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Outline of the talk

* What is Gribov’s problem?
 What can we do about it?

e What do we learn from it?



But first,
a little background...



A little background...

* Feynman’s sum over stories: s

(BP0 = | (D8] $(r)pGer)exp(-5(6)) Ei 2

* Free, massless, scalar theory (Euclidean): &R
1 1

S = jddxz(au@z = jddx§¢(—52)¢

* Free scalar theory: [R. P. Feynman (1918-1988)]

(¢(x1)¢(xz)>free = G(x1 — x3)

G (x4 — x,): Green’s function (i.e., “inverse”) of (—0d%)



A little background...

* Classical Electrodynamics:

1 _
SQED — fd4x [Z (aﬂAv o avA#)(auAv o avA#) + l/)(iyuau o m)l/) +]MAH]

1 _
— f d*x [EA#(CYWGZ — 0,0, )A, + P(iy,0, —m)yp "']uAu]



A | |tt|e ba Ckg roun d ses Photon’s ”klnetlc Electron’s

energy” = = Fquuv “kinetic energy”

e Classical Electrodynamics: 1

SQED_ d4 (aA - 0,4,)(0,4, —d,4,) +P(iv,0, —m)1p+]ﬂ i

1 _
— f d*x [EAH((SWGZ —0,0,)Ay + P(iy,0, —m)p +J,A u] I

Electron-photon
Interaction term




A | |tt|e ba Ckg roun d ses Photon’s ”klnetlc Electron’s

energy” = = Fquuv “kinetic energy”

e Classical Electrodynamics: 1

SQED=f [ (0,4, —0,4,)(3,4, —d,A )+1/J(l]/uau—m)l/)+]ﬂ i

1 _
— f d*x [EAH((SWGZ —0,0,)Ay + P(iy,0, —m)p +J,A u]

Electron-photon

* The operator (5,“,62 d,0 ,) has no inverse (it’s a projector)! | taraction term

* Photon propagator =?
* Direct quantization is not so simple!



A little background...

* QED: not really a big deal (turnarounds are
available)

* QCD, Electroweak (non-abelian): big deal

A solution to quantization: Faddeev-Popov (1967)

21 = j [DAI[DFDY] exp(—Sgp)

SFP — SClassical + Sghosts + Sgauge—fixing

[V. N. Popov (1937-1994)]



A little background...

e Euclidean SU(N) Yang-Mills (i.e., QCD without quarks, if N=3):

1
Sclassical = fddeFﬂ%Fﬂ%/ F,ﬁ; = a‘uAf/l — avAﬁ + gfabCAuAv
Dﬁlb — 5abau _ gf“bCAﬁ
1 N\ 2
Sgauge—fixing — % (a,uAu) (Landau gauge)

Z|J] = f[DA] det(—dD) exp(—ng + f]ﬁAﬁ)

Sgf = Sclassical T Sgauge-fixing
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A little background...

* Faddeev-Popov operator: M := =0, D" = =5 9% + gf A5,

* Determinant in terms of Grassmann “scalar” fields ¢ and ¢ (“FP ghosts”):

det(M) = f[Dc_] [Dc] exp (fddx ce Mab cb>

Sghosts = — ]dd x C* MaP b Great for
perturbative
Zl]] = j[DA] eXP(—SFP i f]ﬁAﬁ) calculations!

SFP — SClassical + Sgauge—fixing + Sghosts d

11



What is Gribov’s problem?



What is Gribov’s problem?

e Gauge fixing (from Gribov’s 1978 paper):

A =350 :
BQA\? o) E— /\\ it
L [V. N. Gribov (1930-1997)]

Ar' pi "br&b?.a P‘\?
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What is Gribov’s problem?
e Gauge fixing (from Gribov’s 1978 paper):

A ?5 'b?.
r BQAQ _& / /\\ :
L

Gauge fixing
condition

Ar' pi "br&b?.a P‘\?

[V. N. Gribov (1930-1997)]
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What is Gribov’s problem?

e Gauge fixing (from Gribov’s 1978 paper):

”:. L aa /

A=z dh / L
BQAQ"&'_—/ //\\ ”

I Ly

Gauge fixing ]
condition ' Gauge

[V. N. Gribov (1930-1997)]
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What is Gribov’s problem?

e Gauge fixing (from Gribov’s 1978 paper):
N
Ar_:‘aﬁ%za-’&i

r ETYPERS

Gauge fixing
condition

[V. N. Gribov (1930-1997)]
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What is Gribov’s problem?

e Gauge fixing (from Gribov’s 1978 paper):
N
Ar_:‘aﬁ%za-’&i

r RhySI——

Gauge fixing
condition

[V. N. Gribov (1930-1997)]

... but we shall demonstrate below that
there exists a possibility of a sufficiently
universal solution leading to physically
interesting results. [Gribov, 1978]
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What is Gribov’s problem?

e If a field Aﬁ has a gauge copy, then the equation

M*®nb(x) =0
Le,
[_5ab02 1 gfabCAfL(x)]nb(x) =0

has a nontrivial solution n%(x) (i.e., the FP operator has a
“zero mode”). (Boundary conditions apply at infinity.)

A = 0: Laplace equation = no solution =2 no copies %\-FAP%EMV
* A # 0: More complicated = copies arise (large A/ g/ IR)!

18



What is Gribov’s problem?

* Covariant non-abelian Yang-Mills theories do have gauge copies.

[V. N. Gribov (1930-1997)]
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What is Gribov’s problem?

* Covariant non-abelian Yang-Mills theories do have gauge copies.

-

* FP operator does have zero eigenvalues (“zero modes”). i

[V. N. Gribov (1930-1997)]
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What is Gribov’s problem?

* Covariant non-abelian Yang-Mills theories do have gauge copies.

* FP operator does have zero eigenvalues (“zero modes”). i

* Determinant: det M = |[]; A; (product of eigenvalues).

[V. N. Gribov (1930-1997)]
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What is Gribov’s problem?

This is a

* Covariant non-abelian Yang-Mills theories do have aroblem!

* FP operator does have zero eigenvalues (“zero modes

* Determinant: det M = []; A; (product of eigenvalues).

* At leastone A; =0 > zero FP determinant

I [V. N. Gribov (1930-1997)]
Z[7] = j [DA] det(~0,D) exp(=S,; + [ J2A%)

More details: Sorella/Sobreiro [arXiv:hep-th/0504095] (Swieca School 2005)

22



What can we do about Gribov’s problem?



Gribov-Zwanziger effective action (GZ)

Let’s get rid of
FP zero modes.

* Gribov’s solution: avoid zero-modes of the FP-operator!

* Constrain path integral to Gribov’s first region () (Landau gauge):

(= {Aﬁ such that: d,A;; = 0 and M >0 (i.e., A; > O)}

[R. Alkofer: BJP 37(1B), 144 (2007)]
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Gribov-Zwanziger effective action (GZ)

* Constrain path integral to Gribov’s first region () (Landau gauge):

() = {Aﬁ such that: d,A; = 0 and M >0 (i.e., A; > O)}

ZJ1 = | [DA][D¢][Dc] exp(—Sgp + J JEAZ)

Restriction to Q
the (1) Gribov
Region (M > 0)



Gribov-Zwanziger effective action (GZ)

* Constrain path integral to Gribov’s first region () (Landau gauge):

() = {Aﬁ such that: d,A; = 0 and M >0 (i.e., A; > O)}

ZJ1 = | [DA][D¢][Dc] exp(—Sgp + J JEAZ)

Restriction to Q Restriction to

the (1) Gribov the (1) Gribov
Region (M > 0) Region (M > 0)

Z[]] = f [DA][Dc][Dc] exp(—Sgp + [ JEAZ) 6(1 — a(4))



Daniel
Zwanziger

Gribov-Zwanziger effective action (GZ) ‘e

 Gribov restriction (constraint) = modification of the action (a la Lagrange)
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Daniel
Zwanziger

Gribov-Zwanziger effective action (GZ) ‘e

* Gribov restriction (constraint) = modification of the action (a la Lagrange)

Horizon function ﬁ

Z1] = j [DAI[DEI[DC] exp(=Spp + [ JEAS) exp(—y*H(A))

Gribov parameter
(a “Lagrange multiplier”)
(not a free parameter)

dlog Z[0]

=0 (Gribov gap equation)
dy
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Daniel
Zwanziger

Gribov-Zwanziger effective action (GZ) ‘e

* Gribov restriction (constraint) = modification of the action (a la Lagrange)

Horizon function ﬁ

Z1] = j [DAI[DEI[DC] exp(=Spp + [ JEAS) exp(—y*H(A))

Gribov parameter
(a “Lagrange multiplier”)
(not a free parameter)

H(A) = gy [ dx pretagoo =1 ) oA o)

dlogZ[0] Inverse of the Faddeev- [D. Zwanziger, Nucl. Phys. B321, 591 (1989)]

T 0 Popov operator ;




Daniel
Zwanziger

Gribov-Zwanziger effective action (GZ) ‘e

Mab _ 5ab02+gfabCAC

* The horizon function is nonlocal (due to M~ 1)!

* “Localization” = Introduce auxiliary fields (¢, ¢) (Bose) and (w, @) (Fermi).

Z|J] = j[D(all fields)] exp(—SGZ + f]ﬁAﬁ)

SGZ — SFP jddx {(pac Mab¢ﬂc 4+ ﬁlcilc Mabwﬁc 1 l-gnyabcAﬁ((pllzc 1 —bc)}

Gribov-Zwanziger
(GZ) Action

30




Gribov-Zwanziger effective action (GZ) ‘e

Daniel
Zwanziger

SGZ — SFP + jddx {(pﬂ'c Mab

(pﬁc 1 ﬁﬁc Mabwllzc + l-gnyabcAﬁ((pllzc 1 (pﬁc)}

Tree-level gluon propagator (Landau gauge):

_ Pubv

DI (p) =

pZ

p4- + ZgZNy4

5P, (p)

P,uv(p) = 5;11/ P2

(transverse
projector)

“Scaling solution” (GZ)

y: Gribov parameter
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Daniel
Zwanziger

Gribov-Zwanziger effective action (GZ) ‘e

SGZ — SFP jddx {(pac Mab(puc 4+ aﬁlc Mabwﬁc + igyzfabCAﬁ(wﬁc 1 —bc)}

Properties of the GZ action:

* Local @

* Renormalizable @

* Breaks BRST symmetry (*) @

* Complex/not hermitian @

* Leads to non-unitary time evolution @ @
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Refined Gribov-Zwanziger theory (RGZ)

* Presence of nonzero mass dimension myq = 2 condensates:

(@500 + B wg?) # 0

(A% AZ) # 0

Dudal et al.

[Phys. Rev. D72 (2005)
014016]

Dudal et al.

[Phys. Rev. D 77 (2008)
071501]

* Parameters m and M: “Lagrange multipliers” = add terms to S;:

m
SrRGz = S¢z T f dx [

2

2

ALA% + M?(p

a
U

b,.ab —ab , .ab
Pu- T Wy Wy )




Refined Gribov-Zwanziger effective action (RGZ)

2
m ~ B
Srez = Sz + f d?x [ > ApAy + MZ(QDﬁbfpﬁb T wﬁbwﬁb)

Tree-level gluon propagator (Landau gauge):

I);Z _+_ 1»112
(p? + m?)(p* + M?) + 29°N y*

D/%I; (p) = Sabpuv ()

Dudal et al.

“Decoupling solution” (RGZ) Phys.Rey, 077 (2008



GZ versus RGZ gluon (tree-level) propagators

GZ Propagator RGZ Propagator
D(p)

D(p)
: 0.35

0.5}
0.30}
0.4} ;

' 0.25}

031 0.20f

02| 045;
0.10}
0.1} i

: 0.05}

“Scaling solution” (GZ) “Decoupling solution” (RGZ)

NB: qualitative behavior (don’t take values seriously!) ..



What do we learn from Gribov’s problem?



How to interpret RGZ’s gluon propagator?

(tree, pert YM) (tree, RGZ)

* “Quasi-particle” dressed by interaction with a nonperturbative background.

e Reduces to ordinary Yang-Mills for large momentum.
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(R)GZ and confinement

pz _|_ MZ
(p? + m?)(p? + M?) + 2g°N y*

* RGZ gluon propagator Drcy(p) =

* Kallen-Lehmann representation

D(p) = fo dtp'z(_?t

p() = ) 6(t—m3) QIS0 A = 0
A

* However, RGZ-like (“lattice-like”) gluon propagators: p(t) is negative,
for some values of t.

* “Positivity violation” i.e., p(t) < 0 = gluons not possible as
asymptotic states =2 confinement (?)

* Complex masses (poles of the propagator) =2 confinement (?)



D(p?)

Tree-level RGZ and lattice Yang-Mills

35 F
3
25 |
2
1.5 F
1

0.5 F

4

T
"
%ﬁ 4D Results
¥
&
‘s .
\ :
Y
OI.5 I1 1I.5 z

P

A. Cucchieri and T. Mendes
[arXiv:1001.2584]
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* Gluon propagator form factor from (large) lattices: RGZ-like -> D(0) # 0

1
P [GeV?]

[ A. F. Falcdo, O. Oliveira, and P. J. Silva,

PRD102, 114518 (2020) ] .



Tree-level RGZ and lattice Yang-Mills

* Gluon propagator from (large) lattices: RGZ-like -> D(0) # 0

2 2 2 2(.2 Yal
< gy . P ‘|‘M1 P —I_‘mg(p)
. . D(pH)=Z ® In +1
Fitting function: (P”) Y 1?2+M§‘[ ( 2

Renormalized 64" Data @y = 3 GeV
IIII[IIIWI\II!IW[Wflfll!I!I!I}l\llIIIlW[lfl\I\ll!IWlW[}llll] llllllll IIIIW[W[I[

(A ] 4 13
Y , 2, 9 ) m, a(u)
P | om(p) =4+ 55 w=11N—= Yo ="—55
S 7 P8 p?+A2 127 g 22
e ‘ﬁ.%%% ] 2
ﬁ X o |
] —_— 11 [ D. Dudal, O. Oliveira, and P. J. Silva,
03 -, dOf Ann. Phys. 397, 351 (2018)]
P LTEY PN ERTTE PN EUTTE FRTTARUETE FRRTR PUUTE FYVRN FUUTE ATT SOUTY ATTU SRR AP

IS NN 111
0 05 1 15 2 25 3 35 4 45 5 55 6 65 7 75 8
p [GeV]
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Tree-level RGZ and lattice Yang-Mills
* Gluon propagator from (large) lattices: RGZ-like -> D(0) # 0

* Fitting function:

2 2 2 2( 2 Yal Good
D(p*)=Z P+ M |:(;_) In (p (P )) + ]} Agreement with

4 ) 4 >
p*+M;5 p°+ M; Aoep Lattice QCD

\_Y_I \ J
|
Tree-level RGZ Perturbative QCD-like @
(dominant @ low p)  (dominant @ very high p)

[ D. Dudal, O. Oliveira, and P. J. Silva,
Ann. Phys. 397, 351 (2018)] Al



Perturbative RGZ: some results

1) ghost-gluon vertex



Pertur

* Let us ta

native RGZ (1): g

ke the RGZ action serious

* Example: ghost-gluon vertex

New
propagators
and vertices
I——

nost-gluon vertex

vy and calculate quantum corrections!

Usual YM
diagrams

GZ/RGZ
=— diagrams

[B.W.M. et al., PRD 97, 034020:(2018)]



Perturbative RGZ (1): ghost-gluon vertex

* Relevant propagators for the ghost-gluon vertex @ 1-loop:

p?+M? _
(Aﬁ(p)Ag(_p» — (p24+m?2)(p2+M2)+2g2N y* 5abpuv(p) — DAA(pZ) 5abp,uv(p)

1
(c*(p)e(=p)) = p—25“b

D 2
plzéuil_(z;wz P,uv(p) — _<Aﬁ(p)§51lzjc(_p)>

(A%(p) @ (—p)) = gy?fare

[B.W.M. et al., PRD 97, 034020+(2018)]



Perturbative RGZ (1): ghost-gluon vertex

* Relevant propagators for the ghost-gluon vertex @ 1-loop:

p?+M? _
(Aﬁ(p)Ag(_p» — (p24+m?2)(p2+M2)+2g2N y* dabpuv(p) — DAA(pZ) 5abp,uv(p)

1
(c*(p)e(=p)) = p—25“b

D 2
plzéuil_(z;wz P,uv(p) — _<Aﬁ(p)(ﬁ1lzjc(_p)>

(A%(p) @ (—p)) = gy?fare

(new GZ/RGZ propagator)
[B.W.M. et al., PRD 97, 0340205(2018)]



Perturbative RGZ (1): ghost-gluon vertex

* Relevant vertices for the ghost-gluon vertex @ 1-loop:

5S
tree[ kv abe .. . ree — J¢ abc kD—C 5“+ )—k) 511/‘*‘ -, 61/)
58
tree[™, _ k.p. abc _ _ tree — _jqfabc
5S
treell™, _ (k. p. abcde tree — —jgfabdgces .
[ A(/)(/)( P q)];w/) 5Ag (k)(s('_aﬁc(p)é(pz[( (C]) . le vpPu

[B.W.M. et al., PRD 97, 034020+2018)]



Perturbative RGZ (1): ghost-gluon vertex

* Relevant vertices for the ghost-gluon vertex @ 1-loop:

5S
tree[ k.p. abe .. . ree — abc ku . 5“ AL = k) 511/ o -, 51/)
[ AAA( , P q)];u//) (SAz(k)(SAf(p)(SA/()(C]) . g [( qb) Pl (p/ /) / (qy p;) /]
5S
tree[™, _ k.p. abc _ tree — _jqfabc
[ Acc ( P CI)],U (SAZ(/()(S(_,I)(]?)(SC((C]) o l-gf pll
53Stree

| G R s = —igf**'5°5,,p,.| (new GZ/RGZ vertex)

0A3 (k)o@ (P)ow (a)| o

[B.W.M. et al., PRD 97, 034020+(2018)]



Perturbative RGZ (1): ghost-gluon vertex

. [BW.M. et al., PRD 97, 034020 (2018)]
* Soft gluon limit: k0, = 0

SU(2) Ghost—gluon vertex (soft-gluon limit) _ SU(3) Ghost—gluon vertex [soft-gluon limit]
I 13L
1.3+ |

3 v
I - }
1.2 f’ ~:\ ~~~~~~ 1
F I " ~ .
[ | { el
L R ) ..
! ~ é e
L I 'i' - I
L I s JT ~a R ‘*“;.%'* | | ]
1 1 "% hhhhh - mma . — %
. N | — —— i L T

-
A--—-—-.._____
-
‘-‘----—-"———-...
-

1 2 3 4 5 0.9 ey, P(GeY)
[A. Cucchieri, A. Maas, and T. Mendes,
Phys. Rev. D 77, 094510 (2008).] [E. M. llgenfritz et al.,

[M. Pelaez, M. Tissier, and N. Wschebor, Braz. J. Phys. 37, 193 (2007).]
Phys. Rev. D 88, 125003 (2013)]
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Perturbative RGZ (1): ghost-gluon vertex

[M. Pelaez et al., To be submitted]

* Symmetric configuration: * Orthogonal configuration:
4l S ]
I —RG, =2.5, =5
= 5L —no Rpécz g=>5 g0 1A - } } —RG, ug=2.5, go=5 .
T w15 } % ~no RG, g=5 i
{5 1.2:— . {ﬁj 1‘2: ]
8 - ~— S i
o i T ] © i } - [
| g FH
1.0_— | | ! ! [ T_ 1.0; | | | | ! | n
0 ! 2 3 4 5 ¢ 0 1 2 3 4 5 6
p(GeV) p(GeV)
Lattice points: [A. Cucchieri and T. Mendes, ‘ 2
P [ Model IR flow: g(p)° = N ngo e
PoS Confinement 8, 040 (2008); arXiv:0812.3261] L+ LN fog (L404)
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Perturbative RGZ: some results

2) Gluon propagator

* Warning: Preliminary results



Perturbative

_______

RGZ(2): 1-loop gluon propagator

GZ: [J. A. Gracey, JHEP 0605:052 (2006)]

Usual YM
diagrams

(but with RGZ-modified
gluon propagators)
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Yang-Mills

M) @ (@)

47 o (9)

i v

L am= (k)
e ‘\
{d) @, N
! A
m n m
A} 0000000004 $.000000000, 4] A,
/
\\ 4
= 4w




Yang-Mills

(h) =t U
0
A" 0000 2
(i
A7 0000, 2C
(k)
" ] - g [A. D. Pereira et al.,

‘ 1. RGZ, 1-|00p3 work in progress]
20 diagra ms [B. W. M., work in

progress]

54



Perturbative RGZ (2): gluon propagator
* Landau gauge 1-loop RGZ gluon propagator: PRELIMINARY RESULTS

W _ PRELIMINARY
| Tree-level ik 0 mresmesmesneew Tree-level
) 1-loop + tree N 1-loop + tree
Al (IR safe scheme) (g=1)
, (g=1) S (Uprs = 1 GeV)

Other parameters:
lattice/tree RGZ

[A. D. Pereira and G. P. Brito, work in progress] [B.W.M., work in progress]
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Perturbative RGZ(2): 1-loop gluon propagator

* Another possible approach: use the (nonlocal) horizon function

—
Usual YM
diagrams
© T (but with RGZ-modified
A m' 'MA: gluon propagators and
; vertices)
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Perturbative RGZ(2): 1-loop gluon propagator

* Three-gluon vertex modification (with Gribov’s horizon)

39 *N~* [(P1)y — (P2)y] dap n [(P2)a — (P3)al 955

£ 5 (py + py + ps) {

. (p? + M2)(p3 + M?) " (p2 + M2?)(p2 + M?)

[(p3)s — (P1)8] 04a }
(p3 + M?)(pt + M?)

+

Local RGZ: auxiliary fields + vertices (previous slides)
Nonlocal RGZ: momentum-dependent vertices
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Perturbative RGZ(2): 1-loop gluon propagator

* Four-gluon vertex modification (with Gribov’s horizon) ol N

. (p1)o{pr + Pa)s i
(8 + MO)[(pr + pa)7 + MI[(pr + pa+ )7 + M7 ) 0 © P c
) [ (Pa)alps + pi)y 42909090008 sasooncone, 47
(i + M3[(pa + p? + M[(ps + p1 + )+ M7 G
N (pa)y(pa + pa)a P
(o ) (8 + Mlpe + paP + M [(pe + pa + i) + 0] |
4.4 abed 1)y (P4 + P3)g
=-g' 5@1+'pz+ps+p4){F [( SRy ' (pr)elps +pa)
+ M)[(ps + pa)2 + MA[(pa + pa + p2)? + MZ [ _ Pi)elp1 + pala I
(v Jlps+ ) Iltpa+ P +p2) ] N\ IOl + M+ pa k2 AT

+ (P1)s(P1 + Po)y 5 n ___ (p)elp tpos _ )m
(p + M) [(p1 + p2)? + M[(py + pa + ps)? + M7 ) {2+ M*)(pa + pa)? + Ml(pa + pa+ paf? + ME] )
(pals(pa + Pa)a
+ (Pa)a(ps + p1)s * [(;ﬁ + M?)[(p2 + pa)® + M?[(p2 + pa + pr)* + M7
(1 + MH)[(pa +p1)? + M [(pa + p2 + p1)* + M7 (pa)alpa + p1)e
+ — q 7 — — | Ay
(P + M)(pa + pa)* + M7[(pa + p1 + pal® + M*.) ]
N (P2)s(pa + Po)a ) 5 ’ o
pl+ M? 2)2 + M? ] 24 M2] ) : (Pa)ylPa + Pa)e
(pa - )[(P3 + pZ) - ][(Pa * = - pl} + ] +F [([Pﬁ‘ + M:}:[p.i + pa)': + .'l-f"‘| :'::Pd +pr+m Py _-'Lf':‘:
N (p3)s(ps + pa)a . _ (pdalatay ) i
(P2 + M*)[(ps + pa)? + M[(ps + pa + p1)? + M?] (75 + M3)[(p2 + po)* + M[(p2 + p1 + pa] + 17

(pa)alps + pale
+ (p2)a(pz + p1)s 5. N [(FE + M%)[(pa + pa)® + M?|[[pa + p2 + p1)* + M7
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* Four-gluon vertex modification (with Gribov’s horizon) CaL
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Perturbative RGZ(2): 1-loop gluon propagator

* Four-gluon vertex modification (with Gribov’s horizon)
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Why take
Gribov’s problem... it for

granted?

* It’s there! Why not take it seriously?

* Analytically and numerically (lattice) supported.

* Can be straightforwardly addressed (GZ/RGZ).

* Technically challenging!

* It may give insight into nonperturbative Physics (e.g. confinement).
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