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Symbolic Regression - Overview

Find the best function rather than just the best 
parameters of a given function 

Numerical Regression: 

  

Symbolic Regression: 

y = 6+1x+0.8x2

y = 1 + x2 + 10 cos (x)
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The Pareto Front - Balance of Simplicity and Accuracy

Vilfredo Pareto

Complexity

E
rr

or

Pareto front

Feasible Solutions• Pareto front: most accurate 

solution at a given complexity 

• Problem: Can make function 

arbitrarily complex to get zero 

error 

• Which function on the Pareto 

front is the “best”?
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Three Big Problems

4

1. Traditional methods do not necessarily 
find the best function 

2. How do you balance accuracy with 
simplicity? 

3. How do I automate human preference for 
certain types of function?
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Typically in SR - Represent Functions as Trees or Lists

+

pow

log

x

µ0

exp

§

µ1 x

(log (x))µ0 + exp (µ1x) = [+, pow, log, x, µ0, exp, §, µ1, x]

Complexity = Number of Nodes
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Traditional methods do not always find the true optimum

<latexit sha1_base64="lFNVDlxks7ixvEbXn+WgNU4YkzY=">AAACBHicbZC7SgNBFIZn4y3G26plmsEgWIXdENRGCNpYRjAXyGWZncwmQ2YvzJwVlyWFja9iY6GIrQ9h59s4SVbQxB8GPv5zDmfO70aCK7CsLyO3srq2vpHfLGxt7+zumfsHTRXGkrIGDUUo2y5RTPCANYCDYO1IMuK7grXc8dW03rpjUvEwuIUkYj2fDAPucUpAW45ZTPAF7sKIAXHsH7D66X2/MnHMklW2ZsLLYGdQQpnqjvnZHYQ09lkAVBClOrYVQS8lEjgVbFLoxopFhI7JkHU0BsRnqpfOjpjgY+0MsBdK/QLAM/f3REp8pRLf1Z0+gZFarE3N/2qdGLzzXsqDKAYW0PkiLxYYQjxNBA+4ZBREooFQyfVfMR0RSSjo3Ao6BHvx5GVoVsr2abl6Uy3VLrM48qiIjtAJstEZqqFrVEcNRNEDekIv6NV4NJ6NN+N93pozsplD9EfGxzc9Q5c5</latexit>

y = ✓1✓
x2

0
<latexit sha1_base64="wUI8dyI8aT5hjcAdyTDKo7uSwKU=">AAACL3icbVDLSgNBEJz1GeMr6tHLYBA8SNwVUY+iIB4VjArZEHonHTM4uzvO9IphyR958VdyEVHEq3/hJO7BV8FAUVVNT1eklbTk+8/e2PjE5NR0aaY8Oze/sFhZWr6waWYE1kWqUnMVgUUlE6yTJIVX2iDEkcLL6OZo6F/eobEyTc6pp7EZw3UiO1IAOalVOQ6piwQtn4egtUnvecC3eGhvDeXY3+ThbQZtXoSCf0LbPNSy36pU/Zo/Av9LgoJUWYHTVmUQtlORxZiQUGBtI/A1NXMwJIXCfjnMLGoQN3CNDUcTiNE289G9fb7ulDbvpMa9hPhI/T6RQ2xtL45cMgbq2t/eUPzPa2TU2W/mMtEZYSK+FnUyxSnlw/J4WxoUpHqOgDDS/ZWLLhgQ5CouuxKC3yf/JRfbtWC3tnO2Uz04LOoosVW2xjZYwPbYATthp6zOBHtgA/bCXr1H78l7896/omNeMbPCfsD7+ATRvKe6</latexit>

✓0 ⇡ 1/
p
e, ✓1 ⇡ 1/

p
2⇡

Best equation found:

None of these stochastic 
methods found this!

Task: 
Univariate function with 100,000 

noiseless data points 
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Bartlett, Desmond & Ferreira 2022 (arXiv:2211.11461) 
https://github.com/DeaglanBartlett/ESR

https://github.com/DeaglanBartlett/ESR
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Simplifications mean that an exhaustive search is feasible

5.2 million
Total number of decorated trees

168 million
Naïve estimate: 

n

∑
j=1

jk = H (−k)
n

134,234
Number of unique equations

119,861
Number of equations containing 
at least one parameter1400

Times fewer equations to 
consider than our naïve guess
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Operator set: {x, a, inv, +, °, £, ÷, pow}

Number of parameters: 0 1 2 3 4

Bartlett, Desmond & Ferreira 2022 (arXiv:2211.11461) 
https://github.com/DeaglanBartlett/ESR

https://github.com/DeaglanBartlett/ESR
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Minimum Description Length

Why do we want to fit a function anyway? 
• Compress the data 
• If I have a perfect function, I don’t need to tell someone the  values, but just 

the function
y

L(D) = L(H) + L(D |H)
How much information do I need to transmit?

Description length Hypothesis Residuals

The best function compresses the data the most  Minimise → L(D)
Rissanen 1978 (Automatica, vol. 14, no. 5, pp. 465–471)

Bartlett, Desmond & Ferreira 2022 (arXiv:2211.11461) 
https://github.com/DeaglanBartlett/ESR

https://github.com/DeaglanBartlett/ESR
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The Description Length of a Function

L(D) = − log(ℒ( ̂θ)) + k log(n) − p
2 log(3) +

p

∑
i

( 1
2 log(%ii) + log( | ̂θi | ))

This is the thing to optimise 

Combined accuracy and simplicity into a single number 

Favours functions which 
• Fit the data accurately 
• Contain only a few parameters 
• Do not contain many operators 
• Do not need finely tuned parameters

Bartlett, Desmond & Ferreira 2022 (arXiv:2211.11461) 
https://github.com/DeaglanBartlett/ESR

https://github.com/DeaglanBartlett/ESR
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Example: Expansion Rate of the Universe

Generate all equations

Fit equations to data and find best

Bartlett, Desmond & Ferreira 2022 (arXiv:2211.11461) 
https://github.com/DeaglanBartlett/ESR
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H2 (z) = θ0 (1 + z)2

H2 (z) = θ0 (1 + z)(1+z)

https://github.com/DeaglanBartlett/ESR
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Not all functions should be preferred equally a priori

L(D) = − log(ℒ( ̂θ)) + k log(n) − p
2 log(3) +

p

∑
i

( 1
2 log(%ii) + log( | ̂θi | ))

+
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sin x + sin y = [+, sin, x, sin, y]

sin

sin

+

x y

sin (sin (x + y)) = [sin, sin, +, x, y]

Bartlett, Desmond & Ferreira 2023 (arXiv:2304.06333) 
https://github.com/DeaglanBartlett/katz
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Priors on functions

• Idea: Weight functions based on given corpus of 
“good” equations based on how operators are 
combined 

• Do this through a language model
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sin (sin (x + y)) = [sin, sin, +, x, y]

Bartlett, Desmond & Ferreira 2023 (arXiv:2304.06333) 
https://github.com/DeaglanBartlett/katz
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Katz: Example

Bartlett, Desmond & Ferreira 2023 (arXiv:2304.06333) 
https://github.com/DeaglanBartlett/katz

Provide table of functions which 
language model can use

Evaluate prior on functions of interest
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Prior on functions removes the physically unreasonable cases

Bartlett, Desmond & Ferreira 2023 (arXiv:2304.06333) 
https://github.com/DeaglanBartlett/katz

y (x ≡ 1 + z) ≡ H2 (z) Basis: {x ≡ 1 + z, θ, inv, + , − , × , ÷ ,pow}
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1. Traditional methods do 
not necessarily find the 
best function

2. How do you balance 
accuracy with simplicity?

3. How do I automate 
human preference for 
certain types of function?

Conclusions: Three Big Problems Solved with ESR and Katz
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https://github.com/DeaglanBartlett/ESR https://github.com/DeaglanBartlett/katz
arXiv:2211.11461 arXiv:2304.06333
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