satates populations with an effective temperature

We see better agreement between QM and SC descriptions at early as well
late times.
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Higher order quantum corrections

We de�ne

Ĥ =
p2

Q

2M
+

p2
Q̄

2M
+

1

2

∫
xx′

V
(
x − x ′) n̂a

x n̂a
x′ (44)

So that the unitary evolution is given by

d�̂QQ̄ (t)

dt
= � i

~

[
Ĥ; �̂QQ̄ (t)

]
(45)

Higher order quantum corrections

@W (r ;p)
@t = �@H(r ;p)

@p
@W (r ;p)

@r + @H(r ;p)
@r

@W (r ;p)
@p � ~2

24
@3H(r ;p)
@r3

@3W (r ;p)
@p3

+ ~4

1920
@5H(r ;p)
@r5

@5W (r ;p)
@p5 +O

(
~6
)

+ � � � � LQW (r ;p)

(46)
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