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Symmetries and tunneling effect

Properties of a quantum system with finite degrees of freedom:

The ground state of a quantum system can never be degenerate (unless
there is spin degeneracy).
The ground state of a quantum system has the same symmetry
properties as the system’s Hamiltonian.

They appear to be falsified by systems with separated potential
minima.
−→ Finite-action solutions that connect the different minima are
needed.
−→ Degeneracy breaking and tunneling effect.
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Path integrals
Kernel

The formalism of path integrals leads to
a Lagrangian formulation of quantum
mechanics. In this formalism, the
propagator takes the form

K (qb, tb; qa, ta) = K (qb, qa;β) =

∫
D[q(t)] e i/ℏ S[q(t)]

Some Kernel properties:

ψ(qb; tb) =

∫
K (qb, tb; qa, ta) ψ(qa; ta) dqa

K (b, a) =

∫
qN

...

∫
q2

∫
q1

K (b,N)...K (1, a) dq1 dq2... dqN
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Path integrals
Wick rotations

We will work in a 4-dimensional Euclidean space, reached through a
Wick rotation.:

M1,3 → R4 t → −iτ

Where we define:

S [q(t)] → iSE [q(τ)] =

∫
dτ

[
m

2

(
dq

dτ

)2

+V (q)

]
=

∫
dτ LE

K (qb, qa;β) → KE (qb, qa;β)

So the euclidean kernel is such that:

KE (qb, qa;β)
β→∞
≃ ψ∗

0(qb)ψ0(qa)e
−βE0/ℏ + O(e−β∆E/ℏ)
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Path integrals
Saddle point approximation

Every path can be write as : q(τ) = qcl(τ) + η(τ).
the (Euclidean) action to the second order around the minimum:

SE [q(τ)] = Scl +
1

2

∫
dτ η(τ)F̂ (qcl)η(τ) + O

(
η(τ)3

)
And writng η(τ) with autofunction of F̂ : η(τ) =

∑∞
n=0 Cnφn(τ)

KE (qb, qa;β) = e−Scl/ℏ
∫

dC0

∞∏
n=1

∫
dCn Det

− d2

dτ2
+

d2V [q]

dτ2︸ ︷︷ ︸
F̂


−1/2
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Particle in a periodoc potential (PPP)

We study a potential
that satisfies the
condition

V (q) = V (q + 2π) ∀qy
V (q) = g2(1 + cos q)

We search for the classical solution qcl that interpolates between two
consecutive minima, which is called an instanton.
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Particle in a periodic potential (PPP
Instantonic solution

Energy conservation

1

2

(
dq

dτ

)2

− V (q) = 0

dq

g
√

2(1 + cos q)
= dτ ⇝

dq

cos q
2

= 2gdτ

We choose an arbitrary timeτ0 in which qcl(τ0) = 0

q(τ) = ±2 arcsin {tanh[g(τ − τ0)]} (Anti-)instanton

Lorenzo Cane T 19 Luglio 2023



9/20

Particle in a periodic potential (PPP)
Instantonic solution

The speed of such a transition
can be evaluated:

V ′′ (qcl) = −g2 + 2g2 tanh2 (g∆τ)

From this we find out the
second-order expansion of the
potential around a q = π
(V (π) = 0)

V (qcl) ≃
1

2
g2(q − π)2
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Particle in a periodic potential (PPP)
Instantonic solution

Energy conservation again :

dqcl
dτ

≃
√

g2(qcl − π)2 ⇒ ln
(qcl(τ)− π)

(qcl(τ0)− π)
= g(τ − τ0)

Consider∆q(τ) = qcl(τ)− π:

∆q(τ) = ∆q(τ0) e
−g∆τ

The core typical dimension is ∆τ = g−1

Such a time interval is negligible for β → ∞
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Particle in a periodic potential (PPP)
Expansion around the instanton solution

The classical solution alone does not reproduce the known
characteristics of the system.

As mentioned before, the saddle-point approximation is used:

KE (−π, π;β) = e−Scl/ℏ
∫

dC0

∫
dCn Det

(
− d2

dt2
+

d2V (q)

dτ2

)−1/2

The integral in C0 is divergent, this is related to the arbitrariness of τ0:

KE (−π, π;β) = e−Scl/ℏ
√

Scl

∫
dτ0

∫
dCn Det

′
(
− d2

dτ2
+

d2V (q)

dτ2

)−1/2
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Particle in a periodic potential (PPP)
Expansion around the instanton solution

Exploiting the similarity between the studied potential and the
potential of a harmonic oscillator:

R−2 =
Det′

(
− d2

dτ2
+ d2V [q]

dτ2

)
Det′

(
− d2

dτ2
+ ω2

)
We obtain the kernel:

KE (−π, π;β) = e−Scl/ℏRβ
√

Scl

√
ω

πℏ
e−βω/2
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Particle in a periodic potential (PPP)
Instantons dilute gas

Consider all possible series of n1
instantons and n2 widely
separated anti-instantons (with
n1 and n2 being arbitrary).

To maintain the correct
boundary conditions, we must
require n1 − n2 = 1

There is no constraint on the
order of the (anti-)instantons.
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Particle in a periodic potential (PPP)
Instantons dilute gas

Exploiting the properties of kernels and exponentials:

KE (−π, π;β) =
√

ω

πℏ
e−βω/2

∑
n1,n2

x︷ ︸︸ ︷(
e−Scl/ℏ

√
Scl Rβ

)
n1+n2

n1! n2!
δn1−n2,1 .

I decouple the summation (
∫ 2π
0

dθ
2π e

−iθ(n1−n2−1) = δn1−n2,1):

KE (−π, π;β) =
√

ω

πℏ
e−β βω

2

∫ 2π

0

dθ

2π
e iθ

∑
n1

(
xe−iθ

)n1
n1!

∑
n2

(
xe iθ

)n2
n2!
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Particle in a periodic potential (PPP)
Instantons dilute gas

KE (−π, π;β) =
√

ω

πℏ
e−

βω
2

∫ 2π

0

dθ

2π
e iθ e2e

−Scl/ℏ
√
Scl Rβ cos θ

With non-adjacent minima (qb − qa = 2Nπ):

KE (−π, (2N − 1)π;β) =
√

ω
πℏe

−βω
2

∫ 2π
0

dθ
2π e iNθ e2e

−Scl/ℏ
√
Scl Rβ cos θ

From here, one derives Bloch’s theorem and the energy of the first
band

⟨(2N − 1)π|ϕθ⟩ = e iNθ⟨−π|ϕθ⟩

Eθ =
1

2
ℏω − ℏ

(
e−Scl/ℏ

√
Scl R cos θ

)
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Kernels and hyperbolic Bessel functions

The kernel can be written as

KE (−π, (2N − 1)π;β) =

√
ω

πℏ
e−

βω
2

∫ 2π

0

dθ

2π
cos(Nθ) e2x cos θ =

=

√
ω

πℏ
e−

βω
2 IN(2x)

The first-order approximation for β → ∞ (x → ∞) does not depend
on N.

IN(2x)
2x→∞≃ e2x√

2π 2x
(1− O(2x)) .
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Instanton in QFT

Let’s consider a field φ(x , t), a potential U(φ) and Q as the
topological space of solutions with finite energy.

Q might have disconnected components, which would make
impossible connections between different minima.

Static solutions with finite energy are found: solitons.

Solitons and instantons have different similarities.

U(φ) = g2(1 + cosφ) ⇝ φ(x) = 2 arcsin {tanh[g(x − x0)]}

V (q) = g2(1 + cos q) ⇝ q(τ) = 2 arcsin {tanh[g(τ − τ0)]}
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Images

The images used here are generated with codes written by me and
freely downloadable:
https://github.com/LorenzoCane/Instanton-and-tunnelling.git
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Thank you for your
attention!
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