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The transverse momentum spectra of identified particles measured by the ALICE Collaboration [1] show an interesting feature, namely low-𝑝𝑇 pion spectra show en-

hancement with respect to the predictions of various models. We apply the Zubarev approach of the non-equilibrium statistical operator [2] to develop a thermal particle 

generator that can account for the enhancement of soft pions by introducing an effective pion chemical potential. This is an alternative to the explanation of the low-𝑝𝑇 

enhancement by resonance decays. Bayesian inference methods are used to find the most probable sets of thermodynamic parameters at the freeze-out hypersurface.
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The non-equilibrium state of the system is characterized by relevant observables 

𝐵𝑛  in addition to the standard set of conserved ones. We look for the distribution 

which maximizes the information entropy Sinf = −Tr 𝜌𝑟𝑒𝑙 𝑡 ln 𝜌𝑟𝑒𝑙 𝑡 :

𝜌𝑟𝑒𝑙 𝑡 =
1

𝑍𝑟𝑒𝑙 𝑡
𝑒− σ𝑛 𝐹𝑛 𝑡 𝐵𝑛 , 𝑍𝑟𝑒𝑙 𝑡 = Tr 𝑒− σ𝑛 𝐹𝑛 𝑡 𝐵𝑛 ,

where Lagrange multipliers 𝐹𝑛 𝑡  are determined by the self-consistency 

conditions

𝐵𝑛
𝑡 = 𝐵𝑛 𝑟𝑒𝑙

𝑡 = Tr 𝜌𝑟𝑒𝑙 𝑡 𝐵𝑛 .

In this work we assume the following:

• A state overpopulated by soft pions is formed at 𝜏 < 𝜏𝜋
𝐶𝐹𝑂.

• For 𝜏𝜋
𝐶𝐹𝑂 < 𝜏 < 𝜏𝜋

𝐹𝑂 the collisions conserve the particle number but evolve the 

distribution function to a thermal equilibrium distribution.

Under these assumptions, the pion number is quasi-conserved and can be 

chosen as a relevant observable. Then, the new self-consistency condition is:

𝑁𝜋 𝑟𝑒𝑙
𝑡 = 𝑁𝜋

𝑡 .

This leads to the appearance of a non-equilibrium pion chemical potential [2]

Here, we consider chemical freeze-out on the cylindrical boost-invariant 

hypersurface of radius 𝑅, with constant temperature 𝑇 at constant freeze-out 

proper time 𝜏 = 𝑡2 − 𝑧2

Σ𝜇 = 𝜏 cosh 𝜂 , 𝑟 c𝑜𝑠 𝜑 , 𝑟 sin 𝜑 , 𝜏 sinh 𝜂 , where 𝜂 =
1

2
ln

𝑡 + 𝑧

𝑡 − 𝑧
.

The longitudinal expansion is assumed to be boost invariant, and the radial flow is 

parametrized as 𝛽𝑇 = 𝑣 𝑟/𝑅 𝑛  with the surface velocity 𝑣 and profile exponent 𝑛

𝑢𝜇 = cosh 𝜌 cosh 𝜂 , sinh 𝜌 c𝑜𝑠 𝜑 , sinh 𝜌 sin 𝜑 , cosh 𝜌 sinh 𝜂 , where 𝜌 = atanh 𝛽𝑇 .

Then, for the particle with four-momentum

𝑝𝜇 = 𝑚𝑇 cosh 𝑦 , 𝑝𝑇 c𝑜𝑠 𝜓 , 𝑝𝑇 sin 𝜓 , 𝑚𝑇 sinh 𝑦 ,

using the Cooper-Frye formula 𝐸
𝑑3𝑁

𝑑3 Ԧ𝑝
= Σ𝐹𝑂 

𝑝𝜇𝑑Σ𝜇 𝑓(𝑥𝜇, 𝑝𝜇𝑢𝜇) one finds

𝑑6𝑁𝑖

𝑑𝑝𝑇𝑑𝑦𝑑𝜓𝑑𝑟𝑑𝜂𝑑𝜑
∝ 𝜏𝑟𝑝𝑇𝑚𝑇 cosh 𝑦 − 𝜂 ×

× exp
𝑚𝑇 cosh 𝜌 cosh(𝑦 − 𝜂) − 𝑝𝑇 sinh 𝜌 cos 𝜑 − 𝜓 − 𝜇𝑖

𝑇
± 1

−1

.

Here 𝜏, 𝑅, 𝑇, {𝜇𝑖}, 𝑣 and 𝑛 are free model parameters.

➢ The non-equilibrium process of pion production within the Zubarev approach of 

the non-equilibrium statistical operator leads to the appearance of a non-

equilibrium pion chemical potential

➢ A naive model gives a value of non-equilibrium chemical potential close to the 

pion mass and can describe data well, but it does not take into account a feed-

down from resonance decays and final state interactions

➢ A more sophisticated model gives smaller, but non-zero value of a non-

equilibrium pion chemical potential 𝜇𝜋 ≃ 24 MeV
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Blast-Wave Model of Particle Freeze-out
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Figure 1.

Left panel:

The traditional 

blast-wave fit of 

ALICE data with 

Boltzmann sta-

tistics without 

chemical poten-

tials.

Right panel:

Fit involving the 

Bose-Einstein 

statistics and 

chemical poten-

tials of pions and 

kaons.

✓Using two additional free parameters 𝜇𝜋 and 𝜇𝐾 one can achieve much better 

agreement between model and experimental data

× Feed-down and final state interactions are not taken into account explicitly

❖ Improved model: Thermal particle generator + Hadronic transport afterburner
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Zubarev Approach: Non-equilibrium Pion Distribution

Figure 2. Marginal and joint marginal posterior probability distributions 

of model parameters. Blue solid lines indicate medians of the marginal 

distributions, while blue dashed lines show 90% credible intervals.

Figure 3. MAP prediction shows good 

agreement with the experimental data 

for all particles in the wide 𝑝𝑇 range.

The advanced 

version of the 

model gives a 

non-zero value of 

the pion chemical 

potential

𝜇𝜋 ≃ 24 MeV

B
ayesian

A
n

alysis
For a model, which for an input parameter vector Ԧ𝑥 = (𝑥1, … , 𝑥𝑛) gives an output 

Ԧ𝑦 = Ԧ𝑦 Ԧ𝑥 = 𝑦1, … , 𝑦𝑚 , we want to find the “optimal” value of Ԧ𝑥 to describe the 

experimental data Ԧ𝑦𝑜𝑏𝑠

P Ԧ𝑥| Ԧ𝑦𝑜𝑏𝑠 =
ℒ Ԧ𝑥; Ԧ𝑦𝑜𝑏𝑠 𝑃( Ԧ𝑥)

𝑃( Ԧ𝑦𝑜𝑏𝑠)
∝ ℒ Ԧ𝑥; Ԧ𝑦𝑜𝑏𝑠 × 𝑃 Ԧ𝑥 .

The goal is to find the Maximum a Posteriori (MAP) parameter, i.e. the point in 

parameter space which maximizes the posterior distribution.

Model setup:

• Blast-Wave thermal particle generator model with SMASH [3] afterburner

• Observables: 𝑝, ҧ𝑝, 𝜋+, 𝜋−, 𝐾+, 𝐾− spectra in 0-5% Pb-Pb@2.76 TeV collisions

• 200 training and 50 validation data sets

• Principal Component Analysis + Gaussian Processes emulator

• Markov Chain MC to recover posterior distribution

• Uniform prior

𝜏 ∈ 5; 15  𝑓𝑚/𝑐 𝑅 ∈ 6; 15  𝑓𝑚

𝑇 ∈ 145; 165  MeV 𝜇𝜋 ∈ 0; 137.9  MeV

𝑣 ∈ 0.65; 0.9 𝑛 ∈ 0.3; 1.0
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