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Consider a self-interacting spectator scalar field in de Sitter spacetime with V(¢) = 1¢*/4

[N. Tsamis, R. Woodard 2005]
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log(a) — oo: secular (IR) divergences, even for the free theory

Yes, a is the scale factor... we are cosmologists after all
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All secular divergencies of a self-interacting scalar field in curved spacetime have been resummed!
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CONCLUSION

FF(SM) ~ 013
(¢p? >/(H2/\F ) 22 T(1/4) (p*)/(H*/2)
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black is exact (numerical) grey is another method, not as good



I. STANDARD APPROACH

A classical background...
... and quantum perturbations
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FLUCTUATIONS OF MICRO-PHYSICAL QUANTUM ORIGIN

4 Log(comoving scales)

Equality Decoupling
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— — » log(a)
Inflation Radiation c;;mination Matter d:mination

Borel resummation of secular divergences with the stochastic inflation formalism
2023 TUG Meeting, ENS, October 12th --- Lucas Pinol



MECHANICS OF INFLATION: CURRENT PARADIGM

A single scalar field in slow roll does the job for both:

* The classical background...

* The quantum fluctuations...

P(x,t) = p(t) + Q(X, 1)

Borel resummation of secular divergences with the stochastic inflation formalism
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MECHANICS OF INFLATION: CURRENT PARADIGM

A single scalar field in slow roll does the job for both:

* The classical background... 4 V(o)

... provided the scalar potential is flat and inflation lasts long
enough

* The quantum fluctuations...

d(%,t) = p(t) + 0(%,t) with Q(%,t) < ¢(t)

/

Homogeneous background, slow roll: ¢ ~ — ;’ilqb) = H? ~ Zl(wqbz) CLASSICAL
Pl
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MECHANICS OF INFLATION: CURRENT PARADIGM

A single scalar field in slow roll does the job for both:

* The classical background... 4 V(o)

... provided the scalar potential is flat and inflation lasts long S
enough

* The quantum fluctuations...

... if they emerge from vacuum

H
(]5()_6), t) = $(t) + QGC), 0 Pl Massless, BD: Qi(t) = (4 (1) = EQk(,l.)

/ QUANTUM
Homogeneous background, slow roll: ¢ ~ — §§{¢) = TH4 Igll(wqbz) CLASSICAL
Pl
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MECHANICS OF INFLATION: CURRENT PARADIGM

A single scalar field in slow roll does the job for both:

* The classical background... 4 V(o)

... provided the scalar potential is flat and inflation lasts long
enough

* The quantum fluctuations...

... if they emerge from vacuum

- (i(p)= %Qk(‘l’)
d(x,t) = p(t) + Q(x,t) /

) __—~ Almost scale-invariant power spectrum: ng =~ 1

V(P
3H

Homogeneous background, slow roll: (]5 e
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II. STOCHASTIC INFLATION

Langevin...
... and Fokker-Planck Log(comoving scales)
A
(eaH)™1 ]
(aH)™1
Kiong
Kimiddie
k—l
short
> N 555
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ACCUMULATION OF FLUCTUATIONS

With a very flat potential:

e Quantum kicks can dominate the force derived from the
potential

* Even if quantum(t) < classical(t), quantum effects can
accumulate and backreact on the large-scale dynamics
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ACCUMULATION OF FLUCTUATIONS

With a very flat potential: ¢r(t, %)
* Quantum Kkicks can dominate the force derived from the } '®

potential

vy )

* Even if quantum(t) < classical(t), quantum effects can

accumulate and backreact on the large-scale dynamics

| A - P
> Diffusion )

IR = Infra-Red (for large physical scales)
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ACCUMULATION OF FLUCTUATIONS

With a very flat potential:

e Quantum kicks can dominate the force derived from the 4 V(qu)_, g
potential X2 X4
— 90 00 ¢
i §>3 1')5 &

* Even if quantum(t) < classical(t), quantum effects can
accumulate and backreact on the large-scale dynamics

| . . > OPir
» Diffusion

¢(t1 i)) — ¢IR(ti f) + ¢UV(ti f)

... but possibly large inhomogeneities on large scales

Remember that in the standard approach ¢(t,x) = ¢(t) + Q(t, %) and all inhomogeneities are in Q K ¢

Borel resummation of secular divergences with the stochastic inflation formalism
2023 TUG Meeting, ENS, October 12th --- Lucas Pinol



COARSE-GRAINING

Log(comoving scales)

Physical scales

E
t N
time l—— k/,
-1
Kigke i > UV
-1
middle -—-4-- oH }
-1 IR
kshort
> log(a)

Security parameter: 0 < 1

> Cut-off (caH) ™! defines the UV and IR sectors —

» Because of time-dependence, UV modes join the IR sector °

» IR sector = open, out-of-equilibrium system




N is the number of e-folds time variable:

IN THE EOM a=e

» Split IR and UV: ¢(N, %) = ¢;r(N, %) + dpyy (N, %) with i AED)

Step function

s difl i k
A :j o (k (m) it

5 i
1

Time-dependent window function that selects only k < k,(N) = ocaH
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N is the number of e-folds time variable:

IN THE EOM a=e

» Split IR and UV: ¢(N, %) = ¢;r(N, %) + dpyy (N, %) with A

Step function

s difl i k
¢IR(NJX) :jmel xW(k (N))¢§(N)

> U

* Write the non-linear EoM for ¢;, (negligible gradients)

do;r _ Ve (¢1r) +
dN 3H?2

(Slow-roll):
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N is the number of e-folds time variable:

IN THE EOM a=eV

» Split IR and UV: ¢(N, %) = ¢;r(N, %) + dpyy (N, %) with A

Step function

; difl i k
¢IR(NJX) :_[Wel xW(k (N))¢§(N)

0 4
> U
1
* Write the non-linear EoM for ¢;, (negligible gradients)

do;r Ve (Prr) Bk 2. d k

Slow-roll): = — Lkx | W - (N

( N sz el an |\ )| W
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N is the number of e-folds time variable:

IN THE EOM a=eV

» Split IR and UV: ¢(N, %) = ¢;r(N, %) + dpyy (N, %) with A

Step function

: dafiy k
¢IR(NJX) :jmel xW(k (N))qbﬁ(]v)

> U

* Write the non-linear EoM for ¢;, (negligible gradients)

dk . d k N
RN W(kaav))] PiN)

J

(Slow-roll): do;g _ Ve (Pir)
dN 3H?2

()™l (oaH)™ o« 5(k — ko (N))

ks(N)™1 —\ ‘T~\—> Noise $¢(N, X) X ¢ka(N)
N




N is the number of e-folds time variable:

IN THE EOM a=eV

» Split IR and UV: ¢(N, %) = ¢z (N, %) + ¢y (N, %) with A

Step function

s difl i k
¢IR(NJX) :jmel xW(k (N))¢7(>(N)

> U

Langevin equation (classical but stochastic)

dor _ Ve (¢1r)

(Slow-roll): + & (N, X) with

dN 3H?
Spatial correlation: r = |[x — X’
v
(Eo(N, %)) =0; (E4(N,%¥)ép(N', X)) = §(N — N')sinc(k,r)Py(N, ky(N))
_— N

Power spectrum of linear
fluctuations at the scale k,(N)




FO KKER'PLANCK EQUATION Normalised, centered Gaussian variable

/

d¢1R_ V;¢>(¢IR) H[¢IR(N)] M AT
o D EnN s o )

Focus on 1 patch:

sinc(k,r) = 1
forr<1/k,

2
] . H
Square-root of the noise amplitude: Py = (E) for a massless scalar
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FOKKER-PLANCK EQUATION

d(PIR_ V,¢>(¢IR) H[¢1R(N)] Wl AT
e e oD GOSN SR D

From stochastic differential equation for ¢;5 to partial differential equation for its PDF P(¢;r, N):

!
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FOKKER-PLANCK EQUATION

d(le_ V,¢>(¢IR) H[¢1R(N)] Wl AT
e e oD GOSN SR D

From stochastic differential equation for ¢,z to partial differential equation for its PDF P(¢;g, N):

!

Convection-diffusion
oP d K Vo (dir) H(¢;g) 0 H(qb,R)) P] N 1 82 <H(¢1R)>2 P equation for P:
= _— a —_

aN a¢IR 3H(¢IR)2 27T a¢1R 27T 26¢%R 27T aP a azp

E = a (UP) + D W
Classical drift Noise-induced drift Diffusion of quantum origin
(N J
AY S
Total drift

a the discretization ambiguity parameter: [t6, Stratonovich, etc.
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FOKKER-PLANCK EQUATION

d(PIR_ V,¢>(¢IR) H[¢1R(N)] Wl AT
e e oD GOSN SR D

From stochastic differential equation for ¢,z to partial differential equation for its PDF P(¢;g, N):

!

Convection-diffusion
0P 9 [(Ve(dr)  H(pw) 3 H(gi) 1 9% [(H(w)\’ equation for P:
ON — 0 [<3H(¢,R)2_“ 2 0 27 )P]+§a¢,2R< 2 )P
V(pir)
A
Convection: —
Diffusion: ¢ P(¢ir, N)

e
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FORMALISM: HOW TO GO FURTHER

* Better justification for the classicality of the noise

* Derivation of stochastic inflation as an EFT from the closed-time-path integral approach

* Include systems with several scalar fields with potential and kinetic couplings (non-linear sigma models)

* Include full phase-space dynamics with both positions and momenta (qb,R, e

 Solve the discretisation ambiguity (Ito vs. Stratonovich)
and formulate a fully covariant theory

[L. Pinol, S. Renaux-Petel, Y. Tada 2018]
[L. Pinol, S. Renaux-Petel, Y. Tada 2020]

Invite me for a seminar © A lot to discuss...

Borel resummation of secular divergences with the stochastic inflation formalism
- Lucas Pinol

2023 TUG Meeting, ENS, October 12th

Do Tyv,a

....|L. Pingl, S. Renaux- Petel Y. Tada 2020]

The Schwmger Keldgsh formalism...

.. for cosmol Books: [Calzetta, Hui 2008]
[Kamenev 2011] :

¢1R Tl'IRa / (+)braneh:

—CO : ————— +

£0Smo,

» Path integral over a closed time contour: (inl@(

» lntegrate out small scales: exp(t Seff[¢1R nIRD

Borel re: of secular div with the stochast Il I'rmal
20231UGM eeeee g,ENSO tober 12th — Lue: P 61

m

logy ' particle physics

‘)|in) * (in|(§|0ut) - ¢$v,m' T‘%V,m

fD(pUVDnUV eXP(l S[¢1R + ¢'UV "m + ”UVD
56 — lnﬂuence actlon '

+hx @l 4 (R

Sa. " b 50 ( )

X N A
IR ¥—— noise term



[I1I. BOREL RESUMMATION

diverge...
... or not diverge? 0.20;

(a) Borel-Padé resummation for V(¢) = A¢p?/4.

40 60 80 100

Borel resummation of secular divergences with the stochastic inflation formalism
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TEST SCALAR FIELD IN DE SITTER: H(¢p) - H

P(p,N) 1
ON  3HZd¢ d¢

P(fP N)]*‘W@[P((P;N)] : (¢n>(N)=fd¢¢nP(¢;N)

@y 1 /dV
W__3H2<d¢>’

0 (" 1 . H? o
(< >:_ﬁn<_¢¢ 1> 8—nn—1<¢' 2) for n>2

A Not a closed system for any potential that is not linear or quadratic

, i K ) : forh
Ansatz: (¢") = 2 an kN » Recurrence relations that can be solved at arbitrary finite order
K

Borel resummation of secular divergences with the stochastic inflation formalism
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MASSIVE FREE FIELD & MASSLESS INTERACTING FIELD

V =m2¢?/2 V =1¢*/4
(n\e o] 1 [ 2 | 3 [ 4 [ 5 ] 6 n\EJo[ 1 | 2 | 3 4 | 5 | 6
0 |[1] © 0 0 0 0 0 0 |[1] 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0] 0 0 0 0 0 0
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MASSIVE FREE FIELD & MASSLESS INTERACTING FIELD

— 2 412 — 4
V =m?¢?/2 V =210"/4
(n\e o] 1 [ 2 | 3 [ 4 [ 5 ] 6 n\EJo[ 1» | 2 | 3 | 4 | 5 | 6
0 |[1| 0 0 0 0 0 0 0 |[1] 0 0 0 0 0 0
1 0 0 0 0 0 0 1 (fo| o0 0 0 0 0 0
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~ _ n—2k ry2(k—n) — _ -n(n—-2k)/4
an,k = an,km H an,k — an,kH /1( )/
0 200 1
_10 v & v & v A vllr_' _'-'
o 160 *
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—50 )
= 120 s
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S -100 80 o 13
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L 40 ~
m
-150 2
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1 10 100 1 10 100 1000
k k=21+1

Blue = positive a, ;, Red =negative a,; Black =ratio log(|c_12,k+1/c_12,k|) or log(|ﬁz,k+2/ﬁz,k|)



MASSIVE FREE FIELD & MASSLESS INTERACTING FIELD
(a) Truncation for V(o) = m?¢?/2.
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blue to red is higher and higher order
black is exact (numerical)




MASSIVE FREE FIELD & MASSLESS INTERACTING FIELD

(a) Truncation for V(o) = m?¢?/2.
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It is posible to directly resum the series analytically:
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MASSIVE FREE FIELD & MASSLESS INTERACTING FIELD

(a) Truncation for V(o) = m?¢?/2.
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Higher orders worsen:
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(c) Truncation for V(¢) = \p*/4.
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MASSIVE FREE FIELD & MASSLESS INTERACTING FIELD

(a) Truncation for V(o) = m?¢?/2.
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It is posible to directly resum the series analytically:
3 (=DFf2)\"
“2k T Tgn2 Tkl \3

, 3H* 2m?
BN = g [1 e <_W N)]

(c) Truncation for V(¢) = \p*/4.

0.20————p—r
0.15; ji.i :;;”?,r
: —— [ EE.: }:’:-{"J
Higher orders worsen: & i it
- 0.10_ ity
Divergent series S AN
0.05p /7 niihe
0.00———=
0 5 15 20

25|

We found a closed formula for the first time:

) 3 1/2(_)(;:-1),!2 1 k273 Pit1 _ ) _
gy = (w) . (2 47(2) 1 > @ —2-2)p -2 - D(p; - 2i)
7=0pi=j+2

But direct resummation is out of reach. Idea:

... use Borel summation!



BOREL SUMMATION

I(k+1) = k!
A

Define A(z) = Y, a,z" which is not necessarily convergent

\
k

(
Use the Gamma function to rewrite this as an integral: A(z) = ), %Zkf dxesst

You want to exchange sum and integral but you are not allowed to do so... so you define:

the Borel sum Ag(z) = [ dt e‘tZ% (Gz) s
T J
Y

By 4 k
Borel transform Ag(tz) with Ag(t) = Y, a; %

Clearly, A;(z) will be more convergent than A(z), also A(z) < o = As(z) < o and As(z) = A(2)

1
E.g., a, = k! (—=1)* with A(2) divergent, but As(z) = i ez (O 1) is convergent for z real positive

s
Z

— resums the large factorials... which we find with the stochastic formalism

Borel resummation of secular divergences with the stochastic inflation formalism
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* Borel transform can be computed exactly:

* Inverse transform can be done exactly...

MASSIVE FREE FIELD & MASSLESS INTERACTING FIELD

V=m2¢2/2 V=A¢4/4

—_—

1
@60 = 5311,

1st kind modified Bessel function

4 2
(p?)s(N) = o ll—exp<—2£N>]

8m2m?

= (¢*)(N)

... and obviously coincides with the convergent series



MASSIVE FREE FIELD & MASSLESS INTERACTING FIELD

V =m2¢?/2

* Borel transform can be computed exactly:

——

1
@60 = 5311,

1st kind modified Bessel function

* Inverse transform can be done exactly...

4 2
(p?)s(N) = o > ll—exp (—ZiNﬂ

8m2m
= (p*)(N)

... and obviously coincides with the convergent series

Borel transform
cannot be

calculated exactly 001}

Borel-Padé transf. for V(o) = \o? /4.

0.03—

0.02f4

0.00F i) A e o

— Padé approximants r
analytical Y| A R ANV
(analytical) %0200 400 600 800 1000 1200

t
2)/(H? /N2
* Inverse transform ﬁ(go )/(H?/N2)
of Padé }
approximants 0.15}
(analytical) |
0.10}
0.05
000 ———— '
0 20 40 60 80 100

blue to red is higher and higher order



TABLE OF CONTENTS

I. Standard approach: cosmological perturbation theory

II. Stochastic inflation: formalism and tools

II1. Borel resummation of secular divergences

Borel resummation of secular divergences with the stochastic inflation formalism
2023 TUG Meeting, ENS, October 12th --- Lucas Pinol



MOTIVATIONS

Inflation should be considered a priori multifield (agnostic + concrete top-down examples)

Test scalar fields do not participate to the expansion but do fluctuate, and their statistical properties
can be tested (curvaton scenario, isocurvature fluctuations, instabilities, backreaction...)

Reaching equilibrium may be hard, so knowing the transition regime is crucial:

Ly

 Typical time scale log(a) ~ 1 can be very large

* In realistic inflationary setups H — H(t) and “equilibrium” may change in a non-adiabatic way

The setup can be extended in many directions:
* For other potentials, e.g. double-well - non-perturbative structure (tunneling?) through resurgence
* For multiple test scalar fields with kinetic and potential interactions as motivated by high-energy physics
* Resummation of the PDF itself from “all” time-dependent moments — non-Gaussianities in the tail

* ¢ can be the inflaton field itself — care with discretisation ambiguity and boundary conditions

Borel resummation of secular divergences with the stochastic inflation formalism
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MORE TOPICS OF INTEREST TO ME

Primordial non-Gaussianities

Polyspectra
Cosmological collider, trispectrum, etc.

Stochastic inflation
Non-perturbative

Primordial gravitational waves
Tensor sector

You just heard a lot of that... come on! Anisotropies of the SGWB, gauge fields, etc.

Primordial features and CMB data Cosmic reheating
Precision linear physics Transition epoch
Bayesian and machine-learning methods Preheating instabilities, isocurvature transmission, etc.

Borel resummation of secular divergences with the stochastic inflation formalism
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BACK-UP SLIDES

Timeline of Nolan’s movie Memento

Chronological Sequencing

(Fabula / Story Order)

Fabula versus Sujet in Memento

Opening
Creditg ovie Sta ory Endl—
145 A 0 Tphmf t.,f%i:; Trngdy;j — — Cuts to Other Timeline N
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]l ! I (- |/ o Story Stant el
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1:00 | { Transition BW to Color
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RESURGENCE

V = Ap*/4

Study non-perturbative features of the theory through the poles and zeros of the Borel transform
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Order of the approx. p = 50 p = 150 p =500

No poles on the real
positive axis
No ambiguity in the
Borel sum
No “true” non-
perturbative feature

+

Alternance of poles
and zeros along arcs
Branch cuts in the
exact Borel transform



FULL PHASE-SPACE DYNAMICS [L. Pinol, S. Renaux-Petel, Y. Tada 2020]

The inflationary dynamics may not always be overdamped (negligible accelerations)

The following enables to go beyond the usual approximations

— — I
R Bl Gk i (EL(NMEL(N")) = P (N, ks (N))S(N — N")
AN ¢ / Vi
< X € {¢p,m} Power spectra of the UV phase-space variables:
O I
& d ]\I, = —3H i ey El A0 E}T D is the [t0-covariant stochastic derivative

Most general result: multifield, phase-space, covariant Fokker-Planck equation

oP GV
—=-D ( P)—I—aﬂ_}'R

H

()]

V; 1 Ij
(3R{R H) P} 3 y) Dfﬁm Dy [(P‘abUV f.'bUV) P]

[(PHUVHUv) ]

+D ., 0_ir

ol Ot +—0_ir0 IR

2 T







STOCHASTIC FO RMALISM FOR Massless + slow-variation
NON-LINEAR SIGMA MODELS YA
g

) bE (EWPWY) = B (N, kG (N)SIN — N')
IR

e Slow-roll;

dpir  (GYV;
dN 3H?2

[L. Pinol, Y. Tada, S. Renaux-Petel 2018]
Covariant generalisation of single-field case

* New difficulties: ] ; .
vielbeins: not unique
> Find a square-root of the noise amplitude matrix: G/ = g{x g{l

» Enforce covariance of the equations (also in SE, but more visible in MF): It6 calculus & the standard chain rule

» Links with the discretisation ambiguity: choice of & more critical

Borel resummation of secular divergences with the stochastic inflation formalism
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[L. Pinol, Y. Tada, S. Renaux-Petel 2018]

FOKKER-PLANCK EQUATION FOR
NON-LINEAR SIGMA MODELS

Massless + slow-variation

dgb}R A GUVJ H a a ' o /
ok )m +(35 )quf EWEPNY) = 5PN — N

1

P Gy, H H 1\ 1 H\*

— =D P |+ aD; |—gLlD/|=—glP || +|a—=)—=0a,0,[VG|=—) GVP

oN ’<3H2 ) ’ ’[mg“ f(mg“ )] ( z>ra ”lf(m)
Classical drift Noise-induced drift + diffusion Extra diffusion

Multi-dimensional convection-diffusion equation: g_z; = V(BP) + V(DVP)

Borel resummation of secular divergences with the stochastic inflation formalism . i i . i Tt
B o Tucas bl B: Here P is actually P, = P/vG: a scalar under field redefinitions



[L. Pinol, Y. Tada, S. Renaux-Petel 2018]

FOKKER-PLANCK EQUATION FOR
NON-LINEAR SIGMA MODELS

Massless + slow-variation

do? Gy H
fz@R G ‘( 3H2J>¢,R i (—9&> S0 A ISR Ve N SO SN

aP Gy, H H 1\ 1 H\*
—— =D > R | Il | R o 1]
T ’<3H2 >+aD, lzngaD](zﬂgaP>]+<a 2)\/56,6][\@(2”) G P

Classical drift Noise-induced drift + diffusion Extra diffusion

A _ WEIRD
g, not unique
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[L. Pinol, Y. Tada, S. Renaux-Petel 2018]

FOKKER-PLANCK EQUATION FOR
NON-LINEAR SIGMA MODELS

Massless + slow-variation

do? Gy H
fz@R G ‘( 3H2J>¢,R i (—9&> S0 A ISR Ve N SO SN

P _p GUV']P rab, |2t gip, (2L 0P| + N\ La,a,|ve (2 2GUP
aN 1\ 3m2 g 9t \ g Ya CT2) GV o

Classical drift Noise-induced drift + diffusion Extra diffusion: not covariant!

DX/ =9,X — I‘,]KX K covariant field-space derivative
BAD
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[L. Pinol, Y. Tada, S. Renaux-Petel 2018]

FOKKER-PLANCK EQUATION FOR
NON-LINEAR SIGMA MODELS

Massless + slow-variation

do? Gy H
fz@R G ‘( 3H2J>¢,R i (—9&> S0 A ISR Ve N SO SN

P _p GUV"P vap, |2 gip (2 grp)| N L0 v 2GUP
aN ~ 1\ 3m2 W og 97\ g a “T2) |V 2

Classical drift Noise-induced drift + diffusion Extra diffusion

INTRIGUING
Choice of a crucial

Borel resummation of secular divergences with the stochastic inflation formalism
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ITO AND STRATONOVICH

(Strato if you get intimate)
Ito,a =0 Stratonovic,a = 1/2

H

2
H D i
oyP = —D;(h'P) + 0,0, (\/G (E) gégc]zP> OyP = =D (h'P) + EDI [ﬂgéD] (%Qapﬂ

1
2\ G
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ITO AND STRATONOVICH

Ito,a =0

2
1 H
dPASS D (RIDY L 9.9 \/G(-) I o p
N I( ) 2\/6 I]( Jala

> Not covariant under field redefinitions

» No dependence on the choice of vieilbeins:

Well-know difficulty in statistical physics:
so-called Itd calculus does not verify the standard
chain rule for the derivative of composite functions

1 9> 0
d[f (N, dr(N))] =¢ [aNf i (E i “) a¢£ X noise(¢g)|dN + 0¢]:R dor
IR

but Stratonovich does!

Borel resummation of secular divergences with the stochastic inflation formalism
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ITO AND STRATONOVICH

Stratonovic,a = 1/2

by

I L H ,
dyP = —D;(h'P) +§D1 EQ“D] Egap

> Well covariant under field redefinitions

» Dependence on the arbitrary choice of vieilbeins
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ITO AND STRATONOVICH

Ito,a =0

2+/G

2
1 H
dyP = —D;(h'P) + — 9,9, (\/E <—) g&gﬁp>

2T

> Not covariant under field redefinitions

» No dependence on the choice of vieilbeins:

No choice seems good

Stratonovic,a = 1/2

by

I L H ,
dyP = —D;(h'P) +§D1 Eg“D] >=94F

2T

> Well covariant under field redefinitions

» Dependence on the arbitrary choice of vieilbeins

No hint from the derivation
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ITO AND STRATONOVICH

Ito,a =0

2
1 H
dyP = —D;(h'P) + — 9,9, (\/E (—) g&gﬁp>

2+/G

2T

> Not covariant under field redefinitions

» No dependence on the choice of vieilbeins:

No choice seems good

Stratonovic,a = 1/2

by

I L H ,
dyP = —D;(h'P) +§D1 EQ“D] >=94F

2T

> Well covariant under field redefinitions

» Dependence on the arbitrary choice of vieilbeins

No hint from the derivation
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QUANTISATION OF THE MULTIFIELD SYSTEM

Spoiler: the ambiguity is resolved by the genuine quantum nature of the fluctuations:

65% (N) _ qb{(,a(N) ﬁ% + [gb,lc’a (N)]*C/ic_xg [L. Pinol, S. Renaux-Petel, Y. Tada 2020]

.l.

* Each quantum field is decomposed into the basis (&2‘ &f’z ) with mode decomposition ¢y, ,(N)

k’

* This basis is unique up to an irrelevant constant unitary matrix
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QUANTISATION OF THE MULTIFIELD SYSTEM

Spoiler: the ambiguity is resolved by the genuine quantum nature of the fluctuations:

65% (N) _ qb{(,a(N) ﬁ% + [gb,lc’a (N)]*C/ic_xg [L. Pinol, S. Renaux-Petel, Y. Tada 2020]

.l.

« Each quantum field is decomposed into the basis (&%, &f’T{ ) with mode decomposition qbllw (N)

* This basis is unique up to an irrelevant constant unitary matrix

* The noise amplitude is actually calculated from P(Iﬁ{] g (N, k(N )) = Z cp{(ma (N) [gb,{m <N )]
a (N J

iy ()

Remember classicalisation!
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QUANTISATION OF THE MULTIFIELD SYSTEM

Spoiler: the ambiguity is resolved by the genuine quantum nature of the fluctuations:

65% (N) _ qb{(,a(N) ﬁ% + [gb,lc’a (N)]*C/ic_xg [L. Pinol, S. Renaux-Petel, Y. Tada 2020]

.l.

« Each quantum field is decomposed into the basis (&%, &f’T{ ) with mode decomposition qbllw (N)

* This basis is unique up to an irrelevant constant unitary matrix

* The noise amplitude is actually calculated from P(Iﬁ{] g (N, k(N )) = Z cp{(ma (N) [gb,{m <N )]
a (N J

 So the mode functions are the vielbeins:
iy ()

=I(N) = gb,l(ma(N)f“(N) with (f“(N)fﬁ(N’)) : 5“:35(N — N Remember classicalisation!
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QUANTISATION OF THE MULTIFIELD SYSTEM

Spoiler: the ambiguity is resolved by the genuine quantum nature of the fluctuations:

CP*(N) = ¢ka(N) + [¢ka(N)] AaT

Moral

In practice, you do not have the choice:

H
21t

¢ka

Borel resummation of secular divergences with the stochastic inflation formalism
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[L. Pinol, S. Renaux-Petel, Y. Tada 2020]

No more ambiguity in the
Stratonovich picture!



RESOLUTION OF THE ANOMALIES [L. Pinol, S. Renaux-Petel, Y. Tada 2020]

The circle denotes the Stratonovich, ¢ = 1/2, prescription

do; GV :
=~ 3H2])¢,R +(Phoady,, 8" (EXNIEFN")) = 6P 5(N — N

Given a Langevin equation with a fixed prescription, you can translate it into another
prescription by adding the suitable noise-induced term

!
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RESOLUTION OF THE ANOMALIES [L. Pinol, S. Renaux-Petel, Y. Tada 2020]

The circle denotes the Stratonovich, ¢ = 1/2, prescription

dop! GV
Pir _ _< J) i (</)11<0,a)¢m o £, (E*(N)EP(N")) = 8*FS(N — N")
IR

dN B
|

Given a Langevin equation with a fixed prescription, you can translate it into another
prescription by adding the suitable noise-induced term
The dot denotes the It6, @ = 0, prescription

}
D] G'v /
e R
dN 3H b IR
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RESOLUTION OF THE ANOMALIES [L. Pinol, S. Renaux-Petel, Y. Tada 2020]

The circle denotes the Stratonovich, ¢ = 1/2, prescription

do; GV :
=~ 3H2])¢,R +(Phoady,, 8" (EXNIEFN")) = 6P 5(N — N

Given a Langevin equation with a fixed prescription, you can translate it into another
prescription by adding the suitable noise-induced term
The dot denotes the It6, @ = 0, prescription

}
ng{R (s GUV,] ! / a
dN % ( 3H* PIR . (Qbkma)ﬁbm € i

1
D is called the Graham derivative and is adapted for covariant Itd calculus: DX! = dXx! + 5 F}K X g{, gX
[Graham 1974]

The correction going from Strato to It is exactly what is needed to define the covariant Ito derivative!

¢ 2 2 2
For (¢, x) with ¢ = Diag (1, e_ﬁ) and V = A¢* we find e.g. (¢p?) = ZO—N (1 4 oM __ ANT )

T2 16m2M2 612



FULL PHASE-SPACE DYNAMICS [L. Pinol, S. Renaux-Petel, Y. Tada 2020]

The inflationary dynamics may not always be overdamped (negligible accelerations)!

The following enables to go beyond the usual approximations (generalised slow-roll, massless fields)

C Dopla Lol i (EL(NMEL(N")) = P (N, ks (N))S(N — N")
dN H 19 / Vi
< o X € {¢p,m} Power spectra of the UV phase-space variables:
G L L om + Field-field
& dN il I H =1 * Field-momentum

* Momentum-momentum

We defined for the first time derivatives covariant for Itd calculus in phase-space: D% = dmiX + ---
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FULL PHASE-SPACE DYNAMICS [L. Pinol, S. Renaux-Petel, Y. Tada 2020]

The inflationary dynamics may not always be overdamped (negligible accelerations)!

The following enables to go beyond the usual approximations (generalised slow-roll, massless fields)

R Bl Gk i (EL(NMEL(N")) = P (N, ks (N))S(N — N")
AN ¢ / Vi
< X €{¢,m} Power spectra of the UV phase-space variables:

3 DR L
Sl i

Most general result: multifield, phase-space, covariant Fokker-Planck equation

oP GV
—=—-—D ( P)—I—aﬂ_}'R

H

()]

V; 1 Ij
(3R{R H) P} 3 y) Dfﬁm Dy [(P‘abUV f.'bUV) P]

[(PHUVHUv) ]

+D ., 0_ir
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