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INTRODUCTION

Gravitational waves — probes of gravity
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INTRODUCTION

Gravitational waves — probes of gravity

=g,y (M, a)?

Look for specific deviations from GR
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INTRODUCTION

Gravitational waves — probes of gravity

Look for specific deviations from GR — higher-derivative corrections
L=R+0PR2+ R+ ...

Natural EFT extension of GR. Scale { essentially unconstrained
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INTRODUCTION

Can we really see higher-derivative corrections? Depends on the scale {

The first corrections are ~ ¢*Riem®. The relative deviation A with respect to GR is
of order
4 (GM)?

A e
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INTRODUCTION

Can we really see higher-derivative corrections? Depends on the scale {

The first corrections are ~ ¢*Riem®. The relative deviation A with respect to GR is
of order
4 (GM)?
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Improve constraints by a factor ~ 1030
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INTRODUCTION

Where to look for higher-derivative corrections?
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INTRODUCTION

Where to look for higher-derivative corrections?

T T
Inspiral

— Numerical relativity
mm Reconstructed (template)

{ e sge0

T T
Merger Ring-
down
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INTRODUCTION

Where to look for higher-derivative corrections?

T T T
Inspiral Merger Ring-
down

Ringdown: most powerful test of GR

Q 0 0 ‘ Controlled by the quasinormal modes
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h= che_’“’”’ , Im(wp) <0
n=0

— Numerical relativity
mm Reconstructed (template)

@ QNMs only depend on the final black hole — mass and angular momentum
@ Studied through perturbation theory

o Depend on the photon-sphere physics — small length scale — sensitive to
short-distance modifications of GR
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INTRODUCTION

QNM frequencies of Kerr black holes: w;m
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INTRODUCTION

QNM frequencies of Kerr black holes: w;m
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What about modifications of GR?

L =R+corrections = =0 " + 6w

Computation of dw: crucial to test these theories, but remarkably challenging

[Gualtieri, Pierini 21, '22], [Wagle, Yunes, Silva '21], [Srivastava, Chen, Shankaranarayanan '21], [Li, Wagle, Chen,

Yunes '22], [Hussain, Zimmerman '22]
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INTRODUCTION

In this talk: general EFT extension of GR

o v Oy & v
16 = d4x\/_{R+€4( R R Ry M 4 Noaa R R B! )
+€6 (6102-{-6262-{—6306) +O(€8)}

< ~ ~ 1
C= RyvpaR‘ung , C= R,quUR‘uvPU ’ Ryvpa = EeyvaﬁRaﬁpa
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INTRODUCTION

In this talk: general EFT extension of GR

o v Oy & v
16 = d4x\/_{R+€4( R R Ry M 4 Noaa R R B! )
+€6 (6102-{-6262-{—6306) +O(€8)}

< ~ ~ 1
C= RyvpaR‘uvPG , C= R,quUR‘uvPU ’ Ryvpa = EeyvaﬁRaﬁpa

Goal: obtain 6w at first order in the couplings
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PERTURBATIONS OF KERR BLACK HOLES

@ PerTUrBATIONS OF KERR BLACK HOLES

PasrLo A. Cano QNMSs OF HIGHER-DERIVATIVE KERR BLACK HOLES Tougrs, 2 JuNE



PERTURBATIONS OF KERR BLACK HOLES

Quasinormal modes of Kerr black holes in a nutshell
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PERTURBATIONS OF KERR BLACK HOLES

Quasinormal modes of Kerr black holes in a nutshell

Metric perturbations g,,, = g}fﬁ" + hy, — not practical
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PERTURBATIONS OF KERR BLACK HOLES

Quasinormal modes of Kerr black holes in a nutshell
Metric perturbations g,,, = g}fﬁ" + hy, — not practical
Perturbations of Kerr BHs are studied using the Newman-Penrose formalism

e Introduce null tetrad ~ {/,,, ny, my, My}, IFny=-1, mémy, =1
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PERTURBATIONS OF KERR BLACK HOLES

Quasinormal modes of Kerr black holes in a nutshell

Metric perturbations g,,, = g}fﬁ" + hy, — not practical

Perturbations of Kerr BHs are studied using the Newman-Penrose formalism
e Introduce null tetrad ~ {/,,, ny, my, My}, IFny=-1, mémy, =1
o Decompose Weyl tensor in the NP basis — W, W4, W, W3, Wy

o Key property: the Kerr metric algebraically special (Petrov type D):

O _ g0 _ ) _ ) _
v =l =gl = vl = 0
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PERTURBATIONS OF KERR BLACK HOLES

Quasinormal modes of Kerr black holes in a nutshell

Metric perturbations g,,, = g}fﬁ" + hy, — not practical

Perturbations of Kerr BHs are studied using the Newman-Penrose formalism
e Introduce null tetrad ~ {/,,, ny, my, My}, IFny=-1, mémy, =1
o Decompose Weyl tensor in the NP basis — W, W4, W, W3, Wy

o Key property: the Kerr metric algebraically special (Petrov type D):
©) _ O _ 1y _\yO) _
Wy =W =V, =W¥,"=0

o For perturbations around Kerr, W, and 6\W, satisfy decoupled equations

1)4.2(3\1/0 =0 y 1)_26‘1/4 =0

These are the Teukolsky equations. Arise as a combination of Bianchi iden-
tities ViaRuvjpe = 0
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PERTURBATIONS OF KERR BLACK HOLES

Teukolsky equations are decoupled, homogeneous second-order equations

Furthermore, they are separable

oWy = e MO R, (1Sa(x),  0W4 = MO (r — jax)T*R_s(r)S_z(x)
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PERTURBATIONS OF KERR BLACK HOLES

Teukolsky equations are decoupled, homogeneous second-order equations

Furthermore, they are separable

oWy = e MO R, (1Sa(x),  0W4 = MO (r — jax)T*R_s(r)S_z(x)

d 5. dS 5 o (m+sx)? 3
X (1-x )—dX + |(aw)“x® — 2sawx + By, — T Ss=0
d dR.
—s+1 s+1 S —
A P [A o +VRs =0

where x = cos 9, A = r2 — 2Mr + a°
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PERTURBATIONS OF KERR BLACK HOLES

Teukolsky equations are decoupled, homogeneous second-order equations

Furthermore, they are separable

oWy = e MO R, (1Sa(x),  0W4 = MO (r — jax)T*R_s(r)S_z(x)

d as m + sx)?
= (1- Xz)d_xs + [(aw)?x? - 2sawx + By, — % Ss=0
d dR
—s+1 s+1 S
Z T L VR, =0
A [A ar | VR
where x = cos 9, A = r2 — 2Mr + a°
— 1-dim. Schrdédinger equation
o2 el we.
dp(g + (a)2 - V(p., a))) p=0 _ —
(POCRS/ P*ZP*(")
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PERTURBATIONS OF ROTATING BLACK HOLES BEYOND GR

© PERTURBATIONS OF ROTATING BLACK HOLES BEYOND GR
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PERTURBATIONS OF ROTATING BLACK HOLES BEYOND GR

QNMs of BHs in higher-derivative gravity

Challenges
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PERTURBATIONS OF ROTATING BLACK HOLES BEYOND GR

QNMs of BHs in higher-derivative gravity
Challenges

@ Background black hole not known analytically
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QNMs of BHs in higher-derivative gravity
Challenges

@ Background black hole not known analytically

@ No Petrov type D — no Teukolsky equations
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QNMs of BHs in higher-derivative gravity
Challenges

@ Background black hole not known analytically
@ No Petrov type D — no Teukolsky equations

@ Non-separabiity
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PERTURBATIONS OF ROTATING BLACK HOLES BEYOND GR

QNMs of BHs in higher-derivative gravity
Challenges
@ Background black hole not known analytically
@ No Petrov type D — no Teukolsky equations

@ Non-separabiity

o EOM of higher order in derivatives

Pasro A. Cano QNMSs OF HIGHER-DERIVATIVE KERR BLACK HOLES Tours, 2 Junk 2023



PERTURBATIONS OF ROTATING BLACK HOLES BEYOND GR

Universal Teukolsky equation Kwinten Fransen; Li, Wagle, Chen, Yunes; Hussain, Zimmerman

E (¥, d)=0, where O = {eir Yabe, Rap}
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PERTURBATIONS OF ROTATING BLACK HOLES BEYOND GR

Universal Teukolsky equation Kwinten Fransen; Li, Wagle, Chen, Yunes; Hussain, Zimmerman
E (¥, ©) =0, where O = {eir Yabe, Rap}

@ For Ricci-flat Petrov type D it reduces to Teukolsky

D12(0Wo,4) =0
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PERTURBATIONS OF ROTATING BLACK HOLES BEYOND GR

Universal Teukolsky equation Kwinten Fransen; Li, Wagle, Chen, Yunes; Hussain, Zimmerman
E (¥, ©) =0, where O = {ei/ Yabe, Rap}

@ For Ricci-flat Petrov type D it reduces to Teukolsky
D.2(6Wo,4) =0
@ For departures from that we have

D12(0Wo,4) = AF (0¥, 6D)
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PERTURBATIONS OF ROTATING BLACK HOLES BEYOND GR

Universal Teukolsky equation Kwinten Fransen; Li, Wagle, Chen, Yunes; Hussain, Zimmerman
E (¥, ©) =0, where O = {ei/ Yabe, Rap}

@ For Ricci-flat Petrov type D it reduces to Teukolsky
D.2(6Wo,4) =0
@ For departures from that we have
D:2(6Wo,4) = AF (6, 6D)

There are still outstanding challenges

How to decouple this? How to obtain radial equations?
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PERTURBATIONS OF ROTATING BLACK HOLES BEYOND GR

From Universal Teukolsky to master radial equations

@ Evaluate the Universal Teukolsky equations — needs background geometry
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PERTURBATIONS OF ROTATING BLACK HOLES BEYOND GR

From Universal Teukolsky to master radial equations

@ Evaluate the Universal Teukolsky equations — needs background geometry

@ Express the equations only interms of 6\Wg 4 — Metric reconstruction h,,,(6Wo,4)

PasrLo A. Cano QNMSs OF HIGHER-DERIVATIVE KERR BLACK HOLES Tougrs, 2 JunE 2023 11/23



PERTURBATIONS OF ROTATING BLACK HOLES BEYOND GR

From Universal Teukolsky to master radial equations

@ Evaluate the Universal Teukolsky equations — needs background geometry
@ Express the equations only interms of 6\Wg 4 — Metric reconstruction h,,,(6Wo,4)
@ Effective separation of the equation

Assume 5Wo = e @M RIM(ASIM(x) 5 project on S (x)
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PERTURBATIONS OF ROTATING BLACK HOLES BEYOND GR

(1) Rotating black hole solutions Pac, Ruipérez '19:

2
dszz—(1—%Mr—H1)dt2—(1+H2)M

s dtd¢

2Mra?(1 — x?)

dr2 dX2 2 2
+(1+H)E|—+——=|+(1+H. +a’+
(1+Hs) (A 1—x2) ( 4)(f a =

) (1 = x*)d¢?
where X and A are given by

Y=r’+a’x®>, A=r’-2Mr+a®, x=cosf
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PERTURBATIONS OF ROTATING BLACK HOLES BEYOND GR

(1) Rotating black hole solutions Pac, Ruipérez '19:

2M 4Mar(1 — x2
dszz—(1—Tr—H )dtz—(1+H2)#dtd¢

(1 - x®)d¢?

2 204 _ 2
+(1+H3)Z(dr dx 2Mra®(1 x))

2 2
A —_X2)+(1+H4)(r +a“ + 5
where X and A are given by

Y=r’+a’x®>, A=r’-2Mr+a®, x=cosf

Power series in x: analytic solution

RO Wi

n=0  p=0 k=0

n = 14 accurate for y ~ 0.7
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PERTURBATIONS OF ROTATING BLACK HOLES BEYOND GR

(2) Metric reconstruction polan, Kavanagh, Wardell ‘21

av)ﬁ - 3M I [(C )4V >

Py = 3M (y V)

Cuavg = 4 (VonguManpymg) + Yaliumaylymg))
Cuavp = 4 (VoNumainpymg) + Yo liuMaylMg))
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PERTURBATIONS OF ROTATING BLACK HOLES BEYOND GR

(2) Metric reconstruction polan, Kavanagh, Wardell ‘21

_ a Bl i 4y A~
o = =it 0| g Ve [ €1VaC
Cuavp = 4 (YonguMainpyMg) + Yalumaylyme))
Cuavp = 4 (VoN(umMa)nyme) + Y yluMay M)
EbO — e—iwt+im¢R2(r)82(X) l]bs — e"i“’t+i’"¢R;(r)S_2(x)
e = €M CAR H(r)S 5 (x) vy = e MO () R, (r)Sa(x)
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PERTURBATIONS OF ROTATING BLACK HOLES BEYOND GR

(2) Metric reconstruction polan, Kavanagh, Wardell ‘21

_ a Bl i 4y A~
o = =it 0| g Ve [ €1VaC
Cuavg = 4 (Yon)uManpyMg) + PaliyMal,mg))
Cuavp = 4 (VonuMainymg) + ¥ yluMaylymg))
l,bo — e'i“"+im¢R2(r)Sg(x) l]bs — e"i“”+i’"¢R;(r)S_2(x)
Py = @7 C4R 5 (r)S_a(x) Py = eI ()R, (r)Sa(x)

The radial functions can be related by

R, =q:2R42 R_» = C,oA? (@0)4 (A2R+2)
R,=q2R> Riz=Co(D{) R

g2 — polarization, C.» — Starobinsky-Teukolsky constants, C,2C_» = K2
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PERTURBATIONS OF ROTATING BLACK HOLES BEYOND GR

(2) Metric reconstruction
The Teukolsky variables are proportional to the metric variables
OWs = Psips, OV = Paibs.

The constants Ps, P; depend on the polarization parameters qs and ST constants
Cs and are given by

p., = 1 4 iD2q.2 - iCJ_r2CI¢27(2
2727 24Mw Mo

. . 2

P, = 1 N iD5 . iCoK
* 2 24Mwqi> 6Mw(q.s
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PERTURBATIONS OF ROTATING BLACK HOLES BEYOND GR

(3) Decoupling and separation of the equation

@ Start with o
W, = g iwt+img rs=2 Z Rlsm(r)sgn(x)
!
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PERTURBATIONS OF ROTATING BLACK HOLES BEYOND GR

(3) Decoupling and separation of the equation

Q@ Start with o
W, = g iwt+img rs=2 Z Rlsm(r)sgn(x)
/
© Find hy, for Einstein gravity. Use this + background metric to evaluate the
Teukolsky equation
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PERTURBATIONS OF ROTATING BLACK HOLES BEYOND GR

(3) Decoupling and separation of the equation

@ Start with o
W, = g iwt+img rs=2 Z Rlsm(r)sgn(x)
!

© Find hy, for Einstein gravity. Use this + background metric to evaluate the
Teukolsky equation

@ Project the equation onto the spheroidal harmonics

D2RIM = A Z DIRL + c.c.

s
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PERTURBATIONS OF ROTATING BLACK HOLES BEYOND GR

(3) Decoupling and separation of the equation

@ Start with o
W, = g iwt+img rs=2 Z Rlsm(r)sgn(x)
!

© Find hy, for Einstein gravity. Use this + background metric to evaluate the
Teukolsky equation

@ Project the equation onto the spheroidal harmonics

D2RIM = A Z DIRL + c.c.

I,s

© QNMs are composed of leading harmonic R’s"m =0(1),Rl™ = O(A). Leading
harmonic satisfies decoupled equation

D2RI =AY DLRD +c.c.+ O(A?)
s/
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PERTURBATIONS OF ROTATING BLACK HOLES BEYOND GR

(3) Decoupling and separation of the equation

@ Start with o
W, = g iwt+img rs=2 Z Rlsm(r)sgn(x)
!

© Find hy, for Einstein gravity. Use this + background metric to evaluate the
Teukolsky equation

@ Project the equation onto the spheroidal harmonics

D2RIM = A Z DIRL + c.c.

I,s

© QNMs are composed of leading harmonic R’s"m =0(1),Rl™ = O(A). Leading
harmonic satisfies decoupled equation

D2RI =AY DLRD +c.c.+ O(A?)
s/

© Decouple s = +2 and conjugates by using q.» and ST identities

PasLo A. Cano QNMS OF HIGHER-DERIVATIVE KERR BLACK HOLES Tougrs, 2 JunE 2023 15/23



PERTURBATIONS OF ROTATING BLACK HOLES BEYOND GR

Result: corrected radial Teukolsky equations

4
F(V+AV)Rs =0, V=) A"

n=-2

ar ar

A_s+1 i [As+1 %

Coefficients A, analytic power series in x: A, = 217, )("An,k
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PERTURBATIONS OF ROTATING BLACK HOLES BEYOND GR

Result: corrected radial Teukolsky equations

A—s+1 i [As+1 %

4
— — n
= |+ (v Av)R =0, 6V—ZA,,r

n=-2

Coefficients A, analytic power series in x: A, = 217, XXAn K
In total 4 equations (s = +2 and the conjugates)

For each harmonic numbers (/, m) these equations depend on

e Frequency w
@ Polarization q.»
@ Starobinsky-Teukolsky constants C.. (“gauge” freedom)

Observe: for a QNM, all the equations are solved by the same frequency
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CorrecTIONS TO THE QNNM FREQUENCIES

© Corrections To THE QNM FREQUENCIES
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CorrecTIONS TO THE QNNM FREQUENCIES

Parity-preserving corrections

4A
_ _ Kerr ev
w=w + Wé(l)(){)
@ Modes of even and odd parity decouple: g2 = g-» = 1
o We can compute dw either from the s = 42 or s = —2 equations

@ The result should also be independent of C..»
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CorrecTIONS TO THE QNNM FREQUENCIES

Parity-preserving corrections

4A
_ _ Kerr ev
w=w"""+ 5 dw(x)

@ Modes of even and odd parity decouple: g2 = g-» = 1
o We can compute dw either from the s = 42 or s = —2 equations

@ The result should also be independent of C..»

We consider four different estimations of 6w

6(l)+2 Cip=0" 6Cl)+2 Cip=00’ 60-)—2 C_»=0" 6(‘)—2 C_p=c0

Consistency test: they should all agree
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CorrecTIiONS TO THE QNM FREQUENCIES

Result: (/,m) = (2,2) modes at O(x®)
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CorrecTIiONS TO THE QNM FREQUENCIES

Result: (/,m) = (2,2) modes at O(x®)
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CorrecTIONS TO THE QNNM FREQUENCIES

Remarks

o Consistency tests are satisfied

@ The s = +2 and s = —2 yield the same results /
@ Results independent of Cyo v/

© Reproduce results at linear order in the spin
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CorrecTIONS TO THE QNNM FREQUENCIES

Remarks

o Consistency tests are satisfied

@ The s = +2 and s = -2 yield the same results v/
@ Results independent of C.» v/

© Reproduce results at linear order in the spin
o Results converge for higher y if we increase the order of the expansion

@ The s = —2 equation converges much faster than s = +2
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CorrecTIONS TO THE QNNM FREQUENCIES

Larger spins: expansion O(x'?)
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CorrecTIONS TO THE QNNM FREQUENCIES

Larger spins: expansion O(x'?)
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CorrecTIONS TO THE QNNM FREQUENCIES

Parity-breaking corrections

@ = T + ¢ /\Odd ——ow()X)

@ Modes of even and odd parity are coupled — obtain g.» together with w by
solving all the equations

@ The result should also be independent of C..»
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CorrecTIONS TO THE QNNM FREQUENCIES

Parity-breaking corrections

@ = T + ¢ /\Odd ——ow()X)

@ Modes of even and odd parity are coupled — obtain g.» together with w by
solving all the equations

@ The result should also be independent of C..»

Again we consider four different estimations of 6w

6(‘—)+2 Cyp=0" 6Cl)+2 Cip=00’ 60)—2 C_»=0" 6(‘)—2 C_p=c0

finding agreement

We use the s = —2 equation to find the results at higher x
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CorrecTIONS TO THE QNNM FREQUENCIES

Parity-breaking corrections: (/,m) = (2,2) mode at O(x'?)
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Observe: for the two different polarizations w* = 6w~
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CoONCLUSIONS

@ Concrusions
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® New era of expenmentai grawty / L obe GR and its extensions. QNMs
“are aRey feature to test these: theo' e s e

« ajctlation of QNM is a highly difficult problem

uture challenges: comparison with other approaches, understanding ‘
extremal black holes ’

® Ultimate goal: phenomenological analysis and search for corrections to GR in
GWs



CONCLUSIONS

Tl New era of expenmental graV|ty We can probe GR and its extenS|onS QNMs
. area key feature to test these theories

Calculatlon of QNMs of hrghly—rotatmg Bﬁs in HDG isa hrghly difficult problemz

/ We have provided the first working approach to compute these QNMs -
© Ongoing work: higher spin and higher order in EFT (quartic terms)
> ;
uture challenges: comparison with other approaches, understanding.near--
extremal black holes i

® Ultimate goal: phenomenological analysis and search for corrections to GR in
GWs

Thank you for your attention!
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Bonus

Universal s = +2 Teukolsky equation

0y (Wo) + 0} (W1) + OF (Wo) = 8 (7, + 7, + 7,7

where

oY =
oy =
o =

7@

2[(P-4p—p)(F' = p) = (0 - 47— 7")@ ~7') - 3¥2] ,
42k (P = p") =20 (&' — 1) +2(F'x) — 2(8'0) + 5% ],

6[kx’ —od’],

(®-7" —47)[(P—20")Tim — (@ - T")Ty]
(P—4p—pI)@®—27")Tim — (P = p*) Tnm],

S0P = K0T = [30 (¥ = /") = o (P~ 4p = ") = P ("] Ty
2[0(®-1—-1")+8(0)] Tim + [80 (8 —27") + 3k (P’ — 2p")] Timy
Bk (3 =) = " (8 — 4T — %) = 8 (k)] Trnm
[kd+0(P—-2p—2p")+2P(0) — Yol (Tin + Trnm)
2[k(P—p—p)+P )] Tom,

3[kx"* Ty + 00" Tmm] -
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