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Goals

e Advertise simple yet powerful tools from the quantum information theory of con-
tinuous variable systems and Gaussian states.

e Quantify the amount of entanglement generated in the Hawking process including
thermal environments and rotation.

Main references:

— |. Agullo, A. J. Brady, A. Delhom, and D. Kranas, “Entanglement from rotating black
holes in thermal baths”, July 2023, arXiv: 2307.06215 [gr-qc].



Hawking effect

Hawking effect: Spontaneous creation of entangled particle pairs by
black hole event horizons.
[S. W. Hawking (1974)]




Hawking process in a nutshell

virtual e Ingredients: Black hole horizon + a
i e particle .
.'/ E\Jel'\t horizop = pairs quantum f|e|d.

Hawking L .
radiation e Thermal radiation emitted from the

exterior of black holes.
e Hawking temperature:
T, — e
H — 8rGkgM

e Carries a quantum signature:

Entanglement



Elements of quantum information theory of Gaussian states

Reference: A. Serafini, Quantum Continuous Variables: A Primer of Theoretical Methods (2017)

e Consider a system of N quantum bosonic degrees of freedom (harmonic oscillators):

R = ()?17[313 "’3)?N7[3N)'
AoA ; ; 0 1
Commutation relations: [X, 5] = ih — [R', R/] = inQ", Q=6 ( i 0)
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Elements of quantum information theory of Gaussian states

Reference: A. Serafini, Quantum Continuous Variables: A Primer of Theoretical Methods (2017)

e Consider a system of N quantum bosonic degrees of freedom (harmonic oscillators):

A

R = ()?17[313 "’3)?N7[3N)'
AoA ; ; 0 1
Commutation relations: [X, 5] = ih — [R', R/] = inQ", Q=6 ( i 0)

e Gaussian state p: Completely characterized by the first and secnond moments.

— /ﬂ =Tr {ﬁl%’}
— o = Te[p{(R = ), (R - )}

e The properties of the system can be derived in an elegant manner from ' and o¥.
— gl +iQi >0
— p: pure iff eigen{o*Qy;} = +i
— (A) =20’ + Lpipi — N/2



For quadratic Hamiltonians, Gaussian states evolve to Gaussian states

(Hin’ain) N ('uout’o_out)

uout:SHin’ O'OUt:SU'inST, SQST:Q

Forget about Schrodinger equation, infinite by infinite density matrices, etc. The evo-
lution of Gaussian states is implemented by simple matrix multiplications of finitely
dimensional matrices.
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Logarithmic Negativity

To quantify entanglement of quantum states, including mixed ones, we will use
Logarithmic Negativity LN, associated to the PPT criterion.

e Can be used to quantify the entanglement of mixed states.
e Based on the Positivity of Partial Transposition (PPT) criterion.

e For Gaussian states where either subsystem is made of a single degree of freedom,
LN is a faithful entanglement quantifier.

e Can be computed from o.

e Measures entanglement in units of Bell states. For an operational interpretation
look at [X. Wang, M. M. Wilde, Phys. Rev. Lett. 125, 040502 (2020)].



e QFT: Infinitely-many degrees of freedom.



e QFT: Infinitely-many degrees of freedom.
e Wald (1975): Found the progenitors of the Hawking modes — evolution
diagonalizes to interactions among sets of three modes.




Hawking process as symplectic transformations
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Hawking process as symplectic transformations
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The scattering process at the black hole can be modeled via a two-mode squeezer followed by a beam splitter.

Squeezer Beam splitter
54t = cosh r, & + e®sinh r, (87)T B = T 8 = R &
~out Al Al
a2p — e®sinhr,, (al )Jr + cosh r,, 32 3" =Ry a; + Ty a'3"
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Hawking process as symplectic transformations
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Hawking process as symplectic transformations

Number of emitted quanta:

—1
(0] (83“%)T 83" |0Y,,, = T sinh?r, = T, (ehw/kBTH _ 1)
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Entanglement produced by black holes

Let us compute the entanglement between Hawking radiation and the modes falling inside the
black hole using Logarithmic Negativity. Page did the computation using entanglement entropy
[Page (1993), (2013)].

Black Hole

Subsystem A

______ Subsystem B

Entanglement
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Entanglement for BHs in a thermal bath
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Entanglement for BHs in a thermal bath

Black hole entanglement vs frequency
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Entanglement for BHs in a thermal bath

Black hole entanglement vs frequency
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Main message: Thermal baths (mixed input quantum states) reduce the amount of entangle-
ment produced in the Hawking process.
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Rotation
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Mode interactions in the Kerr geometry
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Entanglement from rotation
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Entanglement from rotation
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Entanglement from rotation

10°
= ®m Total | Tenw=0 .
% A z‘ESIM s
LU ¢ et e e wooo e
S S
= === ot
3 5
b &
~ 102 -
=10
3} il
g -
Q -
s 10°%F (a)
0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

Main message: The ergoregion amplifies the amount of entanglement produced by black holes
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and, for high-spinning black holes, it becomes the dominant source of entalgement.
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Take-home messages

e We have leveraged sharp tools from quantum information theory to quantify the amount of en-
tanglement generated in the Hawking process including the contribution of rotation and thermal
environments.
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Take-home messages

e We have leveraged sharp tools from quantum information theory to quantify the amount of en-
tanglement generated in the Hawking process including the contribution of rotation and thermal
environments.

e We found that thermal baths decrease significantly the amount of generated entanglement while
rotation increases entanglement.

e Our results extend Page's calculation and open a new avenue for studying information-related
topics in a more realistic framework.

e Our tools for quantifying entanglement generated by horizons and ergoregions are generic and can
be applied to other systems, e.g. analogue gravity setups (see Maxime's talk).
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Additional Slides
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One of the main contributions of this work is the incorporation of quantum information
tools of Gaussian states into the physics of field theory to reformulate the Hawking

process in a simple yet efficient manner.

Extend Page's calculation [Page 2013] to a more realistic scenario by adding rotation

and thermal envirinments.
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Entanglement in the Hawking effect
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e At low w, I, — 0: the gravitational barrier becomes fully reflective — No Hawking quanta escape.
At high w, ', — 1: the gravitational barrier becomes fully transparent — All Hawking quanta escape.

e The number of Hawking quanta produced at the horizon decreases monotonically with w (since it follows
a Bose-Einstein distribution).
e The competition of the last two functional forms results in a maximum value of LN at w = 0.228 M1, 21



Sometimes, it is more illuminating to write down expressions in terms of annihilation
and creation operators. Let us, therefore define the vector A = (41, §J{, .4, 4l ).
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Elements of quantum information theory of Gaussian states

Examples of Gaussian States
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Elements of quantum information theory of Gaussian states

Examples of Gaussian States

— Vacuum state: u = Oy, 0 = by

— Coherent state: p # O, 0 = by

— Single-mode squeezed state: pu = Oy, 0 # by

— Thermal state: u = Oy, o0 = @N(2A; + 1)k
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Two-mode squeezing

—p— S —p— Noue
—— ! S ’&.‘9’_“"

84 = cosh r &' + €/? sinh r 35",
35" = e'?sinh r 4] + cosh r a5’
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Two-mode squeezing for vacuum input

e State before squeezing:

p" =(0,0,0,0), " =1,
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Two-mode squeezing for vacuum input

e State before squeezing:

p" =(0,0,0,0), " =1,

e Two-mode squeezing S-matrix:

cosh r 0 cos@sinhr  singsinhr
S — 0 cosh r sin¢sinhr —cos¢sinhr
cos¢sinhr  sin¢sinhr cosh r 0
sin¢sinhr —cos¢sinhr 0 cosh r

2



Two-mode squeezing for vacuum input

e State before squeezing:

p" =(0,0,0,0), " =1,

e Two-mode squeezing S-matrix:

cosh r 0 cos@sinhr  singsinhr
S — 0 cosh r sin¢sinhr —cos¢sinhr
cos¢sinhr  sin¢sinhr cosh r 0
sin¢sinhr —cos¢sinhr 0 cosh r

e State after squeezing:
uout _ stq“m’ O_out _ stqU'nngsq
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Two-mode squeezing for vacuum input

e State after squeezing:

cosh 2r 0] cospsinh2r  sin ¢sinh 2r
2o = (0,0,0,0), o = 0. . cosl.w2r singsinh2r —cos¢sinh2r
cos ¢psinh2r  sin ¢ sinh2r cosh 2r 0
sin¢sinh2r — cos ¢sinh 2r 0 cosh 2r
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Two-mode squeezing for vacuum input

e State after squeezing:

cosh 2r 0] cospsinh2r  sin ¢sinh 2r
2o = (0,0,0,0), o = 0. . cosl.w2r singsinh2r —cos¢sinh2r
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(A1) = :Tr[on]+ 2p1-pa — § =sinh®r

26



Two-mode squeezing for vacuum input

e State after squeezing:

cosh 2r 0] cospsinh2r  sin ¢sinh 2r
2o = (0,0,0,0), o = 0. . cosl.w2r singsinh2r —cos¢sinh2r
cos ¢psinh2r  sin ¢ sinh2r cosh 2r 0
sin¢sinh2r — cos ¢sinh 2r 0 cosh 2r

(A1) = :Tr[on]+ 2p1-pa — § =sinh®r

e Entanglement:

2
LN(r) = max{0, — log, e >} = 52891
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Two-mode squeezing for vacuum input

Entanglement vs squeezing amplitude
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Two-mode squeezing for thermal input

e State before squeezing:
u" =(0,0,0,0), o&"=(2n+1)l
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Two-mode squeezing for thermal input

e State before squeezing:
u" =(0,0,0,0), o&"=(2n+1)l

e State after squeezing:

NOM = 52Squn =(0,0,0,0), o™ = 52Sq°'ins2qu =(2n+ 1)0'\?;f

e (AY=_n + sinh’r +2nsinh’r

initial spontaneous stimulated

e Entanglement:
LN = max{0, — log,[(2n + 1)e*']}
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Two-mode squeezing for thermal input

e State before squeezing:
u" =(0,0,0,0), o&"=(2n+1)l

e State after squeezing:
P = Soqu" = (0,0,0,0), 0°* = Sr5q0"Ssq = (20 + 1)oomn
o . o 12
e (Aj) = n sinh®r +2nsinh” r
(i) \,./+ I\,_/ +q,_/
initial spontaneous stimulated

e Entanglement:
LN = max{0, — log,[(2n + 1)e*']}

[ The state is entangled only if r > 1 In(2n+1)
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Bloch—Messiah decomposition: Any symplectic transformation can be decom-
posed to a set of squeezers, beam splitters, and phase shifters.
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Bloch—Messiah decomposition: Any symplectic transformation can be decom-
posed to a set of squeezers, beam splitters, and phase shifters.

Let us for concreteness consider a system of two d.o.f.s A= (41, QI, 4o, ég)

e Phase shifters

n

a1 =e "4y,
e Beam splitter

31 = cosf 41 +sinf &y,
e Single-mode squeezing

a1 = coshrp 41 — e'¥'sinh éi,

n

a = e~ i%2 e

3 = —sinf 41 + cosf &,

2, = cosh ry 4o — €' sinh 52 -



Two-mode squeezing

= cosh r 41 — e'¥sinh réz,

(5123
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Q>
N
Il

30



Two-mode squeezing

1 = cosh r 41 — e'¥sinh réz,

LD LY

» = —e'?sinh réJ{ + cosh r &

The production of entangled quanta in the Hawking effect is a two-mode
squeezing process.
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Separability and entanglement

Let us consider a composite system that can be split into two subsystems A and B. Let pa €
D(Ha) and pg € D(Hg) be the density operators describing A and B, respectively. The
composite system is characterized by p € D(Ha @ Hg).
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Let us consider a composite system that can be split into two subsystems A and B. Let pa €
D(Ha) and pg € D(Hg) be the density operators describing A and B, respectively. The
composite system is characterized by p € D(Ha @ Hg).

The quantum state p is said to be separable if and only if it can be written as

>
Il
MS

JpA,J 0 PB,Jy
1

J

where pa; € D(Ha), pp,j € D(Ba), 0 < pj<1lforVj=1,..,mand 37" pj=1.
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Separability and entanglement

Let us consider a composite system that can be split into two subsystems A and B. Let pa €
D(Ha) and pg € D(Hg) be the density operators describing A and B, respectively. The
composite system is characterized by p € D(Ha @ Hg).

The quantum state p is said to be separable if and only if it can be written as

>
Il
MS

JpA,J 0 PB,Jy
1

J

where pa; € D(Ha), pp,j € D(Ba), 0 < pj<1lforVj=1,..,mand 37" pj=1.

A quantum state p is said to be entangled if it is not separable. ]
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Entanglement: von Neumann entropy

Standard entanglement quantifier: entanglement entropy — von Neumann entropy

of one of the subsystems.

Let pa = Trg[pas| be the state describing subsystem A. The entanglement entropy is
given by

E[pa]l = —Tr[palogy(pa)l = —XjAajloga(Aaj), Aaj = eigen{pa}
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Entanglement: von Neumann entropy

Standard entanglement quantifier: entanglement entropy — von Neumann entropy
of one of the subsystems.

Let pa = Trg[pas| be the state describing subsystem A. The entanglement entropy is
given by

E[pa]l = —Tr[palogy(pa)l = —XjAajloga(Aaj), Aaj = eigen{pa}

For Gaussian states

n A A A A
v +1 v +1 v —1 v —1
E= 30, M) ="y g (5 ) = e (M),
J:

2 2

where {yiA}, for i =1,..., N, is the set of symplectic eigenvalues of o, i.e.
leigen{ Qo a}|.
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Entanglement: von Neumann entropy

e For a pure state: £ = 0.
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Entanglement: von Neumann entropy

e For a pure state: £ = 0.
e For a mixed state: E > 0.
e von Neuman entropy measures the degree of "mixedness” of a state.

o If the total state pap is pure and the reduced states pa and pg are mixed, then
von Neumann entropy quantifies the entanglement between pa and jg.

e But if the total state p is mixed, E[pa] could be positive even if pag = pa ® pg.

e von Neumann entropy cannot be used to quantify entanglement in mixed states.

BS



To study the entanglement of quantum states, including mixed ones, we will use the well-known
positivity of the partial transposition (PPT) criterion [A. Peres (1996), P. Horodecki (1997)].
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Let {|/),} and {]i)z} be orthornormal basis of the 7{a and g, respectively.

paB = Z Pijke ) Ul ® k) (€] g

iy k2

The partial transposition with respect to B is given by

—IA®TBPAB) Zp:;kll <-,|A®‘€ k|B—ZP:JZk| <J|A®|k><é|5

ikt ikl

34



To study the entanglement of quantum states, including mixed ones, we will use the well-known
positivity of the partial transposition (PPT) criterion [A. Peres (1996), P. Horodecki (1997)].

Let {|/),} and {]i)z} be orthornormal basis of the 7{a and g, respectively.

paB = Z Pijke ) Ul ® k) (€] g

iy k2

The partial transposition with respect to B is given by

—IA®TBPAB) Zp:;k[l <-,|A®‘€ k|B—ZP:JZk| <J|A®|k><é|5

ikt ikl

Let {\FT} be the set of eigenvalues of T
o If pas is separable, then APT > 0V /.

o If 3 AT <0, then pap is entangled.
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PPT for Gaussian states

e For Gaussian states, all statements about correlations, separability, and entanglement can
be extracted solely from the covariance matrix o.

e The operation of partial transposition of a system of M + K = N d.o.f.s, partitioned as
(M —d.o.f.s|K — d.o.f.s), is implemented by

K
o”T=ToT, T=bu@ Sk, Zwk=Eo:
f=il
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PPT for Gaussian states

e For Gaussian states, all statements about correlations, separability, and entanglement can
be extracted solely from the covariance matrix o.

e The operation of partial transposition of a system of M + K = N d.o.f.s, partitioned as
(M —d.o.f.s|K — d.o.f.s), is implemented by

K
o”T=ToT, T=bu@ Sk, Zwk=Eo:
f=il

Let {vFT} be the set of symplectic eigenvalues of o T.

e If pap is separable, then vF'T > 1V j.

e If 3uPT < 1, then jap is entangled.
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Two-mode squeezing for vacuum input

e Logarithmic Negativity

2
LN(r) = max{0, —log, v21 } = Tl 2.89r
n

e Entanglement entropy

V| A4l A1 A —1
E= 5 log; > - log, )

A

where v = cosh 2r.
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Two-mode squeezing for vacuum input

6 T T
— LN(1)
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Both E and LN increase monotonically with r and capture the entanglement produced by the

squeezing.
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Logarithmic Negativity

— For Gaussian states of a system of M + K = N d.o.f.s, partitioned as
(M —d.o.f.s|K —d.o.f.s), LN is computed by

M+K

IN=Y" max{O, ~ log, (VJ.PT)}

J
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Logarithmic Negativity

— For Gaussian states of a system of M + K = N d.o.f.s, partitioned as
(M —d.o.f.s|K —d.o.f.s), LN is computed by

M+K

IN=Y" max{O, ~ log, (VJ.PT)}

J

— For the particular case where of Gaussian systems partitioned as
(1 —d.o.f.s|M — d.o.f.s) (which are most of the situations we are interested in),

LN is given by
LN = max{0, — log, voT 1,
where Z/I':L is the lowest symplectic eigenvalue of oPT.
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Two-mode squeezing for thermal input

e State before squeezing:
u" =(0,0,0,0), o=2n+1)l
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Two-mode squeezing for thermal input

e State before squeezing:
u" =(0,0,0,0), o=2n+1)l

Two-mode squeezing S-matrix: Sy same matrix as before.
e State after squeezing:

B = Sosqu™ = (0,0,0,0), 0% = Sxq0"Sog = (20 + L)oo

Partial transpose
out\PT __ out\PT
(™) = (o%)

Symplectic eigenvalues
o vy=1{1,1,11}
o T ={(2n+1)e 2, (2n+1)e 2", (2n+ 1)e*,(2n + 1)e*"}
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Two-mode squeezing for thermal input

e State before squeezing:
u" =(0,0,0,0), o=2n+1)l

Two-mode squeezing S-matrix: Sy same matrix as before.
e State after squeezing:

B = Sosqu™ = (0,0,0,0), 0% = Sxq0"Sog = (20 + L)oo

Partial transpose
out\PT __ out\PT
(U ) - (Uvac)

Symplectic eigenvalues
o vy=1{1,1,11}
o T ={(2n+1)e 2, (2n+1)e 2", (2n+ 1)e*,(2n + 1)e*"}

The state is entangled only if /o7 < 1= r > 2in(2n+1) 2




Two-mode squeezing for thermal input

40



Two-mode squeezing for thermal input

Message: Entanglement increases with r and decreases with n. 40



Let us compare LN and von Neumann entropy E and mutual information |.

Mutual information: | = E5 + Eg — Eap
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Let us compare LN and von Neumann entropy E and mutual information |.

Mutual information: | = E5 + Eg — Eap

e Mutual information encodes the total amount of correlation in the state, both
classical and quantum.
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Let us compare LN and von Neumann entropy E and mutual information |.

Mutual information: | = E5 + Eg — Eap

e Mutual information encodes the total amount of correlation in the state, both
classical and quantum.

e For pure states (Eag = 0): | =2E5 = 2Ep

41
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Two-mode squeezing for thermal input

r=1
5 :
af > ;
E — LN
3 , E
N\ ;
' I
: s
1 E
1 Peutoff
] :
0 1 2 3 4

Message: The quantum state contains correlations even when entanglement disappears.



Observations?

e Entanglement: Impossible as it would require extracting information from the interior of
the black hole.
o Hawking radiation: Potentially...But, for "standard” black holes the resulting signal is

extremely weak. Recall
_ he®
~ 8wGksM’

For M = Mg — Ty = 61.7nK. On the other hand, Tcug = 2.7K

Th

Conclusion: Hawking radiation emitted by BHs of a typical mass is extremely weak and, thus,

will be buried under other cosmic signals (e.g. CMB).
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Hawking effect in a nutshell

singularity i+ e The Hawking process is a 3-mode interaction of a field (for
concreteness we consider a masssless field).

e We associate (4, éf), i =1,2,3 to the three modes.

e At /™, the field is in the vacuum state |0), , i.e. 4" [0), =0,
V i.No quanta initially: (0| 4" |0), = (0| (4")Ta" |0),, = O.
r=0
e At I, a detector would measure .

_hw -
(0] 75" [0);, = (0] (83") 83" [0),, = T (e7eT — 1) .
e Black holes radiate as blackbodies of temperature
hc?
Th = 8w GkgM
e The Hawking mode W5"" is entangled with the interior
modes WPt and W5t

a4



Entanglement in the Hawking effect

Let us compute the entanglement between Hawking radiation and the modes falling inside the
black hole.

Black Hole

Subsystem A

Subsystem B

Entanglement

e Entanglement is directly produced in modes WSt and WP"t by the two-mode squeezer.

e Due to the gravitational barrier (modeled by a beam splitter), some of the Hawking quanta

are backscattered and follow into the black hole via the mode W;“t. Hence, this mode will

also be entangled with the W't 45



Summary of our main results for the spontaneous Hawking effect (i.e. vacuum input)
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Summary of our main results for the spontaneous Hawking effect (i.e. vacuum input)

e We constructed a numerical code to solve the scattering problem and construct the scattering
matrix relating the in and out modes (annihilation and creation operators).
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Summary of our main results for the spontaneous Hawking effect (i.e. vacuum input)

e We constructed a numerical code to solve the scattering problem and construct the scattering
matrix relating the in and out modes (annihilation and creation operators).

e From the scattering matrix, we compute the number of quanta created in each mode and their
entanglement.
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Summary of our main results for the spontaneous Hawking effect (i.e. vacuum input)

e We constructed a numerical code to solve the scattering problem and construct the scattering
matrix relating the in and out modes (annihilation and creation operators).

e From the scattering matrix, we compute the number of quanta created in each mode and their

entanglement.

e We extract the Hawking temperature and study its dependence on the model parameters. The
Hawking temperature and, consequently, the number of quanta and the amount of entanglement,
are higher for stronger and narrower pulses. For reasonable optical parameters, we find Ty as high
as 20 K.
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Summary of our main results for the spontaneous Hawking effect (i.e. vacuum input)

e We constructed a numerical code to solve the scattering problem and construct the scattering
matrix relating the in and out modes (annihilation and creation operators).

e From the scattering matrix, we compute the number of quanta created in each mode and their
entanglement.

e We extract the Hawking temperature and study its dependence on the model parameters. The
Hawking temperature and, consequently, the number of quanta and the amount of entanglement,
are higher for stronger and narrower pulses. For reasonable optical parameters, we find Ty as high
as 20 K.

e We study the energy scale (frequency) where effects of dispersion become important and the
Hawking particle creation loses its thermal character.
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Black holes immersed in a thermal bath

— The previous calculations were made for black holes in isolation. What about black holes
immersed in a thermal bath of photons (such as the CMB)?

— Does the thermal bath affect particle production and generation of entanglement?
e The initial quantum state of the field is not the vacuum anymore, but rather a mixed state.

e The covariance matrix of each mode is (2neny,i + 1)h. But, modes Wi" and Wi" have
an ultra-high frequency and therefore neny1 = Nenv,2 = 0. For W3i”, M d = Moy =
(e=w/Tenv — 1)71. The initial state is u™ = (0,0), o = l4® (2neny + 1) .(1 should probably
remove this last bullet as it is technical and doesn’t offer much in the global discussion.)
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Entanglement in the Hawking effect

Let us compute the entanglement between Hawking radiation and the modes falling inside the
black hole.

Black Hole

Subsystem A

Subsystem B

Entanglement

e Entanglement is directly produced in modes WSt and WP"t by the two-mode squeezer.

e Due to the gravitational barrier (modeled by a beam splitter), some of the Hawking quanta

are backscattered and follow into the black hole via the mode W;“t. Hence, this mode will

also be entangled with the W't 48



Entanglement in the Hawking effect

T T T 10 ]
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e At low w, I, — 0: the gravitational barrier becomes fully reflective — No Hawking quanta escape.
At high w, ', — 1: the gravitational barrier becomes fully transparent — All Hawking quanta escape.

e The number of Hawking quanta produced at the horizon decreases monotonically with w (since it follows
a Bose-Einstein distribution).
e The competition of the last two functional forms results in a maximum value of LN at w = 0.228 M1, 49



Black holes immersed in a thermal bath

— The previous calculations were made for black holes in isolation. What about black holes
immersed in a thermal bath of photons (such as the CMB)?

— The initial quantum state of the field is not the vacuum anymore, but rather a mixed state.

— Does the thermal bath affect particle production and generation of entanglement?
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