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Extended States at Large N

‣ Large N : (Re)constructing Gravity from CFT (AdS/CFT)

‣ Comparison of Correlation functions; But 
reconstruction  

‣Solitons or Coherent States

‣Thermo-field double  State  Two-sided Black Holes

‣    Classical picture (in  the sense of h~ 1/N)

‣Fluctuations ( subleasing 1/N ) :Hilbert Space

⇔



‣Zero modes and Broken Symmetries

‣Large operators (  for matrix,  for 
vector models)

‣  expansion( is questionable)

‣Factorization of Hilbert Space

‣2304.11767 with X. Liu and J. Zheng

‣ Witten:2112.12828 :Cross Product and Gravity )

∼ 𝒪(N) ∼ 𝒪( N)

1/N

• Problems



Working with J L Gervais

• 1972 : City College :

• Supergauges in Dual Models (1971 )Gervais+Sakita

• 1973-  Strings from Field Theory (Vortex Lines ( Nambu ))

• Soliton Quantization: Semiclassical Quantization of 
Dashen Hasslacher and Neveu (1973)

• Collective Coordinates[73-74]Brookhaven
Perturbation Expansion Around Extended Particle States in Quantum Field Theory. 
(1975Jean-Loup Gervais(Ecole Normale Superieure), A. Jevicki(City Coll., N.Y.), B. 
Sakita

https://inspirehep.net/authors/1008543
https://inspirehep.net/institutions/902785
https://inspirehep.net/authors/1004356
https://inspirehep.net/institutions/902735
https://inspirehep.net/authors/990608
https://inspirehep.net/authors/990608


‣1974  LPTENS  (move from Orsay)

‣June 16-21:ENS Conference on Non-perturbative 
Developments in QFT: organized by JL Gervais and A. 
Neveu

‣Discussions:R Jackiw  TD Lee   JL Gervais: Path 
Integral vs Operator method

‣August(at Cite Universitaire):(1976)Quantum Scattering 
of  Solitons +Canonical Transformations in Path Integral

‣Spring: Jean Loup (visited CC and went to theater with 
TD Lee (operator vs path integral issue was settled***)



• 80’s JL Gervais  continued to play a big role in  
development of Non-perturbative QFT , CFT

• Schools and Workshops: Les Houches and 
ENS:PhysicsReports

• Overlap on String Field Theory and Strings from Yang-
Mills



Large N Hamiltonian
   A Canonical Framework for Large N: Dynamics at Large 
N can be completely described though through 
interaction of singlet(Collective) fields .  [A.J. and Sakita, 
1981,D Bohm+Pines 50’] 

Φ

Hcol =
1
2

Π Ω Π + Vcol[Φ]

• Example: Two-Matrix Quantum Mechanics at Large N

Collective fields are single traces:

Word  built from the alphabet :C {X, Y} C = Xn1Ym1Xn2Ym2…

Φ(C) = Tr(C)

  Obey a a closed set of equations: Migdal_Makkenko 

Equations of Motion    <=>



Large N Hamiltonian
Loop Joining Ω(C1, C2) = ∑

C

j(C1, C2; C)Φ(C)

Loop Splitting ω(C) = ∑
(C1,C2)

p(C; C1, C2)Φ(C1)Φ(C2)

Collective potential Vcol[Φ] = N2 ( 1
8

ωΩ−1ω + V[Φ])
Numerical Optimization (Large N Bootstrap): , numerically solved [d.M.Koch, 
A.J., Liu, Mathaba and Rodrigues, 2022].

Vcol

Analytically solvable O(N) vector model will be used in the present discussion



Large N Hamiltonian: O(N) vector CFT

H = ∫ [ 1
2

π2 +
1
2

(∇φ)2 +
m2

2
φ2 +

c
4N

(φ2)2] ddx

‣ UV: 

‣ IR:  finite, 

m = c = 0

m c = ∞

• Two conformal points in 3d spacetime:

Higher Spin theory in AdS4

[Klebanov and Polyakov, 2002]

• Bulk construction(mapping) (4  4) [d.M. Koch, A.J., Jin and Rodrigues, 2011]⇔

ℋ(p, pz, θ) = ∫ dpCFT 𝖪(pAdS; pCFT) Ψ(p1, p2)

• Collective Hamiltonian :

Hcol =
2
N

Tr(ΠΨΠ) +
N
8

Tr(Ψ−1) −
N
2

Tr(∇2Ψ)

Ψ(t, x, y) =
1
N

φi(x)φi(y) • Bi-Local Field



Constructive (AdS) Duality

• Every Operator (in Collective Representation)= Bulk Operator

• Of-shell AdS bulk Duality /Collective Fields S. R. Das and A. J,  [hep-th/0304093].

• Demonstrated in :

• Bi-Local Diagrams = Ads Witten Diagrams:

• R.deMello Koch, AJ, J.Yoon  1810.02332 

• Coll Representation gives a 1/N Expansion

• also Aharony et al

https://arxiv.org/abs/1810.02332


Φs(x1 + a, x2 + a) ≠ Φs(x1, x2)

Bifocal (coll  field)

Soliton solution

Φ = Φs +
1

N
η

 Large N Solitons
• Soliton solutions exist in large N non-linear sigma models

Π = Nπ

 Hamiltonian𝒪(1)
H =

1
2

Tr(πΩsπ + ηVη)

|s, 0⟩ = |Φs(x1, x2)⟩ e− 1
2 Tr(η𝒢−1η)

• Naive expansion:

Static 2-pt function

• Soliton State:



Issues for the naive expansion
• Zero (Goldstone) mode

P = Tr(Π∂12Φ) ≡ NP1 + P2

f0 = ∂12Φs ⇒ Vf0 = 0

‣  Large Operator                             O(N)  

‣  Zero mode

P1 = Tr(πf0)

[H, P] = Tr[ηVf0] = 0

𝒢 =
∞

∑
n=0

f*n fn
2ωn

, ΩsVfn = ω2
n fn .

• Translation Op 



Issues in the naive expansion
• Issues:

1.Implementation of  translations: P = Tr(Π∂12Φ) ≡ NP1 + P2

eiaP Φ e−iaP = Φs + ia[P1, η] −
a2

2
[P1, [P2, η]] −

a2

2
[P2, [P1, η]] + … +

1

N
η +

ia

N
[P2, η] −

a2

2 N
[P2, [P2, η]] + …

‣  An infinite series re-summation is needed to evaluate the 
transformation.
‣  Different orders of 1/N and N mix : transformations on fluctuations will 

contribute to the background.

Φ′ = Φ′ s +
1

N
η′ Π′ = N(Π′ s + π′ )



Resolution: Collective Coordinate Hilbert Space

• Constraint:

Introduction of a collective coordinate : A position operator for the soliton  , 
with a conjugate       ie    . 

An  Extended Hilbert space: in addition to  and , we also have  and  , 
which  Non-linearly mix:

̂x
̂p [ ̂x, ̂p] = i

η π ̂x ̂p

• Gauge condition:

̂p − P[Π, Φ] |s,0⟩ = 0

χ ̂x[Π, Φ] |s,0⟩ = 0 χ ̂x ≡ e−i ̂xPχei ̂xP

‣ Linear gauge condition: ∫ f0Φ(x1 + ̂x, x2 + ̂x)dx1dx2 |s,0⟩ = 0

‣ Canonical gauge condition: ̂x −
∫ (x1 + x2)ℋcoldx1dx2

Hcol
|s,0⟩ = 0

[ ̂x, ̂p] = [KH−1, P] = i

 is the boost operatorK



Resolution: Collective coordinate method
•  Change  of Frame      x → x + ̂x

Φ′ (x1, x2) = ei ̂xPΦ(x1, x2)e−i ̂xP = Φ(x1 + ̂x, x2 + ̂x)

Π′ (x1, x2) = ei ̂xPΠ(x1, x2)e−i ̂xP = Π(x1 + ̂x, x2 + ̂x)

•  For the Soliton State

|s, 0⟩′ = |Φs(x1 + ̂x, x2 + ̂x)⟩e− 1
2 Tr(Φ̂′ 𝒢′ −1Φ̂′ )

  he Zero mode  is projected out ,by the gauge condition: 𝒢′ =
∞

∑
n=1

f*n fn
2ωn

•  Momentum eigen- state: |s, a⟩′ = eia ̂p |s,0⟩′ 

•  Translations: operate in  the extended Hilbert space:

⟨s, p′ |′ Φ′ s(x1 − ̂x, x2 − ̂x) |s, p⟩′ = ∫ dyei(p−p′ )yΦ′ s(x1 − y, x2 − y)‣ 1-pt:

‣ 2-pt: ⟨Φ(x1, x2, t)Φ(y1, y2, t0)⟩ = ⟨Φ′ (x1 − ̂x(t), x2 − ̂x(t), t)Φ′ (y1 − ̂x(t0), y2 − ̂x(t0), t0)⟩



1/ N Expansion
•  The Hamiltonian becomes

Hcol =
M0

2 ( ̂p − Tr[π′ ∂12η′ ]
Tr[∂12Φ′ s∂12Φ′ ] )

2

+
1
2

Tr[π′ Ωsπ′ + η′ Vη′ ] −
1

8 N
Tr[Φ′ −1

s η′ Φ′ −1
s η′ Φ′ −1

s η′ Φ′ −1
s ] + 𝒪(

1
N

)

It admits a 1/N expansion:

Hcol =
̂p2

2M0
+

1
2

Tr[π′ Ωsπ′ + η′ Vη′ ] −
̂p

M0
Tr[π′ ∂12η′ ] −

̂p2

M2
0

Tr[∂12Φ′ s∂12η′ ]

−
1

8 N
Tr[Φ′ −1

s η′ Φ′ −1
s η′ Φ′ −1

s η′ Φ′ −1
s ] + 𝒪(

1
N

)

•  1/N  Expansion[ for States and Correlation functions in the Extended Hilbert   
space



Collective coordinate method: Recap

Large N backgrounds that break certain   symmetries  lead to zero modes and 
large  operators. A naive 1/N expansion with these backgrounds is problematic, 
and the implementation of symmetry transformations is .

Collective coordinate method solves these problems through introducing new 
degrees of freedom, and  an extended  Hilbert space . Nonlinear Constraints 
(and gauge conditions)are applied on this extended Hilbert space.

1/N Expansion is then well defined,the zero modes  are projected out from  
linear fluctuations .



TFD at Large N

|0(β)⟩ =
1

Z(β) ∑
n

e−βEn/2 |n⟩ ⊗ | ñ⟩

t

0

β/2

β

[Schwinger, 1961] [Keldysh, 1964]

0β/2 |n⟩| ñ⟩

⟨0(β) |𝖮 |0(β)⟩ =
1

Z(β)
Tr(e−βH𝖮)

• Purification:

• Thermo-field (modular) Hamiltonian: Ĥ = H − H̃ Ĥ |0(β)⟩ = 0

𝖧𝖫 𝖧𝖱



O(N) TFD: Construction
• Two-sided black hole spacetime with L, R asymptotic AdS boundaries:

• Direct product Gauging

𝖢𝖥𝖳𝖫 ⊗ 𝖢𝖥𝖳𝖱

φi → Oijφj φ̃i → Õijφ̃j

Jij |0(β)⟩ = 0 J̃ij |0(β)⟩ = 0Φ = φiφi Φ̃ = φ̃iφ̃iHcol[Π, Φ] H̃col[Π̃, Φ̃]

• There is a debate:  [Mathur] [Marolf and Wall] produces a dual 
connected spacetime of two-sided black hole [Maldacena, 2003].

• More generally [Van Raamsdonk], Entanglement  Wormhole 
spacetime:Einstein-Rosen bridge

𝖢𝖥𝖳𝖫 ⊗ 𝖢𝖥𝖳𝖱

⇒



Solving:for the Large N Thermofield

Diagonal gauging of the  group [A.J. and Yoon, 2015]𝖮(N) × 𝖮(N)

(Jij + J̃ij) |0(β)⟩ = 0

This ends up with 4 bi-local collective fields:

Φ(x, y) ≡ (Φ11 Φ12

Φ21 Φ22)(x, y) :=
1
N (φiφi φiφ̃i

φ̃iφi φ̃iφ̃i)(x, y)

Mixed modes :  and  appear  necessary for an extensive (complete) 
spectrum in the bulk

Φ12 Φ21

Ĥcol =
2
N

Tr[Π ⋆ (σ3Φ) ⋆ Π]

+
N
8

Tr[σ3Φ−1] +
N
2

Tr[( − ∇2 + m2) ⋆ (σ3Φ)] +
Nc
4 (Tr[(Φ11)2] − Tr[(Φ22)2])

NVcol



 Thermal background

Thermal background is given by [A.J. and Yoon, 2015] ]

δVcol

δΦ
= 0 Φf(x, y) = ∫

ddk
(2π)d

eik⋅(x−y)

2ωf(k) (cosh f(k) sinh f(k)
sinh f(k) cosh f(k))

ωf(k)2 = k2 + m2 + σf

f(k) ≡ 2θ(k) = 2 arctanh e−βωf (k)/2

We have a one-parameter family of solutions labeled by . The solutions are 
the static 2-pt functions at finite temperature:

f

Φf = ⟨Φ⟩β

• Two symmetries: [Ĥ, G] = [Ĥ, H+] = 0 [G, H+] ≠ 0



TFD State: Wave functional

At  we have the TFD wave functional (Gaussian form):𝒪(1)

Ψβ[η] = exp (−
1
2

Tr[ηT𝒢−1η])
• Elements of  are the corresponding  (connected) correlation functions:

•  is annihilated by  as expected:

𝒢 𝒪(1)

𝒢ab,cd ∼ ⟨ηabηcd⟩β

Ψβ[η] Ĥ2

Ĥ2Ψβ[η] = 0

 effects can be studied by expanding1/N Φ = Φf +
1

N
η

Ĥ2 =
1
2

Tr[πTKπ + ηTVη]



Emergence of  Bulk fields

η11
θ (𝗄1, 𝗄2)

η12
θ (𝗄1, 𝗄2)

ω𝖡𝗎𝗅𝗄(𝗉) ≥ |𝗉 |𝖡𝗎𝗅𝗄

η21
θ (𝗄1, 𝗄2)

|𝗄1 | ≥ |𝗄2 |

|𝗄1 | , |𝗄2 |All

0 ≤ ω𝖡𝗎𝗅𝗄(𝗉) ≤ |𝗉 |𝖡𝗎𝗅𝗄

𝖠𝖫 ω𝖡𝗎𝗅𝗄(𝗉) ≥ 0

Extensive 
(Complete) 
Spectrum

Similarly for . We have a factorized algebra , with 
. These relate  to “Generalized Free Fields” by Fourier transforms up 

to some normalization factors:

𝖠𝖱 {𝖠𝖫(ω, 𝗉)} ⊗ {𝖠𝖱(ω, 𝗉)}
ω ∈ [0,∞)

𝖮𝖫,𝖱(t, 𝗑) = ∫ dωd𝗉 𝒩(ω, 𝗉) 𝖠𝖫,𝖱(ω, 𝗉) eiωt−i𝗉⋅𝗑



Zero modes and Symmetries

We have zero modesĤ2 =
1
2

Tr[πTKπ + ηTVη] Tr[Kuk] = 0 Tr[Vuk] = 0

• The zero modes are in one-to-one correspondence with the leading order of the 
symmetry operators (sum over  is implicit)k

Gf,1 = Tr[c2vTπ]

H+,1 = Tr[c1uTη]

The symmetry operators instead have Large  terms:𝒪( N)

H+ = NH1
+ + H2

+ + … Gf = NG1
f + G2

f + …

0 = [Ĥ2, H1
+] = Tr[c1Ku]

0 = [Ĥ2, G1
f ] = Tr[c2Vv]

• An infinite re-summation is needed to compute the symmetry transformation:
• Large  Matrix models also feature large operators of 

• And in numerical simulation a Single Zero mode  was identified (X.Liu 
unpublished)

N 𝒪(N)



 Collective coordinates and extended Hilbert space

• Constraint:

• Gauge condition:

[ĥ, ̂q] = i

̂q −
𝖣+[Π, Φ]
𝖧+[Π, Φ]

|0(β)⟩ = 0

Extended Hilbert space: {𝖠𝖫} ⊗ { ̂q, ĥ} ⊗ {𝖠𝖱}

O′ ( ̂q) = ei ̂qH+Oe−i ̂qH+

Change of reference frame: by redefining the states and operators in the 
following way: 

|Ψ′ ( ̂q)⟩ = ei ̂qH+ |Ψ⟩

ĥ − 𝖧+[Π, Φ] |0(β)⟩ = 0

 is the dilatation operator.𝖣+ = 𝖣1 + 𝖣2

• Nonlinear:Systematic 1/N expansion

A Short Summary



 Witten’s Treatment

U =
1
N

H′ L Π = − i
d

dU
1
N

H′ R = U +
1

Nβ
ĥ

Bulk algebra: {Al} ⊗ {Ar}

AR = Ar ⋊ AU+ĥ/βNRe defined  algebra:

AL = eiΠĥ/βN Ale−iΠĥ/βN ⋊ AU

ĥ = βĤIdentification:

Central generator and its conjugate:

This treatment is at O(1).

Problem of systematic 1/N Expansion  : Exp ( i f N U  ).



Conclusions 

•   (Goldstone)  Symmetries in the Large N Hilbert Space[following the 
early work of Gervais et al]

•  Concrete study case: The Large N TFD in O(N)

• Analogously: Matrix QM

• Jean- Loup Gervais , Eugene Cremmer and Costas Kounnas are 
greatly missed, their accomplishments and influence is here to stay.                                                                                   


