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experience has been the realization that an exact solution of Einstein’s field 
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Central idea: 
LRs are critical points 
of a potential

• determined by the Hamiltonian H =
1
2g

µ⌫pµ p⌫ = 0.

• 2H = (gijpi pj) + (gabpa pb), i 2 {r, ✓}, a 2 {t,'}.

= K + U(r, ✓).

• Killing vectors @t, @' =) E = �pt, L = p' (constants).

• pr = p✓ = 0 () K = 0 () U = 0 .



• Shortcoming of U ! depending on Killing parameters E,L.

• Can be factorized as U = (L
2
g
tt
)(� �H+)(� �H�), � ⌘ E/L.

• Explicitly H±(r, ✓) =

⇣
�gt' ±

q
g
2
t' � gttg''

⌘
/g''

• U = 0 () (� = H+ _ � = H�)

At a LR: =) rH± = 0 (critical point of H±(r, ✓))

• One will now associate a topological quantity w to each LR..
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A black hole without LRs: Júnior, Cunha, CH, Crispino, Phys. Rev. D 104 (2021) 044018
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COMMENTS ON THE “VIBRATIONS” OF A BLACK HOLE 

C. J. Goebel 
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ABSTRACT 
It is shown that the “vibrations of a black hole” of Press are gravitational waves in spiral orbits close 

to the well-known unstable circular orbit at r = 3Af. The corresponding “vibrations” of a spinning 
black hole are discussed. It is emphasized that these “vibrations” provide, not a source, but only a 
temporary storage, of high-frequency gravitational radiation. 

The vibrations of a black hole described by Press (1971) are gravitational waves 
superposed on the Schwarzschild metric. For large values of l (Press considered l > 20) 
ray optics becomes valid, which simplifies calculations and makes clear the nature of 
these vibrations. Short-wavelength radiation (gravitational, electromagnetic, or neu- 
trino) travels like massless particles. The motion of the latter around a spherical body 
of mass M is described by the equations (c = G = 1) 

+ F(r) = 0_2 ’ F = ^ - 2M/r)/r^, (1) 

(1 - 2M/r)-'r*^ = b , (2) 

where b is the impact parameter (if the orbit extends to r = °° ). For a particle, b = //co, 
where l is its angular momentum and co its energy (at r = °° ) ; for waves, the same holds, 
but now l is the angular node number and co is (angular) frequency. 

The only extremum of the “potential” V(r) (at finite distance) is a maximum at 
r = 3M; hence the only circular orbit of a massless particle is an unstable one, with 

r = m , co = [F(3M)]1/2 = //(3 X 31/2M) . (3) 

One further finds from (1) that orbits which are asymptotic to the unstable circular orbit 
in the past are of the form 

r « 31f + const. X e0 = 3M + const. X exp [//(3 X 31/2M)] , 

for r — 3M « M . (4) 

Consequently, a distribution of particles in orbits close to the circular orbit expands 
away from r — 3M with an e-folding time equal to 3 X 31/2Af, and so its population 
near r = 3M decays with time like exp [ — t/(3 X 31I2M)]. The foregoing results are well 
known; cf. the description of the last light emitted by a collapsing star (Ames and Thorne 
1968), which consists of light which was emitted into orbits close to the unstable circular 
orbit. A “black-hole vibration” of Press consists similarly of gravitational waves in orbits 
close to the unstable circular orbit; more precisely, it is a gravitational wave packet con- 
centrated initially near r = 3M, containing components whose radial wavenumbers are 
small compared to their tangential wavenumbers 1/3M. Due to the spiraling of the orbits 
away from r — 3M, it decays ; it evolves into an outward-traveling wave train (also an 
unobserved inward one) of length — 3 X 31/2M, which contains frequencies 1/(3 X 31/2M). 

L95 
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The ringdown is associated to the light ring:
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r « 31f + const. X e0 = 3M + const. X exp [//(3 X 31/2M)] , 

for r — 3M « M . (4) 

Consequently, a distribution of particles in orbits close to the circular orbit expands 
away from r — 3M with an e-folding time equal to 3 X 31/2Af, and so its population 
near r = 3M decays with time like exp [ — t/(3 X 31I2M)]. The foregoing results are well 
known; cf. the description of the last light emitted by a collapsing star (Ames and Thorne 
1968), which consists of light which was emitted into orbits close to the unstable circular 
orbit. A “black-hole vibration” of Press consists similarly of gravitational waves in orbits 
close to the unstable circular orbit; more precisely, it is a gravitational wave packet con- 
centrated initially near r = 3M, containing components whose radial wavenumbers are 
small compared to their tangential wavenumbers 1/3M. Due to the spiraling of the orbits 
away from r — 3M, it decays ; it evolves into an outward-traveling wave train (also an 
unobserved inward one) of length — 3 X 31/2M, which contains frequencies 1/(3 X 31/2M). 

L95 

© American Astronomical Society • Provided by the NASA Astrophysics Data System 

The ringdown is associated to the light ring:

Cardoso, Miranda, Berti, Witek and Zanchin, Phys. Rev. D 79 (2009) 064016
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So, a hypothetical horizonless ultracompact ECO
(i.e. with a similar light ring)

could vibrate similarly, initially...

Cardoso, Franzin, Pani, PRL 117 (2016) 089902



Are there black hole mimickers with similar light rings
to black holes but no “event horizon”

they could mimic the black hole phenomenology.

Can there be such speculative ultra-compact ECOs?



Plan: 
 
1) The “black hole (BH) hypothesis”: BHs and light rings (LRs)

2) The “exotic compact object (ECO) hypothesis”: ECOs and LRs

3) The LR instability and an explicit test of its fate

On the fate of the Light Ring instability
	

4) Discussion and final thoughts



The Exotic Compact Object (ECO) hypothesis

Many models of horizonless compact objects (black hole mimickers) without horizons or 
singularities have been proposed.

a) “geons”, realized by Boson stars (Schunck, Mielke, CQG 20 (2003) R301; Jetzer, Phys. Rept. 220 (1992) 163) and 
Proca stars (Brito, Cardoso, CH, Radu, PLB 752 (2016) 291); can form dynamically (Seidel, Suen, PRL 72 (1994) 

2516); Perturbatively stable Gleiser and Watkins, NPB 319 (1989) 733; Lee and Pang, NPB 315 (1989) 477; Can be 
studied dynamically in binaries (Liebling and Palenzuela LRR 20 (2017) 5)

b) wormholes (Morris and Thorne, Am. J. Phys. 56 (1988) 395-412)

c) gravastars (Mazur and Mottola, gr-qc/0109035)                   

d) fuzzballs (Mathur, Fortsch. Phys. 53 (2005) 793)                 

e) … See e.g. Pani and Cardoso, Nature Astron. 1 (2017) 9, 586
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Can they explain the observations?
Are they good theoretically?
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We prove the following theorem: axisymmetric, stationary solutions of the Einstein field equations
formed from classical gravitational collapse of matter obeying the null energy condition, that are everywhere
smooth and ultracompact (i.e., they have a light ring) must have at least two light rings, and one of them is
stable. It has been argued that stable light rings generally lead to nonlinear spacetime instabilities. Our result
implies that smooth, physically and dynamically reasonable ultracompact objects are not viable as
observational alternatives to black holes whenever these instabilities occur on astrophysically short time
scales. The proof of the theorem has two parts: (i) We show that light rings always come in pairs, one being a
saddle point and the other a local extremum of an effective potential. This result follows from a topological
argument based on the Brouwer degree of a continuous map, with no assumptions on the spacetime
dynamics, and, hence, it is applicable to any metric gravity theory where photons follow null geodesics.
(ii) Assuming Einstein’s equations, we show that the extremum is a local minimum of the potential
(i.e., a stable light ring) if the energy-momentum tensor satisfies the null energy condition.
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Introduction.—The historic LIGO gravitational-wave
(GW) detections [1–3] provide strong evidence that astro-
physical black holes (BHs) exist and merge. LIGO and the
space-based detector LISA [4] will allow us to test the
nature of compact objects and the strong-field dynamics of
general relativity in unprecedented ways [5–9].
All LIGO detections so far are consistent with the

inspiral, merger, and ringdown waveforms produced by
binary BH mergers. In particular, the ringdown phase is
sourced by the relaxation of the final perturbed BH into
equilibrium, and it has been regarded as a distinctive
signature of BHs [10,11]. There is a well-known corre-
spondence between the complex quasinormal oscillation
frequencies of a BH and perturbations of the light ring
[12–15]. Intriguingly, because of this correspondence, all
compact objects with a circular photon orbit, i.e., a light
ring (LR), but with no horizon—hereafter dubbed ultra-
compact objects (UCOs)—initially vibrate like BHs, and
only later display oscillation features that depend on
their internal structure (w modes or “echoes” [16–23]).
Therefore LIGO observations of a ringdown signal con-
sistent with a Kerr BH imply the presence of a LR, but they
do not necessarily exclude the possibility that the merger
remnant may not be a BH [24].
Could the LIGO events be sourced by horizonless UCOs

rather than BHs? In this work we show that UCO mergers
are unlikely within a physically reasonable dynamical
framework. We consider the possibility that horizonless
UCOs form from the gravitational collapse of unknown
forms of matter that can withstand collapse into a BH.
Assuming cosmic censorship [25] and causality, such

UCOs are smooth and topologically trivial [26]. For such
UCOs we prove that LRs always come in pairs, one being a
saddle point and the other a local extremum of an effective
potential. The local extremum might be either stable or
unstable, but Einstein’s equations imply that instability is
only possible if the UCO violates the null energy condition.
Thus, UCOs formed through the collapse of reasonable
(albeit exotic) matter must have a stable LR.
It has been argued that spacetimes with a stable LR

are nonlinearly unstable [27,28]. Unless these instabilities
operate on time scales much longer than a Hubble time, our
results imply that smooth, physically reasonable UCOs are
generically unstable, and therefore that these objects are
unfit as sensible observational alternatives to BHs.
Setup.—Various sorts of exotic compact objects have

been discussed in the literature, some of which may
become sufficiently compact to possess LRs. These include
boson [29] and Proca stars [30], gravastars [31], super-
spinars [32], and wormholes [33]. Most of these models,
however, are incomplete, in the sense that no dynamical
formation mechanism is known. Boson stars are an
exception in this regard, because they have been shown
to form dynamically (at least in spherical symmetry) from a
process of gravitational collapse and cooling [34]. It is
unclear whether collapse can produce ultracompact, rotat-
ing boson stars: in fact, recent numerical simulations
suggest that it may not be possible to produce rotating
boson stars from boson star mergers [35]. Still, we take
spherically symmetric simulations with gravitational cool-
ing as a plausibility argument that some UCOs could
form dynamically from classical (incomplete) gravitational
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A generic dynamical picture

start: ' flat spacetime

dynamical collapse

end: UCO

o↵-shell sequence

Punch line:
any (stationary, axi-symmetric, circular, topologically trivial) ECO that forms 

from an incomplete gravitational collapse
which has a standard LR, must have an exotic one as well.
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Plan: 
 
1) The “black hole (BH) hypothesis”: BHs and light rings (LRs)

2) The “exotic compact object (ECO) hypothesis”: ECOs and LRs

3) The LR instability and an explicit test of its fate

On the fate of the Light Ring instability
	

4) Discussion and final thoughts



“There is a crack in everything,
that is how the light gets in”

L. Cohen



J. Keir, Class.Quant.Grav. 33 (2016) no.13, 135009; Benomio, arXiv:1809.07795 It has been suggested:

• Treating scalar linear waves as a model for nonlinear perturbations.

• Considering spherically symmetric spacetimes exhibiting stable Light Rings.

• Showing that linear waves cannot (uniformly) decay faster than logarithmically.

• Such slow decay is highly suggestive of a nonlinear instability.
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J. Keir, Class.Quant.Grav. 33 (2016) no.13, 135009; Benomio, arXiv:1809.07795 It has been suggested:

• Treating scalar linear waves as a model for nonlinear perturbations.

• Considering spherically symmetric spacetimes exhibiting stable Light Rings.

• Showing that linear waves cannot (uniformly) decay faster than logarithmically.

• Such slow decay is highly suggestive of a nonlinear instability.

The existence of a stable light ring is a (potentially)
generic obstruction for any ultracompact ECO that can form from classical GR dynamics.

“There is a crack in everything,
that is how the light gets in”

L. Cohen



A good testing ground is an ECO model that:

- Is free of other instabilities (perturbative, ergoregion, …)

- Is dynamically robust (prone to non-linear evolutions)



A good testing ground is an ECO model that:

- Is free of other instabilities (perturbative, ergoregion, …)

- Is dynamically robust (prone to non-linear evolutions)

Bosonic stars

An artists impression of the collision of two bosonic stars
Credits: Nicolás Sanchis-Gual y Rocío García Souto



Bosonic stars



Check list:

1) Appear in a well motivated and consistent physical model; 
Boson stars: General Relativity minimally coupled to massive bosonic fields

2) Have a dynamical formation mechanism; 
Gravitational cooling

3) Be (sufficiently) stable.  
Some solutions are stable 
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Check list:

1) Appear in a well motivated and consistent physical model; 
Boson stars: General Relativity minimally coupled to massive bosonic fields

2) Have a dynamical formation mechanism; 
Gravitational cooling

3) Be (sufficiently) stable.  
Some solutions are stable 

Subtleties:

- scalar rotating stars are unstable in the simplest model;
Sanchis-Gual, Di Giovanni, Zilhão, CH, P. Cerda-Duran, Font and Radu, Phys. Rev. Lett. 123 (2019) 221101

- The initial value problem may become ill-defined for self-interacting Proca fields. 
Clough et al. ArXiv:2204.10868; Coates and Ramazanoglu, ArXiv:2205.07784; You and Zhang ArXiv:2204.11324

Bosonic stars



A testing ground for the LR (trapping) instability
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Spinning (mini)-Proca stars
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Spinning solitonic scalar stars
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Spinning solitonic scalar stars
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Now we perform fully non-linear numerical relativity evolutions
 Sanchis-Gual, Di Giovanni, Zilhão, CH, P. Cerda-Duran, Font and Radu, Phys. Rev. Lett. 123 (2019) 221101 

http://gravitation.web.ua.pt/node/1740
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1) The LR instability occurs;
2) Its time scale is astrophysically short, except if close to the critical solution
3) There are two possible fates - collapse and migration
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Plan: 
 
1) The “black hole (BH) hypothesis”: BHs and light rings (LRs)

2) The “exotic compact object (ECO) hypothesis”: ECOs and LRs

3) The LR instability and an explicit test of its fate

On the fate of the Light Ring instability
	

4) Discussion and final thoughts



Can there be ultracompact ECOs?
	



Our results provide evidence against them:
- The LR instability is real and it needs not be too long lived, except near the 
critical solution, leading (at least) to collapse or migration.
- This questions the plausibility of ultracompact ECOs, that have a plausible 
formation mechanism within GR. 
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Our results provide evidence against them:
- The LR instability is real and it needs not be too long lived, except near the 
critical solution, leading (at least) to collapse or migration.
- This questions the plausibility of ultracompact ECOs, that have a plausible 
formation mechanism within GR. 

But: 
- These are just a couple of families of examples; are we missing some 
generality?
- There details in the analysis for which a deeper understanding would be 
necessary (non-monotonic instability time scale, loss of axi-symmetry, non-
linear character of the instability, spatial correlation with stable LR,…).
- Are there reasonable ultracompact ECOs without a stable LR? (Drop the 
assumptions: circularity, axi-symmetry; topological triviality)
- Can ECOs mimic BHs even if they are not ultracompact?

Can there be ultracompact ECOs?
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