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SM	predic$on:	White	Paper	of	“ 	Theory	Ini$a$ve”	(2020)	
• Overall	precision	of	 	
• Error	dominated	by	hadronic	vacuum	polarisa$on	(HVP)	and	
light-by-light	scaVering	(HLbL)	

• HVP	evaluated	using	“data-driven”	approach	based	on	dispersion	
integrals	and	hadronic	cross	sec$ons

g − 2
0.37 ppm [Aoyama	et	al.,	Phys.	Rep.	887	(2020)	1]
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• Since	2010:	LaYce	QCD	calcula$ons	with	increasing	precision	
• Single	laYce	result	for	HVP	(BMWc)	with	comparable	precision
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• Hadronic	models,	data-driven	method	and	
LaYce	QCD	produce	consistent	results	
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		Focus	on	refinements	and	further	reduc$on	of	uncertainty→



Hartmut	Wittig

Hadronic	vacuum	polarisa$on:	Data-driven	approach

4

Express	hadronic	vacuum	polarisa$on	as	a	dispersion	integral:

“ -ra$o”R

• Use	experimental	data	for	 	in	the	low-energy	regime		(“data-driven	approach”)	
	 		SM	predic$on	affected	by	experimental	uncertain$es
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Fig. 15. Comparison of results for aHVP, LO
µ [⇡⇡ ], evaluated between 0.6GeV and 0.9GeV for the various experiments..

Fig. 16. Ratios of cross sections [82] from KLOE-2012 to KLOE-2008 (top left), KLOE-2010 to KLOE-2008 (top right), and KLOE-2012 to
KLOE-2010 (bottom). The green bands indicate the uncommon systematic uncertainty in the respective ratios.

while KLOE-2010 is more in agreement. On the other hand, above 0.7GeV SND agrees well with BABAR, while both KLOE
measurements are below by 2–3%. If these observations could provide some hints for understanding the KLOE–BABAR
discrepancy, it is clear that still more experimental investigations with high precision are needed for further progress in
this crucial ⇡+⇡� contribution. The new SND results are not yet included in the data combinations discussed in this WP
version, but will be added later after they are carefully examined and accepted for publication.

Tensions in the K+K� channel. Tensions among data sets are also present in the K+K� channel (see top panel of Fig. 18
for a display of the available measurements). A discrepancy up to 20% between BABAR [142] and SND [155] was observed
for masses between 1.05 and 1.4GeV. Fortunately the problem has been resolved with the most recent SND result [77],
although the origin of the previous systematic shift is not discussed. It looks like the older SND results should be discarded.

22

	e+e− → π+π−

• White	Paper	recommended	value	(2020):

(accounts	for	tensions	in	the	data	and	differences	between	analyses)
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	e+e− → π+π−

BaBar	/	KLOE	tension!

• White	Paper	recommended	value	(2020):

(accounts	for	tensions	in	the	data	and	differences	between	analyses)
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• Recent	results	in	the	 	channel	by	CMD-3:	
	 		further	tension	among	 	data
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[Ignatov	et	al.	(CMD-3	Collab.),	arXiv:2302.08834]
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LaYce	QCD	does	NOT	determine	the	 -ra$o	from	first	principlesR
Time-momentum	representa$on	(TMR): [Bernecker	&	Meyer	EPJA	47	(2011)	148]

( :	known	kernel	func$on)K̃(t)

• No	reliance	on	experimental	data,	except	for	simple	input	quan$$es	 	scale	seYng,	calibra$on	
• Not	sensi$ve	to	exclusive	hadronic	channels

→
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• Include	isospin-breaking	correc$ons

<latexit sha1_base64="jIXg7WA+nDhCNjdiX3jYe0cxIcM="></latexit>
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Light-quark	connected	contribu$on	dominates
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computa$onal	cost

Rooted	staggered	quarks:	
• remnant	fermion	doublers	—	“tastes”	
• correct	analy$cally	for	taste-induced	

laYce	artefacts	
• used	by:	

BMW,	Fermilab-HPQCD-MILC,	ABGP,…

Wilson	quarks:	
• no	doublers;	chiral	symmetry	broken	explicitly	
• “excep$onal	configura$ons”:	

nega$ve	eigenvalues	of	Wilson-Dirac	operator	
• used	by:	Mainz/CLS,	ETM,	PACS

Domain	wall	/overlap	quarks:	
• no	doublers;	chiral	symmetry	breaking	exponen$ally	small	
• live	in	five	dimensions	(dwf)	
• evaluate	sign	func$on	of	“conven$onal”	ac$on	(ovlp)	
• used	by:	RBC/UKQCD,	 QCD,…χ
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White	Paper:
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				ahvp, LO
μ = (715.4 ± 16.3 ± 9.2) ⋅ 10−10 [2.6%]

RBC/UKQCD	
• Domain	wall	fermions	
• Two	ensembles:		 	at	 	
• Leading	isospin-breaking	correc$ons	included	
• Naive	con$nuum	extrapol’n	in	 	including	

es$mated	 -term

a = 0.114, 0.084 fm mphys
π

a2

a4

[Blum	et	al.,	Phys.	Rev.	LeW.	121	(2018)	022003]
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m2
π /(4π fπ)2

				ahvp, LO
μ = (720.0 ± 12.6 ± 9.9) ⋅ 10−10 [2.2%]

Mainz/CLS	
• 	improved	Wilson	fermions	
• Four	laYce	spacings:		 	
• Pion	masses		 	
• Isospin-breaking	correc$on	by	ETMC	added	to	error	
• Simultaneous	chiral	and	con$nuum	extrapola$on

O(a)
a = 0.085 − 0.050 fm

mπ = 130 − 420 MeV

[Gérardin	et	al.,	Phys.	Rev.	D	100	(2019)	014510]
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				ahvp, LO
μ = (707.5 ± 2.3 ± 5.0) ⋅ 10−10 [0.8%]

BMWc	
• Rooted	staggered	fermions	
• Six	laYce	spacings:		 		
• Physical	pion	mass	throughout	
• Correct	for	taste-breaking	before	con$nuum	extrapol’n	
• Final	result	selected	from	distribu$on	of	different	fits

a = 0.132 − 0.064 fm

[Borsányi	et	al.,	Nature	593	(2021)	7857]
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Extended Data Fig. 3 | Example continuum limits of a µ

ightl . The light-green 
triangles labelled ‘none’ correspond to our lattice results with no taste 
improvement. The blue squares repesent data that have undergone no taste 
improvement for t < 1.3 fm and SRHO improvement above. The blue curves 
correspond to example continuum extrapolations of improved data to 
polynomials in a2, up to and including a4. We note that extrapolations in 
a2αs(1/a)3, with αs(1/a) the strong coupling at the lattice scale, are also 
considered in our final result. The red circles and curves are the same as the 

blue points, but correspond to SRHO taste improvement for t ≥ 0.4 fm and no 
improvement for smaller t. The purple histogram results from fits using the 
SRHO improvement, and the corresponding central value and error is the 
purple band. The darker grey circles correspond to results corrected with 
SRHO in the range 0.4–1.3 fm and with NNLO SXPT for larger t. These latter fits 
serve to estimate the systematic uncertainty of the SRHO improvement. The 
grey band includes this uncertainty, and the corresponding histogram is shown 
with grey. Errors are s.e.m.

Light-quark connected contribution
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Idea:	restrict	integra$on	to	“unproblema$c”	regions	
	 		reduce	sta$s$cal	fluctua$ons	and	systema$c	effects	→

sta$s$cal	noise	
finite-volume	effects

laYce	
artefacts

<latexit sha1_base64="QMdr8vshMkh6n62dlS+JN2kKTag="></latexit>

ahvp,win
µ =

✓↵
⇡

◆2 Z 1

0
dt K̃(t) G(t) W(t; t0, t1)

[Blum	et	al.,	Phys.	Rev.	LeW.	121	(2018)	022003]
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• Finite-volume	correc$on	reduced	to	0.25%	
• Uncertainty	dominated	by	sta$s$cs

Intermediate-distance	window:
<latexit sha1_base64="89bX698ZDrJpadPCEBQuwNSCRis="></latexit>

W ID(t; t0, t1) = ⇥(t, t0,�) � ⇥(t, t1,�)
<latexit sha1_base64="+PX8F/6SrMLZJS2pKxs/LBZE794="></latexit>

⇥(t, t0,�) = 1
2
⇥
1 + tanh(t � t0)/�

⇤

<latexit sha1_base64="dlSTkqxb91mqMhE8oCCM0+H+J30="></latexit>

t0 = 0.4 fm, t1 = 1.0 fm, � = 0.15 fm
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finite-volume	effects
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• Finite-volume	correc$on	reduced	to	0.25%	
• Uncertainty	dominated	by	sta$s$cs

		Benchmark	quan$ty	for	sub-contribu$on	of	HVP→

Intermediate-distance	window:
<latexit sha1_base64="89bX698ZDrJpadPCEBQuwNSCRis="></latexit>

W ID(t; t0, t1) = ⇥(t, t0,�) � ⇥(t, t1,�)
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⇤
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t0 = 0.4 fm, t1 = 1.0 fm, � = 0.15 fm



Hartmut	Wittig

Window	observables

8
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	 		reduce	sta$s$cal	fluctua$ons	and	systema$c	effects	→
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finite-volume	effects

laYce	
artefacts

<latexit sha1_base64="QMdr8vshMkh6n62dlS+JN2kKTag="></latexit>

ahvp,win
µ =

✓↵
⇡

◆2 Z 1

0
dt K̃(t) G(t) W(t; t0, t1)

[Blum	et	al.,	Phys.	Rev.	LeW.	121	(2018)	022003]

0

0.2

0.4

0.6

0.8

1

1.2

0 1 2 3 4 5 6

K̃
(t
)
G
(t
)
·1
03

t [fm]

• Finite-volume	correc$on	reduced	to	0.25%	
• Uncertainty	dominated	by	sta$s$cs

Data-driven	approach:
<latexit sha1_base64="UBVlH1WZOVARznTjVF7lNPc1O1c="></latexit>

ahvp, ID
µ ⌘ awin

µ = (229.4 ± 1.4) · 10�10 [Colangelo	et	al.,	Phys	LeW	B833	(2022)	137313]

(Excluding	the	2023	CMD-3	result	for	 )e+e− → π+π−

		Benchmark	quan$ty	for	sub-contribu$on	of	HVP→

Intermediate-distance	window:
<latexit sha1_base64="89bX698ZDrJpadPCEBQuwNSCRis="></latexit>

W ID(t; t0, t1) = ⇥(t, t0,�) � ⇥(t, t1,�)
<latexit sha1_base64="+PX8F/6SrMLZJS2pKxs/LBZE794="></latexit>

⇥(t, t0,�) = 1
2
⇥
1 + tanh(t � t0)/�

⇤

<latexit sha1_base64="dlSTkqxb91mqMhE8oCCM0+H+J30="></latexit>

t0 = 0.4 fm, t1 = 1.0 fm, � = 0.15 fm
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Meyer–Lellouch–Lüscher–Gounaris–Sakurai technique described in 
Supplementary Information; and (iii). the ρ–π–γ model of Jegerlehner 
and Szafron30, already used in a lattice context in ref. 31. Moreover, to 
reduce discretization errors in the light-quark contributions to aµ, 
before extrapolating those contributions to the continuum, we apply 
a taste-improvement procedure that reduces lattice artefacts due to 
taste-symmetry breaking. The procedure is built upon the three models 
of π–ρ physics mentioned above. We provide evidence that validates 
this procedure in Supplementary Information.

Combining all of these ingredients, we obtain as a final result 
aµ = 707.5(2.3)stat(5.0)syst(5.5)tot. The statistical error comes mainly 
from the noisy, large-distance region of the current–current correla-
tor. The systematic error is dominated by the continuum extrapola-
tion and the finite-size effect computation. The total error is obtained 
by adding the first two in quadrature. In total, we reach a relative 
accuracy of 0.8%. In Fig. 2 we show the continuum extrapolation of 
the light, connected component of aµ, which gives the dominant 
contribution to aµ.

Figure 3 compares our result with previous lattice computations and 
also with results from the R-ratio method, which have recently been 
reviewed in ref. 7. In principle, one can reduce the uncertainty of our 
result by combining our lattice correlator, G(t), with the one obtained 
from the R-ratio method, in regions of Euclidean time in which the lat-
ter is more precise19. We do not do so here because there is a tension 
between our result and those obtained by the R-ratio method, as can be 
seen in Fig. 3. For the total LO-HVP contribution to aµ, our result is 2.0σ, 
2.5σ, 2.4σ and 2.2σ larger than the R-ratio results of aµ = 694.0(4.0) (ref. 3),  
aµ = 692.78(2.42) (ref. 4), aµ = 692.3(3.3) (refs. 5,6) and the combined 
result aµ = 693.1(4.0) of ref. 7, respectively. It is worth noting that the 
R-ratio determinations are based on the same experimental datasets 
and are therefore strongly correlated, although these datasets were 
obtained in several different and independent experiments that we have 

no reason to believe are collectively biased. Clearly, these comparisons 
need further investigation, although it should also be kept in mind 
that the tensions observed here are smaller, for instance, than what 
is usually considered experimental evidence for a new phenomenon 
(3σ) and much smaller than what is needed to claim an experimental 
discovery (5σ).

As a first step in that direction, it is instructive to consider a mod-
ified observable, where the correlator G(t) is restricted to a finite 
interval by a smooth window function19. This observable, which we 
denote as aµ,win, is obtained much more readily than aµ on the lattice. 
Its shorter-distance nature makes it far less susceptible to statistical 
noise and to finite-volume effects. Moreover, in the case of staggered 
fermions, it has reduced discretization artefacts. This is shown in 
Fig. 4, where the light, connected component of aµ,win is plotted as 
a function of a2. Because the determination of this quantity does 
not require overcoming many of the challenges described above, 
other lattice groups have obtained it with errors comparable to 
ours19,20. This allows a sharper benchmarking of our calculation of 
this challenging, light-quark contribution that dominates aµ. Our 
aa[ ]µµ

iigghhtt
00

l  differs by 0.2σ and 2.2σ from the lattice results of ref. 20 and 
ref. 19, respectively. Moreover, aµ,win can be computed using the 
R-ratio approach, and we do so using the dataset provided by the 
authors of ref. 4. However, here we find a 3.7σ tension with our lattice 
result.

To conclude, when combined with the other standard-model con-
tributions (see, for example, refs. 3,4), our result for the leading-order 
hadronic contribution to the anomalous magnetic moment of the 
muon, a = 707.5(5.5) × 10µ

LO HVP
tot

−10‐ , weakens the long-standing dis-
crepancy between experiment and theory. However, as discussed above 
and can be seen in Fig. 2, our lattice result shows some tension with the 
R-ratio determinations of refs. 3–6. Obviously, our findings should be 
confirmed—or refuted—by other studies using different discretizations 
of QCD. Those investigations are underway.

Online content
Any methods, additional references, Nature Research reporting sum-
maries, source data, extended data, supplementary information, 
acknowledgements, peer review information; details of author con-
tributions and competing interests; and statements of data and code 
availability are available at https://doi.org/10.1038/s41586-021-03418-1.
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Fig. 4 | Continuum extrapolation of the isospin-symmetric, light, 
connected component of the window observable aµ,win, a( )isoµ,win

ightl . The data 
points are extrapolated to the infinite-volume limit. Central values are 
medians; error bars are s.e.m. Two different ways to perform the continuum 
extrapolations are shown: one without improvement, and another with 
corrections from a model involving the ρ meson (SRHO). In both cases the lines 
show linear, quadratic and cubic fits in a2 with varying number of lattice 
spacings in the fit. The continuum-extrapolated result is shown with the results 
from Blum et al.19 and Aubin et al.20. Also plotted is our R-ratio-based 
determination, obtained using the experimental data compiled by the authors 
of ref. 4 and our lattice results for the non-light-connected contributions. This 
plot is convenient for comparing different lattice results. Regarding the total 
aµ,win, for which we must also include the contributions of flavours other than 
light and isospin-symmetry-breaking effects, we obtain 236.7(1.4)tot on the 
lattice and 229.7(1.3)tot from the R-ratio; the latter is 3.7σ or 3.1% smaller than the 
lattice result.

BMWc:	Rooted	staggered	quarks Mainz/CLS:	 	improved	Wilson	quarksO(a)

awin,ud
μ = (207.3 ± 0.4 ± 1.3) ⋅ 10−10

[Borsányi	et	al.,	Nature	593	(2021)	7857]
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Meyer–Lellouch–Lüscher–Gounaris–Sakurai technique described in 
Supplementary Information; and (iii). the ρ–π–γ model of Jegerlehner 
and Szafron30, already used in a lattice context in ref. 31. Moreover, to 
reduce discretization errors in the light-quark contributions to aµ, 
before extrapolating those contributions to the continuum, we apply 
a taste-improvement procedure that reduces lattice artefacts due to 
taste-symmetry breaking. The procedure is built upon the three models 
of π–ρ physics mentioned above. We provide evidence that validates 
this procedure in Supplementary Information.

Combining all of these ingredients, we obtain as a final result 
aµ = 707.5(2.3)stat(5.0)syst(5.5)tot. The statistical error comes mainly 
from the noisy, large-distance region of the current–current correla-
tor. The systematic error is dominated by the continuum extrapola-
tion and the finite-size effect computation. The total error is obtained 
by adding the first two in quadrature. In total, we reach a relative 
accuracy of 0.8%. In Fig. 2 we show the continuum extrapolation of 
the light, connected component of aµ, which gives the dominant 
contribution to aµ.

Figure 3 compares our result with previous lattice computations and 
also with results from the R-ratio method, which have recently been 
reviewed in ref. 7. In principle, one can reduce the uncertainty of our 
result by combining our lattice correlator, G(t), with the one obtained 
from the R-ratio method, in regions of Euclidean time in which the lat-
ter is more precise19. We do not do so here because there is a tension 
between our result and those obtained by the R-ratio method, as can be 
seen in Fig. 3. For the total LO-HVP contribution to aµ, our result is 2.0σ, 
2.5σ, 2.4σ and 2.2σ larger than the R-ratio results of aµ = 694.0(4.0) (ref. 3),  
aµ = 692.78(2.42) (ref. 4), aµ = 692.3(3.3) (refs. 5,6) and the combined 
result aµ = 693.1(4.0) of ref. 7, respectively. It is worth noting that the 
R-ratio determinations are based on the same experimental datasets 
and are therefore strongly correlated, although these datasets were 
obtained in several different and independent experiments that we have 

no reason to believe are collectively biased. Clearly, these comparisons 
need further investigation, although it should also be kept in mind 
that the tensions observed here are smaller, for instance, than what 
is usually considered experimental evidence for a new phenomenon 
(3σ) and much smaller than what is needed to claim an experimental 
discovery (5σ).

As a first step in that direction, it is instructive to consider a mod-
ified observable, where the correlator G(t) is restricted to a finite 
interval by a smooth window function19. This observable, which we 
denote as aµ,win, is obtained much more readily than aµ on the lattice. 
Its shorter-distance nature makes it far less susceptible to statistical 
noise and to finite-volume effects. Moreover, in the case of staggered 
fermions, it has reduced discretization artefacts. This is shown in 
Fig. 4, where the light, connected component of aµ,win is plotted as 
a function of a2. Because the determination of this quantity does 
not require overcoming many of the challenges described above, 
other lattice groups have obtained it with errors comparable to 
ours19,20. This allows a sharper benchmarking of our calculation of 
this challenging, light-quark contribution that dominates aµ. Our 
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l  differs by 0.2σ and 2.2σ from the lattice results of ref. 20 and 
ref. 19, respectively. Moreover, aµ,win can be computed using the 
R-ratio approach, and we do so using the dataset provided by the 
authors of ref. 4. However, here we find a 3.7σ tension with our lattice 
result.

To conclude, when combined with the other standard-model con-
tributions (see, for example, refs. 3,4), our result for the leading-order 
hadronic contribution to the anomalous magnetic moment of the 
muon, a = 707.5(5.5) × 10µ

LO HVP
tot

−10‐ , weakens the long-standing dis-
crepancy between experiment and theory. However, as discussed above 
and can be seen in Fig. 2, our lattice result shows some tension with the 
R-ratio determinations of refs. 3–6. Obviously, our findings should be 
confirmed—or refuted—by other studies using different discretizations 
of QCD. Those investigations are underway.
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connected component of the window observable aµ,win, a( )isoµ,win

ightl . The data 
points are extrapolated to the infinite-volume limit. Central values are 
medians; error bars are s.e.m. Two different ways to perform the continuum 
extrapolations are shown: one without improvement, and another with 
corrections from a model involving the ρ meson (SRHO). In both cases the lines 
show linear, quadratic and cubic fits in a2 with varying number of lattice 
spacings in the fit. The continuum-extrapolated result is shown with the results 
from Blum et al.19 and Aubin et al.20. Also plotted is our R-ratio-based 
determination, obtained using the experimental data compiled by the authors 
of ref. 4 and our lattice results for the non-light-connected contributions. This 
plot is convenient for comparing different lattice results. Regarding the total 
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light and isospin-symmetry-breaking effects, we obtain 236.7(1.4)tot on the 
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lattice result.
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accuracy of 0.8%. In Fig. 2 we show the continuum extrapolation of 
the light, connected component of aµ, which gives the dominant 
contribution to aµ.

Figure 3 compares our result with previous lattice computations and 
also with results from the R-ratio method, which have recently been 
reviewed in ref. 7. In principle, one can reduce the uncertainty of our 
result by combining our lattice correlator, G(t), with the one obtained 
from the R-ratio method, in regions of Euclidean time in which the lat-
ter is more precise19. We do not do so here because there is a tension 
between our result and those obtained by the R-ratio method, as can be 
seen in Fig. 3. For the total LO-HVP contribution to aµ, our result is 2.0σ, 
2.5σ, 2.4σ and 2.2σ larger than the R-ratio results of aµ = 694.0(4.0) (ref. 3),  
aµ = 692.78(2.42) (ref. 4), aµ = 692.3(3.3) (refs. 5,6) and the combined 
result aµ = 693.1(4.0) of ref. 7, respectively. It is worth noting that the 
R-ratio determinations are based on the same experimental datasets 
and are therefore strongly correlated, although these datasets were 
obtained in several different and independent experiments that we have 

no reason to believe are collectively biased. Clearly, these comparisons 
need further investigation, although it should also be kept in mind 
that the tensions observed here are smaller, for instance, than what 
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As a first step in that direction, it is instructive to consider a mod-
ified observable, where the correlator G(t) is restricted to a finite 
interval by a smooth window function19. This observable, which we 
denote as aµ,win, is obtained much more readily than aµ on the lattice. 
Its shorter-distance nature makes it far less susceptible to statistical 
noise and to finite-volume effects. Moreover, in the case of staggered 
fermions, it has reduced discretization artefacts. This is shown in 
Fig. 4, where the light, connected component of aµ,win is plotted as 
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other lattice groups have obtained it with errors comparable to 
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this challenging, light-quark contribution that dominates aµ. Our 
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R-ratio determinations of refs. 3–6. Obviously, our findings should be 
confirmed—or refuted—by other studies using different discretizations 
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Fig. 4 | Continuum extrapolation of the isospin-symmetric, light, 
connected component of the window observable aµ,win, a( )isoµ,win

ightl . The data 
points are extrapolated to the infinite-volume limit. Central values are 
medians; error bars are s.e.m. Two different ways to perform the continuum 
extrapolations are shown: one without improvement, and another with 
corrections from a model involving the ρ meson (SRHO). In both cases the lines 
show linear, quadratic and cubic fits in a2 with varying number of lattice 
spacings in the fit. The continuum-extrapolated result is shown with the results 
from Blum et al.19 and Aubin et al.20. Also plotted is our R-ratio-based 
determination, obtained using the experimental data compiled by the authors 
of ref. 4 and our lattice results for the non-light-connected contributions. This 
plot is convenient for comparing different lattice results. Regarding the total 
aµ,win, for which we must also include the contributions of flavours other than 
light and isospin-symmetry-breaking effects, we obtain 236.7(1.4)tot on the 
lattice and 229.7(1.3)tot from the R-ratio; the latter is 3.7σ or 3.1% smaller than the 
lattice result.
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of ref. [21], normalized by the result of this work. Right: Compilation of results for the four-flavor
∆–had lattice computations [6, 21] (above) and the five-flavor ∆–(5)

had phenomenological estimates
(below) at selected values of Q2. The gray vertical error band for the result of this work includes
the small bottom quark contribution as an additional systematic error, see section 5.1 for details.

result in our comparison since the disconnected contribution has not been determined in
that reference.

In the lower left panel of figure 12 we show the ratios of three recent phenomenological
determinations of ∆–(5)

had(≠Q2) and the rational approximation of our result as continuous
curves. Our result lattice results for ∆–had(≠Q2) includes the contributions from u, d, s

and c quarks. In order to account for the contributions from bottom quarks that are needed
to complete the estimate for ∆–(5)

had(≠Q2), we use results by the HPQCD collaboration
for the lowest four time moments of the HVP [135]. We determine the contribution from
bottom quarks by constructing Padé approximants from the moments, which results in a
few-permil e�ect on the total hadronic running of the coupling (up to 2.6 permil at the
largest Q2 = 7 GeV2). This e�ect is larger than the 0.4 permil e�ect reported for the HVP
contribution to the muon g ≠ 2 [136] due to the fact that the running coupling scale Q2

is not well separated from the bottom quark mass, in contrast to the muon mass case.8
However, this e�ect is a small fraction of the percent-level total error on ∆–had(≠Q2) and
we include it as an additional source of systematic error.

Results from Davier et al. [12, 137] (labellel “DHMZ data”), Keshavarzi et al. [31, 138]
(KNT18 data), and based on Jegerlehner’s alphaQEDc19 software package [13, 134] show
good agreement among each other, but are between 3 and 6 % lower than our estimate.9

8
As a crosscheck, we have reproduced the bottom quark contribution to the muon g ≠ 2 reported by

HPQCD [136].

9
The estimate of ∆–(5)

had(≠Q2
) in the space-like region corresponding to ref. [12] was kindly provided
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4. Conclusions

We presented a computation of the hadronic contribution to the running of the electromagnetic
coupling U. Our result is obtained on the lattice for space-like &2 up to ⇡ 7 GeV2 and it is slightly
larger but still compatible with an earlier calculation by BMWc. However, there is a significant
tension with the predictions based on the data driven method.

Combining our result obtained in the &2 = (5 ± 2) GeV2 range with pQCD, we obtain an
estimate for �U (5)

had("
2
/ ) that does not rely on experimental hadronic cross section data as input. This

result is consistent with and of similar precision as estimates employing the data-driven approach.
Moreover, we observe no significant tensions between our lattice result and global EW fits.
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larger but still compatible with an earlier calculation by BMWc. However, there is a significant
tension with the predictions based on the data driven method.

Combining our result obtained in the &2 = (5 ± 2) GeV2 range with pQCD, we obtain an
estimate for �U (5)

had("
2
/ ) that does not rely on experimental hadronic cross section data as input. This

result is consistent with and of similar precision as estimates employing the data-driven approach.
Moreover, we observe no significant tensions between our lattice result and global EW fits.

References

[1] A. Keshavarzi, D. Nomura and T. Teubner, Muon 6 � 2 and U("2
/ ): a new data-based

analysis, Phys. Rev. D 97 (2018) 114025 [18�2.�2995].
[2] M. Davier, A. Hoecker, B. Malaescu and Z. Zhang, A new evaluation of the hadronic vacuum

polarisation contributions to the muon anomalous magnetic moment and to U(<2
/ ), Eur. Phys.

J. C 80 (2020) 241 [19�8.��921].
[3] F. Jegerlehner, UQED,e� (B) for precision physics at the FCC-ee/ILC, CERN Yellow Reports:

Monographs 3 (2020) 9.
[4] F. Burger, K. Jansen, M. Petschlies and G. Pientka, Leading hadronic contributions to the

running of the electroweak coupling constants from lattice QCD, JHEP 1511 (2015) 215
[15�5.�3283].

[5] A. Francis, V. Gülpers, G. Herdoíza, H. Horch, B. Jäger, H.B. Meyer et al., Study of the

5

[Cè	et	al.,	JHEP	08	(2022)	220,	arXiv:2203.08676]

• Agreement	between	laYce	QCD	and	evalua$ons	based	
on	the	 -ra$oR



Hartmut	Wittig

Adler	func$on	approach,	aka.	“Euclidean	split	technique”
<latexit sha1_base64="w2eRR6mzOKAjoeA/pbzdvxwPDDc="></latexit>

�↵(5)
had(M2

Z) = �↵(5)
had(�Q2

0)
<latexit sha1_base64="rhLquNZ0mTEYb/2arss2dclbvwk="></latexit>

+[�↵(5)
had(�M2

Z) � �↵(5)
had(�Q2

0)]
<latexit sha1_base64="i4HT5gNPcYu3imwJV0OTayEaY1s="></latexit>

+[�↵(5)
had(M2

Z) � �↵(5)
had(�M2

Z)]

Evalua$on	of	 	and	comparison	with	EW	precision	dataΔα(5)
had(M

2
Z)

14

<latexit sha1_base64="FW1gRQVMN6aoqEK7TqGoYKfyvw8="></latexit>

) �↵(5)
had(M2

Z) = 0.027 73(9)lat(2)btm(12)pQCD

The hadronic running of the electroweak couplings from lattice QCD Marco Cè

lat. + pQCD’[Adler]

lat. + KNT18[data]

KNT18/19

DHMZ19

Jegerlehner 19

R-ratio

0.0255 0.0260 0.0265 0.0270 0.0275 0.0280 0.0285 0.0290

�U(5)
had("

2
/)

Gfitter 18

Crivellin et al. 20

Keshavarzi et al. 20

Malaescu, Schott 20

HEPfit 21

EW global fits

Figure 2: Compilation of results for �U (5)
had ("

2
/ ). The first two data points (red symbols) are the lattice results

of ref. [7]. Green circles denote results based the data-driven method in, from top to bottom, refs. [1, 16], [2],
and [3]. The estimate based on the Adler function in ref. [3] is shown as a green diamond. Blue symbols
represent the results from global EW fits, published in refs. [17–21]. The upper triangle point from ref. [20]
does not use the Higgs mass. The gray band represents our final result quoted in eq. (8).

4. Conclusions

We presented a computation of the hadronic contribution to the running of the electromagnetic
coupling U. Our result is obtained on the lattice for space-like &2 up to ⇡ 7 GeV2 and it is slightly
larger but still compatible with an earlier calculation by BMWc. However, there is a significant
tension with the predictions based on the data driven method.

Combining our result obtained in the &2 = (5 ± 2) GeV2 range with pQCD, we obtain an
estimate for �U (5)
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4. Conclusions

We presented a computation of the hadronic contribution to the running of the electromagnetic
coupling U. Our result is obtained on the lattice for space-like &2 up to ⇡ 7 GeV2 and it is slightly
larger but still compatible with an earlier calculation by BMWc. However, there is a significant
tension with the predictions based on the data driven method.

Combining our result obtained in the &2 = (5 ± 2) GeV2 range with pQCD, we obtain an
estimate for �U (5)
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/ ) that does not rely on experimental hadronic cross section data as input. This

result is consistent with and of similar precision as estimates employing the data-driven approach.
Moreover, we observe no significant tensions between our lattice result and global EW fits.
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4. Conclusions

We presented a computation of the hadronic contribution to the running of the electromagnetic
coupling U. Our result is obtained on the lattice for space-like &2 up to ⇡ 7 GeV2 and it is slightly
larger but still compatible with an earlier calculation by BMWc. However, there is a significant
tension with the predictions based on the data driven method.

Combining our result obtained in the &2 = (5 ± 2) GeV2 range with pQCD, we obtain an
estimate for �U (5)
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result is consistent with and of similar precision as estimates employing the data-driven approach.
Moreover, we observe no significant tensions between our lattice result and global EW fits.
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• No	inconsistency	with	global	electroweak	fit

• Agreement	between	laYce	QCD	and	evalua$ons	based	
on	the	 -ra$oR

• Contradic$on	with	tension	observed	at	low	energies? Not	in	the	correlated	difference!
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Observed	tensions:	
• HVP:	tension	of	 	between	 	data✻	and	single	laYce	calcula$on	
• Intermediate	window	observable:	
tension	of	 – 	between	 	data✻	and	several	laYce	calcula$ons	

• Hadronic	running	of	 :	tension	of	 – 	between	 	data✻	and	two	laYce	calcula$ons	
• Adler	func$on:	slight	tension	of	 – 	between	 	data✻	and	QCD	(laYce	&	perturba$ve)	
• -ra$o:	tension	in	 	channel	between	BaBar	vs.	KLOE	and	CMD-3	vs.	all	other	results
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Many	different	groups	and	analyses	(DHMZ,	KNT,	FJ,	CHHKS,	BHLS,…)	
Disagreement	for	some	exclusive	channels

T. Aoyama, N. Asmussen, M. Benayoun et al. Physics Reports xxx (xxxx) xxx

Table 4

Full evaluations of aHVP, LO
µ from FJ17 [27], DHMZ19 [6], KNT19 [7], and BDJ19 [238]. The uncertainty in DHMZ19 includes an additional systematic

uncertainty to account for the tension between KLOE and BABAR.
BDJ19 DHMZ19 FJ17 KNT19

aHVP, LO
µ ⇥ 1010 687.1(3.0) 694.0(4.0) 688.1(4.1) 692.8(2.4)

Table 5

Selected exclusive-mode contributions to aHVP, LO
µ from DHMZ19 and KNT19, for the energy range  1.8GeV, in units of 10�10. Where three (or

more) uncertainties are given for DHMZ19, the first is statistical, the second channel-specific systematic, and the third common systematic, which is
correlated with at least one other channel. For the ⇡+⇡� channel, the uncertainty accounting for the tension between BABAR and KLOE (amounting
to 2.76 ⇥ 10�10) is included in the channel-specific systematic.

DHMZ19 KNT19 Difference
⇡+⇡� 507.85(0.83)(3.23)(0.55) 504.23(1.90) 3.62
⇡+⇡�⇡0 46.21(0.40)(1.10)(0.86) 46.63(94) �0.42
⇡+⇡�⇡+⇡� 13.68(0.03)(0.27)(0.14) 13.99(19) �0.31
⇡+⇡�⇡0⇡0 18.03(0.06)(0.48)(0.26) 18.15(74) �0.12
K+K� 23.08(0.20)(0.33)(0.21) 23.00(22) 0.08
KSKL 12.82(0.06)(0.18)(0.15) 13.04(19) �0.22
⇡0� 4.41(0.06)(0.04)(0.07) 4.58(10) �0.17
Sum of the above 626.08(0.95)(3.48)(1.47) 623.62(2.27) 2.46
[1.8, 3.7]GeV (without cc̄) 33.45(71) 34.45(56) �1.00
J/ ,  (2S) 7.76(12) 7.84(19) �0.08
[3.7, 1) GeV 17.15(31) 16.95(19) 0.20

Total aHVP, LO
µ 694.0(1.0)(3.5)(1.6)(0.1) (0.7)DV+QCD 692.8(2.4) 1.2

choice of the ranges is motivated by the gain of precision of the fit in the low-energy region compared to the combined
data integration. The fit result below 0.63GeV,

aHVP, LOµ [⇡⇡ ]
��
0.63GeV = 133.2(5)(4) ⇥ 10�10

= 133.2(6) ⇥ 10�10 , (2.32)

where the first error estimates experimental and the second model uncertainty (checked to be significant with respect to
fluctuations of the experimental uncertainties), agrees well with Eq. (2.29) and Eq. (2.31). While the slightly larger central
value could also be due to the differences in the data treatment, the smaller systematic uncertainty likely arises when no
inelastic effects need to be constrained in the fit.

2.3.5. Comparison of dispersive HVP evaluations
The different evaluations described in the previous sections all rely on data for e+e� ! hadrons, but differ in the

treatment of the data as well as the assumptions made on the functional form of the cross section. In short, the evaluations
from Section 2.3.1 (DHMZ19) and Section 2.3.2 (KNT19) directly use the bare cross section, the one from Section 2.3.3
(FJ17) assumes in addition a Breit–Wigner form for some of the resonances, and the evaluation from (BDJ19) relies on
a hidden-local-symmetry (HLS) model. For certain channels, most notably 2⇡ and 3⇡ , constraints from analyticity and
unitarity define a global fit function or optimal bounds that can be used in the dispersion integral to integrate the data,
see Section 2.3.4 (ACD18 and CHS18 for 2⇡ ). In this section, we compare the different evaluations and comment on
possible origins of the most notable differences in the numerical results.

Table 4 shows the results of recent global evaluations. We start with a more detailed comparison of DHMZ19 and
KNT19. At first sight, both evaluation appear in very good agreement, but the comparison in the individual channels, see
Table 5, shows significant differences, most notably in the 2⇡ channel, which differs at the level of the final uncertainty.
For the 3⇡ channel, both analyses are now in good agreement, between each other as well as with a fit using analyticity
and unitarity constraints [5], which produces 46.2(8) ⇥ 10�10, see Eq. (2.30). Previous tensions could be traced back to
different interpolating functions [5,271,272]: since the data is relatively scarce off-peak in the ! region (and similarly,
to a lesser extent, for the �), while the cross section is still sizable, a linear interpolation overestimates the integral.
Both DHMZ19 and KNT19 analyses include evaluations of the threshold region of the 2⇡ channel, either using ChPT or
dispersive fits, as well as, going back to Ref. [211], estimates for the threshold regions of ⇡0� and 3⇡ below the lowest
data points, based on the chiral anomaly for the normalization and ! dominance for the energy dependence (following
Ref. [273] for ⇡0� and Refs. [274,275] for 3⇡ ). The corresponding estimates, 0.12(1) ⇥ 10�10 for ⇡0� and 0.01 ⇥ 10�10

for 3⇡ , agree well with recent dispersive analyses, which lead to 0.13⇥ 10�10 [276] and 0.02⇥ 10�10 [5], respectively.17
Finally, a difference of about 1.0⇥10�10 arises from the energy region [1.8, 3.7]GeV depending on whether data (KNT19)
or pQCD (DHMZ19) is used. Summing up these three individual channels already leads to a significant cancellation among

17 Since the 3⇡ threshold contribution is very small, it does not matter for aµ that in this case ! dominance from Refs. [274,275] noticeably
underestimates the cross section.

40

Merging	procedure:	average	of	individual	results	+	theore$cal	constraints	+	conserva$ve	
																																					error	es$mate	(reflec$ng	tensions	in	the	data,	differences	in	procedures)
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Star$ng	point: [RBC/UKQCD	2018]
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Figure 1: Short-distance, intermediate, and long-distance weight functions in Euclidean time (left), and their correspondence in center-of-mass energy (right).

aHVP
SD aHVP

int aHVP
LD aHVP

total

All channels
68.4(5) 229.4(1.4) 395.1(2.4) 693.0(3.9)
[9.9%] [33.1%] [57.0%] [100%]

2⇡ below 1.0 GeV
13.7(1) 138.3(1.2) 342.3(2.3) 494.3(3.6)
[2.8%] [28.0%] [69.2%] [100%]

3⇡ below 1.8 GeV
2.5(1) 18.5(4) 25.3(6) 46.4(1.0)
[5.5%] [39.9%] [54.6%] [100%]

[1] – – – 693.1(4.0)
[24] – 231.9(1.5) – 715.4(18.7)
[36] – 236.7(1.4) – 707.5(5.5)

Table 1: Window quantities for HVP, based on Refs. [7–9, 11], using the merg-
ing procedure from Ref. [1] and the window parameters (11) (for all channels,
2⇡ below 1.0 GeV, and 3⇡ below 1.8 GeV; in each case indicating the decompo-
sition of the total in %). Previous results from lattice QCD and phenomenology
are shown for comparison where available. All numbers in units of 10�10.

available.
In Sec. 2, we provide such comparison numbers for the stan-

dard windows from Ref. [24], with e+e� uncertainties treated
in the same spirit as in Ref. [1]. In Sec. 3, we then consider a
set of modified window quantities that should allow for a more
detailed analysis of the energy dependence. The correlations
among the di↵erent windows are also evaluated and included.
Finally, we discuss the challenges in constructing optimized
window observables to isolate the origin of potential conflicts
between e+e� data and lattice QCD.

2. Euclidean windows

The master formula for the HVP contribution in the data-
driven approach reads [98, 99]

aHVP
µ =

✓↵mµ
3⇡

◆2 Z 1

sthr

ds
K̂(s)

s2 Rhad(s) ,

Rhad(s) =
3s

4⇡↵2�(e+e� ! hadrons(+�)) , (6)

with kernel function

K̂(s) =
3s
m2
µ

"
x2

2
�
2 � x2� +

1 + x
1 � x

x2 log x

+

�
1 + x2�(1 + x)2

x2

✓
log(1 + x) � x +

x2

2

◆#
,

x =
1 � �µ(s)
1 + �µ(s)

, �µ(s) =

s

1 �
4m2
µ

s
. (7)

The integration threshold takes the value sthr = M2
⇡0 , since the

⇡0� channel is included, by convention, in the photon-inclusive
cross section. In lattice QCD, most collaborations employ the
time-momentum representation [100–102]

aHVP
µ =

✓↵
⇡

◆2 Z 1

0
dt K̃(t)G(t) , (8)

with another known kernel function K̃(t) and G(t) given by the
correlator of two electromagnetic currents jem

µ

G(t) = �a3

3

3X

k=1

X

x
Gkk(t, x) ,

Gµ⌫(x) = h0| jem
µ (x) jem

⌫ (0)|0i , (9)

with the lattice spacing taken to the limit a ! 0. Windows in
Euclidean time are defined by an additional weight function in
Eq. (8). The ones proposed in Ref. [24]

⇥SD(t) = 1 � ⇥(t, t0,�) ,
⇥win(t) = ⇥(t, t0,�) � ⇥(t, t1,�) ,
⇥LD(t) = ⇥(t, t1,�) ,

⇥(t, t0,�) =
1
2

✓
1 + tanh

t � t0

�

◆
, (10)

were designed to separate short-distance, intermediate, and
long-distance contributions, respectively, with parameters

t0 = 0.4 fm , t1 = 1.0 fm , � = 0.15 fm . (11)

2

[Colangelo	et	al.,	Phys	LeW	B833	(2022)	137313]

Finer	decomposi$on	allows	for	more	detailed	
studies	of	energy	dependence	
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Mainz/CLS:		Results	at	the	physical	point													[Cè	et	al.,	Phys	Rev	D106	(2022)	114502]
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by the quantities m
2
⇡0 , m2

K+ + m
2
K0 � m

2
⇡+ , m2

K+ � m
2
K0 � m

2
⇡+ + m

2
⇡0 and the fine-structure

constant ↵ [91]. The first three quantities are inspired by leading-order chiral perturbation
theory including leading-order mass and electromagnetic isospin-breaking corrections [67], and
correspond to proxies for the average light-quark mass, the strange-quark mass, and the light-
quark mass splitting. As we consider leading-order e↵ects only, the electromagnetic coupling
does not renormalize [90], i.e. we may set e

2 = 4⇡↵. The lattice scale is also a↵ected by
isospin breaking, which we however neglect at this stage. Making use of the isosymmetric
scale [56], we match m

2
⇡0 and m

2
K+ + m

2
K0 � m

2
⇡+ in both theories on each ensemble and set

m
2
K+ � m

2
K0 � m

2
⇡+ +m

2
⇡0 to its experimental value.

We have computed the leading-order QCD+QED quark-connected contribution to a
win
µ as

well as the pseudoscalar meson masses m⇡0 , m⇡+ , mK0 andmK+ required for the hadronic renor-
malization scheme on the ensembles D450, N200, N451 and H102, neglecting quark-disconnected
diagrams as well as isospin-breaking e↵ects in sea-quark contributions. The considered quark-
connected diagrams are evaluated using stochastic U(1) quark sources with support on a single
timeslice whereas the all-to-all photon propagator in Coulomb gauge is estimated stochastically
by means of Z2 photon sources. Covariant approximation averaging [96] in combination with
the truncated solver method [97] is applied to reduce the stochastic noise. We treat the noise
problem of the vector-vector correlation function at large time separations by means of a recon-
struction based on a single exponential function. A more detailed description of the computation
can be found in Refs. [91, 92, 98]. The renormalization procedure of the local vector current
in the QCD+QED computation is based on a comparison of the local-local and the conserved-
local discretizations of the vector-vector correlation function and hence di↵ers from the purely
isosymmetric QCD calculation [58] described in Section III B. We therefore determine the rela-
tive correction by isospin breaking in the QCD+QED setup. For f⇡-rescaling as introduced in
Section IVA, isospin-breaking e↵ects in the determination of f⇡ are neglected. We observe that
the size of the relative first-order corrections for awin

µ is compatible on each ensemble and can in
total be estimated as a (0.3 ± 0.1)% e↵ect.

VII. FINAL RESULT AND DISCUSSION

We first quote our final result awin,iso
µ in our iso-symmetric setup as defined in Section IVA.

Using the isospin decomposition, and combining Eqs. (33), (34) and (41), we find

a
win,I1
µ = (186.30 ± 0.75stat ± 1.08syst) ⇥ 10�10

, (42)

a
win,I0
µ = a

win,I0
µ

,c/ + a
win,c
µ = (50.30 ± 0.23stat ± 0.32syst) ⇥ 10�10

, (43)

a
win,iso
µ = a

win,I1
µ + a

win,I0
µ = (236.60 ± 0.79stat ± 1.13syst ± 0.05Q) ⇥ 10�10

, (44)

where the first error is statistical, the second is the systematic error, and the last error of awin,iso
µ

is an estimate of the quenching e↵ect of the charm quark derived in Appendix D. Overall, this
uncertainty has a negligible e↵ect on the systematic error estimate. The small bottom quark
contribution has been neglected. For a

hvp
µ , this contribution has been computed in [99] and

found to be negligible at the current level of precision.
As stressed in Section IVA, our definition of the physical point in our iso-symmetric setup is

scheme dependent. To facilitate the comparison with other lattice collaborations, the derivatives
with respect to the quantities used to define our iso-symmetric scheme are provided in Table II.
They can be used to translate from one prescription to another a posteriori.

One of the main challenges for lattice calculations of both a
hvp
µ and the window observable is

the continuum extrapolation of the light quark contribution, which dominates the results by far.
To address this specific point, we have used six lattice spacings in the range [0.039,0.0993] fm in
our calculation, along with two di↵erent discretizations of the vector current (see the discussion
in Section IVC). Although this work contains many ensembles away from the physical pion
mass, we observe only a mild dependence on the proxy used for the light-quark mass. This
observation is corroborated by the fact that, in the model averaging analysis, most of the spread
comes from fits that di↵er in the description of lattice artefacts rather than on the functional
form fch that describes the light-quark mass dependence.

Include	shiv	of	 	due	to	isospin-breaking:+(0.70 ± 0.47) ⋅ 10−10
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FIG. 7: Comparison of our results (in units of 10�10) with other lattice calculations [13, 18, 20–24] in
isosymmetric QCD. The four panels on the left show compilations of the individual quark-disconnected,
charm, strange and light quark contributions. The total result for awin

µ in the isosymmetric case is shown
in the rightmost panel. Our results are represented by green circles and vertical bands.

In Fig. 7, we compare our results in the isosymmetric theory with other lattice calculations.
Our estimate for a

win,iso
µ agrees well with that of the BMW collaboration who quote a

win,iso
µ =

236.3(1.4)⇥10�10 using the staggered quark formulation [20]. However, our result is about 2.3�
above the published value by the RBC/UKQCD collaboration, awin,iso

µ = 232.0(1.5) ⇥ 10�10,
obtained using domain wall fermions [13]. It is also 1.7� above the recent estimate quoted by
ETMC, based on the twisted-mass formalism [22], which reads awin,iso

µ = 231.0(2.8)⇥10�10. The

di↵erence with the latter two calculations can be traced to the light-quark contribution a
win,ud
µ ,

which is shown in the second panel from the right. In this context, it is interesting to note that,
apart from BMW, two independent calculations using staggered quarks (albeit with a di↵erent

action as compared to the BMW collaboration) have quoted results for awin,ud
µ [18, 21, 24] that

are in good agreement with our estimate, as can be seen in Fig. 7. The middle panel of the figure
shows that our estimate for the strange quark contribution is slighly higher compared to other
groups, but due to the relative smallness of awin,s

µ this cannot account for the di↵erence between

our result for a
win,iso
µ and Refs. [22] and [13]. Good agreement with the BMW, ETMC and

RBC/UKQCD collaborations is found for both the charm and quark-disconnected contributions.

If one accepts that most lattice estimates for the light-quark connected contribution a
win,ud
µ

have stabilized around ⇡ 207 ⇥ 10�10, one may search for an explanation why the results by
RBC/UKQCD [13] and ETMC [22] are smaller by about 2%. This is particularly important since

a
win,ud
µ contributes about 87% to the entire intermediate window observable. One possibility is

that the extrapolations to the physical point in Refs. [13] and [22] are both quite long. For
instance, the minimum pion mass among the set of ensembles used by ETMC is only about
220 MeV, while the result by RBC/UKQCD has been obtained from two lattice spacings, i.e.
0.084 fm and 0.114 fm. Further studies using additional ensembles at smaller pion mass and
lattice spacings are highly desirable to clarify this important issue.

In order to compare our result with phenomenological determinations of the intermediate
window observable, we must correct for the e↵ects of isospin-breaking. Our calculation of isospin-
breaking corrections, described in Section VI, has been performed on a subset of our ensembles
and is, at this stage, lacking a systematic assessment of discretization and finite-volume errors.
Furthermore, only quark-connected diagrams have been considered so far. To account for this
source of uncertainty, we double the error and thereby apply a relative isospin-breaking correction
of (0.3 ± 0.2)% to a

win,iso
µ , which amounts to a shift of +(0.70 ± 0.47) ⇥ 10�10. Thus, our final

result including isospin-breaking corrections is

a
win
µ = (237.30 ± 0.79stat ± 1.13syst ± 0.05Q ± 0.47IB) ⇥ 10�10

. (45)

Adding all errors in quadrature yields 237.30(1.46) ⇥ 10�10 which corresponds to a precision of
0.6%. A comparison with other lattice calculations is shown in Fig. 8. Since corrections due
to isospin breaking are small, the same features are observed as in the isosymmetric theory:
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Defla$on	techniques:	Low-mode	averaging	
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Adler	func$on:
<latexit sha1_base64="kKoe4IL7VB4enSzk7ObM8tjJ/wc="></latexit>

D(�s) =
3⇡
↵

s
d
ds
�↵had(s)

Perturba$on	theory:
<latexit sha1_base64="KMWLudWwshbXg30e2C64t9vXnOQ="></latexit>h
�↵(5)

had(M2
Z) � �↵(5)

had(�M2
Z)
i
= 0.000 045(2) [Jegerlehner,	CERN	Yellow	Report,	2020]

		known	in	massive	QCD	perturba$on	theory	at	three	loopsD(Q2)
<latexit sha1_base64="HEAQVeOjBpa9JjprmxOFLkyk170="></latexit>

h
�↵(5)

had(�M2
Z) � �↵(5)

had(�Q2
0)
i
pQCD/Adler

=
↵

3⇡

Z M2
Z

Q2
0

dQ2

Q2 D(Q2)

Rela$on	of	 	and	 -ra$o:D(Q2) R
<latexit sha1_base64="7hyBzJCkYf6S5ZrxDVzWu2ZzukI="></latexit>

D(Q2) = Q2
Z 1

m2
⇡0

ds
R(s)

(s + Q2)2

Direct	DR:

<latexit sha1_base64="A/Y2UH9SeFWfljhm2E2F7qGs7XA="></latexit>

h
�↵(5)

had(�M2
Z) � �↵(5)

had(�Q2
0)
i
DR
=
↵(M2

Z � Q2
0)

3⇡

Z 1

m2
⇡0

ds
R(s)

(s + Q2
0)(s + M2

Z)
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Euclidean	split	technique:	rela$ve	contribu$ons	to	Δα(5)
had(M

2
Z)
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