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Basis Light-Front Quantization (BLFQ)

@ Nonperturbative approach
@ based on the Hamiltonian formalism in light-front dynamics
@ Solve the light-front eigenvalue equation : Hyg | ¥) = M? | 1))

@ General BLFQ algorithm :

Formulate Hi g —— Construct basis states —’ﬁ

Calculate matrix elements

Evaluate observables «——— Diagonalize \J

—IJ. P. Vary, H. Honkanen, J. Li, P. Maris, S. J. Brodsky, A. Harindranath, G. F. de Teramond,

P. Sternberg, E. G. Ng, and C. Yang, Phys. Rev. C 81, 035205 (2010).

—P. Wiecki, Y. Li, X. Zhao, P. Maris, and J. P. Vary, Phys. Rev. D 91, 105009 (2015).
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Effective Hamiltonian : Hegr = PP

Valence Fock sector (| ggq)) |

Fa= kJ_a +mg Z yeont % 3 vocE

a u;éb a#b

@ 3D confining potential V™
» transverse' : k* [xaxb(ﬂ,, - fl/,)z
4 |:th( (XaXp 8»*/)) }
(mg + m;,)2
@ One-gluon exchange interaction

» longitudinal® : &

4mCray _ . _ y
VOOE = T u(K,, sty ulkay sa) (Kl $))y" ks, 55) 8

2

ab
—[1] Brodsky, Teramond, Dosch and Erlich, Phys. Rep. 584, 1 (2015).
—[2] Li, Maris, Zhao and Vary, Phys. Lett. B (2016).

3/28



Proton wavefunction

Basis in BLFQ approach |
@ longitudinal direction — discretized plane-wave basis

@ transverse direction — 2D harmonic oscillator function (¢ )

Basis truncation

o Z(Zl’l,‘ + ‘I’I’ll| + 1) < Nmax
i

o K= Z k; with the longitudinal momentum fraction
=p/ /Pt =k/K

LFWF in the BLFQ basis

{x, ,L Ai } Z w{xh”nmu/\ } H ¢”' m‘ lJ_a
{ni,m;}
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Nucleon gravitational form factors (GFFs)

gauge invariant symmetric energy-momentum tensor |

1 1
gHv = §¢ i[y*D" + " D*] 1) — FuMFKa + Zglw (FAaa)z -
g% (D —m) v

F is the field strength tensor.
fermionic contribution to the EMT
4 1*- "y 178 aY?)
0" = F%ily"D" +7"D*|Y

The GFFs are linked to the matrix elements of the EMT
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Nucleon gravitational form factors

For a spin 1/2 composite system, the standard parametrization of the
symmetric EMT reads '

, ] prpy D
PR = O =BT+ A + B 6P P
WV 2 v _
b g |u

o A(Q?) and B(Q?) are obtained from the (+-) component.

o C(0Q?) and C(Q?) are extracted from the transverse (i,/) components
where (i,j) € (1,2).

—[1]1 X. Ji, X. Xiong, F. Yuan, Phys. Lett. B 717 (2012) 2147218
—[2] A. Harindranath, R. Kundu, A. Mukherjee, Phys. Lett. B 728 (2014) 63767
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Results : A,(Q?) and B,(Q?)
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® LatticeSet — VI (4% = 4.0 GeV?) L
o8 ! ¢ 0.05) == This work (initial scale)
a = This work (initial scale) F ) s
o o F=3 This work (0.195 — 4.00) GeV?
= 06} F=51 This work (0.195 — 4.00) GeV* >~
b SR 1 185 S ——
3T 3
< 04py v
g -0.05f F
0.2f
0 L " P—— -0.1 I 1
0. 0.5 1. 1.5 2. 0. 0.5 1. 15 2.
Q*[GeV?| Q*[GeV?)

@ At initial scale obey the sum rule ZAi =1 and Z B; =0.
i i

@ The bands reflect a 10% uncertainty in the o coupling constant.

e DGLAP evolution done using HOPPET? toolkit to compare with lattice'
results.

—[1] P. Hagler, et al., Phys. Rev. D 77 (2008) 094502.

—[2] G. P. Salam, J. Rojo, Comput. Phys. Commun. 180 (2009) 120-156.
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The D-term (D = 4C)

First measurement of the pressure distribution experienced by the
quarks in the proton \

Letter | Published: 16 May 2018
The pressure distribution inside the proton

V. D. Burkert &, L. Elouadrhiri & F. X. Girod

Nature 557,396-399(2018) | Cite this article

,,,,,

“The average peak pressure near the center is about 10% pascals which is
about 10 times greater than the pressure in the heart of a neutron star”.

o ) A, 0)=1 D "B4(0)=0

@ D(0) is not constrained by general principles.

o D(q?) is related to the stress tensor and internal forces.
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Results : D,(Q?) and C,(Q%)

= This work (initial scale)
== This work (0.195 - 4.00) GeV?
—~
aN
9’, 045 =~ This work (initial scale)
s~  -ulor . _ <12
- = “KM15 global fit + == This work (0.195 — 4.00) GeV?
° S
- -dispersion relations D -02 B -----bag model
chiral quark soliton @ JLab(4.00 GeV?)
- Skyrme model = Lattice Set-V(4.00 GeV?) -0.25f - == -multipole model
- = bag model Lattice Set-VI(4.00 GeV?)
L L -03 L L
0.5 1. 1.5 0. . 2. 3.
2 2
Q*[Gev?) QGev?]

@ A negative D-term is a sign of a stable bound system.

@ D-term aligns well with lattice results, JLab experimental data, and a
myriad of other theoretical projections

o C ”+d(Q2) is negative and consistent with the bag model and multipole

model
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Fitting GFFs

We fit GFFs with following three parameter function: |

ap
(1+ a0

f(Q%) =

GFF ap a a
D"(Q%) | -2.8332 [ 3.1475 | 2.0046
DY(Q%) | -1.9579 | 3.3592 | 2.0830
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Mechanical properties

The D-term can be directly related to the pressure in the center of the nucleon ,
mechanical radius and energy density ‘

P= g |, 4€ QD). () =DO) [ a0 ()]
2472M,, ’ mech 0
Mn 0
" [T a (a@)+ 200

Approaches/Models Do [GeV/fm3] £ [GeV/fm3] <rmech) [fm ]
Our work (v/0.195 GeV — 2 GeV) 0.42 1.08 0.76
QCDSR set-I (1 GeV)! 0.67 1.76 0.54
Skyrme model” 0.47 2.28 -
modified Skyrme model® 0.26 1.45 -
xQsSM* 0.23 1.70 -
Soliton model’ 0.58 3.56 -
LCSM-LO® 0.84 0.92 0.54

—[1] K. Azizi and U. Ozdem, Eur. Phys. J. C 80, 104 (2020). —[2] C. Cebulla et. al. , Nucl. Phys. A 794, 87-114 (2007).

—[3] H.-C. Kim, et. al. , Phys. Lett. B 718, 625-631 (2012). —I[4] K. Goeke et. al. , Phys. Rev. D 75, 094021 (2007).

—[5] J.-H. Jung, et. al. , Phys. Rev. D 89, 114021 (2014). —([6] L. V. Anikin, Phys. Rev. D 99, 094026 (2019).
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Pressure and Shear forces

The 2D pressure and shear in the impact parameter space’ |

()_11d d -
P\ = omMbdb

bdqu(b)} slb) = —%b% [;;qu(b)}

The FT of the D-term expressed using the Bessel function (Jy)

- 1 Cigtpt 1 o0
D) = 52 / g e D(g?) = o /0 dq*2Jq (quL) D(q%)

where, b = |1; 1 | represents the impact parameter.

A spherical shell of radius b experiences normal and tangential forces’ |
1

—[1] A. Freese and G. A. Miller, Phys. Rev. D 103, 094023 (2021).
—[2] M. V. Polyakov and P. Schweitzer, Int. J. Mod. Phys. A 33, 1830025 (2018)
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Results : pressure and shear

. . This work (initial scale)
—— This work (initial scale) ‘

T T , o vork 0195 400) GaV?
; L = This work (0.195 — 4.00) GeV
< = This work (0.195 — 4.00) GeV? | &, 15 ! s work (0,195 = ) Ge
2 2
S O 1r
@ S ——LCSR (4.00 GeV?)
w
_i“ ] | s 05F ----JLab (4.00 GeV?)
——LCSR (4.00 GeV?) &
[
N N
--=-JLab (4.00 GeV?) o}
_osle A A . A A
1. 2. 3. 0. 1. 2. 3.
b[fm] b[fm]

e p(b) must follow the von Laue condition / dbb*p(b) =0
0

@ presure — positive region followed by a negative region
@ shear — typically positive in stable hydrostatic systems
e compared with the light-cone sum rule (LCSR)' and data from JLab’

—[1] L. V. Anikin, Phys. Rev. D 99, 094026 (2019).
—[2] V. D. Burkert, L. Elouadrhiri, and F. X. Girod, Nature 557, 396-399 (2018)
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Results : normal and tangential force

2 0.5
—— This work (initial scale) ) —— This work (initial scale)
é 15k =——This work (0.195 — 4.00) GeV? =§ ) === This work (0.195 — 4.00) GeV?
~ ~
2 ——LCSR (400 GeV?) 2 O
g 1.F == 12 .g
- " --=--JLab (4.00 GeV*) =
S =
5 g
0.5F \Q 2
- ° LCSR (4.00 GeV~)
[ S R a2
] N hed ----JLab (4.00 GeV?)
0.F -1.F
L L L L L L L
0. 0.5 1. 15 2. 0. 1. 2. 3.
b[fm)] b[fm)]

@ positive nature of F,(b)

e F,(b) showcases a dual character: a positive core, indicative of repulsive
forces, and a subsequent negative domain, signifying attractive forces

e It’s worth noting that this binding force exhibits a greater magnitude than
the repulsive counterpart.
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2D QGalilean distributions

Galilean energy density (u(b)), radial pressure (¢ (b)), tangential
pressure (o' (b)), isotropic pressure (o (b)), and pressure anisotropy

(T1(p))

2 4M2bdb \ db | 2
o'(b) = M _C(b)ﬂ\;z;dfzgf)}

r 2
o'b) = M|—C(b) A%d d(cb()’;)}

—[1] C. Lorcé, H. Moutarde, and A. P. Trawi?ski, Eur. Phys. J. C 79, 89 (2019)
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Results : energy density

0.5F
— This work (initial scale
£
0.4F ;
; == This work (0.195 — 4.00) GeV?
¢ o3}
O A
g - == -multipole
L 02
I
T o1
N
0.
0. 0.5 1. 1.5 2. 25
b[fm)]

@ positive energy density
e compared with the result in a multipole model (red dashed line)'

—/[1] C. Lorcé, H. Moutarde, and A. P. Trawi?ski, Eur. Phys. J. C 79, 89 (2019)
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Results : radial and tangential pressure

0.8

’g —— This work (initial scale) ’g‘ 0.4F ~— This work (initial scale)
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] - o work 4 162
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)
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s e 3
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& &
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o radial pressure : consistently positive, indicating a repulsive nature

@ tangential pressure : positive (repulsive) region is centered in the impact
parameter space, while the negative (attractive) region spans towards the
larger values of b.
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Results : isotropic pressure and pressure anisotropy

— —— This work (initial scale) —_ —— This work (initial scale)
& | & o4t
> o04f £ This work (0.195 — 4.00) GeV* ~ == This work (0.195 — 4.00) GeV*
> >
Q )
S ltipol 9 ltipol
— - - - -multipole = - - - -multipole
S < 02b
b =
o o
K K
N .. N

1 1 1 1 1 0 1 - 1 1 L I-- 1
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@ the radial pressure consistently exceeds the tangential one
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Effective Hamiltonian with One Dynamical Gluon

| proton) = a | gqq) + b | 9948) + + ¢ | 9994q) + ...

kinetic energy \ transverse confining potential’
) 2
pi.,+m 1 . - )
Hep = ) % +15 > K [xaxs(Fra — Fip)’]
a a a#b

72 [Xa xaxbaxh):| n

— (mg + myp)?

)

longitudinal confining potential’

Hvertex + Hinst

. . 4
QCD interactions
—[1] S. Xu, CM, X. Zhao, Y. Li, J. P. Vary, 2209.08584 [hep-ph]. ~—[2] Brodsky,Teramond,Dosch and Erlich, Phys.Rep.584,1(2015).
—I[3] Li, Maris, Zhao and Vary, Phys. Lett. B (2016). —I[4] Brodsky, Pauli, and Pinsky, Phys. Rep. 301, 299 (1998).
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QCD interactions and parameters

vertex interaction and the instantaneous interaction |

1
(i0T)2

_ 1 .- _
Hyertex + Hinst = gy, T°A¥y) + EgszT“z/f Py T TP

@ The transverse and longitudinal truncation parameters are set to
Nmax = 9and K = 16.5

@ harmonic oscillator scale parameter b = 0.70 GeV and the UV cutoff for
the instantaneous interaction bj,s = 3.00 GeV

@ The model parameters are
{my,mq,mq, k,ms, g} = {0.31,0.25,0.50,0.54,1.80,2.40} , with all
values in GeV unit, except for g
@ These values are derived by fitting the proton mass (M), its
electromagnetic properties, and flavor FFs'
—[1]S. Xu, et. al., 2209.08584 [hep-ph]
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Results : A(Q?) and B(Q?) with dynamical gluon at initial

scale

1 T T T 0.4 T
0.8r
0.2
06 1
< C
< 04 18 ,
0.2 .. ' ‘ i -0.2
ok -l-.....'.':‘.'.':;'.‘:.: ..... 1 ':".":"-'"-":""-":'-"'-"1 ...... DENAEVRRIPIN _ ! ! !
0. 0.5 1. 1.5 2. 0'%. 0.5 1. 1.5 2.
Q*[GeV?] Q*[GeV?]

o A(Q?) and B(Q?) obey the sum rule ZA,- =1 and ZB,- ~ 0.
i i

0’=0 i=u i=d i=g u+d+g
A, 0.619 0.245 0.136 1.00
B; 0354  —0.325 —0.0289 3.534 x 107!
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Results : Evolved A(Q?) and B(Q

) with dynamical gluon

0.8 0.5
ommmwmm:mcwﬂ'“mwihm”wfwng .hW%wwLMmM]'mw-AwW:m@j
4 Lattice — Hguon (i = 4.0 GeV?) A Lattice — g (4° = 4.0 GeV?)
0.6[ (u+d) — quark (0.24 — 4.00) GeV? 0.25r
o -o--o gluon (0.24 — 4.00) GeV? a ‘ |
S o4t & S ol
< ﬁ? i q ]
02 1 TS ﬁ ~0.25+ ——— (u+d) — quark (0.24 - 4.00) Gev?
¥ t
[ S -.--gluon (0.24 - 4.00) GeV?
_0 5LL
0 (; 0!5 1‘, 115 2. 0 0. 05 1. 15 2.
Q*[GeV?] Q*[GeV?)
0°=0 i=u i=d i=u+d i=g
A; 0.305 0.120 0.425 0.389
B; 0.175 —0.160 0.148 —0.005
—[Lattice - ]|(:\,m“”) P. E. Shanahan, W. Detmold, Phys. Rev. D 99, 014511 (2019).

—[Lattice - ”](slunn) D. A. Pefkou, D. C. Hackett, P. E. Shanahan, Phys. Rev. D 105, 054509 (2022).
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Preliminary result : D(Q?) with dynamical gluon

oF r r r
T A Lattice (gluon - 2022)(4.00 GeV?)
4 Lattice (gluon - 2019)(4.00 GeV?)
0 g 5 Xl SRt S T
—~~ R o % . ;I--
3] o O
\Q_i _2 A ; . { ----- quark (initial scale)
S
@) O I el gluon (initial scale)
g " 2
-4 o JLab (quark)(400 Gev?) 77T quark (0.24 — 4.00) GeV
® Lattice Set-V (quark)(4.00 GeV?) .
- Lattice Set-VI (quark)(4.00 GL‘VJ) ----- -gluon (0'24 - 4'00) GeV
—6}
0.0 0.5 1.0 15 2.0
Q[Gev?]

—[Lattice] (gluon) P. E. Shanahan, W. Detmold, Phys. Rev. D 99, 014511 (2019).

7[I:Ln[icc|(2“mnj D. A. Pefkou, D. C. Hackett, P. E. Shanahan, Phys. Rev. D 105, 054509 (2022).
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Mechanical properties : Preliminary result

The D-term can be directly related to the pressure in the center of the nucleon ,
mechanical radius and energy density' ‘

I T o
pPo = 24772Mn/(; dQ Q D(Q )7 <rmech> —D(O)|:/O‘ dQ D(Q ):|

Mﬂ > 2 2 § 2
£ = d A + —==D
472 Q ( (@) AM? (© )>
Our work po [GeV/fm®] € [GeV/fm®] (rEecn) [fm?]
for quark (v0.24 GeV — 2 GeV) 0.53 0.85 0.69
for gluon (v0.24 GeV — 2 GeV) 0.61 0.69 0.57

—[1] Polyakov, Maxim V. and Schweitzer, Peter, Int.J.Mod.Phys.A 33 (2018) 26.
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Preliminary Results : Pressure and shear

1.
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—[1] L. V. Anikin, Phys. Rev. D 99, 094026 (2019).
—[2] V. D. Burkert, L. Elouadrhiri, and F. X. Girod, Nature 557, 396-399 (2018) 25/28



Conclusion

@ GFFs for proton’s valence quarks, evaluated using BLFQ, align with
lattice QCD and JLab findings.

@ Positive core and negative tail for internal pressure and positive shear
force were observed.

@ The gluon D-term is negative and consistent with lattice data.
@ Work in progress on the calculation of GFF E'g that adheres to the sum

rule Z C;(Q?) = 0.

i=q,8
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Upcoming talk from team BLFQ

@ Beyond Valence Distributions in meson with Basis Light-Front
Quantization - Jiangshan Lan - Tuesday - 16:30

@ Quantum stress on the light front - Xianghui Cao - Tuesday - 17:00

@ Towards a Hamiltonian first principle approach for baryons - Siqi Xu -
Wednesday - 09:30

@ Positronium structure from a basis light-front approach - Xingbo Zhao -
Wednesday - 11:00

@ Positronium in quantum electrodynamics of effective particles - Kamil
Serafin - Wednesday - 11:30

o Structure of spin-1 QCD systems using light-front Hamiltonian approach
- Satvir Kaur - Thursday - 16:30

Thank you!
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Comparison of GFFs

u 1 u U U - Hut-d
Approaches/Models AS(0)  J,(0) = E[Aq“’(o) +BAT(0)]  DH(0) =4C*ti(0)  Cut(0)
This work (v/0.195 GeV — 2 GeV)  0.420 0.210 -1.925 -0.061
P [?] - - - 1.4 x 1072
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Nucleon gravitational form factors

The GFFs A,(Q*) and B,(Q?) can be written in terms of the overlap of
LFWFs

@) = 53 [lexerda{ely Vi,
{A} |
{xz tL)\} {x‘ ’J‘A}}
Bq(Q2) = Z/ dX dPL XI { J_v)‘l} t\’n IJ-’)‘} -
{n} I

L \I/T }
{Xl, ,J_z)‘,} {XH tJ_7A}
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Nucleon gravitational form factors

The GFFs C,(Q?) and C,(Q?) can be written in terms of the overlap of
LFWFs

2\ _ 2 gt it
Cq(Q ) o 8q(1 {Z)\:}/ d)(d'P 0'0 {\If{ X}k lp)‘:{}qj{xivzu)\i} +
b 4
U
{xz [JJA } {Xt IL >\ }}
1

C, (0" = W[ Z/d;cdm] (0'0! + 0*°0?)
{A}

T
{‘P{x,x/? 3y T

U - 4q2Cq(Q2)] 7

{)C” ,Lv)‘ } {.X,, 1J.7A}

where the operator (/ = ZkS];) +(1 - X)CIS];)
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