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RGPEP
o H = HQED + %m;ALAL

o Photon energy:
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s UV: p~ — 00, small x: p™ — 0"
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o Regularization:
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RGPEP

Renormalized Hamiltonian

o H(my,t,) = [ da~daH + counterterms

o Renormalization group procedure for

effective particles (RGPEP):

RGPEP

H(mg,t,) — Himg,t,)

o Renormalized Hamiltonian:

Ht(mg) = lim Ht(mg,tr)

tr—0t+



o Effective particles RGPEP
bl = U bt U}

where Uy is a unitary operator, t > 0.

P+2
ot:—(/\4)

o Rewrite the theory in terms of effective
particles

Ht:()(b,bT,d,dT,CL,CLT) — Ht(btyb;radtad:ﬁfaaftva’;r)
initial Hamiltonian effective Hamiltonian



o Instead of U, it is more convenient to RGPEP

write the equation that governs scale
evolution of the Hamiltonian (Wegner-like
flow equation):

d
%Ht = [[Hy, Hi), Hil,

Ht — Ht(b7 bT) d7 dT) a, aT)a

t
Ug = Texp (—/ dr [Hf,HT]).
0



Hamiltonian matrix RGPEP

H(mg, t,) — Hy(myg,t,)

= Hyo+gHi1+g “Hiy + .

“?‘f I z
t(py +p5 —p,—p,)

p+q -k~



RGPEP
Effective Hamiltonian

) . - _
Hyo+ g*Hyo gHt1 leces Vi) leces Vi)
gHyq Hyo+ g°Hyo lecer) lecer)
lUptog®|
Hyg gH; lecer ve) — p- lerer ve)
gHy1 Hio+ g*Hyo leces) lecer)

| integrate out perturbatively the higher sector |

_ M2 + P2 _
Hai|BE) = ~——L|BB)
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where <
Uo = rauilii hiF. A(((G
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Ux = rft‘(]”; (1+Q1;QQf>—ftX,
with
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F = < + ),
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a' = -y ay=vh —ph . G = untue

and




BLFQ

o NViax and b
2
W(q) = §y/ o Ly (q) o3 g™ gime

b\/ (n+|m|)! b2

o K and K, pi = (ki +1/2)
Example:
ky,=0,1,23,456,7,8 K=9 K,=9

k= 3,4,5 K=9K,=3

o Light front helicity M



Positronium

_ 1
o We take o = 5

» No annihilation channel
o Characteristic momentum: pg = %meoz
o Characteristic energy: imeaz

° E — —]\14_27%6
Zmeoz

o B = _%‘FO(O&z)



Numerically challenging: Positronium

Minglet = 2me — %”; o? <1 + ZZ&) ~ 1.9999866 792326557 ,
Miyiplet = 2me — %"; o? <1 - 4180[2> ~ 1.9999866 801788853 ,
Msp, = 2m,— %%m;(f (1 + ;&&) ~ 1.9999966 700330782 .
Eginglet = —1—%042 ~ —1.00 00699291 ,
Eoiplet = —H%a? ~ —0.99 99988900 ,
Esp, = —i—%oﬁ’ ~ —0.25 00005966 .

Eiviplet — Esinglet  ~ 7.10391-107°



Optimal b Uncertainties

Ninax = 24, K = 725, K, = 91, my = 0.0001, ¢ = 107"

1.01




Convergence with respect to Ny ax Uncertainties
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Convergence with respect to Ny ax

Uncertainties

10—2_
10—3_

Dy, = —a-(8+4m)~?

a~~ 14675, p=~4.322
10—4_

2 % 10! 3x 100 4 x 10!
Nmax

M) = M) L5 Dy = M™ —a-47P((p,m+3)

i=m-+1



Convergence with respect to Npax Ulee st es

~— :
—1074 R

_10—2_ M(m) —a:- 4744.(4, m+ 3)

2% 1072 3x1024x102  6x 102 10-!
1/]Vmax




Convergence with respect to K, Ulee st es
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0.0

Convergence with respect to K,

Uncertainties

K™ ~2
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Convergence with respect to K, Uncertainties

To estimate the uncertainties we assume that
Dn+1
— <
D, @

for sufficiently large n. Hence,

M) — M )‘ = ZDm+i < Z|Dm+i| = |Dm|ZQ = m\Dm|-
i=1 i=1 i=1
Therefore, for sufficiently large m,
Mw»_Mww < 9 p.l.
1-Q

Suppose D, < 0, Dypt1 = ¢Dy, and |Dyg1| < Q|D,y|. Consistency
requries @@ > g > 0. Then the limit is

M~ pm o 4 p o
1—gq

and the bounds are,

MW)AﬁLDm<M@NUWW.
o gPn s <



Convergence with respect to K,

Uncertainties
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Uncertainties
Convergence with respect to K
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&
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Niax = 24,20,16. The range of longitudinal momentum is roughly
k. € [-4.28pp, +4.28pp] and differs slightly from point to point.



Convergence with respect to my Ulee st es
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Convergence with respect to my Uncertainties

—-0.8
—1.01
—1.21
— Final energies require numerical cancellations
— Increasing resolution, K, improves the situation
—14 — my should not be taken too small
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Convergence with respect to my Ulee st es

M = —0.9944 £ 0.0023 (0.23%) + extrapolations
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Residue
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Positronium spectrum Results

E = —1/n? reproduced with accuracy of
~ 1% of the ground state binding energy
n=1 R R R
—2 -1 0 1 2

M;

Each point is an my — 0 extrapolation obtained for Ny,x = 16,
K =5793, and K,, = 91.



Positronium spectrum, closer look

Results
—0.241 1 1
T T
M 025 f T e Hyperfine
splitting
—0.261 S S not good
—0.994
09943 Rotational
_ | symmetry
0.9944 — very good
—0.9945 . : |
—2 —1 0 1 2
M;

Each point is an my — 0 extrapolation obtained for Ny,x = 16,
K =5793, and K,, = 91.
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Renormalization scale dependence

=

B 10pB

At large scales binding insensitive to A
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Results
mg = Sed me
mg = 4ed me
mg = 3ed me
mg = 2e-4 me
mg = le-d me

extrapolation



Conclusion

o BLFQ framework set up for calculations with
RGPEP interactions

o Effective interactions from RGPEP tested in an
elementary way

o We control uncertainties due to extrapolations
o Hyperfine structure is challenging for physical
positronium (a = 1/137)

o We can confidently apply the method for heavy
quarkonia in QCD



