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Abstract. With the highly anticipated results from the Beam Energy Scan II
program at RHIC being recently revealed, an understanding of particle-number
fluctuations and their significance as a potential signature of a possible QCD
critical point is crucial. Early works that embarked on this endeavor sought to
estimate the fluctuations due to the presence of a critical point assuming they
stay in equilibrium. From these results came the proposal to focus efforts on
higher, non-Gaussian, moments of the event-by-event distributions, in particular
of the number of protons. These non-Gaussian moments are especially sensitive
to critical fluctuations, as their magnitudes are proportional to high powers of
the critical correlation length. As the equation of state provides key input for
hydrodynamical simulations of heavy-ion collisions, we estimate equilibrium
fluctuations from the BEST equation of state (EoS) that includes critical features
from the 3D Ising Model. In particular, the proton factorial cumulants and
their dependence on non-universal mapping parameters is investigated within
the BEST EoS. Furthermore, the correlation length, as a central quantity for the
assessment of fluctuations in the vicinity of a critical point, is also calculated
in a consistent manner with the scaling equation of state. An understanding
of the equilibrium estimates of proton factorial cumulants will be useful for
further comparison to estimates of out-of-equilibrium fluctuations in order to
determine the magnitude of the observable fluctuations to be expected in heavy-
ion collision experiments, in which the time spent near a critical point is short.

1 Introduction

The phase structure of QCD matter at finite temperature and density remains an open question
in nuclear science. While first-principles lattice QCD calculations are well-suited for vanish-
ing density, finite density results are limited to µB/T ∼ 3.5 [1]. Experimental measurements
are, therefore, the only modern tool that can access further reaches of the phase diagram. The
Beam Energy Scan II (BESII) program at RHIC, which had the goal of mapping out the phase
diagram, recently completed its runs and revealed measurements of the proton fluctuations
for a range of µB [2]. The moments of the proton distribution are sensitive to the presence
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of a critical point in the phase diagram with higher orders diverging more strongly due to
higher powers of the correlation length, a quantity which diverges at the critical point. (For a
review see Ref. [3].) These results show no evidence of a critical point in the region of the
phase diagram with µB ≲ 420 MeV where experimental measurements have focused to date.
However, theoretical models of the noncritical baseline expected for these fluctuations do not
appear to describe the data at all energies. Therefore, it is crucial to understand the critical
point contribution to proton fluctuations in order to help interpret these results.

2 Scaling Equation of State Mapped to QCD

Studies of the effect of a critical point on the equation of state for QCD have been underway
with the advent of the BEST equation of state in the original work of Parotto et al [4]. This
equation of state incorporates critical features based on the universality principle of scaling
near a critical point. The universality class for QCD has been shown to be that of the 3D Ising
model, as discussed in the review Ref. [3]. The 3D Ising model scaling equation of state is
given by the parametric form:

PIsing = −G(R, θ) = h0M0R2−α(θh̃(θ) − g(θ)), (1)

where h0,M0 are normalization constants for the magnetic field and magnetization, α = 0.11
is a 3D Ising critical exponent, and h̃(θ) and g(θ) are polynomials in θ [4, 5]. In order to
express P(T, µB), we must utilize a map between Ising and QCD variables, the equations for
which will be presented subsequently. The critical fluctuations are calculated as derivatives of
the equation of state. For example the n-point correlations of baryon density are given by the
kth derivative of pressure with respect to baryon chemical potential, µB at fixed temperature:

⟨(δn)k⟩ =
T k−1

Vk−1

∂kP
∂µk (2)

Higher order fluctuations diverge more strongly at the critical point due to their scaling
with higher powers of the correlation length. The correlation length itself may also be written
the parametric form in the Ising model in terms of the parametric variables (R, θ) as [6]:

ξ2(M, t) = R−2νxξ(θ). (3)

We present the θ-dependence of the correlation length as calculated in the ϵ-expansion to
O(ϵ2):

xξ = xξ(0)
(
1 −

5
18
ϵθ2 +

[ 1
972

(24I − 25)θ2 +
1

324
(4I + 41)θ4

]
ϵ2)

)
, (4)

where I ≡
∫ 1

0
ln[x(1−x)]
1−x(1−x) dx ≈ −2.3439. This updated correlation length at O(ϵ2) is, furthermore,

consistent with the scaling equation of state valid to the same order in the ϵ-expansion.
In order to map the critical features of the 3D Ising model onto the QCD phase diagram,

we employ a quadratic mapping as first introduced in Ref. [7]. This is an improvement
over the original work of the BEST collaboration where a linear mapping allowed for the
Ising transition line to be mapped onto the tangent to the chiral phase transition line from
lattice QCD. This quadratic mapping is combined with an alternative expansion scheme,
known as the T ′-expansion, introduced in [1], which is a essentially a reshuffling of the
Taylor expansion. The QCD variables µ2

B − µ
2
B,c and T ′(µ,T ) − T0, are related to the Ising

variables (r, h) near the critical point as:

T ′(µB,T ) − T0

T ′T Tc
= −hw

sin(α1 − α2)
cosα1

;
µ2

B − µ
2
B,c

2µB,cTc
= −w(rρ cosα1 + h cosα2) . (5)



where the mapping parameters Tc, µB,c, α1,2, w and ρwere introduced in Ref.[4]. The location
of the critical point in the phase diagram is given by (µB,c,Tc) while the size and shape of the
critical region are controlled by the remaining parameters. However, by fixing the critical
point to lie along the chiral phase transition line as in Refs. [4, 5, 7], Tc and α1 are fixed by
the choice of µB,c, leaving 4 free parameters.

In order to calculate the critical contribution to the proton factorial cumulants, ∆̂ωk
p, from

the fluctuations of the thermodynamic densities we utilize the maximum entropy approach
from Ref. [8].

3 A Selection of Results, and a Look Ahead

We show the equilibrium results for the critical contribution to the second, third and fourth
order fluctuations, ⟨(δn)k⟩, in the QCD phase diagram in Fig. 1 for a given choice of the
mapping parameters: µB,c = 600 MeV, w = 5, ρ = 1, α2 = 0. Due to the constraint that the
critical point should lie along the chiral phase transition line, the choice of µB,c = 600 MeV
fixes the remaining two parameters, Tc = 90 MeV, α1 = 16.6o. Given this choice, we see
that within the critical region the contours for these fluctuations obtain the typical features as
expected from Ref. [3], including the strengthening of fluctuations toward the critical point, a
sign change for the third cumulant from negative (red) to positive (blue) across the transition
line, and a double-lobed structure for the fourth cumulant. Furthermore, due to the quadratic
mapping between Ising and QCD variables as presented in Ref. [7] and shown here in Eq.
(5), we see that these features follow the curve of the chiral phase transition line rather than
a line tangent to the critical point as in Refs. [4, 5]. This in turn gives rise to the behavior
of the factorial cumulants as shown in Fig. 2 along freeze-out lines in the phase diagram
given by a shift ∆T from the transition line, which follow curves 4, 6, and 9 MeV below
the critical point itself. Along these freeze-out lines, we see a peak in all three cumulants
near the critical point with the magnitude of the peak increasing with increasing order of
the fluctuations. Furthermore, a sign change can be seen in third and fourth cumulants. As
expected, the magnitude of the fluctuations depends strongly on the distance ∆T between
the freeze-out and the critical point, decreasing with increasing ∆T . We note that the choice
of parameters we present here provides an example of what we can expect for equilibrium
fluctuations. The features of these curves as manifest from the size and shape of the critical
region are highly dependent on the choice of parameters. In fact, because the proton factorial
cumulants are so sensitive to the parameters, these parameters can be constrained by the
experimental measurements. In a forthcoming work, we will more fully explore the effect
of the mapping parameters on the proton factorial cumulants. Furthermore, so far we have
focused on equilibrium results by utilizing the equation of state, however, we will also study
the non-equilibrium effects in order to provide a more direct comparison with experiment.
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Figure 1. Contours of the critical contribution to Vk−1T−3
c ⟨(δn)k⟩ for k = 2, 3, 4 with the choice of

µB,c = 600,MeV, α2 = 0◦, w = 5 and ρ = 1
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Figure 2. ∆̂ωk
p plotted for k = 2, 3, 4 with the choice of µB,c = 600,MeV, α2 = 0◦, w = 5 and ρ = 1

along different freeze-out trajectories characterized by ∆T .
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