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Text:

At  the  Faculty  of  Mathematics  and  Natural  Sciences,  Department  of  Physics,  is  a  joint

appointment  with  the  German  Electron  Synchrotron  (DESY)  a

W3-­S-­Chair  of  "Theoretical  Particle  ─  development  of  theories  beyond  the

Standard  Model"

to  be  filled  as  soon  as  possible.

DESY  is  one  of  the  leading  centers  for  Astroparticle  and  Particle  Physics.  The  research

program  of  particle  physics  includes  a  strong  involvement  in  the  LHC  experiments  and

basic  research  in  the  field  of  theoretical  particle  in  the  Standard  Model  and  possible

extensions.  The  Institute  of  Physics,  Humboldt  University  is  also  involved  with  two

professorships  at  the  LHC  experiment  ATLAS.  The  research  interests  of  the  working  groups

in  the  field  of  theoretical  particle  physics  ranging  from  mathematical  physics  on  the

phenomenology  of  particle  physics  to  lattice  gauge  theory.

Candidates  /  students  should  be  expelled  through  excellence  with  international  recognition

in  the  field  of  theoretical  particle  physics  with  a  focus  on  the  development  of  models

beyond  the  Standard  Model.  Is  expected  to  close  cooperation  with  the  resident  at  the

Humboldt  University  workgroups.  In  addition  to  the  development  of  possible  standard

model  extensions  and  phenomenological  studies  of  experimental  verification  to  be  carried

out.  Place  special  emphasis  send  the  Higgs  physics.  It  is  expected  that  he  /  she  maintains

the  scientific  contacts  between  DESY  and  the  HU  and  active  in  the  DFG  Research  Training

Group  GK1504  "Mass,  Spectrum,  Symmetry:  Particle  Physics  in  the  Era  of  the  Large

Hadron  Collider"  cooperates.  He  /  she  should  be  at  all  levels  of  teaching  in  physics  at  the

HU  participate  (2  LVS)  and  will  have  the  opportunity  to  acquire  outside  of  a  creative

research  program.

Applicants  /  inside  must  meet  the  requirements  for  appointment  as  a  professor  /  to

professor  in  accordance  with  §  100  of  the  Berlin  Higher  Education  Act.

DESY  and  HU  aim  to  increase  the  proportion  of  women  in  research  and  teaching  and  calling

for  qualified  scientists  urgently  to  apply.  Severely  disabled  applicants  /  will  be  given

mailto:christophe.grojean@desy.ch
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Disclaimer
‣ Organisers: would you be available to deliver the keynote talk for the axions++ workshop? 
‣ Me: I feel a bit embraced since I’m certainly not an expert on axion physics, despite my 

interest in the subject. But if you are happy with a broader outlook look, I would certainly be 
happy to prepare one. Furthermore I won’t be able to come to Annecy on the first days of 
workshop, so I might not be the ideal speaker for the closing talk.

— Starting from the beginning during the summer—

Axions for amateurs

David J. E. Marsha

a Theoretical Particle Physics and Cosmology, King’s College London, Strand, London,
WC2R 2LS, UK

ARTICLE HISTORY

Compiled August 31, 2023

ABSTRACT
Axions are an increasingly popular topic in theoretical physics, and are sparking a
global experimental e↵ort. In the following I review the motivations for the exis-
tence of axions, the theories underlying them, and the methods to search for them.
The target audience is an interested amateur, physics undergraduate, or scientist
in another field, and so I use no complicated mathematics or advanced theoretical
topics, and instead use lots of analogies.

KEYWORDS
axions, dark matter, haloscope, superradiance, axion electrodynamics, strong cp
problem

1. Invitation: a century of progress and problems

We live at an extraordinary time in scientific history: never before have we known so
much about the Universe, yet been so certain about our ignorance of it.

1.1. Newton, Maxwell, and Einstein

In the world of Newton and Descartes three spatial coordinates, x, y, z, are used to
describe the locations of objects, including extended objects that are imagined to be
composed of infinitesimal regions of size dx, dy, dz. Dynamics result from di↵erential
equations describing how the coordinates of an object change with time. A useful
example of an equation in classical mechanics is the Navier-Stokes equation, which
describes the motion of a fluid (here assumed to be incompressible for simplicity):

@u

@t
+ (u ·r)u� ⌫r2u = �1

⇢
rp + g , (1)

where u is the velocity of a fluid element at location (x, y, z), ⌫ is the viscocity, ⇢ the
fluid density, p the pressure, and g an external force. The fluid velocity is a vector
and its direction is specified with reference to unit vectors aligned with the coordinate
axes, êx, êy, êz, with components (ux, uy, uz). It appears in these equations that the
coordinates x, y, z might be fixed, and the velocity of the fluid absolute.

CONTACT David J. E. Marsh. Email: david.j.marsh@kcl.ac.uk
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MITP-23-038

Primer on Axion Physics

Felix Yu⇤

PRISMA+ Cluster of Excellence & Mainz Institute for Theoretical Physics

Johannes Gutenberg University, 55099 Mainz, Germany

I review the canonical axion potential, with an emphasis on the field theory underlying

radial and angular modes of complex scalar fields. I present the explicit calculation of the

instanton-induced breaking of the Goldstone field direction necessary to derive the canonical

axion mass and decay constant relation. The primer is intended to serve an audience with

elementary quantum field theory expertise.

⇤ yu001@uni-mainz.de
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TASI Lectures on the Strong CP Problem and Axions

Anson Hook

These TASI lectures where given in 2018 and provide an introduction to the Strong CP problem
and the axion. I start by introducing the Strong CP problem from both a classical and a quantum
mechanical perspective, calculating the neutron eDM and discussing the ✓ vacua. Next, I review the
various solutions and discuss the active areas of axion model building. Finally, I summarize various
experiments proposed to look for these solutions.

Contents

I. Introduction 2

II. The Strong CP problem and its solutions at the classical level 3
A. The Strong CP problem 3
B. Solutions 4

III. The Strong CP problem at the quantum level 4
A. Low-energy QCD done incorrectly 5
B. Anomalous symmetries 6
C. The theory of pions and neutrons done properly 7

IV. The ✓ vacua 9

V. Non-axion solutions to the Strong CP problem 12
A. The massless up quark 12
B. RG running of ✓ 13
C. Parity 13
D. CP 14

VI. Axions 15
A. The QCD axion 15
B. The axion quality problem 16
C. Solving the axion quality problem 17
D. Variations of the QCD axion 18

1. Large fermion and photon couplings 18
2. Changing the axion mass - neutron coupling relation 19

E. ALPs 19

VII. Axion/ALP dark matter 20
A. Misalignment : ALP Dark Matter 20
B. Misalignment : Axion DM 21
C. Topological production of axions 22
D. Variations of dark matter axions 22

VIII. Experimental probes of the Axion 23
A. DM independent searches 23

1. Rare meson decays 23
2. Stellar cooling 23
3. Supernova 23
4. Axion helioscopes 24
5. Light shining through walls 24
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TASI Lectures:
(No) Global Symmetries to Axion Physics

Matthew Reece
mreece (@g.harvard.edu)

Department of Physics, Harvard University, Cambridge, MA, 02138

April 19, 2023

Abstract

These notes are an expanded version of lectures given at the 2022 TASI summer school in
Boulder, Colorado. One goal of these lecture notes is to (partially) bridge the gap between what
one learns in typical introductory quantum field theory classes and what one needs to understand
to follow modern developments in particle theory beyond the Standard Model. Topics covered
include global and gauge symmetries, charge quantization, instantons, chiral anomalies, the
Strong CP problem, axion models from 4d and from higher dimensions, the expected absence
of global symmetries in quantum gravity, and some phenomenological implications thereof. If
these topics seem to be at best loosely related, I hope that reading the notes will convince
you otherwise. Recent developments in quantum field theory have shown that ordinary gauge
theories exhibit a much wider range of (generalized) global symmetries than were previously
understood, while recent work in quantum gravity has provided sharper arguments that global
symmetries should not exist. This sets up an interesting tension, the resolution of which can
have implications for particle physics in the real world. Axion physics is one setting in which
these ideas can guide phenomenology. The TASI audience comprised particle phenomenology
students whom I hoped to convince of the importance of learning more about quantum field
theory and quantum gravity. These notes may also be of interest to formal theory readers
seeking closer connections to real-world particle physics.

Contents

1 Introduction 5
1.1 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

Part One: Global and Gauge Symmetries, Charge Quantization 9

2 Differential forms: notation 9
2.1 What is a differential form? . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.2 The exterior derivative . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
2.3 Integration and Stokes’s theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
2.4 The Hodge star . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
2.5 Examples of actions in differential form notation . . . . . . . . . . . . . . . . . . . . 13
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Standard Model …

15 June 2023 A. Bettini. Padova University and INFN 4

The making of the Standard Model
• In 1963 the only known gauge theory was QED

• For weak and strong interactions, a struggle between two theoretical camps

• S-Matrix/analyticity

• Quantum  Field theory

• 1961 S. Glashow SU(2)⊗ U(1)  weak mixing

• 1967-68 S. Weinberg, A. Salam spontaneous symmetry breaking

• 1971. G. ‘t Hooft how to renormalise weak interaction

• 1973. Gargamelle Discovery of neutral weak currents (SIF Enrico Fermi Prize 2011 
to D. Heidt and A. Pullia) 

• 1973 Quantum Chromodynamics (Lecture by F. A. Wilczek)

The school in Erice has been the site not only of frontier level lectures, but of 
discussions and work on what will become the Standard Model

15 June 2023 A. Bettini. Padova University and INFN 5

1967 The making of the Standard Model

Bruno Zumino
Sidney Coleman
Antonino Zichichi
Nicola Cabibbo
Sheldon Glashow
Murray Gell-Mann

CERN Courrier 1967
p. 148
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rules the world!

[and we, HEP practitioners, are all entitled for some royalties!]

we do understand the Matter we are made of

15 June 2023 A. Bettini. Padova University and INFN 4

The making of the Standard Model
• In 1963 the only known gauge theory was QED

• For weak and strong interactions, a struggle between two theoretical camps

• S-Matrix/analyticity

• Quantum  Field theory

• 1961 S. Glashow SU(2)⊗ U(1)  weak mixing

• 1967-68 S. Weinberg, A. Salam spontaneous symmetry breaking

• 1971. G. ‘t Hooft how to renormalise weak interaction

• 1973. Gargamelle Discovery of neutral weak currents (SIF Enrico Fermi Prize 2011 
to D. Heidt and A. Pullia) 

• 1973 Quantum Chromodynamics (Lecture by F. A. Wilczek)

The school in Erice has been the site not only of frontier level lectures, but of 
discussions and work on what will become the Standard Model

…J/Psi, b, W, Z, top, Higgs discoveries
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Standard Model and Beyond

we do not understand the Matter the Universe is made of

Concluding Remarks
• The standard model is a wonderful achievement, but obviously incomplete
• We need experiments – and CERN has the infrastructure and expertise to deliver a 

programme of accelerator experiments that today looks optimal, although new 
discoveries may change priorities

• Getting it funded will be a struggle, but not (I think/hope) an insurmountable one
• The timetable is daunting, but can take some comfort from 

- time from conception (1977) to operation of the LHC 2012 [although in the interim we 
had CERN proton-anti-proton, LEP, Tevatron, B factories]

- experience → the state of the art often moves faster than anticipated 

The search for the nature of matter and the structure of the universe is as old as (and 
maybe the definition of ?) civilization. It must not stop now. CERN has the facilities, the 
expertise and plans to make further steps. 

[and we all have to return our royalties!]
is not enough

 Matter-antimatter asymmetry
 Dark Matter

 Dark Energy
 Flavour, CP, Hierarchy, Quantum gravity{
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BSM is turning 50

 GUT (Pati-Salam ’73, Georgi-Glashow ’74)
 SUSY (’71) / MSSM (’77-’81)
 Technicolor (’79)
 Large extra dimension, aka ADD (’98)
 Warped extra dimension, aka RS (’99)
 Composite Higgs (’84-’03)
 Little Higgs (’01)
 Higgsless (’03)
 Relaxion (’15)
 …

I’ll soon be the  
king of England

I’ll so
on  

disco
ver SUSY

Not a new story… many (failed?) attempts 

If they had been successful, 
they would be part of the SM…
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Traditional New Physics models are under siege

New approaches: relaxion, Nnaturalness, clockwork…

6

The LHC Legacy (so far)
 SM confirmed to high accuracy up to energies of several TeV

 Higgs boson discovered

 Absence of new physics

Naturalness agents might not explain DM/baryogenesis

Dark Sector/Cosmology might set the weak scale

The remarkable and successful operation of the LHC 
(made possible thanks to technological advancements, accelerator performance, detector resolution, high-performance computing 

and data handling, as well as higher-order theoretical calculations) 
… also changed the nature of the LHC itself:

☺ it is not only an exploration machine but it also performs legacy precision measurements,
☺ a multi-messenger experiment on its own.

Main directions (to be) explored
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The LHC as a Precision Machine

The LHC is regularly surprising the community with its ability to deliver precise measurements 

First Precision Measurement at the LHC!

• Measurement done exclusively in the 
diphoton and 4-leptons channel.


• Optimizing the analysis in categories with 
best mass resolution (photon, electron and 
muons energy response).


• Systematics dominated by experimental 
uncertainties.


• Reached at Run 1 a precision of 0.2%.

• Precision reached 0.09% (below permil!)

• Best single measurement reached in the 

diphoton channel at 13 TeV! 

• Photon and leptons calibration is key!


• Diphoton systematic uncertainty reached 
90 MeV! Great achievement!

Higgs boson mass measurement

0.09% precision in Higgs mass determination
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The LHC as a Precision Machine

The LHC is regularly surprising the community with its ability to deliver precise measurements 

This potential for precision measurements relies on a firm control of experimental systematic uncertainties.  

The systematic uncertainties for a hadron collider experiment depend on a careful evaluation  
of the detector performance, in the challenging pileup environment.  

Detector simulations at future hadron collider like FCC-hh in presence of the O(1000) pileup are not reliable enough 
to make robust statements in the general context of precision studies.  

We proved the ability to do precision measurements of the Higgs boson (for rare decays, ttH and self coupling) on the 
basis of conservative and believable assumptions. But to go beyond this needs a level of sophistication in the 

simulations, and in the understanding of physics backgrounds, that is not available today.  

We need at least the HL-LHC to validate assumptions on the control of backgrounds  
and systematic errors at FCC-hh.
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What is the scale of New Physics?

small FCNC:

tiny neutrino masses:

slow proton decay:

High Scale Wishes

gFµ⌫ ̄H�
µ⌫
 

M
2
NP

(LH)2

MNP

UUDE

M2
NP

Low Scale Wishes

light susy?

small EDMs:

tiny vacuum energy:

light Higgs boson:

argdetY  10�10

m2
H

⇡ M2
NP � (125GeV)2

⇤ ⇡ M4
NP �

�
10�3eV

�4
axion?

?

↪

↪

↪

103TeV?

1014GeV?

1016GeV?“I
R

 S
im

pl
ic

ity
”

“N
aturalness”

Where is everybody?

 compressed spectra 

 displaced vertices

 no MET, soft decay products, long decay chains

 uncoloured new physics

even new physics at few hundreds of GeV might be difficult to see and could escape LHC detection

    

  

  

 R-susy

 Neutral naturalness 
     (twin Higgs, folded susy)

 Relaxion

We know for sure that New Physics exists. 
But no clear indication of the energy scale to probe. 

We need a broad, versatile and ambitious programme that 
1. will achieve legacy precision measurements, 

2. can push the frontiers of the unknown. 
TWO FRONTIERS TO EXPLORE

SM has some structural deficiencies 
that call for new physics at low scale.

SM features some “accidental” selection rules 
that generic new physics doesn’t share.
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Future Circular Collider
a versatile machine able to perform exquisite measurements at the EW/Higgs/top threshold  

and to probe both the intensity and energy frontiers 
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Future Circular Collider

6x1012 Z

FCC-ee
•Axion-like	par/cles,	dark	photons,		
Heavy	Neutral	Leptons	 
•	long	life/mes	-	LLPs	

direct searches  
of light new physics

"

flavour factory 
(1012 bb/cc; 1.7x1011 !!) 

! physics

•!-based EWPOs  
•lept. univ. violation tests 

B physics
•Flavour EWPOs (Rb, AFBb,c)  
•CKM matrix,  
•CP violation in neutral B mesons 
•Flavour anomalies in, e.g., b ➝ s!! 

"intensity  
frontier”

1

Higgs
mHiggs, ΓHiggs 

Higgs couplings 
self-coupling

2

mtop, Γtop 
EW top couplings

Top

3

detector req.

detector hermeticity 
tracking, calorimetry

particle flow 
energy resol. 

particle ID

momentum resol. 
tracker

vertexing, tagging 
energy resolution 

hadron identification

EW & QCD

•αS(mZ) with per-mil accuracy 
•Quark and gluon fragmentation  
•Clean non-perturbative QCD studies 

•mZ, ΓZ, N" 
•Rl, AFB  
•mW, ΓW

6x1012 Z

106 H

106 tt
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Intensity Frontier: Why not → What for?
— multi-vacuua relaxion — 

Graham, Kaplan, Rajendran ’15

hhi =
0

hhi 6= 0

potential needed to force 
# to roll-down in time 

(during inflation)

Higgs mass  
depends on #

slowly rolling field that scans the Higgs mass  
during the cosmological evolution of the Universe# 

⇤2

✓
�1 + f

✓
g�

⇤

◆◆
|H|2 + ⇤4

V

✓
g�

⇤

◆
+

1

32⇡2

�

f
G̃

µ⌫
Gµ⌫

axion-like coupling 
that will seed the potential barrier stopping the 

rolling onces the Higgs develops its vev

⇤3
QCD h cos

�

f

http://arxiv.org/abs/1504.07551
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Intensity Frontier: Why not → What for?
— multi-vacuua relaxion — 

Graham, Kaplan, Rajendran ’15

hhi =
0

hhi 6= 0

potential needed to force 
# to roll-down in time 

(during inflation)

Higgs mass  
depends on #

slowly rolling field that scans the Higgs mass  
during the cosmological evolution of the Universe# 

⇤2

✓
�1 + f

✓
g�

⇤

◆◆
|H|2 + ⇤4

V

✓
g�

⇤

◆
+

1

32⇡2

�

f
G̃

µ⌫
Gµ⌫

axion-like coupling 
that will seed the potential barrier stopping the 

rolling onces the Higgs develops its vev

⇤3
QCD h cos

�

f

Cosmological weak scale triggers: 

the cosmological evolution sets the weak scale

http://arxiv.org/abs/1504.07551
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Energy Frontier might not be the best place to look into

only BSM physics below Λ~107÷9GeV could be in the form of 

(very) light and very weakly coupled axion-like scalar fields

m� ⇠
✓
g⇤5

f v2

◆1/2

⇠ (10�20 � 102)GeV

Phenomenological Signatures
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Energy Frontier might not be the best place to look into

only BSM physics below Λ~107÷9GeV could be in the form of 

(very) light and very weakly coupled axion-like scalar fields

m� ⇠
✓
g⇤5

f v2

◆1/2

⇠ (10�20 � 102)GeV

—interesting cosmology signatures— 

◎ BBN constraints 
◎ decaying DM signs in $-rays background 

◎ ALPs 
◎ superradiance

—interesting signatures @ Flavour— 

◎ production of light scalars  
by B and K decays 

Espinosa et al ’15 Choi and Im ’16

—interesting atomic physics— 
◎ change of atom sizes 

◎ relaxion halo around earth/sun which 
induce δme/me and δα/α

Flacke et al ’16

Banerjee et al ‘19

A QFT rationale for light and weakly coupled degrees of freedom 

with spectacular signatures across different scales

Phenomenological Signatures

http://arxiv.org/abs/arXiv:1610.00680
https://inspirehep.net/literature/1721404
http://arxiv.org/abs/1506.09217
http://arxiv.org/abs/arXiv:1610.02025
http://arxiv.org/abs/1506.09217
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Collider Searches for Light New Physics
• LLP searches with displaced vertices 

 e.g. in twin Higgs models glueballs that mix with the Higgs and decay back to b-quarks 
                                          
  

• Rare decays 
 e.g.  ALP mixing w/ SM mesons:  

   

• ALPs@ colliders 
e.g.  

Craig et al, arXiv:1501.05310

K+ ! ⇡+a ! ⇡+�� (NA62)

KL ! ⇡0a ! ⇡0�� (KOTO)
L =

↵s

8⇡Fa
aGµ⌫G̃

µ⌫
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Figure 10. Branching ratio of KL æ fi
0
a (in black dashed), branching ratio of K

+
æ fi

+
a (in light

blue, dashed) and proper lifetime of the ALP in meters (in red) of the GG̃ coupled ALP. The mass
range ≥ (135 ≠ 150) MeV is not plotted for a better illustration.

where we have defined �≠1
© (mu + md)(m≠1

u + m
≠1

d + m
≠1
s ), and Ffi is the pion decay

constant given by Ffi ¥ 93 MeV. ◊÷÷Õ is the ÷-÷Õ mixing, whose value has a large uncertainty
and lies in the range ƒ ≠(10¶-20¶) (see e.g. [85–87]). Note the di�erent ma dependence in the
ALP-÷ mixing of the cos ◊÷÷Õ and sin ◊÷÷Õ terms. This is due to the fact that the sin ◊÷÷Õ term
arises from mass mixing, the cos ◊÷÷Õ from kinetic mixing. At the same order in the chiral
Lagrangian, the physical masses of the ALP, pion, and eta mesons are una�ected.

From the ALP mixing with neutral light mesons and the known operators for hadronic
decays of the Kaons in the chiral Lagrangian (see Appendix C), we can calculate the Kaon
decay widths at the leading order (similar calculations can be found in [88]). For simplicity,
in the following we will fix sin ◊÷÷Õ = ≠1/3 [49]. We will comment in the text, how the results
will change if we had fixed a di�erent value of ◊÷÷Õ in the ≠(10¶-20¶) range.

�(K+
æ fi

+
a) = 1

8fi
|gK+fi≠a|
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where the CP violating parameter in the Kaon mixing is given by ‘K = 2.23 ◊ 10≠3, and |p̨a|
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• ALP decay into photons

Patrick Janot 

Direct	discoveries	(cont’d)	
q  Discover	the	dark	sector	

◆  A	very-weakly-coupled	window	to	the	dark	sector	is	through	light	“Axion-Like	
Particles”	(ALPs)	

➨  γ	+	EMISS	for	very	light	a	
➨  γγ	for	light	a
➨  γγγ		for	heavier	a	

●  Orders	of	magnitude	of	parameter	space	accessible	at	FCC-ee	

CERN, 7-11 Jan 2019 
FCC-ee workshop: Theory and Experiment 
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• ALP decay into leptons

Material from A. Thamm

Knapen, Thamm  arXiv:2108.08949

FIG. 1: Example of a Twin Higgs collider event. The SM-like Higgs decays through a loop of

the twin tops into a pair of twin gluons, which subsequently hadronize to produce various twin

glueballs. While some glueballs are stable at the collider scale, G0+ decay to Standard Model

particles is su�ciently fast to give LHC-observable e↵ects, including possible displaced vertices.

The hĝĝ coupling, indicated by a black dot, is generated by small mixing of the Higgs and the twin

Higgs.

the gluino. With large color charge and spin, the gluino is phenomenologically striking over

much of motivated parameter space, almost independent of its decay modes [12–14]. In Twin

Higgs models, the analogous two-loop role is played by twin gluons, which can again give rise

to striking signatures over a large part of parameter space, not because of large cross-sections

but because they, along with any light twin matter, are confined into bound states: twin

hadrons. Together with the Higgs portal connecting the SM and twin sectors, the presence

of metastable hadrons sets up classic “confining Hidden Valley” phenomenology [15–21],

now in a plot directly linked to naturalness.

A prototypical new physics event is illustrated in Fig. 1. The scalar line represents the

recently discovered 125 GeV Higgs scalar. This particle is primarily the SM Higgs with

a small admixture of twin Higgs; it is readily produced by gluon fusion. But because of

its twin Higgs content, it has at least one exotic decay mode into twin gluons, induced

by twin top loops, with a branching fraction of order 0.1%. The twin gluons ultimately

hadronize into twin glueballs, which have mass in the ⇠ 1 � 100 GeV range within the

minimal model. While most twin glueballs have very long lifetimes and escape the detector

as missing energy, the lightest 0++
twin glueball has the right quantum numbers to mix with

6
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Astro/Cosmo → long-lived ALPs 

colliders → short-lived ALPs MeV+

Simon Knapen, Andrea Thamm: Direct discovery of new light states at the FCCee 3
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Fig. 2. Tree-level Feynman diagram for the production of an axion in association with a photon or Z-boson.
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Fig. 3. Projected sensitivity of the FCCee (in purple) in the process e+e� ! �a on the ALP-photon coupling (left) and the
ALP-lepton coupling (right). Existing bounds on the parameter space are shown in grey. Reproduced from [19] with permission
of the authors.

with gs, e the strong and electromagnetic couplings respectively. ✓w is the Weinberg angle and ⇤ is proportional to
the axion decay constant fa. cff , cGG, cWW , c�� , c�Z and cZZ are model dependent parameters.

Explicit models relate these parameters to each other in model-specific ways and reduce the number of free pa-
rameters. One hereby generally expects the couplings to gauge bosons to be loop suppressed and of the same order,
such that the gluon couplings dominate since gs � e. However this does not imply that a hadron collider is always the
most sensitive machine: For ma . 100 GeV, the QCD backgrounds at e.g. the LHC are often simply too large, and the
discovery mode could very well be through the electroweak couplings at the FCCee. Moreover, there exist models for
which cGG ⌧ cWW , c�� , c�Z , cZZ [17], and for which a high energy lepton collider is the only viable probe. Specifically
at the FCCee, ALPs can be produced either in exotic Z decays (left panel of Fig. 2) or in association with a photon
or a Z-boson via an intermediate photon (right panel of Fig. 2). The FCCee is expected to produce an unprecedented
number of 1012

Z-bosons during its run at the Z-pole,
p

s = mZ , which will let us search for extraordinarily small
branching fractions for Z ! a� decays. Once produced, the presence of an ALP can lead to di↵erent signatures inside
the detector. ALPs can either be long-lived and travel through the detector unscathed or they can decay further into
leptons, quarks or gauge bosons. Depending on their lifetime, ALPs may decay promptly at the interaction point or
after they have travelled a certain distance inside the detector leading to a plethora of di↵erent signatures.

The processes e
+
e
�

! Za ! Z�� and e
+
e
�

! �a ! 3� [18, 19], where the latter includes the production and
decay of an on-shell Z-boson at the Z-pole, depend on the couplings c�� , c�Z , cZZ , all of which can be related to each
other in more concrete models. However, at the FCCee it is even possible to access c�� and c�Z separately. The run
at the Z-pole enhances the contribution of c�Z to the process e

+
e
�

! �a with respect to c�� and thus c�Z can be
accessed at the Z-pole run while c�� can be measured at runs with a higher center-of-mass energy. Fig. 3 shows the
parameter space that can be explored by the FCCee. Masses between hundreds of MeV and hundreds of GeV can be
probed and the FCCee can push to very small values of c�� .

The FCC also has great potential to probe the axion coupling to leptons, c``, which can be present in DFSZ
type models. Interestingly, the dominant production mode at the FCCee is still in association with a photon or Z-
boson where the ALP now couples to photons via a lepton loop. The ALP then decays to the heaviest lepton that is
kinematically accessible. We show the expected sensitivity of the FCCee on the ALP mass and its coupling to leptons
in the right panel of Fig. 3.

In addition to direct measurements, the FCCee can probe electroweak precision observables and the electromagnetic
coupling constant with unprecedented precision leading to further stringent constraints on c�� and c�Z .

Gori et al arXiv:2005.05170

https://arxiv.org/abs/1501.05310
https://inspirehep.net/literature/1908207
https://arxiv.org/abs/2005.05170
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pseudo Nambu-Goldstone bosons

Physics of Light Degrees of Freedom

h(125) SO(5)/SO(4)? vacuum misalignment? non-perturbative?

a? U(1)PQ? QCD instantons ?

PNGB approximate  
symmetry

symmetry 
breaking

origin

π±, π0 SU(2)xSU(2)/SU(2) mu, md non-perturbative

WL±, ZL0 SU(2)xSU(2)/SU(2) mt-mb & g’ perturbative

light scalars are un-natural in QFT unless they are

— rich and diverse pNGB phenomenology —
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How serious is the strong CP problem ? (sorry if trivial)

3 levels of formulating the strong CP problem, assuming CP is respected by the UV: 

(i)  , is it a problem?  

(who knows?) 

(ii)  , is it a problem?  

(not if these are natural/protected and sequestered) 

(iii)  , but , is it a problem?  

(  appears in 7 loops and contains several other suppression factor) 

 Should we be more cautious / more generic? [at least till we reach  precision] 

θ̄ = θ − arg [ det (YuYd)] ≲ 10−10

θ̄ = ≲ 10−10 ≪ θKM = arg { det [YuYu
† , YdYd

†]}
θ̄ = ≲ 10−10 ≪ θKM θ̄ = θ̄bare + ϵ θKM ln (ΛUV/MW)

ϵ

% (10−16)
but in the MSSM, θ has 1-loop RG running from the gluino mass phase 
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https://indico.cern.ch/event/824151/contributions/5473972/attachments/2699182/4684728/Gilad_Perez_BBSM23.pdf
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Axion CosmologyAxions from the misalignment mechanism.

Different regions for ALP dark matter

Cem Eröncel

November 30, 2020

1 Analytical theory of parametric resonance in Kinetic Misalignment

We are interested in studying the parametric resonance during the cosmological evolution of an
ALP field whose Lagrangian is given by

L =
1
2

g
µn∂µf∂nf � V(f) =

1
2

g
µn∂µf∂nf � m

2(T) f
2


1 � cos
✓

f

f

◆�
. (1)

The metric is taken to be the flat Friedmann-Lemaitre-Robertson-Walker metric1

ds
2 = dt

2 � a
2(t)dij dx

i dx
j . (2)

We decompose f(x, t) into a homogeneous mode f(t) ⌘ f Q(t) and small fluctuations df(x, t),
where the latter can be expanded into the Fourier modes

df(x, t) =
Z d3k

(2p)3

⇣
âkuk(t)e

ik·x + h.c.
⌘

, (3)

where the creation/annihilation operators â
†
k/âk satisfy

h
âk, â

†
k0

i
= (2p)3d(3)(k � k0). (4)

Using the Lagrangian (1) and the metric (2), we can show that the homogeneous mode Q obeys

Q̈ + 3HQ̇ + m
2(T) sin(Q) = 0, (5)

while the equation of motion for the mod functions uk(t) are given by

ük + 3Hu̇k +


k

2

a2 + m
2(T) cos (Q)

�
uk = 0. (6)

So far we have neglected the backreaction of the fluctuations onto the homogenenous. We will
study the backreactions later.

Most of the literature on ALP dark matter focuses on the “standard misalignment mechanism”
in which the ALP field is initially frozen due to the strong Hubble friction, then it starts oscillating
around the temperature Tosc which can be estimated by

m(Tosc) ⇡ 3H(Tosc). standard misalignment mechanism (7)

1In general, the metric should also have curvature perturbation terms. We will study them in Section 4.
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k/âk satisfy

h
âk, â

†
k0

i
= (2p)3d(3)(k � k0). (4)

Using the Lagrangian (1) and the metric (2), we can show that the homogeneous mode Q obeys

Q̈ + 3HQ̇ + m
2(T) sin(Q) = 0, (5)

while the equation of motion for the mod functions uk(t) are given by

ük + 3Hu̇k +


k

2

a2 + m
2(T) cos (Q)

�
uk = 0. (6)

So far we have neglected the backreaction of the fluctuations onto the homogenenous. We will
study the backreactions later.

Most of the literature on ALP dark matter focuses on the “standard misalignment mechanism”
in which the ALP field is initially frozen due to the strong Hubble friction, then it starts oscillating
around the temperature Tosc which can be estimated by

m(Tosc) ⇡ 3H(Tosc). standard misalignment mechanism (7)

1In general, the metric should also have curvature perturbation terms. We will study them in Section 4.

1

Different regions for ALP dark matter

Cem Eröncel

November 30, 2020

1 Analytical theory of parametric resonance in Kinetic Misalignment

We are interested in studying the parametric resonance during the cosmological evolution of an
ALP field whose Lagrangian is given by

L =
1
2

g
µn∂µf∂nf � V(f) =

1
2

g
µn∂µf∂nf � m

2(T) f
2


1 � cos
✓

f

f

◆�
. (1)

The metric is taken to be the flat Friedmann-Lemaitre-Robertson-Walker metric1

ds
2 = dt

2 � a
2(t)dij dx

i dx
j . (2)

We decompose f(x, t) into a homogeneous mode f(t) ⌘ f Q(t) and small fluctuations df(x, t),
where the latter can be expanded into the Fourier modes

df(x, t) =
Z d3k

(2p)3

⇣
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1

Start with ALP lagrangian

Define homogeneous zero-mode

Neglecting fluctuations, it satisfies
The initial conditions for this mechanism are

Q(ti) = Qi, Q̇(ti) = 0. standard misalignment mechanism (8)

The initial misalignment angle Qi is the value of the angular part of the Peccei-Quinn (PQ) field
after the spontaneous symmetry breaking, which can take different values in different patches of
the universe. If the PQ-breaking happens before inflation, then all the patches are inflated away so
we have a homogeneous value throughout the observable universe. However, if the PQ-breaking
happens after inflation, then the observable universe has many patches having different values of
Qi. Then Qi is fixed by averaging over different Hubble patches.

However, this is not the only mechanism for ALP dark matter. It is possible that the PQ symme-
try is explicitly broken at high energies which tilts the mexican-hat potential such that the angular
part of the PQ field obtains a large kick in early universe. This is known as the kinetic misalignment

mechanism [1]. In this case, the initial condition for the homogeneous mode is modified by

1
2

Q̇2
i
� 2m

2(Ti). kinetic misalignment mechanism (9)

The physical meaning of this initial condition is that the ALP field has a very large initial kinetic
energy such that it goes over many barriers before it got stuck in one of the minimums. The
trapping occurs when the energy of the ALP field falls below the height of the barrier:

rf(T⇤) =
1
2

f
2Q̇2(T⇤) + m

2(T⇤) f
2[1 � cos(Q(T⇤))] = 2m

2(T⇤) f
2[1 � cos(Q(T⇤))], (10)

where the temperature T⇤ is defined by this equation and denoted the temperature at which the
field is trapped by the barrier. For later convenience we introduce the parameter e(t) which is
defined by

e(t) ⌘
rf

2m2(t) f 2 =
1
4

Q̇2

m2(t)
+ sin2

✓
Q
2

◆
. (11)

2 Classification based on the cosmic history before trapping

2.1 Overview of the regions

Based on the evolution of the ALP field before it gets trapped by the potential, there are four dif-
ferent scenarios:

1. Strong axion fragmentation: The ALP field is completely fragmented before it gets trapped
by the potential.

2. Weak axion fragmentation: The fragmentation is active for a while before the field gets
trapped, but it is weak.

3. Kinetic misalignment: The fragmentation does not happen, but the ALP field has a non-
zero initial velocity, such that the onset of oscillations is delayed.

4. Regular misalignment: Even though the ALP field might have some initial velocity, it is not
sufficient to overcome many barriers, so conventional misalignment mechanism is at play.

2

With initial conditions:

-> standard misalignement mechanism
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For

standard 
assumption

Conventional misalignment

Axion Lagrangian

L =
1

2
@µ�@

µ
��m

2(T )f2
a (1� cos(�/fa))

Equation of motion in FRW:

�̈+ 3H�̇|{z}
friction

+m
2
a� = 0

Two regimes:
> ma ⌧ 3H () ⇢a / a

0 (Frozen)
> ma � 3H () ⇢a / a

�3 (Oscillating)

DESYª | Opening up the axion dark matter window with axion fragmentation | Philip Sørensen | Hamburg, 01.06.2020 Page 6

a

a

Conventional misalignment

1 Inflation sets random ✓I = O(1)

2 Hubble frozen = no redshift
3 Begins to oscillate at

ma ⇠ 3H(T )

4 Redshift as ⇢a / a
�3

DESYª | Opening up the axion dark matter window with axion fragmentation | Philip Sørensen | Hamburg, 01.06.2020 Page 7

a a a a a
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https://indico.in2p3.fr/event/24773/contributions/110241/attachments/71086/100987/Servant_Planck2022.pdf
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Axion Cosmology
Conventional misalignement 

makes too little DM for low fa .

Not enough 

DM

A way out: switch on initial velocity for the axion
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Axion Cosmology

ALP dark matter parameter space (with KSVZ-like photon coupling g✓� = (↵em/2⇡)(1.92/f ))
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Kinetic Misalignment

4/13

ALP DM parameter space.How did the axion acquire a kick?

With initial conditions:

If PQ symmetry is broken explicitly at high energies
—> mexican hat potential is tilted

If radial mode of PQ field starts at large VEV, the angular mode gets a large 
kick in the early universe

The initial conditions for this mechanism are

Q(ti) = Qi, Q̇(ti) = 0. standard misalignment mechanism (8)

The initial misalignment angle Qi is the value of the angular part of the Peccei-Quinn (PQ) field
after the spontaneous symmetry breaking, which can take different values in different patches of
the universe. If the PQ-breaking happens before inflation, then all the patches are inflated away so
we have a homogeneous value throughout the observable universe. However, if the PQ-breaking
happens after inflation, then the observable universe has many patches having different values of
Qi. Then Qi is fixed by averaging over different Hubble patches.

However, this is not the only mechanism for ALP dark matter. It is possible that the PQ symme-
try is explicitly broken at high energies which tilts the mexican-hat potential such that the angular
part of the PQ field obtains a large kick in early universe. This is known as the kinetic misalignment

mechanism [1]. In this case, the initial condition for the homogeneous mode is modified by

1
2

Q̇2
i
� 2m

2(Ti). kinetic misalignment mechanism (9)

The physical meaning of this initial condition is that the ALP field has a very large initial kinetic
energy such that it goes over many barriers before it got stuck in one of the minimums. The
trapping occurs when the energy of the ALP field falls below the height of the barrier:

rf(T⇤) =
1
2

f
2Q̇2(T⇤) + m

2(T⇤) f
2[1 � cos(Q(T⇤))] = 2m

2(T⇤) f
2[1 � cos(Q(T⇤))], (10)

where the temperature T⇤ is defined by this equation and denoted the temperature at which the
field is trapped by the barrier. For later convenience we introduce the parameter e(t) which is
defined by

e(t) ⌘
rf

2m2(t) f 2 =
1
4

Q̇2

m2(t)
+ sin2

✓
Q
2

◆
. (11)

2 Classification based on the cosmic history before trapping

2.1 Overview of the regions

Based on the evolution of the ALP field before it gets trapped by the potential, there are four dif-
ferent scenarios:

1. Strong axion fragmentation: The ALP field is completely fragmented before it gets trapped
by the potential.

2. Weak axion fragmentation: The fragmentation is active for a while before the field gets
trapped, but it is weak.

3. Kinetic misalignment: The fragmentation does not happen, but the ALP field has a non-
zero initial velocity, such that the onset of oscillations is delayed.

4. Regular misalignment: Even though the ALP field might have some initial velocity, it is not
sufficient to overcome many barriers, so conventional misalignment mechanism is at play.
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-> kinetic misalignment mechanism
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Figure 6: A complex-scalar field evolution in nearly-quadratic or quartic, with spontaneous U(1)-
breaking, potential, assuming the initial rotation is generated via the explicit breaking term. The corre-
sponding parameters defining each stages are as table of 1. Moreover, the U(1)-conserving interaction
is included and allows the field with elliptic motion, stage II, to settle at its minimum with circular orbit,
from stage III to IV.

I. Field frozen H > me↵,� � = �osc ⇢ / a0

II. Field oscillation and rotation me↵ � H > �
�osc > � > f ⇢ / a�3 or a�4

III. Field rotation me↵,� > HIV. Field rotation at minimum � = f ⇢ / a�6

Table 1: Stages of complex-scalar field evolution in U(1)-symmetric potential, corresponding to figure
6, are determined by the Huuble rate H, the e↵ective mass me↵, the U(1)-conserving interaction rate �,
the radial field-value �, and the scaling of energy density ⇢. The oscillation and the rotation mean radial
and angular motion of the field, respectively.
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QCD instantons generate the axion potential (U(1)PQxSU(3)C2 anomaly) 
hence axion physics is fully IR determined

QCD axion

Now, we consider the contribution to the vacuum energy density when the Yang-Mills La-

grangian (again in Minkowski metric) includes a ⇥ term,

L = �
1

4
Ga

µ⌫G
µ⌫,a +⇥

g2s
32⇡2

Ga
µ⌫G̃

a, µ⌫ . (23)

The only e↵ect on the previous computation is a new factor of ei ⇥ (n+�n�) in Eq. (19), since the

GG̃ term integrates to a net topological winding number. Carrying this through, the sum over net

winding number in Eq. (20) now evaluates to

exp (�E V · T ) ' exp

�
ei ⇥ + e�i ⇥

� Z
d4x0

Z
d⇢

⇢5
C

1

g8
exp

⇥
�8⇡2/g2(⇢)

⇤�
, (24)

and we obtain the vacuum energy density expression

E = �2 cos⇥

Z
d⇢

⇢5
C

1

g8
exp

⇥
�8⇡2/g2(⇢)

⇤
. (25)

Given the integral over instanton size is evaluated with an infrared cuto↵, the vacuum energy

density induced by instanton configurations in the dilute instanton gas approximation has a cosine

dependence on ⇥. We can now distill the PQ mechanism into simple energetics: by coupling

the QCD axion to this non-perturbatively generated vacuum potential, the axion field acquires a

vacuum expectation value that cancels the ⇥ parameter in Eq. (23), solving the strong CP problem.

IV. THE STRONG CP PROBLEM IN THE STANDARD MODEL AND THE AXION

SOLUTION

In the Standard Model, the non-observation of an electric dipole moment (EDM) for the neutron

puts severe constraints on the ⇥̄ parameter,

⇥̄ ⌘ ⇥+ arg detYuYd , (26)

where ⇥ is the same parameter as in the Yang-Mills Lagrangian Eq. (23) and Yu and Yd are the

(unknown) original Yukawa matrices for up and down quarks in the Standard Model (SM).

The current constraint on the neutron EDM comes from the nEDM collaboration, with |dn| <

1.8 ⇥ 10�26 e cm [15]. Following Ref. [16], this upper bound constrains the ⇥̄ parameter since

dn = CEDMe⇥̄, where CEDM = 2.4⇥ 10�16 in the SM. As a result, the current nEDM upper bound

leads to

⇥̄ < 7.5⇥ 10�11 , (27)

which quantifies the strong CP problem. Returning to Eq. (26), we emphasize that ⇥̄ has two

profoundly distinct origins. First, the ⇥ parameter of QCD has a domain (�⇡,⇡], and thus would

generally be expected to be an O(1) number. Second, the Yu and Yd matrices are similarly not
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vacuum energy

[minium at θ=0 as expected]

QCD is asymptotically free: integral is dominated by IR (large instantons)

η’QCD      

with how many different sources of (instanton) masses 

a 1 a 2 a 3 ……

G’ G’ G’’G’’ ……
~ ~

QCD other sources of instantons 

Nps :

Ninst :

If   Nps  ≦   Ninst    all axions heavy  

With only QCD:

—> “Invisible axion”  

 one combination 
must be (almost) massless

The tiny axion mass is due to mixing 
with  η’  and  pion: 

relation independent of the UV axion model

                            How come the QCD axion mass is NOT ~ΛQCD               

Because two pseudo scalars couple to the QCD anomalous current :

Once we know fa, we know (almost) everything about axion physics (mass, couplings to SM…)
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goal: introduce freedom in axion physics while still solving strong CP

• change QCD running such that small instantons can contribute

f M4
P e�

2⇡
↵s(MP )
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Figure 3: The axion mass ratio for the boundary fermions case (assuming ↵s(mZ) =
0.118), as a function of 1/R for various contours of ✏ = (0.3, 0.25, 0.2) (top to bottom).

The solid lines are the exact results obtained from a numerical integration of (8) and no

higher dimension terms (c6 = 0). The green dashed line represents the addition of the

higher dimension term (11) with c6 = 0.5 and ✏ = 0.52 (0.47) for the upper (lower) line.

The red line depicts the maximum enhancement in the strong coupling limit using ma,5f .

masses and Nf the number of flavors. However since the fermion masses in the SM arise
from a Higgs mechanism, the fermion legs in an instanton vacuum diagram can be closed
with a Higgs loop FIGURE?. This is one of the ingredients leading to the enhancement
of axion mass in the 4D moose models of [24, 25], as well as in our 5D model. Thus the
suppression is only proportional to the Yukawa couplings and loop factors, namely:

f =
yu
4⇡

yd
4⇡

yc
4⇡

ys
4⇡

yt
4⇡

yb
4⇡

⇡ 10�23 , (22)

where yu,d,c,s,t,b are the SM Yukawa couplings. With the introduction of fermions the
axion mass low-energy contribution can be unambiguously determined from QCD chiral
perturbation theory to be [2, 30],

m2
a,QCD =

mumd

(mu +md)2
m2

⇡f
2
⇡

f 2
, (23)

where m⇡ ' 135 MeV, f⇡ ' 92 MeV, and mu/md ' 0.46. Using the result (10) with
b0 = 7 and including the factor (22), the axion mass ratio becomes:
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Inst

Simplest model:

• color scalars 
• extra-dimension

• change confining gauge group

• SU(3)n→SU(3)QCD 
• Mirror world

• mixing among several axions

⇒ heavier axion (for fixed fa)

m2
af

2
a = m2

⇡f
2
⇡/n ⇒ lighter axion (for fixed fa)

Dimopoulos++ ‘16

Agrawal+ ‘17 Hook ‘18

→ also alleviates the axion quality problem

Gavela++ ‘23

QCD axion model building
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goal: introduce freedom in axion physics while still solving strong CP

• change QCD running such that small instantons can contribute
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Figure 3: The axion mass ratio for the boundary fermions case (assuming ↵s(mZ) =
0.118), as a function of 1/R for various contours of ✏ = (0.3, 0.25, 0.2) (top to bottom).

The solid lines are the exact results obtained from a numerical integration of (8) and no

higher dimension terms (c6 = 0). The green dashed line represents the addition of the

higher dimension term (11) with c6 = 0.5 and ✏ = 0.52 (0.47) for the upper (lower) line.

The red line depicts the maximum enhancement in the strong coupling limit using ma,5f .

masses and Nf the number of flavors. However since the fermion masses in the SM arise
from a Higgs mechanism, the fermion legs in an instanton vacuum diagram can be closed
with a Higgs loop FIGURE?. This is one of the ingredients leading to the enhancement
of axion mass in the 4D moose models of [24, 25], as well as in our 5D model. Thus the
suppression is only proportional to the Yukawa couplings and loop factors, namely:
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where yu,d,c,s,t,b are the SM Yukawa couplings. With the introduction of fermions the
axion mass low-energy contribution can be unambiguously determined from QCD chiral
perturbation theory to be [2, 30],
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, (23)

where m⇡ ' 135 MeV, f⇡ ' 92 MeV, and mu/md ' 0.46. Using the result (10) with
b0 = 7 and including the factor (22), the axion mass ratio becomes:
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Inst

Simplest model:

• color scalars 
• extra-dimension

• change confining gauge group

• SU(3)n→SU(3)QCD 
• Mirror world

• mixing among several axions

⇒ heavier axion (for fixed fa)

m2
af

2
a = m2

⇡f
2
⇡/n ⇒ lighter axion (for fixed fa)

Dimopoulos++ ‘16

Agrawal+ ‘17 Hook ‘18

→ also alleviates the axion quality problem

Gavela++ ‘23

many models with different characteristic scales ⇒ large experimental programme 
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QCD axion model building

https://arxiv.org/abs/1606.03097
https://arxiv.org/abs/1710.04213
http://arxiv.org/abs/1802.10093
https://arxiv.org/abs/1606.03097
https://cajohare.github.io/AxionLimits/
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goal: introduce freedom in axion physics while still solving strong CP

• change QCD running such that small instantons can contribute
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masses and Nf the number of flavors. However since the fermion masses in the SM arise
from a Higgs mechanism, the fermion legs in an instanton vacuum diagram can be closed
with a Higgs loop FIGURE?. This is one of the ingredients leading to the enhancement
of axion mass in the 4D moose models of [24, 25], as well as in our 5D model. Thus the
suppression is only proportional to the Yukawa couplings and loop factors, namely:
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where yu,d,c,s,t,b are the SM Yukawa couplings. With the introduction of fermions the
axion mass low-energy contribution can be unambiguously determined from QCD chiral
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Inst

Simplest model:

• color scalars 
• extra-dimension

• change confining gauge group

• SU(3)n→SU(3)QCD 
• Mirror world

• mixing among several axions

⇒ heavier axion (for fixed fa)

m2
af

2
a = m2

⇡f
2
⇡/n ⇒ lighter axion (for fixed fa)

Dimopoulos++ ‘16

Agrawal+ ‘17 Hook ‘18

→ also alleviates the axion quality problem

Gavela++ ‘23

NEW EXPERIMENTAL FRONTIER
axion searches through GW observation

(see lecture by Valerie)

QCD axion model building

https://arxiv.org/abs/1606.03097
https://arxiv.org/abs/1710.04213
http://arxiv.org/abs/1802.10093
https://arxiv.org/abs/1606.03097
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goal: introduce freedom in axion physics while still solving strong CP

• change QCD running such that small instantons can contribute

f M4
P e�

2⇡
↵s(MP )
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Extra color scalars  ☛ freezing αs at the TeV 

ΛQCD MP

αs

E
MZ
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Figure 3: The axion mass ratio for the boundary fermions case (assuming ↵s(mZ) =
0.118), as a function of 1/R for various contours of ✏ = (0.3, 0.25, 0.2) (top to bottom).

The solid lines are the exact results obtained from a numerical integration of (8) and no

higher dimension terms (c6 = 0). The green dashed line represents the addition of the

higher dimension term (11) with c6 = 0.5 and ✏ = 0.52 (0.47) for the upper (lower) line.

The red line depicts the maximum enhancement in the strong coupling limit using ma,5f .

masses and Nf the number of flavors. However since the fermion masses in the SM arise
from a Higgs mechanism, the fermion legs in an instanton vacuum diagram can be closed
with a Higgs loop FIGURE?. This is one of the ingredients leading to the enhancement
of axion mass in the 4D moose models of [24, 25], as well as in our 5D model. Thus the
suppression is only proportional to the Yukawa couplings and loop factors, namely:
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where yu,d,c,s,t,b are the SM Yukawa couplings. With the introduction of fermions the
axion mass low-energy contribution can be unambiguously determined from QCD chiral
perturbation theory to be [2, 30],

m2
a,QCD =
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where m⇡ ' 135 MeV, f⇡ ' 92 MeV, and mu/md ' 0.46. Using the result (10) with
b0 = 7 and including the factor (22), the axion mass ratio becomes:
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The red line depicts the maximum enhancement in the strong coupling limit using ma,5f .

masses and Nf the number of flavors. However since the fermion masses in the SM arise
from a Higgs mechanism, the fermion legs in an instanton vacuum diagram can be closed
with a Higgs loop FIGURE?. This is one of the ingredients leading to the enhancement
of axion mass in the 4D moose models of [24, 25], as well as in our 5D model. Thus the
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Inst

Simplest model:

• color scalars 
• extra-dimension

• change confining gauge group

• SU(3)n→SU(3)QCD 
• Mirror world

• mixing among several axions

⇒ heavier axion (for fixed fa)

m2
af

2
a = m2

⇡f
2
⇡/n ⇒ lighter axion (for fixed fa)

Dimopoulos++ ‘16

Agrawal+ ‘17 Hook ‘18

→ also alleviates the axion quality problem

Gavela++ ‘23

NEW EXPERIMENTAL FRONTIER
axion searches through GW observation

(see lecture by Valerie)

WARNING
all (but one if we are lucky) these experiments won’t find anything!

Incarnation of Pascal’s bet:
0 x ∞ can be finite.

QCD axion model building

https://arxiv.org/abs/1606.03097
https://arxiv.org/abs/1710.04213
http://arxiv.org/abs/1802.10093
https://arxiv.org/abs/1606.03097
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goal: introduce freedom in axion physics while still solving strong CP

• change QCD running such that small instantons can contribute

f M4
P e�

2⇡
↵s(MP )
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Extra color scalars  ☛ freezing αs at the TeV 

ΛQCD MP

αs

E
MZ
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Figure 3: The axion mass ratio for the boundary fermions case (assuming ↵s(mZ) =
0.118), as a function of 1/R for various contours of ✏ = (0.3, 0.25, 0.2) (top to bottom).

The solid lines are the exact results obtained from a numerical integration of (8) and no

higher dimension terms (c6 = 0). The green dashed line represents the addition of the

higher dimension term (11) with c6 = 0.5 and ✏ = 0.52 (0.47) for the upper (lower) line.

The red line depicts the maximum enhancement in the strong coupling limit using ma,5f .

masses and Nf the number of flavors. However since the fermion masses in the SM arise
from a Higgs mechanism, the fermion legs in an instanton vacuum diagram can be closed
with a Higgs loop FIGURE?. This is one of the ingredients leading to the enhancement
of axion mass in the 4D moose models of [24, 25], as well as in our 5D model. Thus the
suppression is only proportional to the Yukawa couplings and loop factors, namely:

f =
yu
4⇡

yd
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yt
4⇡
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⇡ 10�23 , (22)

where yu,d,c,s,t,b are the SM Yukawa couplings. With the introduction of fermions the
axion mass low-energy contribution can be unambiguously determined from QCD chiral
perturbation theory to be [2, 30],

m2
a,QCD =

mumd

(mu +md)2
m2

⇡f
2
⇡

f 2
, (23)

where m⇡ ' 135 MeV, f⇡ ' 92 MeV, and mu/md ' 0.46. Using the result (10) with
b0 = 7 and including the factor (22), the axion mass ratio becomes:
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• Mirror world

• mixing among several axions

⇒ heavier axion (for fixed fa)

m2
af

2
a = m2

⇡f
2
⇡/n ⇒ lighter axion (for fixed fa)

Dimopoulos++ ‘16

Agrawal+ ‘17 Hook ‘18

→ also alleviates the axion quality problem

Gavela++ ‘23

NEW EXPERIMENTAL FRONTIER
axion searches through GW observation

(see lecture by Valerie)

WARNING
all (but one if we are lucky) these experiments won’t find anything!

Incarnation of Pascal’s bet:
0 x ∞ can be finite.

Axion physics is a playground to learn about non-perturbative QFT physics
(confinement, anomaly, instantons…).

But, relying on (approximate) global symmetries in the first place, 
axions are also a laboratory of Quantum Gravity. 

How global symmetries are broken by gravitational effects?
Axion quality problem!

Superradiance is another fascinating effect connecting axion and gravity
(but I won’t talk about it today).

QCD axion model building

https://arxiv.org/abs/1606.03097
https://arxiv.org/abs/1710.04213
http://arxiv.org/abs/1802.10093
https://arxiv.org/abs/1606.03097
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Particle Physics & Quantum Gravity
Can the SM be embedded in a theory of quantum gravity at the Planck scale?

Can QG be really decoupled at low energy?
Would certainly be true if any QFT can be consistently coupled to QG
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8

SM

Landscape

Swampland

Regions in SM 
parameter space 

forbidden

Instead Vafa conjectured in 2005 that there exists a swampland 

This conjecture has potentially far-reaching implications for phenomenology.

https://indico.cern.ch/event/689399/contributions/2953687/attachments/1694568/2727259/SUSY-2018.pdf
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Landscape/Swampland Conjectures
1) No exact global symmetry For a review, see Banks, Seiberg ‘10

2) Gravity is the weakest force

In any UV complete U(1) gauge theory there must exist at least one charged particle 
with mass M such that: M/MP < g . q

Arkani-Hamed, Motl, Nicolis, Vafa ‘06

Why? otherwise extremal charged BH cannot decay!

BH

Q=M

q1, M1

q2=M2

BH can decay iff M1+M2<M, i.e. M1<M-M2=Q-q2=q1

Black-holes decay without memory of global charges

http://arxiv.org/abs/arXiv:1011.5120
http://arxiv.org/abs/hep-th/0601001
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• Pure positive cosmological constant, i.e. vacuum energy, (dS vacuum) is forbidden 

• Quintessence: 

• Quintessence + Higgs: 
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Swampland Conjectures
3)                                     with c is O(1) for any field configurationMP k ~5�i

V (�i) k> cV (�i)

Obied, Ooguri, Spodyneiko, Vafa ’18

⇤4

⇤4 + �v4 + V0
@(H = 0,� = 0)

⇤4

⇤4 + V0

@(H = v,� = 0)

at least one of them is as small as

O

✓
cc

EW4

◆
⇠

(10�3 eV)4

(100GeV)4
⇠ 10�56

V (H,�) = ⇤4
e
��/MP + �(|H|2 � v

2)2 + V0

V (�) = ⇤4e��/MP
0.6 >  > c

Planck data swampland conjecture

Agrawal, Obied, Steinhart, Rafa ‘18

Denef, Hebecker, Wrase ‘18

MP k ~5�i
V (�i) k

V (�i)
=

V (�, H) = e
��/MP

�
V (H) + ⇤4

cc

� Higgs-quintessence 
coupling 

⇒ 5th force signal

quintessence-axion coupling needed V (✓,�) = ⇤4e��/MP + ⇤4
QCD(1� cos(✓/f)) + V0

⇤4

⇤4 + V0
@(✓ = 0,� = 0)

⇤4

⇤4 + ⇤4
QCD + V0

@(✓ = ⇡f,� = 0)

at least one of them is as small as

O

✓
cc

QCD4

◆
⇠

(10�3 eV)4

(200MeV)4
⇠ 10�44

Murayama, Yamazaki, Yanagida ‘18

MP k ~5�i
V (�i) k

V (�i)
=

• Quintessence + axion:

http://arxiv.org/abs/hep-th/0601001
http://arxiv.org/abs/1806.09718
http://arxiv.org/abs/arXiv:1807.06581
http://arxiv.org/abs/arXiv:1809.00478
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Swampland Conjectures
3)                                     with c is O(1) for any field configurationMP k ~5�i
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2)2 + V0

V (�) = ⇤4e��/MP
0.6 >  > c

Planck data swampland conjecture

Agrawal, Obied, Steinhart, Rafa ‘18

Denef, Hebecker, Wrase ‘18

MP k ~5�i
V (�i) k

V (�i)
=

V (�, H) = e
��/MP

�
V (H) + ⇤4

cc

� Higgs-quintessence 
coupling 

⇒ 5th force signal

quintessence-axion coupling needed V (✓,�) = ⇤4e��/MP + ⇤4
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MP k ~5�i
V (�i) k

V (�i)
=

• Quintessence + axion:

It is not that String Theory rules out the SM as we know it.
But non-trivial interactions among seemingly decoupled sectors must exist:

UV enforces interactions among IR degrees of freedom,
like anomaly conditions enforce constraints on IR physics.

http://arxiv.org/abs/hep-th/0601001
http://arxiv.org/abs/1806.09718
http://arxiv.org/abs/arXiv:1807.06581
http://arxiv.org/abs/arXiv:1809.00478
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New Perspectives on BSM

Hierarchy 
Problem

Dark 
Energy

Dark 
Matter

Neutrino 
Mass

Flavor 
Puzzle

Strong CP 
Problem

Baryon 
Asymmetry

1. The more rigorous the conjecture, the less powerful for BSM. 
2. Assumptions are required, so you need new predictions.

Two rules of thumb for 
applying SCs to BSM:

WGC: Bound Higgs vev 
controlling mass of WGC particle 

[Cheung, Remmen ’14; NC, 
Garcia Garcia, Koren ’19]

Non-SUSY AdS Conjecture: 
Avoiding SM AdS vacua bounds 

neutrino mass, Higgs vev 
[Ibáñez, Martín-Lozano, 

Valenzuela ’17]

Festina Lente: Electron mass 
forbids  

[Montero, Van Riet, Venken ’19]
ρΛ ≳ 10−90M4

Pl

RdSC: Bound Higgs vev by avoiding 
metastable QCD vacua 

[March-Russell, Petrossian-Byrne ’20]

Your Idea Here

Your Idea Here

No Global Symmetries: 
Breaking of Chern-Weil 
symmetries favors high-

quality axions [Heidenreich, 
McNamara, Montero, Reece, 

Rudelius, Valenzuela ’20]
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https://eventos.uam.es/file_manager/getFile/145952.html
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New Perspectives on BSM

Hierarchy 
Problem

Dark 
Energy

Dark 
Matter

Neutrino 
Mass

Flavor 
Puzzle

Strong CP 
Problem

Baryon 
Asymmetry

RdSC: Quark masses 
constrained by 

metastable vacua 
[March-Russell, 

Petrossian-Byrne ’20]

Your Idea Here

Your Idea Here

Non-SUSY AdS Vacua,  
AdS distance conjecture: 

Neutrino masses bounded by 
vacuum energy 

[Ibáñez, Martín-Lozano, 
Valenzuela ’17; Gonzalo, 
Ibáñez, Valenzuela ‘21] 

Distance conjecture:  
Fading dark matter 

[Agrawal, Obied, Vafa ’19]
RdSC & TCC:  
Dark dimension 

gravitons as dark matter 
[Gonzalo, Montero, 

Obied, Vafa ’19]

Your Idea Here

Your Idea Here
22
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Axion/ALP Power Counting
Axion/ALP=Goldstone boson → shift-symmetry
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couplings, whose fermionic sector reads

LSM ⊃ �
 ∈SM

i ̄ �D − �Q̄YuH̃u + Q̄YdHd + L̄YeHe + h.c.� . (1.2)

Our main goal is then to revisit the conditions for these couplings to be interpreted as the
shift-invariant couplings of an axion, and to quantify the deviations from such conditions.

The common answer to the first part of the question is that one should be able to
capture those interactions using the following Lagrangian (see [53, 54] for a discussion of
redundant operators),

L = LSM +
1

2
(@µa) (@

µ
a) +

@µa

f
�

 ∈SM
 ̄c �

µ
 +O �

1

f2
� , (1.3)

where the sum runs over all Weyl fermion multiplets of the SM and the c are hermitian
matrices in flavor space. The Lagrangian of Eq. (1.3) makes the axion shift symmetry
a → a + ✏f manifest. Then, one can map the couplings of Eq. (1.3) onto those of Eq. (1.1)
via field redefinitions [53, 55], in order to describe shift-invariant couplings using Eq. (1.1).
For this mapping procedure to be possible, constraints must hold on the Ỹ couplings of
Eq. (1.1) [53, 55]. These constraints can also be understood only in terms of the operator
basis of Eq. (1.1), where the shift invariance is never manifest: they allow one to absorb an
axion shift via appropriate field redefinitions [53].

Unfortunately, these conditions are implicit : given a set of couplings, one has to check
whether a set of equations can be solved (we will review this approach in more details
later on). In addition, they do not allow to differentiate between approximate and badly
broken shift symmetries, nor to identify a power counting parameter which suppresses the
breaking. Instead, we will present explicit conditions on the Wilson coefficients of Eq. (1.1),
which can be directly evaluated given a set of couplings and immediately yield an answer.
Therefore, such conditions define quantities which vanish iff the axion shift symmetry is
preserved, and whose size quantifies how badly it is broken, hence those quantities are order
parameters of the breaking of the axion shift symmetry.

This is very similar in spirit to finding the Jarlskog invariant for CP-violation in the
SM [56, 57] instead of scanning possible field redefinitions which absorb unphysical complex
Lagrangian parameters. It may therefore not come as a surprise that our conditions are
expressed in terms of flavor-invariants, namely combinations of Lagrangian parameters
which are left unchanged under flavor field redefinitions. This allows us to encode the
physical collective effects associated to the presence or absence of the axion shift symmetry.

Beyond explicit axion couplings to fermions, the CP-even axion-gauge bosons couplings
are also flavorful when the PQ and the gauge symmetries have mixed anomalies. They do
not break the shift symmetry at the perturbative level, but the gluon coupling does so at
the non-perturbative level, as is crucial in QCD axion solutions to the strong CP problem.
Therefore, we also study the order parameter for this non-perturbative breaking.

The organisation of the paper is as follows. In Section 2, we present flavor-invariant
order parameters for the breaking of the axion shift-symmetry: we first identify conditions
in a given flavor basis, which we then rephrase in a flavor-invariant language. We then
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hermitian matrices

(26 CP-even and 13 CP-odd couplings)

But shift-symmetry cannot be exact (PQ as approximate symmetry)

What are the allowed couplings of an ALP after (soft) breaking of shift-symmetry?

1 Introduction

Axions, which we take here to be any sort of pseudo-Nambu–Goldstone bosons (pNGBs), are
leading candidates for physics beyond the Standard Model (SM). Indeed, they are predicted
by several well-motivated extensions of the SM, and help solving many issues at once, first
of which the strong-CP [1–8] and dark matter problems [9–11] (see [12] for a recent review
of axion physics). Their pNGB nature is rooted in the presence of an approximate shift
symmetry of the axion field, which we also refer to as a Peccei–Quinn (PQ) symmetry. The
symmetry allows, for instance, QCD axions to receive their mass mostly from QCD or fuzzy
axion dark matter to be ultra-light. These features are inherited from the parametrically-
close presence of a shift symmetric point, and are sharper when we approach it. However,
there are several reasons to study the surroundings of that point and allow for some amount
of shift breaking. First, quantum gravity objects to exact global symmetries and is expected
to generate irreducible corrections to axion potentials and interactions [13–15]. The need
to suppress these gravitational shift-breaking contributions is present in any pNGB model,
and goes under the name of axion quality problem. Second, there are cases where shift-
breaking is a key aspect of model building: for instance, a slight amount of shift-breaking is
responsible for the scanning of the Higgs mass and the resolution of the hierarchy problem
in relaxion models [16]. Therefore, considering shift-breaking ALP interactions seems to be
necessary to make contact with theory and phenomenology.

Consequently, it is important to clearly pinpoint the presence of physical shift-symmetry-
breaking couplings, as well as to quantify their magnitude. The way to do this depends on
the precise framework used to describe the axion couplings. For instance, one could study a
precise UV model containing a pseudoscalar. Instead, we work here at the level of effective
couplings to SM fields, because effective field theories are the appropriate tools to encode
axion interactions with SM particles, in a way which systematically captures and connects
all contributions of an axion to high-energy observables. Indeed, being pNGBs, axions are
generically light, hence they can be produced and contribute to processes at all energy scales
of interest for high-energy physics. In addition, they arise in very diverse UV models, and
can couple to all particles of the SM in all the ways compatible with their pNGB nature.
Therefore, in a bottom-up approach, their couplings are essentially free parameters, up to
the constraints imposed by the pNGB shift symmetry, which is precisely what an EFT
approach encodes. For these reasons, axion EFTs have been systematically studied since
the early days of axion physics [17, 18], and are for instance used in the context of flavor
physics [19–33] or LHC observables [34–52].

In this paper, we carry on the systematic study of the structural properties of axion
EFTs, with a focus on the breaking of axion shift-invariance due to the axion couplings to
SM fermions. We work in a non-redundant operator basis which captures the most generic
leading-order couplings of a light pseudoscalar a to SM fermions, namely

L = LSM +
1

2
(@µa) (@

µ
a) −

a

f
�Q̄ỸuH̃u + Q̄ỸdHd + L̄ỸeHe + h.c.� +O �

1

f2
� . (1.1)

where f is the axion decay constant (we henceforth take f � v, the electroweak scale),
Ỹu,d,e are generic complex matrices in flavor space, H̃ ≡ i�2

H
∗ and LSM contains the SM
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What is the power counting of these new couplings?

generic matrices

(27 CP-even and 25 CP-odd couplings)

What are the conditions to recover a shift-symmetry? 
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ALP Shift-Invariance Conditions
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Our main goal is then to revisit the conditions for these couplings to be interpreted as the
shift-invariant couplings of an axion, and to quantify the deviations from such conditions.

The common answer to the first part of the question is that one should be able to
capture those interactions using the following Lagrangian (see [53, 54] for a discussion of
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where the sum runs over all Weyl fermion multiplets of the SM and the c are hermitian
matrices in flavor space. The Lagrangian of Eq. (1.3) makes the axion shift symmetry
a → a + ✏f manifest. Then, one can map the couplings of Eq. (1.3) onto those of Eq. (1.1)
via field redefinitions [53, 55], in order to describe shift-invariant couplings using Eq. (1.1).
For this mapping procedure to be possible, constraints must hold on the Ỹ couplings of
Eq. (1.1) [53, 55]. These constraints can also be understood only in terms of the operator
basis of Eq. (1.1), where the shift invariance is never manifest: they allow one to absorb an
axion shift via appropriate field redefinitions [53].

Unfortunately, these conditions are implicit : given a set of couplings, one has to check
whether a set of equations can be solved (we will review this approach in more details
later on). In addition, they do not allow to differentiate between approximate and badly
broken shift symmetries, nor to identify a power counting parameter which suppresses the
breaking. Instead, we will present explicit conditions on the Wilson coefficients of Eq. (1.1),
which can be directly evaluated given a set of couplings and immediately yield an answer.
Therefore, such conditions define quantities which vanish iff the axion shift symmetry is
preserved, and whose size quantifies how badly it is broken, hence those quantities are order
parameters of the breaking of the axion shift symmetry.

This is very similar in spirit to finding the Jarlskog invariant for CP-violation in the
SM [56, 57] instead of scanning possible field redefinitions which absorb unphysical complex
Lagrangian parameters. It may therefore not come as a surprise that our conditions are
expressed in terms of flavor-invariants, namely combinations of Lagrangian parameters
which are left unchanged under flavor field redefinitions. This allows us to encode the
physical collective effects associated to the presence or absence of the axion shift symmetry.

Beyond explicit axion couplings to fermions, the CP-even axion-gauge bosons couplings
are also flavorful when the PQ and the gauge symmetries have mixed anomalies. They do
not break the shift symmetry at the perturbative level, but the gluon coupling does so at
the non-perturbative level, as is crucial in QCD axion solutions to the strong CP problem.
Therefore, we also study the order parameter for this non-perturbative breaking.

The organisation of the paper is as follows. In Section 2, we present flavor-invariant
order parameters for the breaking of the axion shift-symmetry: we first identify conditions
in a given flavor basis, which we then rephrase in a flavor-invariant language. We then
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1 Introduction

Axions, which we take here to be any sort of pseudo-Nambu–Goldstone bosons (pNGBs), are
leading candidates for physics beyond the Standard Model (SM). Indeed, they are predicted
by several well-motivated extensions of the SM, and help solving many issues at once, first
of which the strong-CP [1–8] and dark matter problems [9–11] (see [12] for a recent review
of axion physics). Their pNGB nature is rooted in the presence of an approximate shift
symmetry of the axion field, which we also refer to as a Peccei–Quinn (PQ) symmetry. The
symmetry allows, for instance, QCD axions to receive their mass mostly from QCD or fuzzy
axion dark matter to be ultra-light. These features are inherited from the parametrically-
close presence of a shift symmetric point, and are sharper when we approach it. However,
there are several reasons to study the surroundings of that point and allow for some amount
of shift breaking. First, quantum gravity objects to exact global symmetries and is expected
to generate irreducible corrections to axion potentials and interactions [13–15]. The need
to suppress these gravitational shift-breaking contributions is present in any pNGB model,
and goes under the name of axion quality problem. Second, there are cases where shift-
breaking is a key aspect of model building: for instance, a slight amount of shift-breaking is
responsible for the scanning of the Higgs mass and the resolution of the hierarchy problem
in relaxion models [16]. Therefore, considering shift-breaking ALP interactions seems to be
necessary to make contact with theory and phenomenology.

Consequently, it is important to clearly pinpoint the presence of physical shift-symmetry-
breaking couplings, as well as to quantify their magnitude. The way to do this depends on
the precise framework used to describe the axion couplings. For instance, one could study a
precise UV model containing a pseudoscalar. Instead, we work here at the level of effective
couplings to SM fields, because effective field theories are the appropriate tools to encode
axion interactions with SM particles, in a way which systematically captures and connects
all contributions of an axion to high-energy observables. Indeed, being pNGBs, axions are
generically light, hence they can be produced and contribute to processes at all energy scales
of interest for high-energy physics. In addition, they arise in very diverse UV models, and
can couple to all particles of the SM in all the ways compatible with their pNGB nature.
Therefore, in a bottom-up approach, their couplings are essentially free parameters, up to
the constraints imposed by the pNGB shift symmetry, which is precisely what an EFT
approach encodes. For these reasons, axion EFTs have been systematically studied since
the early days of axion physics [17, 18], and are for instance used in the context of flavor
physics [19–33] or LHC observables [34–52].

In this paper, we carry on the systematic study of the structural properties of axion
EFTs, with a focus on the breaking of axion shift-invariance due to the axion couplings to
SM fermions. We work in a non-redundant operator basis which captures the most generic
leading-order couplings of a light pseudoscalar a to SM fermions, namely
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discuss illustrative examples and properties in Section 3: we compute the invariants as-
sociated to specific UV models (Section 3.1), we study the CP-parities of the invariants
(Section 3.2), and we repeat their derivation in the low-energy below the electroweak scale
(Section 3.3), emphasizing the connection to UV completions which realize non-linearly the
electroweak symmetry. In Section 4, we study the renormalization group (RG) running of
the invariants. First, we show in Section 4.1 that the linear space which they generate is
RG-closed, as it should for any complete set of order parameters. We perform a similar
analysis below the electroweak scale in Section 4.2, and show that matching conditions to
a UV theory which realizes the electroweak symmetry linearly are conserved by the RG
flow at leading order. Therefore, they can be used when analyzing low-energy observables,
such as electric dipole moments (EDM). We end in Section 4.3 by exhibiting sum-rules on
the axion-induced RG running in the Standard Model Effective Field Theory (SMEFT),
which can shed light on the axion properties from observing the SMEFT RG runing. Last,
Section 5 discusses the invariant associated to the non-perturbative shift-breaking induced
by the axion-gluon coupling, which receives a contribution from flavored couplings when
navigating between the bases of Eqs. (1.1)-(1.3), as well as its RG running. Finally, we
conclude in Section 6. Some appendices complete the paper. Appendix A presents matrix
relations which we used to construct the invariants. Appendix B discusses the fate of the
axion shift-symmetry at remarkable points of the parameter space of the SM, e.g. where
fermion masses are degenerate or the CKM matrix possesses texture zeros, which require
the use of flavor-invariants non-linear in the axion couplings, discussed in Appendix C.
Eventually, Appendix D gives more details on the RGEs used in Section 5.

2 Flavor-invariant order parameters for the breaking of an axion shift
symmetry

In this section, we ask the following questions: given a set of couplings Ỹu,d,e in the operator
basis of Eq. (1.1), under which conditions do they describe the couplings of a shift-symmetric
axion? And if they do not, which are the order parameters of shift-symmetry breaking?

A partial answer has been long known: when the shift symmetry of the axion is exact,
it is possible to express the axion-fermion interactions using the Lagrangian of Eq. (1.3).
Integrating by parts and using the fermionic equations of motion of the SM, one finds that
the Lagrangian in Eq. (1.1) can arise from a Lagrangian of the form given in Eq. (1.3) when1

∃cQ,u,d,L,e hermitian, such that: Ỹu,d = i(Yu,dcu,d − cQYu,d) , Ỹe = i(Yece − cLYe) . (2.1)

1
Strictly speaking, one should consider that there could exist a flavor transformation which sends Ỹu,d,e

to that in Eq. (2.1) without changing the Yukawa couplings (that happens when those are invariant under

a subset flavor transformations, such as the usual baryon and three lepton numbers). However, explicitly

taking this into account is unnecessary, since it amounts to redefining cL,e,Q,u,d. In addition, although we

do not write the bosonic couplings of the axion to the Higgs or the gauge fields explicitly, we assume that

the basis of Eqs. (1.1)-(1.3) do not contain redundant operators such as @µa �iH
†
D

µ
H + h.c.�, which merely

amounts to shifting the value of the fermionic Wilson coefficients. Finally, shift symmetry correlates the

O(1�f2
) couplings involving two axion fields and those at O(1�f), and similarly for higher-point couplings.

In this paper, we only focus on the constraints at O(1�f).
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Ỹe,ii, arg(Ỹe,ij Ỹe,ji) (i < j), �Ỹe,ij � and arg(Ỹe,12Ỹe,23Ỹe,31). They amount to 16 independent
quantities, 7 CP-odd and 9 CP-even. In the quark sector, all parameters are physical and
one finds 2 × 9 = 18 CP-even and 2 × 9 = 18 CP-odd couplings in the quark sector. When
the shift-symmetry is exact, we can start in the explicitly shift-invariant basis of Eq. (1.3),
where there are 2 hermitian matrices cL,e in the lepton sector and 3 hermitian matrices
cQ,u,d in the quark sector parametrizing all couplings to fermions. The lepton number
rephasings can be again used to remove two phases3. Furthermore, there exists a freedom
in the derivative basis, associated to the addition of the operator @µaJµ, for any conserved
fermionic current of the SM J

µ [54]. This operator does not induce any physical effect, as
it can be removed (at O(1�f)) thanks to an axion-dependent flavor transformation. Given
that there is an exact baryon number U(1)B symmetry in the quark sector and the U(1)Li

symmetries in the lepton sector, one can remove one diagonal entry of either cQ, cu and
three out of cL,e. This leads us to count 9 CP-even and 4 CP-odd couplings in the lepton
sector, as well as 17 CP-even and 9 CP-odd couplings in the quark sector. Hence, we expect
3 CP-odd relations in the lepton sector together with 9 CP-odd and 1 CP-even relation in
the quark sector that characterize the presence of a shift symmetry in the basis of Eq. (1.1).
We summarize the different countings in Table 1.

Shift-symmetric Wilson coefficients cQ,u,d,L,e Generic Wilson coefficients Ỹu,d,e Number of constraints
CP-even CP-odd CP-even CP-odd CP-even CP-odd

Quark sector 17 9 18 18 1 9
Lepton sector 9 4 9 7 0 3

Table 1: Number of physical coefficients at dimension-five in the EFTs of Eq. (1.3) and Eq. (1.1) (see the

text for details), and numbers of constraints that Ỹu,d,e need to verify to respect an exact shift invariance.

2.2 Flavor invariants in the lepton sector

Let us now derive those relations. We start with the lepton case, where the constraints
are simpler. As already mentioned, there exists a field redefinition which maps Eq. (1.3) to
Eq. (1.1), with [53, 55]

Ỹe = i(Yece − cLYe) (2.3)

in particular. For non-vanishing lepton masses, Ye is invertible and one can solve for ce,

ce = −iY
−1
e
�Ỹe + icLYe� . (2.4)

Imposing that ce should be hermitian leads to constraints, here expressed in a flavor basis
where Ye is diagonal and real,

∃cL hermitian s.t.
Ỹe,ij

ye,i

+
Ỹ
∗
e,ji

ye,j

+ icL,ij �
ye,j

ye,i

−
ye,i

ye,j

� = 0 ∀i, j . (2.5)

When i = j, cL disappears from the expression and one finds constraints on Ỹe, namely that
Ỹe,ii is purely imaginary. The constraints where i < j and i > j are complex conjugates of

3
The rephasing-invariants now read cL�e,ii, �cL�e,ij � (i < j), arg(ce,ijcL,ji) (i < j) and arg(cL,12cL,23cL,31).
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quantities, 7 CP-odd and 9 CP-even. In the quark sector, all parameters are physical and
one finds 2 × 9 = 18 CP-even and 2 × 9 = 18 CP-odd couplings in the quark sector. When
the shift-symmetry is exact, we can start in the explicitly shift-invariant basis of Eq. (1.3),
where there are 2 hermitian matrices cL,e in the lepton sector and 3 hermitian matrices
cQ,u,d in the quark sector parametrizing all couplings to fermions. The lepton number
rephasings can be again used to remove two phases3. Furthermore, there exists a freedom
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three out of cL,e. This leads us to count 9 CP-even and 4 CP-odd couplings in the lepton
sector, as well as 17 CP-even and 9 CP-odd couplings in the quark sector. Hence, we expect
3 CP-odd relations in the lepton sector together with 9 CP-odd and 1 CP-even relation in
the quark sector that characterize the presence of a shift symmetry in the basis of Eq. (1.1).
We summarize the different countings in Table 1.
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CP-even CP-odd CP-even CP-odd CP-even CP-odd

Quark sector 17 9 18 18 1 9
Lepton sector 9 4 9 7 0 3

Table 1: Number of physical coefficients at dimension-five in the EFTs of Eq. (1.3) and Eq. (1.1) (see the

text for details), and numbers of constraints that Ỹu,d,e need to verify to respect an exact shift invariance.

2.2 Flavor invariants in the lepton sector

Let us now derive those relations. We start with the lepton case, where the constraints
are simpler. As already mentioned, there exists a field redefinition which maps Eq. (1.3) to
Eq. (1.1), with [53, 55]

Ỹe = i(Yece − cLYe) (2.3)

in particular. For non-vanishing lepton masses, Ye is invertible and one can solve for ce,

ce = −iY
−1
e
�Ỹe + icLYe� . (2.4)

Imposing that ce should be hermitian leads to constraints, here expressed in a flavor basis
where Ye is diagonal and real,

∃cL hermitian s.t.
Ỹe,ij

ye,i

+
Ỹ
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e,ji

ye,j
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ye,j
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−
ye,i
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When i = j, cL disappears from the expression and one finds constraints on Ỹe, namely that
Ỹe,ii is purely imaginary. The constraints where i < j and i > j are complex conjugates of

3
The rephasing-invariants now read cL�e,ii, �cL�e,ij � (i < j), arg(ce,ijcL,ji) (i < j) and arg(cL,12cL,23cL,31).
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Conversely, what are the conditions on the couplings of a pseudo-scalar to recover shift-invariance?
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one another, therefore one can focus e.g. on those where i < j, and they can all be solved
by a suitable choice of cL,

cL,ii = 0 , cL,ij,i<j = i
ye,j Ỹe,ij + ye,iỸ

∗
e,ji

y
2
e,j
− y2

e,i

. (2.6)

This defines a hermitian cL, bringing no further constraints. Therefore, there are only 3

conditions on Ỹe in order that it describes a shift-symmetric axion, consistently with our
counting at the beginning of this section. Although derived in a specific flavor basis, the
constraints can be expressed in a flavor-invariant way. Flavor-invariant means that they are
left unchanged by the flavor symmetry, whose spurious action on the Lagrangian parameters
of Eq. (1.2) and Eq. (1.1) are given in Table 2.

SU(3)Q SU(3)u SU(3)d SU(3)L SU(3)e
Yu, Ỹu 3 3̄ 1 1 1

Yd, Ỹd 3 1 3̄ 1 1

Ye, Ỹe 1 1 1 3 3̄

Table 2: Flavor transformation properties of the Yukawa matrices treated as spurions

In a flavor-invariant language, the constraints on Ỹe read

ReTr�X0,1,2
e ỸeY

†
e � = 0 , (2.7)

where we define Xe ≡ YeY
†
e . Later on, we also repeatedly use X

u,d
≡ Y

u,d
Y

†
u,d

. This flavor-
invariant expression is important for our purpose, as it identifies the flavor-invariant, hence
physical, order parameters of shift-symmetry breaking in the lepton sector.

2.3 Flavor invariants in the quark sector

In the quark sector, the presence of the doublet Q imposes that we treat up- and down-
quarks simultaneously. The pair of couplings Ỹu,d describes a shift-symmetric axion when

∃cQ,u,d hermitian s.t. Ỹu,d = i(Yu,dcu,d − cQYu,d) . (2.8)

Similarly to what we did above for the leptons, we can solve for cu,d when no mass vanishes,
and the fact that cu,d are hermitian brings the following constraints, expressed in the flavor
basis of Eq. (2.2),

∃cQ hermitian s.t.
�

�
�

�

Ỹu,ij

yu,i
+

Ỹ
∗
u,ji

yu,j
+ icQ,ij �

yu,j

yu,i
−

yu,i

yu,j
�

V
∗
CKM,ki

Ỹ
d,kj

yd,i
+

Ỹ
∗
d,ki

VCKM,kj

yd,j
+ icQ,klV

∗
CKM,ki

VCKM,lj
�
yd,j

yd,i
−

yd,i

yd,j
�

�

�
�

�

= 0 ∀i, j ,

(2.9)
where the sum over k, l is implicit. The i = j equations imply constraints identical to those
found for the leptons,

ReTr�X0,1,2
u,d

Ỹ
u,d

Y
†
u,d
� = 0 . (2.10)
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which implies
− iTr (Xn

x [cQ,Xx]) = Tr �X
n

x �ỸxY
†
x + YxỸ

†
x �� = 0 (2.17)

For x = u, d, e and n = 0,1,2, these equations correspond to the diagonal constraints we
have found above. Additional commutator identities displayed in Appendix A.1 allow us
to derive extra conditions.

2.4 Complete set of linear invariants

Eventually, we consider the following set of flavor-invariants, linear in Ỹu,d,e,

I
(1)
u = ReTr �ỸuY

†
u � , I

(2)
u = ReTr �XuỸuY

†
u � , I

(3)
u = ReTr �X2

uỸuY
†
u � ,

I
(1)
d
= ReTr �Ỹ

d
Y

†
d
� , I

(2)
d
= ReTr �X

d
Ỹ
d
Y

†
d
� , I

(3)
d
= ReTr �X2

d
Ỹ
d
Y

†
d
� ,

I
(1)
ud
= ReTr �X

d
Ỹ
u
Y

†
u
+X

u
Ỹ
d
Y

†
d
� ,

I
(2)
ud,u
= ReTr �X2

u
Ỹ
d
Y

†
d
+ {X

u
,X

d
}Ỹ

u
Y

†
u
� ,

I
(2)
ud,d
= ReTr �X2

d
Ỹ
u
Y

†
u
+ {X

u
,X

d
}Ỹ

d
Y

†
d
� ,

I
(3)
ud
=ReTr �X

d
X

u
X

d
Ỹ
u
Y

†
u
+X

u
X

d
X

u
Ỹ
d
Y

†
d
�

I
(4)
ud
=ImTr��X

u
,X

d
�
2
��X

d
, Ỹ

u
Y

†
u
� − �X

u
, Ỹ

d
Y

†
d
���

(2.18)

for the quarks and

I
(1)
e = ReTr �ỸeY

†
e � , I

(2)
e = ReTr �XeỸeY

†
e � , I

(3)
e = ReTr �X2

e ỸeY
†
e � (2.19)

for the leptons. Those invariants have to vanish for the EFT, in the Yukawa basis of
Eq. (1.1), to be shift-invariant. Their vanishing also provides a sufficient condition. This is
shown by taking advantage of their linearity in Ỹu,d,e, which allows us to use simple linear
algebra: we compute the rank of the transfer matrix TAa which relates the set of invariants
{IA} to the entries {ca} of Ỹu,d,e in a given flavor basis, arranged in a vector:

IA = TAaca , (2.20)

where T only depends on the four-dimensional Yukawas Yu,d,e,, due to the linearity of the
invariants in ca. Therefore, its rank, i.e. the number of conditions associated to the set
of equalities IA = 0 ∀A, can be directly computed. It is found to be 13, namely 10 in the
quark sector and 3 in the lepton sector, which agrees with the number of conditions from
shift-invariance. Therefore, the invariants in Eq. (2.18)-Eq. (2.19) vanish if and only if Ỹu,d,e
describe the couplings of a shift-symmetric axion. We stress that they are algebraic and
explicit: given values for Ỹu,d,e, evaluating those invariants suffices to discriminate between
shift-invariant or shift-breaking couplings.

The set for the quark sector is not minimal as it contains 11 invariants but only captures
10 conditions. This comes from the fact that our invariants can be arranged into a vanish-
ing linear combination5, hence one invariant can be eliminated in favor of the 10 others.

5
The coefficients of an appropriate combination are themselves combinations of products of traces

formed by Xu,d. See Section 4.1 for more details.
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• Lepton sector

• Quark sector

Ii=0

one algebraic relation ⇒ only 10 independent invariants 

4 entangled conditions 

between up and down sectors


⇒ collective nature

However, the presence of cQ in both equations implies further conditions. They can be seen
from first solving for the off-diagonal entries of cQ using the equations involving Ỹu,

cQ,ij,i<j = i
yu,j Ỹu,ij + yu,iỸ

∗
u,ji

y
2
u,j
− y2

u,i

, (2.11)

which can be inserted in the equations for Ỹd to obtain

V
∗
CKM,ki

Ỹ
d,kj

yd,i

+

Ỹ
∗
d,ki

VCKM,kj

yd,j

+ i�

k

�
�
�
�
�
�

cQ,kkV
∗
CKM,ki

VCKM,kj
+ i�

l≠k
yu,lỸu,kl

+ yu,kỸ
∗
u,lk

y
2
u,l
− y2

u,k

V
∗
CKM,ki

VCKM,lj

�
�
�
�
�
�

�
yd,j

yd,i

−
yd,i

yd,j

� = 0

(2.12)
for i < j. For a generic CKM matrix, these three complex equations depend on two free real
parameters, given by the differences4 cQ,kk − cQ,ll, and they yield four independent genuine
constraints on Ỹu,d. We would like to emphasize that these four conditions are collective
effects, namely they only make sense when both the up- and down-type Yukawa couplings
are present. Together with the conditions in Eq. (2.10), we therefore find 10 conditions on
the entries of Ỹu,d (consistently with our earlier counting), 4 of which entangle up- and
down-sectors.

To express the four last quark relations in terms of flavor-invariants, it is helpful to
write the previous relations in a matrix (i.e. flavor-covariant) form. Starting again with
the implicit relation for the shift-symmetric axion Yukawa couplings

Ỹu,d = i(Yu,dcu,d − cQYu,d) , (2.13)

one can solve this equation for cu,d assuming non-vanishing quark masses

cu,d = −iY
−1
u,d
�Ỹu,d + icQYu,d� . (2.14)

When the quark Yukawas Yu,d are full rank matrices, the vanishing of the anti-hermitian
part (c(ah)

u,d
∼ c

u,d
− c

†
u,d
) of cu,d implies the following commutator relation

[cQ,Xx] = i �ỸxY
†
x + YxỸ

†
x � , (2.15)

with Xx = YxY
†
x and x = u, d. We can then find flavor-invariant constraints by exploit-

ing well-known commutator relations. For instance, we can reproduce the constraints in
Eq. (2.10) by using the fact that for any two matrices A,B

Tr (An
[A,B]) = 0 ∀n ∈ Z, (2.16)

4
The r.h.s. of Eq. (2.8) is invariant under cQ,u,d → cQ,u,d + ↵1, so that only differences between the

diagonal entries of cQ can contribute. In Eq. (2.12), the invariance under cQ → cQ +↵1 is ensured by CKM

unitarity. Here 1 corresponds to the only matrix which commutes with both Yu and Yd in the case where

the quark masses and the CKM entries are non-degenerate. Instead, the r.h.s. of Eq. (2.3) is invariant

under cL,e → cL,e + ↵Me, where Me is any matrix which commutes which Ye. When the lepton masses are

non-degenerate, we have Me = diag (me,i ∈ R) in the flavor basis where Ye is diagonal, which explains why

we could choose cL,kk = 0 in Eq. (2.6).
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3 invariants
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one another, therefore one can focus e.g. on those where i < j, and they can all be solved
by a suitable choice of cL,

cL,ii = 0 , cL,ij,i<j = i
ye,j Ỹe,ij + ye,iỸ

∗
e,ji

y
2
e,j
− y2

e,i

. (2.6)

This defines a hermitian cL, bringing no further constraints. Therefore, there are only 3

conditions on Ỹe in order that it describes a shift-symmetric axion, consistently with our
counting at the beginning of this section. Although derived in a specific flavor basis, the
constraints can be expressed in a flavor-invariant way. Flavor-invariant means that they are
left unchanged by the flavor symmetry, whose spurious action on the Lagrangian parameters
of Eq. (1.2) and Eq. (1.1) are given in Table 2.

SU(3)Q SU(3)u SU(3)d SU(3)L SU(3)e
Yu, Ỹu 3 3̄ 1 1 1

Yd, Ỹd 3 1 3̄ 1 1

Ye, Ỹe 1 1 1 3 3̄

Table 2: Flavor transformation properties of the Yukawa matrices treated as spurions

In a flavor-invariant language, the constraints on Ỹe read

ReTr�X0,1,2
e ỸeY

†
e � = 0 , (2.7)

where we define Xe ≡ YeY
†
e . Later on, we also repeatedly use X

u,d
≡ Y

u,d
Y

†
u,d

. This flavor-
invariant expression is important for our purpose, as it identifies the flavor-invariant, hence
physical, order parameters of shift-symmetry breaking in the lepton sector.

2.3 Flavor invariants in the quark sector

In the quark sector, the presence of the doublet Q imposes that we treat up- and down-
quarks simultaneously. The pair of couplings Ỹu,d describes a shift-symmetric axion when

∃cQ,u,d hermitian s.t. Ỹu,d = i(Yu,dcu,d − cQYu,d) . (2.8)

Similarly to what we did above for the leptons, we can solve for cu,d when no mass vanishes,
and the fact that cu,d are hermitian brings the following constraints, expressed in the flavor
basis of Eq. (2.2),

∃cQ hermitian s.t.
�

�
�

�

Ỹu,ij

yu,i
+

Ỹ
∗
u,ji

yu,j
+ icQ,ij �

yu,j

yu,i
−

yu,i

yu,j
�

V
∗
CKM,ki

Ỹ
d,kj

yd,i
+

Ỹ
∗
d,ki

VCKM,kj

yd,j
+ icQ,klV

∗
CKM,ki

VCKM,lj
�
yd,j

yd,i
−

yd,i

yd,j
�

�

�
�

�

= 0 ∀i, j ,

(2.9)
where the sum over k, l is implicit. The i = j equations imply constraints identical to those
found for the leptons,

ReTr�X0,1,2
u,d

Ỹ
u,d

Y
†
u,d
� = 0 . (2.10)
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which implies
− iTr (Xn

x [cQ,Xx]) = Tr �X
n

x �ỸxY
†
x + YxỸ

†
x �� = 0 (2.17)

For x = u, d, e and n = 0,1,2, these equations correspond to the diagonal constraints we
have found above. Additional commutator identities displayed in Appendix A.1 allow us
to derive extra conditions.

2.4 Complete set of linear invariants

Eventually, we consider the following set of flavor-invariants, linear in Ỹu,d,e,

I
(1)
u = ReTr �ỸuY

†
u � , I

(2)
u = ReTr �XuỸuY

†
u � , I

(3)
u = ReTr �X2

uỸuY
†
u � ,

I
(1)
d
= ReTr �Ỹ

d
Y

†
d
� , I

(2)
d
= ReTr �X

d
Ỹ
d
Y

†
d
� , I

(3)
d
= ReTr �X2

d
Ỹ
d
Y
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d
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I
(1)
ud
= ReTr �X

d
Ỹ
u
Y

†
u
+X

u
Ỹ
d
Y

†
d
� ,

I
(2)
ud,u
= ReTr �X2

u
Ỹ
d
Y

†
d
+ {X

u
,X

d
}Ỹ

u
Y

†
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� ,

I
(2)
ud,d
= ReTr �X2

d
Ỹ
u
Y

†
u
+ {X

u
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}Ỹ
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†
d
� ,

I
(3)
ud
=ReTr �X

d
X

u
X

d
Ỹ
u
Y

†
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+X

u
X

d
X

u
Ỹ
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Y

†
d
�

I
(4)
ud
=ImTr��X
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u
Y
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(2.18)

for the quarks and

I
(1)
e = ReTr �ỸeY

†
e � , I

(2)
e = ReTr �XeỸeY

†
e � , I

(3)
e = ReTr �X2

e ỸeY
†
e � (2.19)

for the leptons. Those invariants have to vanish for the EFT, in the Yukawa basis of
Eq. (1.1), to be shift-invariant. Their vanishing also provides a sufficient condition. This is
shown by taking advantage of their linearity in Ỹu,d,e, which allows us to use simple linear
algebra: we compute the rank of the transfer matrix TAa which relates the set of invariants
{IA} to the entries {ca} of Ỹu,d,e in a given flavor basis, arranged in a vector:

IA = TAaca , (2.20)

where T only depends on the four-dimensional Yukawas Yu,d,e,, due to the linearity of the
invariants in ca. Therefore, its rank, i.e. the number of conditions associated to the set
of equalities IA = 0 ∀A, can be directly computed. It is found to be 13, namely 10 in the
quark sector and 3 in the lepton sector, which agrees with the number of conditions from
shift-invariance. Therefore, the invariants in Eq. (2.18)-Eq. (2.19) vanish if and only if Ỹu,d,e
describe the couplings of a shift-symmetric axion. We stress that they are algebraic and
explicit: given values for Ỹu,d,e, evaluating those invariants suffices to discriminate between
shift-invariant or shift-breaking couplings.

The set for the quark sector is not minimal as it contains 11 invariants but only captures
10 conditions. This comes from the fact that our invariants can be arranged into a vanish-
ing linear combination5, hence one invariant can be eliminated in favor of the 10 others.

5
The coefficients of an appropriate combination are themselves combinations of products of traces

formed by Xu,d. See Section 4.1 for more details.
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• Quark sector

Ii=0

one algebraic relation ⇒ only 10 independent invariants 

4 entangled conditions 

between up and down sectors


⇒ collective nature

However, the presence of cQ in both equations implies further conditions. They can be seen
from first solving for the off-diagonal entries of cQ using the equations involving Ỹu,

cQ,ij,i<j = i
yu,j Ỹu,ij + yu,iỸ

∗
u,ji

y
2
u,j
− y2

u,i

, (2.11)

which can be inserted in the equations for Ỹd to obtain

V
∗
CKM,ki

Ỹ
d,kj

yd,i

+

Ỹ
∗
d,ki

VCKM,kj

yd,j

+ i�

k

�
�
�
�
�
�

cQ,kkV
∗
CKM,ki

VCKM,kj
+ i�

l≠k
yu,lỸu,kl

+ yu,kỸ
∗
u,lk

y
2
u,l
− y2

u,k

V
∗
CKM,ki

VCKM,lj

�
�
�
�
�
�

�
yd,j

yd,i

−
yd,i

yd,j

� = 0

(2.12)
for i < j. For a generic CKM matrix, these three complex equations depend on two free real
parameters, given by the differences4 cQ,kk − cQ,ll, and they yield four independent genuine
constraints on Ỹu,d. We would like to emphasize that these four conditions are collective
effects, namely they only make sense when both the up- and down-type Yukawa couplings
are present. Together with the conditions in Eq. (2.10), we therefore find 10 conditions on
the entries of Ỹu,d (consistently with our earlier counting), 4 of which entangle up- and
down-sectors.

To express the four last quark relations in terms of flavor-invariants, it is helpful to
write the previous relations in a matrix (i.e. flavor-covariant) form. Starting again with
the implicit relation for the shift-symmetric axion Yukawa couplings

Ỹu,d = i(Yu,dcu,d − cQYu,d) , (2.13)

one can solve this equation for cu,d assuming non-vanishing quark masses
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−1
u,d
�Ỹu,d + icQYu,d� . (2.14)

When the quark Yukawas Yu,d are full rank matrices, the vanishing of the anti-hermitian
part (c(ah)
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∼ c

u,d
− c

†
u,d
) of cu,d implies the following commutator relation
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†
x + YxỸ

†
x � , (2.15)

with Xx = YxY
†
x and x = u, d. We can then find flavor-invariant constraints by exploit-

ing well-known commutator relations. For instance, we can reproduce the constraints in
Eq. (2.10) by using the fact that for any two matrices A,B

Tr (An
[A,B]) = 0 ∀n ∈ Z, (2.16)

4
The r.h.s. of Eq. (2.8) is invariant under cQ,u,d → cQ,u,d + ↵1, so that only differences between the

diagonal entries of cQ can contribute. In Eq. (2.12), the invariance under cQ → cQ +↵1 is ensured by CKM

unitarity. Here 1 corresponds to the only matrix which commutes with both Yu and Yd in the case where

the quark masses and the CKM entries are non-degenerate. Instead, the r.h.s. of Eq. (2.3) is invariant

under cL,e → cL,e + ↵Me, where Me is any matrix which commutes which Ye. When the lepton masses are

non-degenerate, we have Me = diag (me,i ∈ R) in the flavor basis where Ye is diagonal, which explains why

we could choose cL,kk = 0 in Eq. (2.6).
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  13 flavour invariants all linear in Y’s (note that CP ensures that all but Iud vanish  )~~ (4)

3 invariants

These invariants define sum-rules 
among ALP couplings to quarks and leptons.

They need to be tested to establish the ALP nature of a new light scalar.
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RG Invariance
The set of invariants is closed under RG

28

For the quark sector we find the following set of RGEs

İ
(1)
u = 2�uI

(1)
u + 6I(2)u − 3I(1)

ud
− 2Tr(Xu)�I

(1)
e + 3(I(1)

d
− I
(1)
u )� ,

İ
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(2)
d
= 4�
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+ 9I(3)
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− 3I(2)
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+ 2Tr�X2
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d
− I
(1)
u )� ,
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− 3I

′
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d
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d
− I
(1)
u )� ,

İ
(1)
ud
= 2(�

u
+ �

d
)I
(1)
ud

,

İ
(2)
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u
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d
)I
(2)
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+ 3I

′
u − 6I
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ud
− 2Tr(XuXdXu)�I

(1)
e + 3(I(1)
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− I
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u )� ,

İ
(2)
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d
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′
d
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(1)
e + 3(I(1)
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− I
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ud
= 4(�

u
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(3)
ud

,
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(4)
ud
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d
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2
Tr(Xu +Xd)� I

(4)
ud
− ImTr�[Xu,Xd]

3
�(I
(1)
u + I

(1)
d
).

(4.4)

where we have defined �u ≡ −
17
12g

2
1 −

9
4g

2
2 −8g

2
3 +Tr(Xe + 3(Xu +Xd)) and �d ≡ −

5
12g

2
1 −

9
4g

2
2 −

8g23 +Tr(Xe + 3(Xu +Xd)).
Apart from I

(4)
u

, I
(4)
d

which are defined and can be decomposed in the same way as
I
(4)
e we find two more invariants, I ′u = ReTr �(XuXdXu + {Xd

,X
2
u
})ỸuY

†
u +X

3
u
Ỹ
d
Y

†
d
� and

I
′
d

(= I
′
u(u ↔ d)), which can be decomposed into invariants which are already in the set

and therefore vanish iff the couplings come from a shift invariant axion. For details on the
decomposition and the form of I ′

u,d
in terms of invariants in the set, see App. A.2.

We also want to highlight the form of the RGE of the CP even invariant I
(4)
ud

which is
strongly constrained since I

(4)
ud

is the only CP conserving invariant in the set. The invariant
can only flow into itself and a set of CP odd invariants multiplied by the Jarlskog invariant
J4 = ImTr�[Xu,Xd]

3
� where the set of CP odd invariants is further constrained by the

mass dimension of I(4)
ud

. This is exactly what we find in Eq. (4.4).
The minimal set in Eq. (2.21), which gives a full rank transfer matrix even for degenerate

fermion masses, contains the sum of I(3)
u

and I
(3)
d

which evolve by themselves under RG flow
as can be seen in Eq. (4.4). Therefore, the RG evolution will not only generate I

(3)
u
+ I
(3)
d

,
which is contained in the minimal set in Eq. (2.21), but also I

(3)
u
−I
(3)
d

and the set only closes
under RG flow if the difference can be decomposed in terms of invariants in the minimal
set. We indeed find a CP-odd relation including all 11 invariants in the redundant set at
dimension 1210 of a similar form as Eq. (4.3) that allows us to decompose the difference of
I
(3)
u

and I
(3)
d

in terms of the remaining invariants. However, since at dimension 12 many
combinations of the parameters are possible the relation is very complicated and we will
not present it here. With this relation we can always find a minimal set of invariants that

10
Where the dimension is defined such that dim(Xu,d) = 1 as well as dim(Ỹu,dY

†
u,d
) = 1.
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4.1 Renormalization group running above the electroweak scale

To verify the completeness of our set of invariants, we can calculate their RG evolution
under which the set should be closed. Using the RGEs of the components9 [53, 55] of the
invariants yields for the lepton invariants

İ
(1)
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e + 6I(2)e + 2Tr(Xe)�I
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e + 3(I(1)

d
− I
(1)
u )� ,

İ
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(2)
e + 9I(3)e + 2Tr�X2

e
� �I

(1)
e + 3(I(1)

d
− I
(1)
u )� ,

İ
(3)
e = 6�eI

(3)
e + 12I(4)e + 2Tr�X3

e
� �I

(1)
e + 3(I(1)

d
− I
(1)
u )�

(4.1)

where İ = 16⇡2
µ

dI

dµ
and �e = −

15
4 g

2
1 −

9
4g

2
2 + Tr (Xe + 3(Xu +Xd)). Furthermore, I

(4)
e =

ReTr �X3
e ỸeY

†
e
� is not independent from the invariants in Eq. (2.19), since due to the

Cayley-Hamilton theorem any n × n matrix has to satisfy its characteristic equation and
the nth power of the matrix can be can be expressed in terms of lower powers and traces
of lower powers of the matrix. For a 3 × 3 matrix A, the Cayley-Hamilton theorem has the
form [69]

A
3
= A

2TrA −
1

2
A �(TrA)2 −TrA2

� +
1

6
1 �(TrA)3 − 3TrA2TrA + 2TrA3

� (4.2)

which allows us to reexpress I
(4)
e as follows

I
(4)
e = Tr(Xe)I

(3)
e −

1

2
�(TrXe)

2
−TrX2

e
� I
(2)
e +

1

6
�(TrXe)

3
− 3 TrX2

e TrXe + 2TrX
3
e
� I
(1)
e .

(4.3)
Therefore, the set in Eq. (4.1) does indeed form a closed set of differential equations and
hence the set of lepton invariants in Eq.(2.19) is complete.

9
Ref. [53] restricts to CP-even ALP couplings, which translates into a real condition on Ỹu,d,e. However,

the RGEs presented in Ref. [53] can be directly upgraded to account for generic Ỹ (upon performing the

replacement a
T

s � → (as � − ia�s �)† for any fermion  , in the notation of this reference). This is due to

the fact that a given diagram only depends on either Ỹ or Ỹ
†
, according to whether the axion couples

to a L̄R or R̄L vertex, where L�R refers to left- and right-handed fermions respectively. Therefore, the

presence of a transpose on Ỹ
T
, which comes from the assumption that Ỹ is real, is sufficient to pinpoint the

diagrams which couple to Ỹ
†

and to extract their coefficient. As a consistency check of this replacement,

the resulting RGEs display the appropriate flavor covariance and are consistent with the results of Ref. [55].

In the present paper, we use this upgraded version of the RGEs.
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For the quark sector we find the following set of RGEs
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decomposition and the form of I ′
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We also want to highlight the form of the RGE of the CP even invariant I
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which is
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can only flow into itself and a set of CP odd invariants multiplied by the Jarlskog invariant
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. This is exactly what we find in Eq. (4.4).
The minimal set in Eq. (2.21), which gives a full rank transfer matrix even for degenerate

fermion masses, contains the sum of I(3)
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and I
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which evolve by themselves under RG flow
as can be seen in Eq. (4.4). Therefore, the RG evolution will not only generate I
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which is contained in the minimal set in Eq. (2.21), but also I
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and the set only closes
under RG flow if the difference can be decomposed in terms of invariants in the minimal
set. We indeed find a CP-odd relation including all 11 invariants in the redundant set at
dimension 1210 of a similar form as Eq. (4.3) that allows us to decompose the difference of
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(3)
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and I
(3)
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in terms of the remaining invariants. However, since at dimension 12 many
combinations of the parameters are possible the relation is very complicated and we will
not present it here. With this relation we can always find a minimal set of invariants that
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where we have defined �u ≡ −
17
12g

2
1 −

9
4g

2
2 −8g

2
3 +Tr(Xe + 3(Xu +Xd)) and �d ≡ −

5
12g

2
1 −

9
4g

2
2 −

8g23 +Tr(Xe + 3(Xu +Xd)).
Apart from I

(4)
u

, I
(4)
d

which are defined and can be decomposed in the same way as
I
(4)
e we find two more invariants, I ′u = ReTr �(XuXdXu + {Xd

,X
2
u
})ỸuY

†
u +X

3
u
Ỹ
d
Y

†
d
� and

I
′
d

(= I
′
u(u ↔ d)), which can be decomposed into invariants which are already in the set

and therefore vanish iff the couplings come from a shift invariant axion. For details on the
decomposition and the form of I ′

u,d
in terms of invariants in the set, see App. A.2.

We also want to highlight the form of the RGE of the CP even invariant I
(4)
ud

which is
strongly constrained since I

(4)
ud

is the only CP conserving invariant in the set. The invariant
can only flow into itself and a set of CP odd invariants multiplied by the Jarlskog invariant
J4 = ImTr�[Xu,Xd]

3
� where the set of CP odd invariants is further constrained by the

mass dimension of I(4)
ud

. This is exactly what we find in Eq. (4.4).
The minimal set in Eq. (2.21), which gives a full rank transfer matrix even for degenerate

fermion masses, contains the sum of I(3)
u

and I
(3)
d

which evolve by themselves under RG flow
as can be seen in Eq. (4.4). Therefore, the RG evolution will not only generate I

(3)
u
+ I
(3)
d

,
which is contained in the minimal set in Eq. (2.21), but also I

(3)
u
−I
(3)
d

and the set only closes
under RG flow if the difference can be decomposed in terms of invariants in the minimal
set. We indeed find a CP-odd relation including all 11 invariants in the redundant set at
dimension 1210 of a similar form as Eq. (4.3) that allows us to decompose the difference of
I
(3)
u

and I
(3)
d

in terms of the remaining invariants. However, since at dimension 12 many
combinations of the parameters are possible the relation is very complicated and we will
not present it here. With this relation we can always find a minimal set of invariants that

10
Where the dimension is defined such that dim(Xu,d) = 1 as well as dim(Ỹu,dY

†
u,d
) = 1.
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4.1 Renormalization group running above the electroweak scale

To verify the completeness of our set of invariants, we can calculate their RG evolution
under which the set should be closed. Using the RGEs of the components9 [53, 55] of the
invariants yields for the lepton invariants

İ
(1)
e = 2�eI

(1)
e + 6I(2)e + 2Tr(Xe)�I

(1)
e + 3(I(1)

d
− I
(1)
u )� ,

İ
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e = 4�eI
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e + 9I(3)e + 2Tr�X2

e
� �I

(1)
e + 3(I(1)

d
− I
(1)
u )� ,

İ
(3)
e = 6�eI

(3)
e + 12I(4)e + 2Tr�X3

e
� �I

(1)
e + 3(I(1)

d
− I
(1)
u )�

(4.1)

where İ = 16⇡2
µ

dI

dµ
and �e = −

15
4 g

2
1 −

9
4g

2
2 + Tr (Xe + 3(Xu +Xd)). Furthermore, I

(4)
e =

ReTr �X3
e ỸeY

†
e
� is not independent from the invariants in Eq. (2.19), since due to the

Cayley-Hamilton theorem any n × n matrix has to satisfy its characteristic equation and
the nth power of the matrix can be can be expressed in terms of lower powers and traces
of lower powers of the matrix. For a 3 × 3 matrix A, the Cayley-Hamilton theorem has the
form [69]

A
3
= A

2TrA −
1

2
A �(TrA)2 −TrA2

� +
1

6
1 �(TrA)3 − 3TrA2TrA + 2TrA3

� (4.2)

which allows us to reexpress I
(4)
e as follows

I
(4)
e = Tr(Xe)I

(3)
e −

1

2
�(TrXe)

2
−TrX2

e
� I
(2)
e +

1

6
�(TrXe)

3
− 3 TrX2

e TrXe + 2TrX
3
e
� I
(1)
e .

(4.3)
Therefore, the set in Eq. (4.1) does indeed form a closed set of differential equations and
hence the set of lepton invariants in Eq.(2.19) is complete.

9
Ref. [53] restricts to CP-even ALP couplings, which translates into a real condition on Ỹu,d,e. However,

the RGEs presented in Ref. [53] can be directly upgraded to account for generic Ỹ (upon performing the

replacement a
T

s � → (as � − ia�s �)† for any fermion  , in the notation of this reference). This is due to

the fact that a given diagram only depends on either Ỹ or Ỹ
†
, according to whether the axion couples

to a L̄R or R̄L vertex, where L�R refers to left- and right-handed fermions respectively. Therefore, the

presence of a transpose on Ỹ
T
, which comes from the assumption that Ỹ is real, is sufficient to pinpoint the

diagrams which couple to Ỹ
†

and to extract their coefficient. As a consistency check of this replacement,

the resulting RGEs display the appropriate flavor covariance and are consistent with the results of Ref. [55].

In the present paper, we use this upgraded version of the RGEs.
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For the quark sector we find the following set of RGEs
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İ
(2)
ud,d
= (4�

d
+ 2�

u
)I
(2)
ud,d
+ 3I

′
d
− 6I(3)

ud
+ 2Tr(XdXuXd)�I

(1)
e + 3(I(1)

d
− I
(1)
u )� ,

İ
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The minimal set in Eq. (2.21), which gives a full rank transfer matrix even for degenerate

fermion masses, contains the sum of I(3)
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which evolve by themselves under RG flow
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u
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under RG flow if the difference can be decomposed in terms of invariants in the minimal
set. We indeed find a CP-odd relation including all 11 invariants in the redundant set at
dimension 1210 of a similar form as Eq. (4.3) that allows us to decompose the difference of
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in terms of the remaining invariants. However, since at dimension 12 many
combinations of the parameters are possible the relation is very complicated and we will
not present it here. With this relation we can always find a minimal set of invariants that
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Where the dimension is defined such that dim(Xu,d) = 1 as well as dim(Ỹu,dY

†
u,d
) = 1.
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I 0d = I 0u(u $ d)

closed set except for:

but Cayley-Hamilton eq. tells us that these 3 invariants

are actually linear combinations of our original set

 shift-invariance conditions are closed under RG 
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Shift-Invariance: Non-perturbative Condition
ϴQCD again

29

this appendix conditions for the axion couplings to remain shift-symmetric when one also
considers gluons.

Let us thus add to the Lagrangian of Eq. (1.1) a term

−
Cgg

2
3

16⇡2
a

f
Tr�Gµ⌫G̃

µ⌫
� , (5.1)

and to that of (1.3) the same term with Cg → C
(s)
g . We use explicitly different notations

for clarity, since both couplings will appear in the same relations when we match between
the two operator bases. G is the gluon field strength, G̃µ⌫

≡
✏
µ⌫⇢�

2 G⇢� is its dual, g3 is the
SU(3)C coupling constant and we chose the overall normalization consistently with naive
dimensional analysis, and with the origin of Cg, C

(s)
g in UV theories with heavy anomalous

fermions, which are such that Cg, C
(s)
g = O(1).

The gluon coupling breaks the shift symmetry non-perturbatively, unless at least one
quark is massless. In that case, a shift of the axion field a→ 2⇡↵PQf is equivalent to a shift
of ✓QCD → 2⇡↵PQ, which can be absorbed with an appropriate chiral transformation of the
massless quark. Therefore, we assume here that all quarks are massive, so that there are
no chiral symmetries of the spectrum, and ✓QCD is physical. I.e. the theory differentiates
between different values of the axion vev �a� and the shift symmetry is broken, generating
an axion potential.

We now follow the same logic as in the perturbative case: we look for quantities which
must vanish for the shift invariance to hold non-perturbatively, which are therefore order
parameters for the non-perturbative breaking.

5.1 Non-perturbative order parameter

We thus assume that the axion shift symmetry is exact. It is therefore unbroken at the
perturbative level and one can work in the basis of Eq. (1.3) for axion-fermion couplings,
where all fermion couplings are unchanged by a shift of a. At the non-perturbative level,
one needs to require C

(s)
g = 0 to cancel the gluon-induced shift-breaking contributions, for

instance to the axion potential.
However, as in previous sections, we want to identify order parameters in the most

general operator basis, where they could be non-zero in realistic models. This means that
we want to derive the equivalent of the condition C

(s)
g = 0 in terms of the couplings of

Eq. (1.1). For that, we need to account for anomalies when matching from Eq. (1.3) to
Eq. (1.1), which is achieved by the following field redefinition,

 
′
≡ e
−i a

f
c 
 , (5.2)

for each chiral fermion field  . This transformation is anomalous and generates the following
matching relation between the coupling to gluons,

Cg = C
(s)
g +Tr(2cQ − cu − cd) . (5.3)
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breaks shift-invariance non-perturbatively (instanton effects) 

(in the operator basis where fermion couplings are derivative)

When the gluon couplings do not break the PQ symmetry, C(s)g = 0 and one finds15

Cg = Tr(2cQ − cu − cd) . (5.4)

Using the matching conditions of Eq. (2.1), we can substitute the coefficients c for the Ỹ

and obtain
Cg − iTr �Y

−1
u

Ỹ
u
+ Y

−1
d

Ỹ
d
� = 0 . (5.5)

Note that our assumption of massive quarks make the Yukawa matrices invertible and the
expression meaningful. This expression yields an extra condition for a perturbative shift
symmetry to remain valid even non-perturbatively in g3, in the basis of Eq. (1.1). It can be
rewritten in terms of positive powers of the Yukawa matrices, upon using a relation valid
for 3 × 3 matrices, used for instance in Ref. [77],

X
−1
=
X

2
− (TrX)X + 1

2 �(TrX)
2
−TrX2

�1

detX
. (5.6)

Taking X = Y Y
†, we can use it in order to keep the flavor-invariant nature of the constraint

explicit,

Tr �Y −1Ỹ � = Tr �X−1Ỹ Y
†
� =

Tr �X2
Ỹ Y

†
� −TrX Tr �XỸ Y

†
� +

1
2 �(TrX)

2
−TrX2

�Tr �Ỹ Y
†
�

detX
.

(5.7)
The right-handside of the above expression is constrained to be imaginary due to our con-
ditions for perturbative shift-invariance of Eq. (2.18), so we find that the new condition is
CP-even and reads Ig = 0 for

Ig ≡ Cg + ImTr �Y −1
u

Ỹ
u
+ Y

−1
d

Ỹ
d
� . (5.8)

When all the perturbative invariants of Eqs. (2.18)-(2.19) vanish, i.e. when there exists a
PQ symmetry at the perturbative level, Ig captures the mixed anomaly polynomial of that
symmetry with SU(3)C . This can easily be seen in the axiflavon/flaxion model of Eq. (3.1),
where

Ig =�

i

(2qQi
− qui

− qdi) . (5.9)

The invariant Ig, which features couplings from the up and down sectors, highlights a new
kind of collective breaking at the non-perturbative level, which is consistent with the fact
that mixed PQ anomalies can be cancelled by balancing non-vanishing contributions in
different quark sectors.

In addition, the derivation never referred to the invariants which correlate the up and
down sectors in Eq. (2.18) and are absent in Eq. (3.26), therefore it is valid below the
electroweak scale, up to the replacements Y, Ỹ →m,m̃ to match the notations of Section 3.3.

15
Notice that the slight redundancy of the basis Eq. (1.3) is irrelevant here: the freedom to add at will

↵B(@µa�f)J
µ

B
, where JB is the baryon number current, discussed in Section 2.1, shifts cQ,u,d → cQ,u,d +

(↵B�3)1 and leaves Tr(2cQ − cu − cd) unchanged. This is nothing else but the statement that the baryon

number has no mixed anomalies with SU(3)C .
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=0

is the basis independent condition for the shift-invariance to be maintained at the non-perturbative level

It can be shown again that this condition is RG invariant 

5.2 RG running

By, once more, using the RGEs of the Standard Model and axion Yukawa couplings above
the electroweak scale [53, 55], we can show that all contributions to the running of this
invariant cancel at the one-loop level

µ
dIg

dµ
= 0 . (5.10)

Let us stress that we chose a scaling in Eq. (5.1) similar to that of Ref. [55], where Cg already
comes with a one-loop factor g23�(16⇡2

). This allowed us to account for the anomalous shift
without loop-factor hierarchies in Eq. (5.4). However, when working out the RGEs as in
Ref. [53], that implies that we also need to account for anomalies and their contribution to
the running of Cg. They yield an extra running of Cg,

µ
dCg

dµ
=

1

16⇡2
�−4 ImTr �Ỹ

u
Y

†
u
+ Ỹ

d
Y

†
d
� +

22g41
16⇡2

CB +
27g42
16⇡2

CW +
128g43
16⇡2

Cg� , (5.11)

where CW,B are the equivalent of Cg for gauge fields of SU(2)W and U(1)Y , respectively16.
The running of Cg is then cancelled by the additional Yukawa contribution to Ig. We give
more details on this running as well as other possible contributions of similar magnitude,
i.e. at O �Ỹ Y

†
, g

4
C�, in Appendix D. If one instead absorbs a factor g

2
3�(16⇡

2
) in Cg ≡

16⇡2

g
2
3
C̃g, and works like in Ref. [53] with RGEs at O(g23�(16⇡2

)) under the assumption that

C̃g = O(1), one is led to define the invariant

Ĩg ≡
g
2
3

16⇡2
Ig = C̃g +

g
2
3

16⇡2
ImTr �Y −1

u
Ỹ
u
+ Y

−1
d

Ỹ
d
� , (5.12)

which runs into itself at the one-loop order [53],

µ
dĨg

dµ
= µ

dC̃g

dµ
= −

14g23
16⇡2

Ĩg , (5.13)

where the running is fully induced by the running of the strong coupling.
The situation below the electroweak scale is very similar, with the exception that there

are no more Higgs loops to consider in the running, which results in the absence of Yukawa
contributions above.

6 Conclusions

In this paper, we have investigated the implications of an axion shift-symmetry on the
dimension-5 axion couplings to the Standard Model fermions. In particular, we have found
explicit and algebraic conditions implied by the shift symmetry on these couplings, instead
of the implicit relations that are well-known in the literature. The set of constraints is
formulated in a flavor-invariant way and gives necessary and sufficient conditions for shift-
symmetry to hold, hence yielding a set of 13 order parameters for shift symmetry in the

16
This result reproduces that of Appendix A of Ref. [55].
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whenever shift-symmetry holds (Ig=Ii=0 for i=1…13)
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