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Introduction: irreducible trace decompositions




Irreducible trace decompositions

¢ Trace operation:
> a pair of tensor indices can be contracted by the metric:

rj a;a; _ b
Ta1...a,, — g ' ’Ta1...ai...aj...an = Ta1 ...... b...an
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Irreducible trace decompositions

¢ Trace operation:
> a pair of tensor indices can be contracted by the metric:

rj a;a; _ b
Ta1...a,, — g ' /Ta1..‘a;...aj...a,, = Ta1 ...... b...an

> atensor is traceless if
try T =0 forall pairs /< j

> repeated evaluation of traces:

tj aa) tryg ai8) kA trrs
Ta1...a,, g ! ITa1...a,-.‘.a/..‘a,, g ' jg K ITa1...ai..‘ak...a,-...a,...a,, L]

> atensor is 2-traceless if
trjtry T =0 forall pairs i <j and k </,
and if it is not traceless.

> By analogy, define f-traceless tensors for f = 3,4, .. ..
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Irreducible trace decompositions:

the three problems

Given T, a tensor with n indices
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Irreducible trace decompositions:

the three problems

Given T, a tensor with n indices

e Problem;: construct the f-traceless projection:
(f) (f) @ 0
P,: T, — T,, where P,P,=PF,
e Problem,: construct the trace decomposition [H. Weyl’ 46]

(1) ()
Th = 7-n GB 7-n GB “ee
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Irreducible trace decompositions:

the three problems

Given T, a tensor with n indices

e Problem;: construct the f-traceless projection:
1t} () (GRGE)
Pn : Tn — Tn, Where PnPn=Pn
e Problem,: construct the trace decomposition [H. Weyl’46]

Mm@ (0 Q9
1=P,+Pp+..., where P,P,=6,Pp

¢ Problemgs: construct the irreducible central decomposition:

"
-

At
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Irreducible trace decompositions

e Examples:
> Multipole decomposition of the electrostatic potential :

Ap(X)=0 = Tj . 4,(X) =03 ...04,¢(x) are symmetric and traceless
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Ap(X)=0 = Tj . 4,(X) =03 ...04,¢(x) are symmetric and traceless

> Fronsdal fields: spin-s particles on Minkowski background via symmetric
tensor fields ¢g,.. 4.(X) :
1 ¢bbcca1...as,4(x) =0

2-traceless

> Colour decomposition of scattering amplitudes in the S-matrix bootstrap
approach :

d 2 d

trace traceless symmetriser

+ Sf(S) <6ac5bd ; 6ad5bc>

anti-symmetriser

~ 1 ch(s‘»( (S;“ SM’? 1 Iy
(Pas Pol S1Pe pa) ~ Sol8) < 0undea + Si(s) ( 4 H)
N—_——
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Irreducible trace decompositions

e Examples:
> Multipole decomposition of the electrostatic potential :

Ap(X)=0 = Tj . 4,(X) =03 ...04,¢(x) are symmetric and traceless

> Fronsdal fields: spin-s particles on Minkowski background via symmetric
tensor fields ¢g, . a,(X) :
¢bbcca1...as,4(x) =0
2-traceless
> Colour decomposition of scattering amplitudes in the S-matrix bootstrap
approach :

d 2 d

trace traceless symmetriser
5ac5bd - 6ad6bc
+ S_(s) (2
anti-symmetriser

> Decomposition of the Riemann tensor in metric-affine gravity.

“ 1 SV%C(Swt‘ (S{\ 5’]{‘. 1 I
(P2: P S1Pe; Pa) ~  So(S) —0andea + Si(S) ( - H)
N—_——




Decomposition of Riemann tensors



Decomposition of the metric Riemann tensor

e Riemann tensor Rjajcq) in Riemannian geometry (M, g) :

Trace decomposition : R[ab][cd] = VV[ab][cd] + E[ab][cd] + S[ab][cd] .
——— e N —

1-traceless 2-traceless full trace
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Decomposition of the metric Riemann tensor

e Riemann tensor Rjajcq) in Riemannian geometry (M, g) :

v b H
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—_———  —

1-traceless 2-traceless full trace

HH : GL(d)irreps > i : SO(d) irreps, GL(d) > SO(d)
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Decomposition of the metric Riemann tensor

e Riemann tensor Rjajcq) in Riemannian geometry (M, g) :
v g H

SO(d) - decomposition : R[ab][cd] = Wabjiesy + E (abllca] + S[ab][cd]

—— =

1-traceless 2-traceless full trace

HH : GL(d)irreps > i : SO(d) irreps, GL(d) > SO(d)

N.B. trace decomposition is irreducible !
The explicit expressions for this decomposition are known :

EED

1%}
- AL tablica) — Statiica]

H
7 [ab][cd]

[abl[ed] —
E[E)%[[cd] = m (gdeca - gdchb + gcaBdb - ngBda)

R
Siabiiea = dd—1) (gcaQab — 9cvGda) -

with R, = Rap — @R, the traceless part of Ricci tensor.
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Decomposition of the metric-affine Riemann tensor

e Riemann tensor R a(cq) in metric-affine geometry (M, g, V) :

Trace decomposition : Rap[ca] = Wabjcd] + Eabled] + Sabicd] -
—— N N —

1-traceless ~ 2-traceless full trace
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Decomposition of the metric-affine Riemann tensor

e Riemann tensor R a(cq) in metric-affine geometry (M, g, V) :

Trace decomposition : Rap[ca] = Wabjcd] + Eabled] + Sabicd] -
—— N N —

1-traceless ~ 2-traceless full trace

but ...

R abjca) = R?bj[id] + Re%}[cd] + Raﬁlj[cd] + Rabcd > R:b[cd] = Z"(Rabca))

ZT s total symmetrisation ZE — total anti-symmetrisation
(central Young projectors)
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Decomposition of the metric-affine Riemann tensor

e Riemann tensor R a(cq) in metric-affine geometry (M, g, V) :

Trace decomposition : Rap[ca] = Wabjcd] + Eabled] + Sabicd] -
—— N N —

1-traceless ~ 2-traceless full trace

but ...
Rabjed) = Re%j[id] + ngﬂ[cd] + Raﬁ;[cd] + Rabcd > R;b[cd] = Z"(Rabca))
ZT s total symmetrisation ZE — total anti-symmetrisation
(central Young projectors)
SO(d) decomposition : - GL(d) irreps D - SO(d) irreps

H o
Reabiea) = Wal%?cztlj] + Wa%%:d] + Waied) * Wabiea) + 557%:(1] + 5ab[cd] + S[ab][cd] .

1-traceless 2-traceless full trace

The explicit expressions for this decomposition are not available in the literature
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On the complexity of the trace decomposition

(1) (2 —
Ta1 a..ap = Ta1 a..ap T Ta1 a..ap + ... F Ta1 a...an-

[H. Weyl, Classical Groups 1946]
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On the complexity of the trace decomposition

(1) (2 —
Ta1 a..ap = Ta1 a..ap T Ta1 a..ap + ... F Ta1 a...an-

[H. Weyl, Classical Groups 1946]

e Brute force strategy for 1-traceless part :
(1)
@ Write down the most general Ansatz for T;, ;

1. ipt

)
(o]
Tayap..a,= Taya. — C1 Qaa, T caa...a,, — C209aa oy a0 —

. . U] 1)
@ Solve the algebraic equations: 7%, , =0,T

¢ -
apcay ... an
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On the complexity of the trace decomposition

(1) (2 —
Ta1 a..ap = Ta1 a..ap T Ta1 a..ap + ... F Ta1 a...an-

[H. Weyl, Classical Groups 1946]

e Examples 1-traceless tensors :

(1)
Ta1 a = Ta1 a —

1 C
3 TC (easy)

ol Ga a,

® Tooa = Taman — m((dJr 1)T% — TCae — Tajc) +... (hard)

(1)
® Taimasa, = Tayapasa, — - (very hard)
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On the complexity of the trace decomposition

(1) (2 —
Ta1 a..ap = Ta1 a..ap T Ta1 a..ap + ... F Ta1 a...an-

[H. Weyl, Classical Groups 1946]

e Examples 1-traceless projectors :

[0}

> P,

1
b b

e 2= 0a, 705, — FELEYY b2
1)

bbby _ 5 bis b5 bs
a2 a —‘5a1 632 533 -

1
d—Nd+2) (ga|ang‘b2553b3(d+ 1) - gauang'ba(;aslk - gauazglkba(iasb') +...
)

by ba b3 by _ b b2 b,
aiaasas 1 02 b 4_561 '532 6aab3(5a4 -
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e Examples 1-traceless projectors :

[0}

> P,

a a

1
bi by _ 6a1b1§a2b2 _ a ga1ang‘b2

[0}

bbby _ 5 bis b5 bs
a2 a —‘Sa‘ 632 53« -

4
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[0}
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— Computations are very long both by hand and with a computer.
No explicit formulas except for particular cases (e.g. symmetric tensors).
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0 @ _
Ta1 a..ap = Ta1 a..ap T Ta1 a..ap + ... F Ta1 a...an-

[H. Weyl, Classical Groups 1946]

e Examples 1-traceless projectors :

[0}

> P,

as a

1
brbe - 5a‘b1§a2b2 ] Ga2, 9"

[0}

bbby _ 5 bis b5 bs
a2 a —‘5a1 632 533 -

1
d—Nd+2) (ga|a2gb'b25a3b3(d+ 1) - ga|ang'b35as[k - ga‘azglkbaéasb') +...

[0}

b by _ b b2 b,
aiaasas 1 02 b 4_561 '532 6aab3(5a4 -

— Computations are very long both by hand and with a computer.
No explicit formulas except for particular cases (e.g. symmetric tensors).

— We need algebraic tools : the diagrammatic Brauer algebra 5,(d)
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0 @ _
Ta1 a..ap = Ta1 a..ap T Ta1 a..ap + ... F Ta1 a...an-

[H. Weyl, Classical Groups 1946]

e Examples 1-traceless projectors :

[0}

> P,

a a

1
bi by _ 6a1b1§a2b2 _ a ga1ang‘b2

[0}

bbby _ 5 bis b5 bs
a2 a —‘Sa‘ 632 53« -

9
(d-Nd+2) (ga|ang'b2‘5&ab3(d+ 1) = Ga,2,9™%62,% — ga‘azglkbaéasb') RN

[0}

b b. b b,
aiaasas 1 02 s bu = 581 '532b2663b35a4 -

— We need algebraic tools : the diagrammatic Brauer algebra 5,(d)

A\
5&1 b 6a2b2 = ga1ang1b2 — Bz(d)
VR

[ R. Brauer, 1936 ]
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On the complexity of the trace decomposition

0 @ _
Ta1 a..ap = Ta1 a..ap T Ta1 a..ap + ... F Ta1 a...an-

[H. Weyl, Classical Groups 1946]

e Examples 1-traceless projectors :

[0}

> P,

a a

1
bi by _ 6a1b1§a2b2 _ a ga1ang‘b2

[0}

bbby _ 5 bis b5 bs
a2 a —‘Sa‘ 632 53« -

9
(d-Nd+2) (ga|ang'b2‘5&ab3(d+ 1) = Ga,2,9™%62,% — ga‘azglkbaéasb') RN

[0}

b b. b b,
aiaasas 1 02 s bu = 581 '5azb2663b36a4 e

— We need algebraic tools : the diagrammatic Brauer algebra 5,(d)

— N
ga|ang1b2633b3 = ga1ang‘b3533b2 = \Y ga1ang2b3‘saab‘ = \ Bs(d)
N VR N

[R. Brauer, 1936]
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Traceless projection and the Brauer algebra
/20
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The element A, : 15! building block of the construction

e X |

1<i<j<n

A=

N

-

s

N N
‘+|I+||
~ N




The element A, : 15! building block of the construction

e Y| ]

1<i<j<n

Lemma:

© Ker(Ap) = space of 1-traceless tensors.
® The action of A, on V®" s diagonalisable, in particular *

An(v“\)‘) = a0\ v“\)‘, with  a,\ = M(df 1)+ c(u) — ().

© The eigenvalues of A, are non-negative integers : o, » € No

w - GL(d) irreps A 1 8O(d) irreps

*[M. Nazarov, 1996]

[D. Bulgakova, Y. G, T. H, 2022]
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The element A, : 15! building block of the construction

H &
Rabiea) = W;.{j;] + Wa%[ﬂcd] + Wa%i:d] *+ Wabtea) *+ Eabiea *+ Eatioa) *+ Siabyica

Lemma:
© Ker(Ap) = space of 1-traceless tensors.

® The action of A, on V®" s diagonalisable, in particular

An (Vi) = QA VA with oy, = M(d— 1)+ c(u) — c(\).

© The eigenvalues of A, are non-negative integers : o, x € No

0 A4(Wa>l\)[cd]) =0.

0 AZH(Ely) = @ Z(EL Ly with a=d-2
AZT o) = 0 ZT (€ Gy)  With  a=d+2
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Traceless projectors

Theorem: 1-traceless projectors are given by

(1)

Po= I (1- éA,,)

« € spec*(Ap)

[D. Bulgakova, Y. G, T. H, 2022]
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Traceless projectors

Theorem: 1-traceless projectors are given by

(1)

Po= ]I (11 . %An)

o € spec* (An)

L J

n @

Idea : Take T € V®": T=T+T+...
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Theorem: 1-traceless projectors are given by

(1)

Po= ]I (]1 - éAn>

« € spec*(Ap)

(1) (2
Idea : Take T € V& : T=T+T+...
(1) 1) (1) (1) (2 1 @
An(T)=0 = Pp(T) =T, (1 — aj\xAn)(T“\’\) =0 = Py(T)=0
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Traceless projectors

s N

Theorem: 1-traceless projectors are given by

(1)

Po= I (1- éAn)

« € spec*(An)

L J

@

Idea : Take T € v@n: T=T+T+...
(1) 1 (1) (2) 1 @
A(T)=0 = Py(T) =T, (1 - aJ\AA,,)(T“\A) =0 = Py(T)=0

(1) 1)

Then, Py(T)=T
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Traceless projectors

s N

Theorem: 1-traceless projectors are given by

P, = I1 (1[ . %An)

« € spec*(Ap)

\

H o
R apjed) = WaBb[]cjd] + W;I[Hcd] + Wabtea) + Wabjea) * ga%[jcd] + 8ab[cd] + S[ab][cd] :

1-traceless 2-traceless full trace
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Traceless projectors

s N

Theorem: 1-traceless projectors are given by

(1)

Po= I (1- %A,,)

« € spec*(Ap)

11 (]1 - o)

a € spec; (An)
/\ = Central Young projectors € C&,

H
Raied) = WBb[jcjd] + Wab[cd] + W ablcd] T Wab[cd] + gab[cd] + 8ab[cd] + S[ab][cd]

( )

1-traceless 2-traceless full trace
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Traceless projectors

s N

Theorem: 1-traceless projectors are given by
(1)

Po= I (1- %A,,)

« € spec*(Ap)

PR=2 1] (11 _ lA,,)

«

a € spec; (An)
/\ = Central Young projectors € C&,

//\\ .

H
Raied) = WBb[jcjd] + Wab[cd] + W ablcd] T Wab[cd] + gab[cd] + 8ab[cd] + S[ab][cd]

1-traceless 2-traceless full trace
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From traceless to multi-traceless projection
/20
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Arc induction : 2" building block of the construction

Idea : Construct 2-traceless projectors from 1-traceless projectors
(1) (3)

@
A A A
P, — P, — P, ...
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o N @
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Tool : The arc induction map 21 : B, »(d) — B,(d)

1 n-2 1 i-1 i i+l j-1j j+1 =n
i i i i
A — E L P
' ' ' '
1<i<j<n e T T TN

N
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Arc induction : 2" building block of the construction

Idea : Construct 2-traceless projectors from 1-traceless projectors
(1) (3)

@
A A A
P, — P, — P, ...

Tool : The arc induction map 21 : B, »(d) — B,(d)

1 n-2 1 -1 i i+l j-1j j+1
2 > L
1<i<j<n . T T L
)\ N2
Ql( ) ) ‘ ¥ :::]::: * :::][::[::: ¥ * :::1::: *
VR N

n

A

N
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@
A A A
P, — P, — P, ...

Tool : The arc induction map 21 : B, »(d) — B,(d)

1 n-2 1 i—1 i i+l -1 j j+1 n
s P> L
1<i<j<n . T T L
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Arc induction : 2" building block of the construction

Idea : Construct 2-traceless projectors from 1-traceless projectors
(1) (3)

@
A A A
P, — P, — P, ...

Tool : The arc induction map 21 : B, »(d) — B,(d)

Lemma:
(f=1) (f)

A(P Y ,) = AP
As a consequence,

)
1A(P 3 )V = apan vV
(r=1)

2.%( P ) o)(v"V) =0, VB#N.

w > GL(d) irreps A 1 8O(d) irreps

[Y. G, T. H, (in preparation)]
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f-traceless projectors

Theorem: f-traceless projectors are given by

(f)

()
Py=Y_ Py, with

wEclp(N) (-1
'/gu\A _ A(P,,) H < B—An )
n Qn N B —aua
B € spec” (An) ,
BFanx
. J

orm

H o
R abjed) = WaBb?cjd] + W;’?cd] + Wabtea) + Wabjea) * 5a%[jcd] + gab[cd] + S[ab][cd] :

1-traceless 2-traceless full trace

[Y. G, T. H, (in preparation)]
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The explicit expressions for the SO(d) decomposition
Ret o = Winag + € 4 80 0

ablcd] ablcd] ablcd] ab[cd]
\[D) N
Wi = Rbfn — e ™ — £

oo 4 m @ m @
Ebicd] = 3g <gbc (ﬂ(ad) - B(ad)) = Ged (B(m - B(ac)) t(a ¢ b)>

gBID\H A () @ (] @ ®

ablcdl T 4(d+2) (de (B[ac] + B — Hlac]) — Gbe (B[ad] + Rpq — Hlalﬂ)

(1) (2) ®)
+(@ > b) — gav | Bioq + Rieqy — Alean .

M M
R, =Ra— %Fi, (traceless part of Ricci tensor),
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The explicit expressions for the SO(d) decomposition
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\( 1 ) @ (O} @
gaéléd] = m <gbd (B(ac) +B(ac)) — Gbe <B(ad) +B(ad)) +(a < b)>

2}
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The explicit expressions for the SO(d) decomposition

P P
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P e
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E:‘\E 1 m ) (3) (1) (3] 3)
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(1) 2 (3)
+(@+ b; (1) e @) +ga | B + Bieg + Rlcal
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@ @ Gab o
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Conclusions

@ Trace decomposition is a computationally hard problem

® One can resolve the problem with the aid of the representation theory of
Brauer algebras 5,(d):

> 1-traceless projectors
> multi-traceless projectors via induction from the traceless ones
® Application to metric affine gravity :

> Algebraically transparent construction of quadratic curvature Lagrangians

> Possible classification of such theories

18/20



Thank you for your attention



More remarks

@ Z* projects onto the direct sum of equivalent GL(d) irreps.

P2 projects onto the direct sum of equivalent O(d) irreps.

20/20



More remarks

@ Z* projects onto the direct sum of equivalent GL(d) irreps.

P2 projects onto the direct sum of equivalent O(d) irreps.

® Projection onto a specific irrep — follow the path on the Bratteli diagram.

20/20



More remarks

© Z* projects onto the direct sum of equivalent GL(d) irreps.
P2 projects onto the direct sum of equivalent O(d) irreps.

® Projection onto a specific irrep — follow the path on the Bratteli diagram.

0
For GL(d) : |

N, "-Tl2
/ \ /N

H Semi-normal Young units

//\\E

£ i
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For O(d) :

\ Pr=1]P

D//)(H/a\a AeT

[S. Doty, A. Lauve, G. Seelinger, (2016)]
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