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Semileptonic B, — Ky decays provide an alternaive b-decay channel to determine the CKM
matrix element [Viu], and to obtain a Reratio to investigate lepton-flavor-universality violations
for the CKM mairi element mey also shed light on the discrepancies seen betuieen analyses
of inclusive or exclusive decays. We caleulate the decay form factors using lattice QCD with domain-
wall light quarks and a relativistic b-quark. We analyze data at three lattice spacings with unitary
pion masses down to 268 McV. Our numerical results are interpolated/extrapolated to physical
quark masses and to the continuum to obtain the vector and scalar form factors f (¢%) and fo(¢*)
with full error budgets at g7 values spanning the range accessible in our simulations. We provide
& possible explanation of tensions found between results for the form factor from different lattice
d truncation-independent z-parameterization fits following a recently pro-
posed Bayesian-inference approach extend our results to the entire allowed kinematic range.
results can be combined with f.xpenmeuul measurements of B, and B, — K semileptonic
decays to determine |Vl 1073, The crror is currently dominated by cxperiment. We
compute differential \»mmlung o asd e types of R ratios, the one commonly used as well
as a variant better suited to test lepton-flavor universality.
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ABSTRACT: We propose a model-independent framework for fitting hadronic form-factor

data, which is often only available at discrete kinematical points, to unitarity- and analyticity-
In this novel approach the latter two properties of quantum-field

based parameterisatior
theory regulate this ill-posed problem and allow to determine model-independent predic-
ical range. Kinematical constraints, which exist for example for
can be imposed exactly.

tions over the entire phy
the vector and scalar form factor of semileptonic meson dec
The core formulae are straight forward to implement with standard math libraries and we

provide one such implementation as supplementary material. As well as proposing a gener-
cin Lebed (BGL) unitarity constraint for form factors, we

alised version of the Boyd Grins
demonstrate the novel method for the case of exclusive semileptonic decay B, — K, for
which we make a number of phenomenologically relevant predictions, such as for instance

the CKM matrix element. [Vi|.
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Where to find New Physics?

1. Direct searches:
= Bump in the spectrum

2. Indirect searches:
Precision tests of SM:
— Quantum corrections
due to new particles
modify SM predictions

=

5
oy /e NS ENERA N RTU NN ENENA NN

B

— NP shows as e.g. |Vyp| can be determined from
discrepancy between different, i.e. complementary channels:
experiment and theory o B — nly
= Over-constrain SM ® Bs — Klv
FLAG21 - o Ap — plv

| Vb s = 3.74(17) x 1073 .

Vbt D022 — 4.13(26) x 1073
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Extracting | V| from By — Klv

Experiment = CKM x non-perturbative x (PT+kinematics)
dl(Bs — Klvy)
dq?
@ L.H.S. has been measured by LHCb
e K1 and Ky contain new, Gr, my, Mp,, Mk, Ek - all known!

~ |Vub|2 X |:’f+ ’ ,Cl‘f“fo ’ IC2]

e Compute non-perturbative form factors £, (g°) and fo(q?)
= e.g. from Lattice QCD.
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Lattice QCD in a nutshell

Based on the Path Integral formulation.

O =5 [ D15 V10, B, U] 105

Minkowski: Highly oscillatory, infinite dimensional integral. X

= Wick rotate to Euclidean (i.e. imaginary) time (t — iT).
1 — _ _
(O = 5 [ DI 6. U1 Oelp, b, U] e Selv5

Euclidean: Exponentially decaying, infinite dimensional integral. X |

= Discretise space-time and interpret as a probability distribution.

o Lattice spacing a (UV regulator) e [ — >, @ — finite differences
@ Box of length L (IR regulator) @ Evaluate stochastically
Lattice: Exponentially decaying and finite dimensional v

v
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Set up of our calculation and required extrapolations

e 3 a€0.07,0.11] fm. o Need to recover a — 0 limit.

o finite volume L = discrete @ Need continuous description of
momenta p = ¥ n. q> = M3+ My — 2Mp, Ex.

° heaymr—than—physmal @ Recover physical light quark
Mz e [270,430] MeV. | masses. )

Use HMxXPT [np 8812 64,np 840 54,PRD 67 054010] for extrapolation:

df(M3) —5f(M7’?))

A
£ (M, B, ) = w7~ exo (1
X ( T K?a) EK+AX €X,0 +

(4 fy)?
AM? Ex EZ
t X1 A2 +Cx2/\ +CX3A2 +CX4(3/\)}

(+vary fit ansatz + estimate missing/H.O. terms)
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https://arxiv.org/abs/0809.1229
https://doi.org/10.1016/j.nuclphysb.2010.06.021
https://doi.org/10.1103/PhysRevD.67.054010

RBC/UKQCD 23 Fit results f,

HMyPT fit to lattice data Fit systematics
3.0 ! T T T T T T ! T @omitkv T excluden?— 1
' Central o M2 (b) omit (aA)? -=- () cont. disp. rel. inc. (ap)*
' sl <ivve (c) omit AM? ~ == (j) varying f, 4
1o r a t M3 T - (&) omit chiral log - (0 AL by 30NV
2.5+ ! o C2 ¢ F1S -+~ (e) omit (aA)? and chiral log statistic
; § M1 | . (® include £ ]
5 : =
S 1 <
T, 2.0~ : T —
[+ ' e
o~ ! 4 :
h
15 !
h
|
H
LOF
|
h 1

1 1 1 1 1 1
0.005 0.010 0.015 0.020 0.025 0.030 0.035 0.040 0.045

(Bx/Mp)?
= take maximal deviation between the chosen fit and fit variation as
fit-systematic value.
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Assembling the error budget

T T T T
B statistics |
Il fit systematics 16 |
B discretization (heavy) |
I renormalization . [
B isospin breaking X t\; [

discretization (light) J5 g oY
I RHQ inputs L;J: g [
]
& 4
~ Qo

statistics

fit systematics
discretization (heavy)
renormalization
isospin breaking
discretization (light)
RHQ inputs

18 19 20 21
¢*[GeV?)

20 21

¢*[GeV?)
@ Dominated by statistical and fit systematic uncertainties = both

improvable!
@ Most precise near g2,
e Data covers range g2 > 17 GeV?
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Caveat: HMxPT in terms of £, fy or f, 1?7

Recall 1/(Ex + Ax)-term in HMxPT

At =Mpgs—y = Mg, Mg (-

Do = Mg gty — My, Mg (o) = 5.63 GeV (the.)

=5.32471 GeV  (exp.)

fij, f1 directly accessible from lattice.

\/2Ms,

fo(e?) = [(Mg, —Ex)f (Ex) + (Ex —Mz)fL (Ex)]

2 2
Mp, —Mi
1
2
fir(q°) = ——— | (Ek) + (Mg, — Ex)f1 (Ek)| ,
I
A 2/V’Bs
3 1 A RBC/UKQCD 23 f 4 3 ;
| B HPQUD 14 £, E@ 0.8 :
I ¥ FNAL/MILC 19 fj. :
Py 4 RBC/UKQCD 15 fie — i
,':9 9 | & RBC/UKQCD 23 fie 2 é % H
< <0.6 y{i
1{ 2% 1 Yg i
18 20 22 24 18 20 22 24

q‘_2 [GeV] ¢*[GeV)

0.8

0.6

Is the assumption A” ~ Ny,
A ~ A and extrapolation
in f, f”, before converting

to fy, fy justified?

— 4
— f

-+ fi from f) and f,
fo from £y and £,

05 0010 0015 0020 0025 0030 0035 0040 0045

(Bx/Mp,)?
o Might explain
tensions

@ Not unique to
Bs — Ktv
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Extracting | V| from B; — K{v — in practice

dr(Bs — Kty
dq?

~ Vil x || (aP) K + [fo(@®) Ko

@ Two bins for LHCb measurement

B(BY = K~ putu,)
B(BY — Ds ptuy,)

g° <7GeV2  RSY =1.66(80)(86) x 1073,
q> > 7GeV2  REEM =3.25(21)(T18) x 1073,

e Lattice: Controlled uncertainties for 17 GeV? < ¢°.

Way out: Model Independent z-expansion!
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Extrapolating over the full kinematic range: z-expansion

e Lattice data typically limited to g2 € [qﬁlm,sim, 9o

e Want form factors over full range [0, ¢2,..].

e Ff's satisfy kinematic constraint £, (0) = f(0).
e Map g2 € [0, ¢2,.] t0 Z € [Zmin, Zmax] With |z| < 1 and branch cut t,.

_ Vit —q2 =Vt — to
\/t*_q2+\/t*_t0

e Form factor is a polynomial in z after poles have been removed

Z(qz; to)

e.g. BGL: Boyd, Grinstein, Lebed prL 74 4603

1 1 )
x(q°) = HB ) ¢X(q2)zax,n2

poles X ( q n>0

Goal: Determine some un-truncated number of coefficients ax , to
obtain model independent parameterisation
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Unitarity constraint

Substituting BGL into the unitarity constraint

1 dz
i . ?|BX(q2)¢X(q2a tO)fX(q2)|2 <1,

gives
lax|? <1

(see Paper 2 for details of a modified version of this constraint)
MUST be satisfied for any believable fit!

Any z-expansion fit must necessarily be truncated.

Strong constraint on allowed size of coefficients ax ;.

How can we best make use of this?
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Frequentist z-expansion fit: pro’'s and con's

Small number of coefficients “survive” in chiral-continuum limit

A Ex E2
f'BSHK — K
X Ex + Ax (CX"’ T xR,

= limited number of independent data points Nx - typically = 2-4 per ff.
= Maximum meaningful truncation Kx of the z-expansion requires

Ny + No — Ky — Ko+ 1= Ngor > 1

Goal: Determine a, given data f, covariance C¢ and Z (encoding ¢x, Bx,

kinematic constraint)
X*(a,f) =[f — Za)" C;[f — Za] .

pro Clear measure to assess quality of fit (p-value).
con No satisfactory way to assess systematic effect of truncation.
con Can only check unitarity constraint a posteriori.
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Our prior knowledge

Our prior knowledge about probability distribution for
1. data points m¢(f|f,, Cp) o< exp (—%(f — )TN - fp))
2. BGL ansatz: n¢(fla,Z) < 6 (|f — Za|)
3. unitarity (and possible extra knowledge a,, M):
ma(alap, M) oc 0(1—|a.[*) 0(1 —|ao|*) exp (—3(a — ap) " M(a — ay))
Marginalising over f (using 1. and 2.) gives

1
ma(alf,, Cr,) o exp (—2X2(a, fp)>

Now combining these
7Ta(a|ﬂh Cfp)ﬂ'a(a|ap, < a, — l(a — ap)TM(a — ap))
- a)exp( )

with 8 = C‘fp(zchzlfp + Map) and CE_ = ZTCf:ler M

13 /18 J. Tobias Tsang (CERN) Novel lattice insights into heavy-light meson decays



Bayesian Inference regulated by unitarity and analyticity

Compute the expectation value g(a) in the presence of “prior knowledge
B” via Bayes’ theorem as (with normalisation Z = [ daw(a|B))

(gla) = 5 [ dag(a)n(alB).
= %/dag(a)ﬁ(l — |ay|?) 6(1 — |ap|*) exp <;(a _&TC N a 5)>

a

= Computable via Monte-Carlo integration by drawing from multivariate
normal distribution (&, C5)!.

con No clear measure to assess quality of fit (p-value).
pro Unitarity constraint automatically satisfied

pro Remove truncation error by computing as many terms as relevant

1See paper 2 for details about an efficient algorithm without any assumption of prior
knowledge M
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Results I: RBC/UKQCD

T f.(¢*) RBC/UKQCD 23
@ B.l. converges from soq - TS §
(K+7K0) ~ (575) B \
—20 <
o 103x|V,p| =3.78(61) =
(] RBSHK = 077(16) 1.0
impr 05
R, = 1.72(11) “a
:> more pheno |n pa per 1 0 ;zn[(;(,vl] 20 —-02 —01 (();) 0.1 0.2
R /| Vil /ps™" T7/[Vil*/ps™" T[Afg] /D5~ I[Afg]/ps™ Alp Afp
RBC/UKQCD 23 {——e——i| —e— —e—i| —e— —e—| e
HPQCD 144 Fe+ —e— —o— —e— —o— o —e—i
FNAL/MILC 194 Fed |- aa! gl e+ o =gl
RBC/UKQCD 151 —e—1 | e ! e e e
0.6 Uj’( 018 UT‘) 'l Ei ;3 é 1 ; O.E)Q U,br'l U.E)G 0.‘751.‘001‘25 U,(;US U,(}OS 0.607 0'26 0,'28 0.130
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Results Il: Joint analysis to multiple datasets

3.5 1
f+(¢%) RBC/UKQCD 23
f+(¢?) HPQCD 14
3.0 f+(¢?) Khodjamirian 17

fo(¢?) RBC/UKQCD 23
folg®) HPQCD 14

= = el el tel

e Easy to jointly fit multiple datasets without any truncation systematic

= more pheno in paper 2
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Results Ill: Bayesian Inference vs Dispersive Matrix Method

35
$  fi(¢®) RBC/UKQCD 23

3.01 T fo(¢®) RBC/UKQCD 23

fo(g?) Bayesian inference

3.5

r3.0

r2.5

r2.0

)

r1.0

r0.5

=0.0

2.51 f+(¢?) Bayesian inference
fo(g?) dispersive matrix
&; 201 f+(q%) dispersive matrix
0.0 i~ . .
0 10 20

¢ [GeV?)

Fx(@*)éx(a*)Bx(¢%)/(6x(0)Bx(0))

e Bl and DM produce equivalent results

@ Bl simpler to implement + easily to combine with multiple data sets

@ Bl provides numerical value of the coefficients
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Conclusions and Outlook

RBC/UKQCD 23 update for
Bs — Klv

Identified possible reason for
tensions between lattice results

Removed systematic due to
truncation of z-expansion via
Bayesian Inference procedure

Proposed improved R-ratio to
better test Lepton Flavour
Universality (see paper)
Pheno: |V,p|, R, R™P, FB
and polarisation asym'’s, decay
rates ... (see paper)

Model-independent
Bayesian Inference procedure

based only on analyticity and
unitarity

easy to include multiple data
sets

modified unitarity constraint
for Bs — K/{v (see paper)
proposed efficient algorithm
and implementation (see
paper)

compatible with Dispersive
Matrix method

= More broadly applicable — we keep on working on other decays...

18 /18 J. Tobias Tsang (CERN)

Novel lattice insights into heavy-light meson decays




ADDITIONAL SLIDES



RBC/UKQCD 23 Fit results f;

T
(a) omit FV
(b) omit (aA)*

- (c) omit AM?

(d) omit chiral log
() omit (aA)? and chiral log
(g) exclude n* = 0

(h) elxclude n?= 1'

(i) cont. disp. rel. inc. (ap)*
(j) varying f,

(k) Ag by +100MeV
statistic

0.9E T T T T T T
sk
0.8
n.
w07
T =
w T
< E
= B
0.6 <
0.5 -
0.4 1 1 1 1 1 1 1
0.005 0.010 0.015 0.020 0.025 0.030 0.035 0.040 0.045
Io2
(Ex /Mp,)
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Improving lepton flavour universality tests

dar 77EWqu|2 G? ( m§)2 mj 3 242 3('"23 - mf<)2 L2 2 2-
dq? 2473 e =+ 2 1P £ (q7)I" + 8, |p] m;|f(g”)]
\—/_/ — s

F2
b v
wp (F£)2/(14m3 /242)

can be rewritten so that only w, and F£ depend on the lepton mass, i.e.

dr 2 042
diqz = ¢UJ2 |:FV + (Fs) :|
Define R:’rr{g(K) as (Changes in red) [motivated by Isidori, Sumensari'20]

T d¢® {7 (Bs — Krv-)
T/;,L( ) qmm

1mp W
fqu dq? { (qz } qu(Bs — Kuvy)

9min

Noting that (F£)? oc m3 ~ 0 for £ = 1, e the SM prediction becomes

2 2
S dgPd wr(q?) [FY + (F3)?] S dgP e w- () (F3)?
R-r/,u(K) _ min = ~1+ m;;‘
fq;n—ax dq2¢ wT(qZ)F\% fq;!tax dq2<l> wT(q2)F\2/

= Experiment and theory might profit from cancellations!
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