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FRAMEWORK: ASYMPTOTICALLY FLAT SPACETIMES

EMERGENCE OF CARROLL: FROM ADS,, TO FLAT,, ASYMPTOTICS
N=— kK— 0 Cbry. = k J

it

gt
AdS bulk | & o flat bulk i
k—0
p
I I
#* is a null hypersurface — Carrollian geometry with
conformal isometry group ccart(n — 1) = BMS,,

If flat holography exists the dual theory should be defined on a
Carrollian spacetime and be BMS,, = ccarr(n — 1)-invariant J




RECONSTRUCTING THE BULK FROM THE BOUNDARY

POSSIBLE FOR RICCI-FLAT SPACETIMES — AS FOR EINSTEIN
o boundary data defined on null boundary
o Carrollian boundary dynamics from bulk Ricci flatness

o infinite number of data D the Carrollian Cotton tensor

o enters explicitly the bulk-metric expansion
o contributes the losses via gravitational radiation
o defines magnetic duals to charges (energy, momenta, etc.)




HIDDEN VS. VISIBLE SYMMETRIES IN RICCI-FLAT SPACES

Isometries or asymptotic isometries are visible and act locally |

Reductions along isometric orbits exhibit hidden symmetries
o from 4 to 3 dimensions: Ehlers’ Mébius group niers ¢
o from 4 to 2 dimensions: Geroch’ affine Mébius group (Geroch 721
o larger reduction: bigger / co-dim group / exceptional

acting non-locally in the parent space




EHLERS IN A NUTSHELL — RICCI FLAT ... oo )

BULK REDUCTION ALONG A KILLING & M — S = M/ora(¢)

A =E%%a = hap = Agag — €l

FURTHER INGREDIENTS: TWIST AND ITS ON-SHELL POTENTIAL

w=x%*(ENdE) = w=dw

THREE-DIMENSIONAL DYNAMICS (SIGMA-MODEL)
DOFS. 7= w + i\ hap

EQS. Rap = —ﬁﬁ(f\ﬂ")m? D2 = TfZFﬁMTf)NTI;MN

INV. T —

at+f « ’? € SL(2,R): Ehlers’ group

YT+0
non-local force = § = cosx & f = —y =sinx




Ehlers group is realized on the Carrollian boundary and acts
locally on the data including the Carrollian Cotton descendants
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CARROLLIAN GEOMETRY [LEVY-LEBLOND '65; SEN GUPTA ’66; DUVAL ET AL. '14; BEKAERT ET AL. '16]

BASIC INGREDIENTS IN d + 1 DIMENSIONS (COORDINATES t, X)
. . 2 . .
o degenerate metric: ds? = —c* (Qdt — bidx")" + a;dx'dx’/
= ~——
0 de
o field of observers: kernel éat

o clock form: w = —Qdt + b;dx’ (Ehresmann connection)

GENERAL COVARIANCE (IN THE PRESENT PARAMETERIZATION)

Carrollian diffeomorphisms: ' = ¢/(t,x) x' = x/(x)

APPLICATIONS

o Z% in Ricci-flat spacetimes

o black-hole horizons — membrane paradigm




CARROLLIAN DYNAMICS

CARROLLIAN-COVARIANT ACTION, ENERGY AND MOMENTA

n= —ﬁ (5—5 + %g%) energy density
n = ﬁg—g energy flux
Mni = \/395575 energy—stress tensor

i

CONSERVATION EQUATIONS IN CARROLLIAN SPACETIMES

o Weyl covariance = I_Ii,. =1
o Carrollian covariance (& = £(t,x)0; + £'(x)0; diffeos)

S9N+ N+ Nig; =0
= A . A g .
(5%5; n 5'1.) Pi+ SN, + 2Ny = 0

— momentum P;




PURE GRAVITY — ASYMPTOTICALLY FLAT OR ADS

SOLVING EINSTEIN’ EQUATIONS IN n = d + 2 DIM FOR Gag

{r, t, xi}, i=1,...,d plus gauge fixing (n = d + 2 conditions)
— find Gap as O (1/rm) with coefficients f(t, x) & dynamics

SOLUTION SPACE = COLLECTION OF DATA f(t, x)

Desirable feature: organize f(t, x) and their dynamics tensorially
wrt a covariant structure on the boundary

v

GAUGE CHOICE

o Fefferman—-Graham bry.-covariant but singular at k — 0

o Bondi/Newman-Unti valid at k — 0 but not bry.-covariant




FromM NU TO BOUNDARY-COVARIANT NU

NEWMAN-UNTI GAUGE IN COORDINATES r, t, X'
Gauge conditions: G, =0, Gy = —1, G;; = 0

dspunc = %dfz — 2dtdr + G (dx’ — U'dt) (dx/ — U/dt)

vV, Gj, U’ functions of all coordinates

Good feature: O, null affine geodesic with shear ¢j;
Unwanted feature: not stable under t — t(¢, x) i.e. boundary
Carrollian diffeomorphisms or under r — rQ(t, x) i.e. Weyl

CoVARIANT NEWMAN-UNTI GAUGE: INCOMPLETE GAUGE FIXING

Grt#_h Gri¢0

[see also Ciambelli et al. *20; Geiller et al. ’22]




EINSTEIN 4-DIM SPACETIMES IN A NUTSHELL

CovARIANT NEWMAN-UNTI GAUGE IN COORDINATES r, x*
boundary data

o boundary metric ds* = g, dx*dx” (6)

o conformal boundary energy—momentum tensor T, (5)

remaining Einstein’ equations V, T = 0

THE BOUNDARY COTTON TENSOR APPEARS EXPLICITLY IN Gapg
[DE HARO ’08; MANSI ET AL. '09; DE FREITAS ET AL. '14; GATH ET AL. '15; CIAMBELLI ET AL. '18]

po R : iy
Cow=1m Vyl|Ro— Zgw symmetric traceless V,C* = 0

C,w # 0 < non-conformally flat bry. <+ asymptotically locally
AdS bulk (e.g. Taub—-NUT)




Ricci-FLAT IN COVARIANT NEWMAN-UNTI GAUGE

FULL SOLUTION SPACE IN n = 4 [BRrUSSELS & PARIS GROUPS

dséicci_ﬂat described in terms of 2 + 1 Carrollian boundary data
o Carrollian geometry (6)

o degenerate metric (3)
o Ehresmann connection (3)

o Carrollian conformal energy and momenta (5)

o energy (1)
o momenta — heat current (2) and stress tensor (2)

o Carrollian dynamical shear (2)

o infinite number of further Carrollian data — at every
O (1/rm): Chthonian

obeying Carrollian dynamics <+ flux-balance equations




CENTRAL INGREDIENT: THE CARROLLIAN COTTON

CARROLLIAN COTTON AVATARS
o reduce the Riemannian C,,, wrt Carrollian diffeomorphisms
o expand wrt the speed of light — ¢, ¥;, x;, Vij, Xj;

o V,CH =0 — Carrollian dynamics for the descendants

BULK INTERPRETATION — E.G. THE SCALAR C

¢/2 “nut aspect” (magnetic mass) in contrast to 47 Ge “Bondi
mass aspect” (electric mass) combined in 7 = —c + 87iGe




3 + 1 RicCI-FLAT BULK FROM 2 + 1 CARROLLIAN BRY

RESUMMABLE UNDER CONDITIONS —> ALGEBRAIC PETROV

— remove shear and Chthonian & dualize the energy flux and stress

dsrzes. Ricci-flat — M |:2dr +2 (r(pl - >i<@I *w) dxj - (ro + ,/"i?) PL:| ol
pAde* + ;—: [87 Ger + xw (]

0 p?=r?+ xw?
o p=—Qdt+ bdx' and d? = q;dx'dx/ = %d(d(
0 —c+8miGe =7

o Einstein’ egs. & Cotton conservation — flux-balance equations

LA s o A A A
qQ“Zt J—@,‘X'j—o Q%T—ijf—o
SDi — 19 — PV + 2ixw xR = 0

[Ciambelli et al. *18; Barnich et al. ’19; Freidel et al. *21]




CONTACT WITH NEWMAN-PENROSE

PARALLELLY TRANSPORTED NULL TETRAD k = O,, |, m, m

l].]() = \1}1 =0
here Y= W
¥ = R+ O (Yir—i=)
1X
\{/4: o —|—O(1/r H@))

generally ‘Pg o iECC, W? o< iNg, etc.

A= —8uM+ OV
A5 = —8A +2

FIGURE: NP ’68 Egs. (4.7)-(4.9)



SPIN-OFF: ELEC. / MAGN. CHARGES FROM THE BOUNDARY

RIEMANNIAN BOUNDARY IN ASYMPTOTICALLY ADS BULK
& bry. conf. Killing (max 10) — I* = &, T* and £, = £, C*

Q = x| and QcOta—/ *lcot
2,

pX}

electric and magnetic conserved charges

CARROLLIAN BOUNDARY FOR RICCI-FLAT SPACETIMES

o infinite tower of conformal Killings

‘ d+ 1= 3 — ccare(3) = s0(3, 1) x supertransls. = BMS,

o every Carrollian item (infinite number) & its magnetic dual
produce towers of charges — not always conserved
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CARROLLIAN STATIONARY BOUNDARY DYNAMICS

ASSUMING O; BE AKILLING — 0 = 0,2 = 1, ¢; = 0, H =K

o df? = i C)dgdg

o u= —dt+ bed¢ + bgdf
0 7T =—c+ 8miGe

o Flux-balanceeqs. AK =0 0;7 =0

2K =k(Q)+ k() #=#(C)

ExAMPLE: KERR-TAUB-NUT FAMILY (SPHERICAL CASE)

k=K=1 %=2(iM-n)
P=1C+1 *w(()=nta-%




BoUNDARY MOBIUS ACTION oo

ALGEBRAIC RICCI-FLAT SPACETIMES WITH KILLING O

e Al

T(r,CaC):m

CARROLLIAN BOUNDARY LOCAL TRANSFORMATIONS

P y_oktig 7

P/:,\— =l—=— =
‘7k+i(5‘ vk +id

ExampLE: KERR-TAUB-NUT FamILY: 7 = 2(IM — n), a
Fo=%e™ asd=a

electric & magnetic charges — mixed under Mébius
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QUOTABLE FACTS
o Ricci-flat spacetimes are reconstructed from boundary
Carrollian-covariant data including the Cotton tensors
o part of the Newman—Penrose Ws are Carrollian Cotton
descendents

o a bulk isometry reveals into a boundary Ehlers’ M&bius
local invariance involving the Cotton as a magnetic facet

FURTHER KNOWLEDGE AND INVESTIGATION

o Towers of charges and dual charges

o capture e.g. the multipolar moments [Geroch ‘70; Hansen '74]

o organized wrt SL(2,R)

o further comparison with bulk approaches for towers of
charges and duality issues [Newman, Penrose '68; Godazgar?, Pope '13-21]

o What could we learn for flat/celestial holography?




STARRING

LEw1is CARROLL (1832 — 1898)

Poet and mathematician — Christ Church College, Oxford
Alice’s Adventures in Wonderland & Through the Looking-Glass

.

EMILE CoTTON (1872 - 1950)

Professor of mathematics at the University of Grenoble
Cotton tensor

JURGEN EHLERS (1929 — 2008)

Max Planck Institute for Gravitational Physics — Potsdam
Ehlers group & Ehlers frame for the Newtonian limit of GR




5 GENERAL RICCI-FLAT SPACETIMES



3 + 1 RICCI-FLAT BULK FROM ITS 2 + 1 CARROLLIAN BOUNDARY
— add shear % and Chthonian Fj;, ... & no dualization

0+ 4

~ 1 A . .
dséicci—flat - 2u [dl’ o u—’_ (l’g@i — >k@i *TW — 291(511) dX']

igoi igoj 2 2 Cgkl%kl 2
+Cj (rdx dx/ — xww xdx dxf) 4+ rF 4+ xw” + S d/
1 4 g 167G o
= |:87TG€LL2 - (x1; — 8w Gm;) dx' i — ;T E;jdx’dxf}
r

1 Ao
+ﬁ (*)wep? 4+ Fydx'dx/ +--+) + O (/)

0 pu=—Qdt+ bidx’ and d¢* = g;;dx'dx/

o Ni= %.@fé"j covariant Bondi-like news

0 4mGe — %‘gjke/ﬁk = M Bondi mass aspect

0 —7 +4miGe = 7 complex mass (electric and magnetic)

0 xt); — 8w Gm; = N; angular momentum aspect




COMPLETE FLUX-BALANCE EQUATIONS & CONTACT WITH NP
Q l@tf(j — @15(’1 =0
o $9 - IR =3 (DG + €19 + 165 DA
o 39 (IN+)) = 197 — DU, + 2w wg, = = {cmf 4

S A

xCI Dyl — 4xw xCIR; — 1P (DD E™ — @"@k%—k)Jr
CID* Ny + 1 ((f”‘/V) =1 (cﬂbﬁk”

Qo é@fHU :jf,][(é)“/i/] for E,‘j, F,'j,...

A= —Buh+ 0V,
A5 = —8A +2
v = —
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