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Light-Front Field Theory
Ø Light-Front Coordinates

2 HAMILTONIAN DYNAMICS 19

Figure 1: Dirac’s three forms of Hamiltonian dynamics.

The two four-volume elements are related by the Jacobian J (x̃) = ||∂x/∂x̃||, particularly
d4x = J (x̃) d4x̃. We shall keep track of the Jacobian only implicitly. The three-volume
element dω0 is treated correspondingly.

All the above considerations must be independent of this reparametrization. The
fundamental expressions like the Lagrangian can be expressed in terms of either x or x̃.
There is however one subtle point. By matter of convenience one defines the hypersphere
as that locus in four-space on which one sets the ‘initial conditions’ at the same ‘initial
time’, or on which one ‘quantizes’ the system correspondingly in a quantum theory. The
hypersphere is thus defined as that locus in four-space with the same value of the ‘time-
like’ coordinate x̃0, i.e. x̃0(x0, x) = const. Correspondingly, the remaining coordinates
are called ‘space-like’ and denoted by the spatial three-vector x̃ = (x̃1, x̃2, x̃3). Because
of the (in general) more complicated metric, cuts through the four-space characterized
by x̃0 = const are quite different from those with x̃0 = const. In generalized coordinates
the covariant and contravariant indices can have rather different interpretation, and one
must be careful with the lowering and rising of the Lorentz indices. For example, only
∂0 = ∂/∂x̃0 is a ‘time-derivative’ and only P0 a ‘Hamiltonian’, as opposed to ∂0 and P 0

which in general are completely different objects. The actual choice of x̃(x) is a matter
of preference and convenience.

2D Forms of Hamiltonian Dynamics

Obviously, one has many possibilities to parametrize space-time by introducing some
generalized coordinates x̃(x). But one should exclude all those which are accessible by a

Light-front variables:

𝑥! = 𝑥" − 𝑥#,    𝑥$ = 𝑥%,'

𝑃! = 𝑃" − 𝑃#(light−front Hamiltonian),

𝑥( = 𝑥" + 𝑥# (light-front time),

𝑃$ = 𝑃" + 𝑃#,    𝑃% = 𝑃&,(

ØEigenvalue equation:

𝑃% ⟩𝛽 = 𝑃&
% ⟩𝛽

o 𝑷!: Light-Front Hamiltonian
o | ⟩𝜷 : Eigenstates
o 𝑷𝜷!: Eigenvalues for eigenstates

Light-front wave functions

• Frame-independent light-front wave functions
• Observables are defined on the light-front
• Light-front wave functions carry parton interpretation

Baryon Structure
Form Factors (FFs),Parton distribution functions 

(PDFs) …

P− = m
2 + P⊥
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P+Dispersion relation: 𝐴( = 0Light-cone gauge:



Basis Light-Front Quantization
Ø Hamiltonian eigenvalue equation:

𝑃% ⟩𝛽 = 𝑃&
% ⟩𝛽

o 𝑷!: Light-Front Hamiltonian
o | ⟩𝜷 : Eigenstates
o 𝑷𝜷!: Eigenvalues for eigenstates

[Vary, et.al, Phys.Rev.C ’10] 

| ⟩𝛽!"#$%&! = | ⟩𝑞𝑞𝑞 + 𝑞𝑞𝑞𝑔 + 𝑞𝑞𝑞 𝑞(𝑞 + ⋅⋅⋅⋅⋅⋅Fock sector expansion:

Single particle basis
in |𝑞𝑞𝑞⟩:

𝛼 = |𝑛', 𝑚', 𝑛(, 𝑚(, 𝑛), 𝑚)⟩
2-dimension harmonic 

oscillator

⨂ |𝑘'*, 𝑘(*, 𝑘)*⟩⨂|𝜆', 𝜆(, 𝜆), 𝐶⟩
Discretized longitudinal 

momentum
Helicity and color

!
!

(2𝑛! + 𝑚! + 1) ≤ 𝑁"#$ !
!

𝑘!% = 𝐾"#$

Ø Basis setup:

Ø Advantages:
1. Rotational symmetry in transverse plane
2. Exact factorization between center-of-mass motion and intrinsic motion
3. Harmonic oscillator basis supplies correct infrared behavior for hadrons

Λ =!
!

(𝜆! +𝑚!)



Light-front Hamiltonian
Ø QCD light-front Hamiltonian can be derived from QCD Lagrangian:

𝑃*+,! = 𝐻- + 𝐻.ℒ)*+ = '𝜓 𝑖𝐷 −𝑚 𝜓 −
1
4
𝐺,-. 𝐺.

,-/

𝐻- =

𝐻. =

• Interaction terms are simple to 
evaluate

• No more than three-body 
interaction

• Advantage to numerical approach

𝜓: quark field operator
𝐴,/: gluon field operator
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Light-Front Hamiltonian
𝑷5 = 𝑯𝑲.𝑬. +𝑯𝒕𝒓𝒂𝒏𝒔 +𝑯𝒍𝒐𝒏𝒈𝒊 +𝑯𝑶𝑮𝑬

𝑯𝒕𝒓𝒂𝒏𝒔 ~ 𝜿𝑻𝟒𝒓𝟐

𝑯𝒍𝒐𝒏𝒈𝒊 ~ −H
𝒊𝒋

𝜿𝑳𝟒𝝏𝒙𝒊 𝒙𝒊𝒙𝒋𝝏𝒙𝒋

𝑯𝑲.𝑬. =H
𝒊
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𝟐

𝒑𝒊*

𝑯𝑶𝑮𝑬 = −
𝑪𝑭𝟒𝝅𝜶𝒔
𝑸𝟐 7

𝒊,𝒋(𝒊9𝒋)
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---Y Li, X Zhao , P Maris , J Vary, PLB 758(2016)

Color factor : 𝐶2 = − (
#

-- Brodsky, Teramond arXiv: 1203.4025

| M𝑃>?@ABC = | ⟩𝑞𝑞𝑞

Three active-quark approach



Nucleon Radii and Axial Charges
• The magnetic moment of the proton and neutron

• The radii of the proton and neutron

• The axial charge and axial radius
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Light-Front Hamiltonian

𝑷5 = 𝑯𝑲.𝑬. +𝑯𝒕𝒓𝒂𝒏𝒔 +𝑯𝒍𝒐𝒏𝒈𝒊 +𝑯𝑰𝒏𝒕𝒆𝒓𝒂𝒄𝒕

𝑯𝒕𝒓𝒂𝒏𝒔 ~ 𝜿𝑻𝟒𝒓𝟐 𝑯𝒍𝒐𝒏𝒈𝒊 ~ −H
𝒊𝒋

𝜿𝑳𝟒𝝏𝒙𝒊 𝒙𝒊𝒙𝒋𝝏𝒙𝒋𝑯𝑲.𝑬. =H
𝒊
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𝟐
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𝑯𝑰𝒏𝒕𝒆𝒓𝒂𝒄𝒕 = 𝑯𝑽𝒆𝒓𝒕𝒆𝒙 +𝑯𝒊𝒏𝒔𝒕 = 𝒈S𝝍 𝜸𝝁𝑻𝒂 𝝍 𝑨𝝁𝒂 +
𝒈𝟐𝑪𝑭
𝟐

𝒋*
𝟏

𝒊𝝏* 𝟐 𝒋
*

%𝑃\]^_`a = Ψb ⟩𝑞𝑞𝑞 + Ψc 𝑞𝑞𝑞𝑔

𝑯𝑶𝑮𝑬 = −
𝑪𝑭𝟒𝝅𝜶𝒔
𝑸𝟐 7
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; 𝜸𝝁𝒖𝒔𝒊 𝒌𝒊 8𝒖𝒔𝒋" 𝒌𝒋

; 𝜸𝝁𝒖𝒔𝒋(𝒌𝒋)



Parton distribution function

BLFQ without DG

BLFQ with DG

COMPASS u

COMPASS d

0.001 0.01 0.1 0.5 1
-0.2

0.0

0.2

0.4

x

xΔ
q(
x)

μ2=3.0 GeV2

Δu

Δd

JAM

NNPDFpol1.1

BLFQ with DG

0.001 0.0050.01 0.05 0.1 0.5 1
-0.5

0.0

0.5

1.0

x

xΔ
g(
x)

μ2=1.0 GeV2

0. 0.2 0.4 0.6 0.8
-0.1

0.

0.1

0.2

Up quark Down quark



a lofty aspiration

From Now 
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Light-Front QCD Hamiltonian
M𝑃>?@ABC = Ψ' ⟩𝑞𝑞𝑞 + Ψ( 𝑞𝑞𝑞𝑔 + Ψ)' 𝑞𝑞𝑞 𝑢(𝑢 + Ψ)( 𝑞𝑞𝑞 𝑑𝑑̅ + Ψ)) 𝑞𝑞𝑞 𝑠𝑠̅

𝑯𝑰𝒏𝒕𝒆𝒓𝒂𝒄𝒕 = 𝒈S𝝍 𝜸𝝁𝑻𝒂 𝝍 𝑨𝝁𝒂 +
𝒈𝟐𝑪𝑭
𝟐

𝒋*
𝟏

𝒊𝝏* 𝟐 𝒋
* +

𝒈𝟐𝑪𝑭
𝟐

S𝝍𝜸𝝁𝑨𝝁
𝜸*

𝒊𝝏*
𝑨𝝂𝜸𝝂𝝍

𝑷5 = 𝑯𝑲.𝑬. +𝑯𝒕𝒓𝒂𝒏𝒔 +𝑯𝒍𝒐𝒏𝒈𝒊 +𝑯𝑰𝒏𝒕𝒆𝒓𝒂𝒄𝒕

𝑯𝑲.𝑬. =H
𝒊

𝒑𝒊𝟐 +𝒎𝒒
𝟐

𝒑𝒊*

𝑯𝑰𝒏𝒕𝒆𝒓𝒂𝒄𝒕 = 𝒈S𝝍 𝜸𝝁𝑻𝒂 𝝍 𝑨𝝁𝒂 +
𝒈𝟐𝑪𝑭
𝟐

𝒋*
𝟏

𝒊𝝏* 𝟐 𝒋
*



Full BLFQ
M𝑃>?@ABC → ⟩𝑞𝑞𝑞 + 𝑞𝑞𝑞𝑔 + 𝑞𝑞𝑞𝑢(𝑢 + 𝑞𝑞𝑞𝑑𝑑̅ + 𝑞𝑞𝑞𝑠𝑠̅ + 𝑞𝑞𝑞𝑔𝑔

𝑷5 = 𝑯𝑲.𝑬. +𝑯𝑰𝒏𝒕𝒆𝒓𝒂𝒄𝒕

𝑯𝑲.𝑬. =&
𝒊

𝒑𝒊𝟐 +𝒎𝒒
𝟐

𝒑𝒊D

𝑯𝑰𝒏𝒕𝒆𝒓𝒂𝒄𝒕 = 𝒈S𝝍 𝜸𝝁𝑻𝒂 𝝍 𝑨𝝁𝒂 +
𝒈𝟐𝑪𝑭
𝟐 𝒋*

𝟏
𝒊𝝏* 𝟐 𝒋

* +
𝒈𝟐𝑪𝑭
𝟐

S𝝍𝜸𝝁𝑨𝝁
𝜸*

𝒊𝝏*𝑨𝝂𝜸
𝝂𝝍

-𝒈𝟐𝑪𝑭S𝝍𝜸*𝝍
𝟏

𝒊𝝏3 𝟐 𝒊𝝏*𝑨𝝁𝒂𝑨𝒃
𝝁 + 𝒊𝒈𝒇𝒂𝒃𝒄𝒊𝝏𝝁𝑨𝒂𝝂𝑨𝝁𝒃𝑨𝝂𝒄



Fock Sector Decomposition

Fock 
sectors

Leading Fock 
sector

𝑞𝑞𝑞 ∼ 90.52%

Next leading Fock 
sector

𝑞𝑞𝑞𝑔 ∼ 9.07%

Next next leading
Fock sectors

𝑞𝑞𝑞 𝑢'𝑢 ∼ 0.02%
𝑞𝑞𝑞 𝑑𝑑̅ ∼ 0.02%
𝑞𝑞𝑞 𝑠𝑠 ∼ 0.01%
𝑞𝑞𝑞 𝑔𝑔 ~ 0.36%

M𝑃>?@ABC → ⟩𝑞𝑞𝑞 + 𝑞𝑞𝑞𝑔 + 𝑞𝑞𝑞𝑢(𝑢 + 𝑞𝑞𝑞𝑑𝑑̅ + 𝑞𝑞𝑞𝑠𝑠̅ + 𝑞𝑞𝑞𝑔𝑔

𝒎𝒖 𝒎𝒅 𝒎𝒔 𝒈 𝒃

0.5 GeV 0.45 GeV 0.6 GeV 2.5 0.6 GeV

𝑞𝑞𝑞 𝑞(𝑞 ~ 3 color singlet state

𝑞𝑞𝑞 𝑔𝑔 ~ 6 color singlet state

2 octet ⨂ octet

1 singlet ⨂ singlet

4 octet ⨂ octet

1 singlet ⨂ singlet

1 decuplet ⨂ octet ⨂ octet

Truncation parameter: 𝑁=>? = 7 and 𝐾=>? = 10



All results at the initial scale

Parton Distribution Function

ØParton distribution functions with five Fock sectors

Preliminary results

As we include 𝑞𝑞𝑞𝑔𝑔Fock sector, the endpoint behavior can be improved

Due to Fock sector truncation (no 𝑞𝑞𝑞 𝑞L𝑞 𝑔, 𝑞𝑞𝑞 𝑔𝑔𝑔), our five-particle contribution too small

Our results qualitative agree with experimental results



Parton Distribution Function

ØParton distribution functions with five Fock sectors

Preliminary results

• One wave function    distributions of valence quark, sea quark, and gluon

• The ratio of 8𝒅 to 8𝒖 sea d is large than sea u

• BLFQ preliminary results qualitatively agree with Global fitting results

d/u~0.27 |P~'

𝑑/𝑢 𝑥(𝑑̅ − 1𝑢)



The Difference 

As we include the 𝑞𝑞𝑞 𝑔𝑔 Fock sector, introduce the new interaction, the gluon 
distribution is suppressed.



Helicity Parton Distribution Functions
Ø Helicity PDFs with five particle 

parton distribution

The behavior of sea asymmetry 
qualitatively agrees with JAM results 

Preliminary results

ΔΣR = 0.953

Δ𝐺 = 0.081ΔΣS = −0.210

ΔΣ = 0.743



Transversity Parton Distribution Functions

Preliminary results Preliminary results

Transversity PDF of u and d has an opposite sign

According to current calculations, there is an asymmetry between L𝑢 , 𝑑̅, and 𝑠̅

As we increase the truncation parameter, our results approach the experimental data.

Tensor Charge: 𝛿𝑢 = 0.91 , 𝛿𝑑 = −0.10 At initial scale



Generalized Parton Distribution Function



Generalized Parton Distribution Function



Conclusion
• BLFQ: a non-perturbative approach based on QCD 

Light-front Hamiltonian
• | ⟩𝑞𝑞𝑞 + 𝑞𝑞𝑞𝑔 + 𝑞𝑞𝑞 𝑞+𝑞 + 𝑞𝑞𝑞 𝑔𝑔 Fock sectors 

have been included
• Remove the effective interaction and Include the three-

gluon vertex and relevant instantaneous interaction in 
QCD
• BLFQ results qualitatively agree with the global fitting
• Establish a platform to study the QCD from the first 

principle way in the light-front frame
• Welcome collaboration



Future

• Continue to expand the Fock sector: 𝑞𝑞𝑞 𝑞+𝑞 𝑔
and 𝑞𝑞𝑞 𝑔𝑔𝑔 ……
• Include all QCD interaction
• Consider renormalization scheme
• Study the intrinsic charm, sea asymmetry
• Study the spin and mass decomposition
• Study the nucleus structure:
𝑑𝑒𝑢𝑡𝑒𝑟𝑖𝑢𝑚 = 𝑞𝑞𝑞 𝑞𝑞𝑞 + 𝑞𝑞𝑞 𝑞𝑞𝑞 𝑔 + 𝑞𝑞𝑞 𝑞𝑞𝑞 𝑞1𝑞 + …



It’s when you follow the rain clouds that you find out 
where the rainbows are hiding.



FSDR Scheme
M𝑃>?@ABC → ⟩𝑞𝑞𝑞 + 𝑞𝑞𝑞𝑔 + 𝑞𝑞𝑞𝑢(𝑢 + 𝑞𝑞𝑞𝑑𝑑̅ + 𝑞𝑞𝑞𝑠𝑠̅ + 𝑞𝑞𝑞𝑔𝑔

According to the Fock sector dependent renormalization:

o The mass counter term in 𝑞𝑞𝑞 :

o The mass counter term in 𝑞𝑞𝑞 𝑔 :



Nucleon Form Factor

As we include the FSDR:
the P-wave contribution           Significant Increase 

Preliminary results


