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AdS/QCD Holographic models for  
SU(N) interactions

AdS space with an IR cut of
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Field Theory with an IR cut of
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Action = ∫ ddx dz −g ℒ

ds2 =
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z2 (−dt2 + d ⃗x2 + dz2)
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A(z) = log

L
z

+
k
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z2

A(z) = − log(z)+
kz2

2
. (5)

In our model, the action for the fields is simply given
as:

S =
∫

d5x
√−gL, (6)

where g is the determinant of the five-dimensional metric
tensor presented in Eq. (4).

3    Hadronic spectra for glueballs states

Fritzsch and Gell-Mann pointed out in Refs. [37, 38]:
“If  the  quark-gluon  field  theory  indeed  yields  a  correct
description of strong interactions, glue states must exist in
the hadron  spectrum”.  This  sentence  reveals  the   import-
ance of those “glue states”, nowadays referred to as glue-
balls. Glueballs are colorless bound states of gluons pre-
dicted by QCD, but not experimentally detected to date.

JPC

P−
C = C−

P = (−1)L

C = (−1)L+S

Glueballs  are  characterized  by   where J  (even  or
odd)  is  the  total  angular  momentum, P  is  the  parity
(spatial  inversion),  and    is  the  parity (charge  con-
jugation)  eigenvalues.  For  the  glueballs  case, 
and  .

Numerous experimental efforts were conducted in the
search  for  glueballs  [39–42].  Some  theoretical  and  non-
holographic  approaches  are  described  in  Refs.  [43– 48].
The holographic approach is presented in Refs. [49–58].

P =C = +1 P =C = −1
P =C = +1

P =C = −1

In  this  study  based  on  a  deformed  AdS  space,  we
compute  the  masses  of  even  spin  glueballs  with

 and odd spin glueballs with  .  Even
spin glueballs with   are particularly interesting,
as  in  the  Chew-Frautschi  plane,  their  states  lie  on  the
Pomeron Regge  trajectory.  In  contrast,  odd  spin   glue-
balls with   lie on the odderon Regge trajectory.

5D
We start our calculation using the standard action for

a massive scalar field X in   space, given by:

S =
∫

d5x
√−g [gmn∂mX∂nX+M2

5 X2]. (7)

From the action (7) one can find the following equa-
tions of motion, such that:

∂m[
√−ggmn∂nX]− √−gM2

5 X = 0, (8)

gmn = e−2A(z)ηmnwhere  .
The Eq. (8) can be written as:

∂m[e3A(z)ηmn∂nX]− e5A(z)M2
5 X = 0, (9)

A(z)with the warp factor   given in Eq. (5).
B(z) = −3A(z)Defining  , we obtain:
∂m[e−B(z) ηmn∂nX]− e

−5B(z)
3 M2

5 X = 0. (10)

xµ qµ

Next, we use a plane wave ansatz with the amplitude
only depending on the z coordinate and propagating in the
transverse coordinates   with momentum  ,

X(z, xµ) = v(z)eiqµxµ . (11)

v(z) = ψ(z)e
B(z)

2

After  some  algebraic  manipulation  and  defining
 we obtain a “Schrödinger-like” equation:

−ψ′′(z)+
[

B′2(z)
4
− B′′(z)

2
+ e

−2B(z)
3 M2

5

]
ψ(z) = −q2ψ(z), (12)

B(z) = −3A(z) E = −q2with   and   as eigenenergies.

3.1    Results for even and odd spin glueball spectra

(M5)
(∆)

To  compute  the  glueball  masses,  Eq.  (12)  must  be
solved  numerically.  To  this  end,  from  the  AdS/
CFT dictionary,  we  first  relate  the  masses  of   supergrav-
ity  fields  in  the  AdS  space   with  the  scaling  dime-
nsions of an operator in the boundary theory  , such that:

M2
5 = (∆− p)(∆+ p−4), (13)

p−
0++ p = 0

M5 = 0
∆ = 4

where p is the index of a  form. For the case of the scal-
ar glueball  , we obtain  . Because the scalar glue-
ball  is  dual  to  the  fields  with  , its  conformal   di-
mension is  .

O4

Second, the scalar glueball state is represented on the
boundary theory by the operator  , given by:

O4 = Tr
(
F2

)
= Tr

(
FµνFµν

)
. (14)

S + J
O4 = Tr F2

To  raise  the  total  angular  momentum  J,  we  follow
Ref.  [11]  by  inserting  symmetrised  covariant  derivatives
in a given operator with spin S, such that the total angu-
lar  momentum  after  the  insertion  becomes  .  In  the
particular case of the operator  , we obtain:

O4+J = Tr
(
FD{µ1···DµJ}F

)
, (15)

∆ = 4+ J J = 0
∆ = 4

with the conformal dimension  . For   we re-
cover  .

Thus,  for  even spin glueball  states  after  the insertion
of symmetrized covariant derivatives, we obtain:

M2
5 = J(J+4) ; (even J) . (16)

Hence, we write Eq. (12) as:

−ψ′′(z)+
[

B′2(z)
4
− B′′(z)

2
+ e

−2B(z)
3 J(J+4)

]
ψ(z) = −q2ψ(z).

(17)
Solving Eq. (17), for even glueball states, one obtains

the four-dimensional masses presented in Table 1.

m2× J
m2

Using  the  data  from  Table  1,  we  plotted  a  Chew-
Frautschi  plane,  here  represented  as  ,  where  J  is
total  angular  momentum,  and    is  the  squared  even
glueball  mass  represented  by  the  dots  in Fig.  1.  Using  a
standard linear regression method, we obtain the equation

J(m2) ≈ (0.25±0.02)m2+ (0.88±0.51), (18)
which  represents  an  approximate  linear  Regge  trajectory
associated with the pomeron in agreement with Refs. [59,
60].

O6In  contrast,  for  odd  glueball  states,  the  operator 
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1−−that  describes  the  glueball  state    is  given  by  [14,  51,
61, 62]:

O6 = SymTr
(
F̃µνF2

)
, (19)

∆ = 6

where this dual operator creates odd glueball states at the
boundary.  This  operator  has  the  conformal  dimension

,  and  after  the  insertion  of  symmetrized  covariant
derivatives, we obtain:

O6+J = SymTr
(
F̃µνFD{µ1···DµJ}F

)
, (20)

∆ = 6+ Jwith  . Therefore,
M2

5 = (J+6)(J+2) ; (odd J) , (21)

and we can rewrite Eq. (12) as:

−ψ′′(z)+
[

B′2(z)
4
− B′′(z)

2
+ e

−2B(z)
3 (J+6)(J+2)

]
ψ(z)=−q2ψ(z).

(22)
Solving Eq. (22) for odd glueball states, we obtain the

four-dimensional masses presented in Table 2.

m2× J
Using the data in Table 2, we plotted a Chew-Frauts-

chi plane   in Fig. 2 for odd spin glueballs. Using a
standard linear regression method, we obtain the equation

J(m2) ≈ (0.18±0.01)m2+ (0.47±0.45) , (23)
which  is  in  agreement  with  Ref.  [63], within  the   nonre-
lativistic constituent model.

A(z) kgbe
kgbo

Notably,  the  value  for  the  constant  k  in  the  warp
factor   for even spin glueball represented by   and
for  odd  spin  glueball  represented  by    have  the  same

kgbe = kgbo = 0.312 GeV2numerical value    .
To facilitate the comparison between our results with

the deformed AdS model and other approaches, we sum-
marize several results provided by the literature in Tables
3 and 4.

4    Hadronic spectra for scalar mesons

S = 0 S = 1

J = L
J = L−1,L,L+1

Mesons are bound states between a quark and an anti-
quark that can be represented by a spin singlet with total
spin    or  a  spin  triplet  with  total  spin  .  The
coupling between S and the orbital angular momentum L
must be  considered,  producing  a  total  angular   mo-
mentum    in  the  case  of  the  singlet  state,  and

 in the case of the triplet state.

IG(JPC)
G = (−1)I = ±1

P = (−1)L+1

C = (−1)L+S

In  mesonic  spectroscopy  [68], mesons  are   character-
ized by  , where I is the isospin, G is the G-parity
defined  ,  and P  is  the P-parity  defined for
mesons as  .  Finally, C  is  the C-parity defined
as  . In the boundary theory, scalar mesons are
represented by the operator:

OSM = q̄ D{J1···DJm}q with
∑

i=1

Ji = J, (24)

where J is the total angular momentum.

J = 0 (S =C = B = 0)
In  this  section,  we  address  light  scalar  mesons,  i.e.,
 and unflavored  .
Within  the  holographic  approach,  the  description  of

 

AdS 5

Fig.  1.      (color  online)  Approximate  linear  Regge  trajectory
associated with  the  pomeron  from Eq.  (18).  The  dots   cor-
respond  to  the  masses  found  in  Table  1  for  even  glueball
states within the deformed   space approach.
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Fig.  2.      (color  online)  Approximate  linear  Regge  trajectory
associated with the odderon from Eq. (23). The dots corres-
pond  to  the  masses  found  in Table  2 within  the  deformed

 space approach for odd spin glueballs.

GeV
kgbe = 0.312 GeV2

Table 1.    Even glueball masses expressed in   from Eq. (17) with
warp factor constant k as    .

JPCEven glueball states 

0++ 2++ 4++ 6++ 8++ 10++

Masses 0.76 2.08 3.17 4.22 5.26 6.30

GeV
kgbo = 0.312 GeV2

Table  2.      Odd  spin  glueball  masses  expressed  in    as  from  Eq.
(22) with the warp factor constant k as    .

JPCOdd glueball states 

1−− 3−− 5−− 7−− 9−− 11−−

Masses 2.63 3.70 4.74 5.78 6.81 7.84
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A(z) = − log(z)+
kz2

2
. (5)

In our model, the action for the fields is simply given
as:

S =
∫

d5x
√−gL, (6)

where g is the determinant of the five-dimensional metric
tensor presented in Eq. (4).

3    Hadronic spectra for glueballs states

Fritzsch and Gell-Mann pointed out in Refs. [37, 38]:
“If  the  quark-gluon  field  theory  indeed  yields  a  correct
description of strong interactions, glue states must exist in
the hadron  spectrum”.  This  sentence  reveals  the   import-
ance of those “glue states”, nowadays referred to as glue-
balls. Glueballs are colorless bound states of gluons pre-
dicted by QCD, but not experimentally detected to date.

JPC

P−
C = C−

P = (−1)L

C = (−1)L+S

Glueballs  are  characterized  by   where J  (even  or
odd)  is  the  total  angular  momentum, P  is  the  parity
(spatial  inversion),  and    is  the  parity (charge  con-
jugation)  eigenvalues.  For  the  glueballs  case, 
and  .

Numerous experimental efforts were conducted in the
search  for  glueballs  [39–42].  Some  theoretical  and  non-
holographic  approaches  are  described  in  Refs.  [43– 48].
The holographic approach is presented in Refs. [49–58].

P =C = +1 P =C = −1
P =C = +1

P =C = −1

In  this  study  based  on  a  deformed  AdS  space,  we
compute  the  masses  of  even  spin  glueballs  with

 and odd spin glueballs with  .  Even
spin glueballs with   are particularly interesting,
as  in  the  Chew-Frautschi  plane,  their  states  lie  on  the
Pomeron Regge  trajectory.  In  contrast,  odd  spin   glue-
balls with   lie on the odderon Regge trajectory.

5D
We start our calculation using the standard action for

a massive scalar field X in   space, given by:

S =
∫

d5x
√−g [gmn∂mX∂nX+M2

5 X2]. (7)

From the action (7) one can find the following equa-
tions of motion, such that:

∂m[
√−ggmn∂nX]− √−gM2

5 X = 0, (8)

gmn = e−2A(z)ηmnwhere  .
The Eq. (8) can be written as:

∂m[e3A(z)ηmn∂nX]− e5A(z)M2
5 X = 0, (9)

A(z)with the warp factor   given in Eq. (5).
B(z) = −3A(z)Defining  , we obtain:
∂m[e−B(z) ηmn∂nX]− e

−5B(z)
3 M2

5 X = 0. (10)

xµ qµ

Next, we use a plane wave ansatz with the amplitude
only depending on the z coordinate and propagating in the
transverse coordinates   with momentum  ,

X(z, xµ) = v(z)eiqµxµ . (11)

v(z) = ψ(z)e
B(z)

2

After  some  algebraic  manipulation  and  defining
 we obtain a “Schrödinger-like” equation:

−ψ′′(z)+
[

B′2(z)
4
− B′′(z)

2
+ e

−2B(z)
3 M2

5

]
ψ(z) = −q2ψ(z), (12)

B(z) = −3A(z) E = −q2with   and   as eigenenergies.

3.1    Results for even and odd spin glueball spectra

(M5)
(∆)

To  compute  the  glueball  masses,  Eq.  (12)  must  be
solved  numerically.  To  this  end,  from  the  AdS/
CFT dictionary,  we  first  relate  the  masses  of   supergrav-
ity  fields  in  the  AdS  space   with  the  scaling  dime-
nsions of an operator in the boundary theory  , such that:

M2
5 = (∆− p)(∆+ p−4), (13)

p−
0++ p = 0

M5 = 0
∆ = 4

where p is the index of a  form. For the case of the scal-
ar glueball  , we obtain  . Because the scalar glue-
ball  is  dual  to  the  fields  with  , its  conformal   di-
mension is  .

O4

Second, the scalar glueball state is represented on the
boundary theory by the operator  , given by:

O4 = Tr
(
F2

)
= Tr

(
FµνFµν

)
. (14)

S + J
O4 = Tr F2

To  raise  the  total  angular  momentum  J,  we  follow
Ref.  [11]  by  inserting  symmetrised  covariant  derivatives
in a given operator with spin S, such that the total angu-
lar  momentum  after  the  insertion  becomes  .  In  the
particular case of the operator  , we obtain:

O4+J = Tr
(
FD{µ1···DµJ}F

)
, (15)

∆ = 4+ J J = 0
∆ = 4

with the conformal dimension  . For   we re-
cover  .

Thus,  for  even spin glueball  states  after  the insertion
of symmetrized covariant derivatives, we obtain:

M2
5 = J(J+4) ; (even J) . (16)

Hence, we write Eq. (12) as:

−ψ′′(z)+
[

B′2(z)
4
− B′′(z)

2
+ e

−2B(z)
3 J(J+4)

]
ψ(z) = −q2ψ(z).

(17)
Solving Eq. (17), for even glueball states, one obtains

the four-dimensional masses presented in Table 1.

m2× J
m2

Using  the  data  from  Table  1,  we  plotted  a  Chew-
Frautschi  plane,  here  represented  as  ,  where  J  is
total  angular  momentum,  and    is  the  squared  even
glueball  mass  represented  by  the  dots  in Fig.  1.  Using  a
standard linear regression method, we obtain the equation

J(m2) ≈ (0.25±0.02)m2+ (0.88±0.51), (18)
which  represents  an  approximate  linear  Regge  trajectory
associated with the pomeron in agreement with Refs. [59,
60].

O6In  contrast,  for  odd  glueball  states,  the  operator 
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−ψ′￼′￼(z) + [ 9
4

A′￼
2(z) +

3
2

A′￼′￼(z) + e2A(z)M2
5] ψ(z) = − q2ψ(z),

v(z) = ψ(z)e− 3
2 A(z)

ds2 =
L2

z2
ekz2 (−dt2 + d ⃗x2 + dz2)

AdS metric Deformed AdS metric
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A(z) = − log(z)+
kz2

2
. (5)

In our model, the action for the fields is simply given
as:

S =
∫

d5x
√−gL, (6)

where g is the determinant of the five-dimensional metric
tensor presented in Eq. (4).

3    Hadronic spectra for glueballs states

Fritzsch and Gell-Mann pointed out in Refs. [37, 38]:
“If  the  quark-gluon  field  theory  indeed  yields  a  correct
description of strong interactions, glue states must exist in
the hadron  spectrum”.  This  sentence  reveals  the   import-
ance of those “glue states”, nowadays referred to as glue-
balls. Glueballs are colorless bound states of gluons pre-
dicted by QCD, but not experimentally detected to date.

JPC

P−
C = C−

P = (−1)L

C = (−1)L+S

Glueballs  are  characterized  by   where J  (even  or
odd)  is  the  total  angular  momentum, P  is  the  parity
(spatial  inversion),  and    is  the  parity (charge  con-
jugation)  eigenvalues.  For  the  glueballs  case, 
and  .

Numerous experimental efforts were conducted in the
search  for  glueballs  [39–42].  Some  theoretical  and  non-
holographic  approaches  are  described  in  Refs.  [43– 48].
The holographic approach is presented in Refs. [49–58].

P =C = +1 P =C = −1
P =C = +1

P =C = −1

In  this  study  based  on  a  deformed  AdS  space,  we
compute  the  masses  of  even  spin  glueballs  with

 and odd spin glueballs with  .  Even
spin glueballs with   are particularly interesting,
as  in  the  Chew-Frautschi  plane,  their  states  lie  on  the
Pomeron Regge  trajectory.  In  contrast,  odd  spin   glue-
balls with   lie on the odderon Regge trajectory.

5D
We start our calculation using the standard action for

a massive scalar field X in   space, given by:

S =
∫

d5x
√−g [gmn∂mX∂nX+M2

5 X2]. (7)

From the action (7) one can find the following equa-
tions of motion, such that:

∂m[
√−ggmn∂nX]− √−gM2

5 X = 0, (8)

gmn = e−2A(z)ηmnwhere  .
The Eq. (8) can be written as:

∂m[e3A(z)ηmn∂nX]− e5A(z)M2
5 X = 0, (9)

A(z)with the warp factor   given in Eq. (5).
B(z) = −3A(z)Defining  , we obtain:
∂m[e−B(z) ηmn∂nX]− e

−5B(z)
3 M2

5 X = 0. (10)

xµ qµ

Next, we use a plane wave ansatz with the amplitude
only depending on the z coordinate and propagating in the
transverse coordinates   with momentum  ,

X(z, xµ) = v(z)eiqµxµ . (11)

v(z) = ψ(z)e
B(z)

2

After  some  algebraic  manipulation  and  defining
 we obtain a “Schrödinger-like” equation:

−ψ′′(z)+
[

B′2(z)
4
− B′′(z)

2
+ e

−2B(z)
3 M2

5

]
ψ(z) = −q2ψ(z), (12)

B(z) = −3A(z) E = −q2with   and   as eigenenergies.

3.1    Results for even and odd spin glueball spectra

(M5)
(∆)

To  compute  the  glueball  masses,  Eq.  (12)  must  be
solved  numerically.  To  this  end,  from  the  AdS/
CFT dictionary,  we  first  relate  the  masses  of   supergrav-
ity  fields  in  the  AdS  space   with  the  scaling  dime-
nsions of an operator in the boundary theory  , such that:

M2
5 = (∆− p)(∆+ p−4), (13)

p−
0++ p = 0

M5 = 0
∆ = 4

where p is the index of a  form. For the case of the scal-
ar glueball  , we obtain  . Because the scalar glue-
ball  is  dual  to  the  fields  with  , its  conformal   di-
mension is  .

O4

Second, the scalar glueball state is represented on the
boundary theory by the operator  , given by:

O4 = Tr
(
F2

)
= Tr

(
FµνFµν

)
. (14)

S + J
O4 = Tr F2

To  raise  the  total  angular  momentum  J,  we  follow
Ref.  [11]  by  inserting  symmetrised  covariant  derivatives
in a given operator with spin S, such that the total angu-
lar  momentum  after  the  insertion  becomes  .  In  the
particular case of the operator  , we obtain:

O4+J = Tr
(
FD{µ1···DµJ}F

)
, (15)

∆ = 4+ J J = 0
∆ = 4

with the conformal dimension  . For   we re-
cover  .

Thus,  for  even spin glueball  states  after  the insertion
of symmetrized covariant derivatives, we obtain:

M2
5 = J(J+4) ; (even J) . (16)

Hence, we write Eq. (12) as:

−ψ′′(z)+
[

B′2(z)
4
− B′′(z)

2
+ e

−2B(z)
3 J(J+4)

]
ψ(z) = −q2ψ(z).

(17)
Solving Eq. (17), for even glueball states, one obtains

the four-dimensional masses presented in Table 1.

m2× J
m2

Using  the  data  from  Table  1,  we  plotted  a  Chew-
Frautschi  plane,  here  represented  as  ,  where  J  is
total  angular  momentum,  and    is  the  squared  even
glueball  mass  represented  by  the  dots  in Fig.  1.  Using  a
standard linear regression method, we obtain the equation

J(m2) ≈ (0.25±0.02)m2+ (0.88±0.51), (18)
which  represents  an  approximate  linear  Regge  trajectory
associated with the pomeron in agreement with Refs. [59,
60].

O6In  contrast,  for  odd  glueball  states,  the  operator 
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1−−that  describes  the  glueball  state    is  given  by  [14,  51,
61, 62]:

O6 = SymTr
(
F̃µνF2

)
, (19)

∆ = 6

where this dual operator creates odd glueball states at the
boundary.  This  operator  has  the  conformal  dimension

,  and  after  the  insertion  of  symmetrized  covariant
derivatives, we obtain:

O6+J = SymTr
(
F̃µνFD{µ1···DµJ}F

)
, (20)

∆ = 6+ Jwith  . Therefore,
M2

5 = (J+6)(J+2) ; (odd J) , (21)

and we can rewrite Eq. (12) as:

−ψ′′(z)+
[

B′2(z)
4
− B′′(z)

2
+ e

−2B(z)
3 (J+6)(J+2)

]
ψ(z)=−q2ψ(z).

(22)
Solving Eq. (22) for odd glueball states, we obtain the

four-dimensional masses presented in Table 2.

m2× J
Using the data in Table 2, we plotted a Chew-Frauts-

chi plane   in Fig. 2 for odd spin glueballs. Using a
standard linear regression method, we obtain the equation

J(m2) ≈ (0.18±0.01)m2+ (0.47±0.45) , (23)
which  is  in  agreement  with  Ref.  [63], within  the   nonre-
lativistic constituent model.

A(z) kgbe
kgbo

Notably,  the  value  for  the  constant  k  in  the  warp
factor   for even spin glueball represented by   and
for  odd  spin  glueball  represented  by    have  the  same

kgbe = kgbo = 0.312 GeV2numerical value    .
To facilitate the comparison between our results with

the deformed AdS model and other approaches, we sum-
marize several results provided by the literature in Tables
3 and 4.

4    Hadronic spectra for scalar mesons

S = 0 S = 1

J = L
J = L−1,L,L+1

Mesons are bound states between a quark and an anti-
quark that can be represented by a spin singlet with total
spin    or  a  spin  triplet  with  total  spin  .  The
coupling between S and the orbital angular momentum L
must be  considered,  producing  a  total  angular   mo-
mentum    in  the  case  of  the  singlet  state,  and

 in the case of the triplet state.

IG(JPC)
G = (−1)I = ±1

P = (−1)L+1

C = (−1)L+S

In  mesonic  spectroscopy  [68], mesons  are   character-
ized by  , where I is the isospin, G is the G-parity
defined  ,  and P  is  the P-parity  defined for
mesons as  .  Finally, C  is  the C-parity defined
as  . In the boundary theory, scalar mesons are
represented by the operator:

OSM = q̄ D{J1···DJm}q with
∑

i=1

Ji = J, (24)

where J is the total angular momentum.

J = 0 (S =C = B = 0)
In  this  section,  we  address  light  scalar  mesons,  i.e.,
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lativistic constituent model.

A(z) kgbe
kgbo

Notably,  the  value  for  the  constant  k  in  the  warp
factor   for even spin glueball represented by   and
for  odd  spin  glueball  represented  by    have  the  same

kgbe = kgbo = 0.312 GeV2numerical value    .
To facilitate the comparison between our results with

the deformed AdS model and other approaches, we sum-
marize several results provided by the literature in Tables
3 and 4.

4    Hadronic spectra for scalar mesons

S = 0 S = 1

J = L
J = L−1,L,L+1

Mesons are bound states between a quark and an anti-
quark that can be represented by a spin singlet with total
spin    or  a  spin  triplet  with  total  spin  .  The
coupling between S and the orbital angular momentum L
must be  considered,  producing  a  total  angular   mo-
mentum    in  the  case  of  the  singlet  state,  and

 in the case of the triplet state.

IG(JPC)
G = (−1)I = ±1

P = (−1)L+1

C = (−1)L+S

In  mesonic  spectroscopy  [68], mesons  are   character-
ized by  , where I is the isospin, G is the G-parity
defined  ,  and P  is  the P-parity  defined for
mesons as  .  Finally, C  is  the C-parity defined
as  . In the boundary theory, scalar mesons are
represented by the operator:

OSM = q̄ D{J1···DJm}q with
∑

i=1

Ji = J, (24)

where J is the total angular momentum.

J = 0 (S =C = B = 0)
In  this  section,  we  address  light  scalar  mesons,  i.e.,
 and unflavored  .
Within  the  holographic  approach,  the  description  of
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Fig.  1.      (color  online)  Approximate  linear  Regge  trajectory
associated with  the  pomeron  from Eq.  (18).  The  dots   cor-
respond  to  the  masses  found  in  Table  1  for  even  glueball
states within the deformed   space approach.
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Fig.  2.      (color  online)  Approximate  linear  Regge  trajectory
associated with the odderon from Eq. (23). The dots corres-
pond  to  the  masses  found  in Table  2 within  the  deformed

 space approach for odd spin glueballs.
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Table 1.    Even glueball masses expressed in   from Eq. (17) with
warp factor constant k as    .

JPCEven glueball states 

0++ 2++ 4++ 6++ 8++ 10++

Masses 0.76 2.08 3.17 4.22 5.26 6.30

GeV
kgbo = 0.312 GeV2

Table  2.      Odd  spin  glueball  masses  expressed  in    as  from  Eq.
(22) with the warp factor constant k as    .

JPCOdd glueball states 

1−− 3−− 5−− 7−− 9−− 11−−

Masses 2.63 3.70 4.74 5.78 6.81 7.84
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J(m2) ≈ (0.18 ± 0.01)m2 + (0.47 ± 0.45)

Estimated Odderon trajectory

J(m2) ≈ (0.25 ± 0.02)m2 + (0.88 ± 0.51)

Estimated Pomeron trajectory
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O6 = SymTr
(
F̃µνF2

)
, (19)

∆ = 6
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O6+J = SymTr
(
F̃µνFD{µ1···DµJ}F

)
, (20)

∆ = 6+ Jwith  . Therefore,
M2

5 = (J+6)(J+2) ; (odd J) , (21)

and we can rewrite Eq. (12) as:

−ψ′′(z)+
[

B′2(z)
4
− B′′(z)

2
+ e

−2B(z)
3 (J+6)(J+2)

]
ψ(z)=−q2ψ(z).

(22)
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nn̄ = (uū+dd̄)/
√

2
f0(980) f0(1500) f0(2020) f0(2200)

ss̄ f ′0
f0(1370) f0(1710) f0(2100) f0(2330)

sets.  The  first  set,  i.e.,  set  1,  is  related  to  the
  states,  which  are  represented  by

,  ,  , and  . The second set,
i.e.,  set  2,  is  related  to    states,  also  called  ,  which  is
represented by  ,  ,  , and  .

nr ×m2 nr
m2

Using the states that belong to set 1, we plot a Chew-
Frautschi  plane  represented  as  ,  where    is  the
spectroscopy radial excitation, and   is the squared scal-
ar  meson  mass  represented  by  the  dots  (our  model)  or
squares  (PDG) in Fig.  4. Using a  standard  linear   regres-
sion  method,  we  obtain  the  experimental  and  theoretical
Regge trajectories for set 1, given by:

m2
exp = (1.314±0.017) nr − (0.285±0.332) , (30)

m2
th = (1.288±0.009) nr − (0.117±0.024) . (31)

For  the  states  belonging  to  set  2,  we  plot Fig.  5  and
obtain the  experimental  and  theoretical  Regge   trajector-
ies, given by:

m2
exp = (1.236±0.052) nr − (0.576±0.142) , (32)

m2
th = (1.300±0.005) nr − (0.496±0.012) . (33)

1.25±0.15

The Regge trajectories for scalar mesons belonging to
the set 1 and 2 from our model, represented by Eqs. (31)
and (33), present Regge slopes of   GeV2, which

1.1is close to the universal value   GeV2 [72, 75].

5    Hadronic spectra for vector mesons
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Fig. 3.    Scalar meson   family squared masses as a function
of their  holographic radial  excitation n obtained within the
deformed    space  approach  (dots)  and  from  PDG
(squares), as presented in Table 5.
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Fig.  4.      Scalar  meson      states  belonging
to set 1 squared masses as a function of their spectroscopy
radial  excitation  ,  obtained  within  the  deformed 
space approach (dots) and coming from PDG (squares).
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Fig. 5.    Scalar meson   states belonging to set 2 squared
masses as a function of their spectroscopy radial excitation
,  obtained  within  the  deformed    space  approach

(dots) and from PDG (squares).

f0 (S =C = B = 0)
n = 1, 2, 3, · · ·

n = 1
Mexp Mth

AdS 5

ksm = −0.3322

Mth Mexp

Table 5.    Masses of light unflavored scalar meson  .
Column    represents  holographic  radial  excitation  of
scalar  mesons.  The  ground  state  is  represented  by  .  Column

 represents experimental data from PDG [69]. Column   rep-
resents  the  masses  obtained  within  the  deformed    space  ap-
proach using Eq.  (25) with   GeV2.  Column %M  rep-
resents the error of   with respect to  , according to Eq. (26).

f0 0+(0++)Scalar meson   ( )

f0  meson Mexp/GeV [69] Mth/GeV %M

n = 1 f0(980) 0.990±0.02 1.089 9.97

n = 2 f0(1370) 1.2 to 1.5 1.343 0.54

n = 3 f0(1500) 1.504±0.006 1.562 3.87

n = 4 f0(1710) 1.723+0.006
−0.005 1.757 1.96

n = 5 f0(2020) 1.992±0.016 1.933 2.96

n = 6 f0(2100) 2.101±0.007 2.095 0.27

n = 7 f0(2200) 2.189±0.013 2.246 2.61

n = 8 f0(2330) 2.337±0.014 2.388 2.17
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A(z) = − log(z)+
kz2

2
. (5)

In our model, the action for the fields is simply given
as:

S =
∫

d5x
√−gL, (6)

where g is the determinant of the five-dimensional metric
tensor presented in Eq. (4).

3    Hadronic spectra for glueballs states

Fritzsch and Gell-Mann pointed out in Refs. [37, 38]:
“If  the  quark-gluon  field  theory  indeed  yields  a  correct
description of strong interactions, glue states must exist in
the hadron  spectrum”.  This  sentence  reveals  the   import-
ance of those “glue states”, nowadays referred to as glue-
balls. Glueballs are colorless bound states of gluons pre-
dicted by QCD, but not experimentally detected to date.

JPC

P−
C = C−

P = (−1)L

C = (−1)L+S

Glueballs  are  characterized  by   where J  (even  or
odd)  is  the  total  angular  momentum, P  is  the  parity
(spatial  inversion),  and    is  the  parity (charge  con-
jugation)  eigenvalues.  For  the  glueballs  case, 
and  .

Numerous experimental efforts were conducted in the
search  for  glueballs  [39–42].  Some  theoretical  and  non-
holographic  approaches  are  described  in  Refs.  [43– 48].
The holographic approach is presented in Refs. [49–58].

P =C = +1 P =C = −1
P =C = +1

P =C = −1

In  this  study  based  on  a  deformed  AdS  space,  we
compute  the  masses  of  even  spin  glueballs  with

 and odd spin glueballs with  .  Even
spin glueballs with   are particularly interesting,
as  in  the  Chew-Frautschi  plane,  their  states  lie  on  the
Pomeron Regge  trajectory.  In  contrast,  odd  spin   glue-
balls with   lie on the odderon Regge trajectory.

5D
We start our calculation using the standard action for

a massive scalar field X in   space, given by:

S =
∫

d5x
√−g [gmn∂mX∂nX+M2

5 X2]. (7)

From the action (7) one can find the following equa-
tions of motion, such that:

∂m[
√−ggmn∂nX]− √−gM2

5 X = 0, (8)

gmn = e−2A(z)ηmnwhere  .
The Eq. (8) can be written as:

∂m[e3A(z)ηmn∂nX]− e5A(z)M2
5 X = 0, (9)

A(z)with the warp factor   given in Eq. (5).
B(z) = −3A(z)Defining  , we obtain:
∂m[e−B(z) ηmn∂nX]− e

−5B(z)
3 M2

5 X = 0. (10)

xµ qµ

Next, we use a plane wave ansatz with the amplitude
only depending on the z coordinate and propagating in the
transverse coordinates   with momentum  ,

X(z, xµ) = v(z)eiqµxµ . (11)

v(z) = ψ(z)e
B(z)

2

After  some  algebraic  manipulation  and  defining
 we obtain a “Schrödinger-like” equation:

−ψ′′(z)+
[

B′2(z)
4
− B′′(z)

2
+ e

−2B(z)
3 M2

5

]
ψ(z) = −q2ψ(z), (12)

B(z) = −3A(z) E = −q2with   and   as eigenenergies.

3.1    Results for even and odd spin glueball spectra

(M5)
(∆)

To  compute  the  glueball  masses,  Eq.  (12)  must  be
solved  numerically.  To  this  end,  from  the  AdS/
CFT dictionary,  we  first  relate  the  masses  of   supergrav-
ity  fields  in  the  AdS  space   with  the  scaling  dime-
nsions of an operator in the boundary theory  , such that:

M2
5 = (∆− p)(∆+ p−4), (13)

p−
0++ p = 0

M5 = 0
∆ = 4

where p is the index of a  form. For the case of the scal-
ar glueball  , we obtain  . Because the scalar glue-
ball  is  dual  to  the  fields  with  , its  conformal   di-
mension is  .

O4

Second, the scalar glueball state is represented on the
boundary theory by the operator  , given by:

O4 = Tr
(
F2

)
= Tr

(
FµνFµν

)
. (14)

S + J
O4 = Tr F2

To  raise  the  total  angular  momentum  J,  we  follow
Ref.  [11]  by  inserting  symmetrised  covariant  derivatives
in a given operator with spin S, such that the total angu-
lar  momentum  after  the  insertion  becomes  .  In  the
particular case of the operator  , we obtain:

O4+J = Tr
(
FD{µ1···DµJ}F

)
, (15)

∆ = 4+ J J = 0
∆ = 4

with the conformal dimension  . For   we re-
cover  .

Thus,  for  even spin glueball  states  after  the insertion
of symmetrized covariant derivatives, we obtain:

M2
5 = J(J+4) ; (even J) . (16)

Hence, we write Eq. (12) as:

−ψ′′(z)+
[

B′2(z)
4
− B′′(z)

2
+ e

−2B(z)
3 J(J+4)

]
ψ(z) = −q2ψ(z).

(17)
Solving Eq. (17), for even glueball states, one obtains

the four-dimensional masses presented in Table 1.

m2× J
m2

Using  the  data  from  Table  1,  we  plotted  a  Chew-
Frautschi  plane,  here  represented  as  ,  where  J  is
total  angular  momentum,  and    is  the  squared  even
glueball  mass  represented  by  the  dots  in Fig.  1.  Using  a
standard linear regression method, we obtain the equation

J(m2) ≈ (0.25±0.02)m2+ (0.88±0.51), (18)
which  represents  an  approximate  linear  Regge  trajectory
associated with the pomeron in agreement with Refs. [59,
60].

O6In  contrast,  for  odd  glueball  states,  the  operator 
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(gg) qq̄the  scalar  glueball    and  the  scalar  meson  ( )  is  the
same;  however,  the  main  difference  is  provided  by  the
bulk  mass,  which  defines  the  hadron  identity.  To  study
the  scalar  meson,  we  must  start  from  the  action  for  a
massive  scalar  field  (7),  which  will  leads  us  to  the
“Schrödinger-like” equation (12).

4.1    Results for scalar mesons spectra

M2
5 = (∆− p)(∆+ p−4)

M5
p−

p = J = 0 ∆
∆ = 3

3/2 M2
5 = −3

Employing  the  relationship 
and identifying   as the scalar meson bulk mass, the in-
dex  of  the  form  the  total  angular  momentum
( )  for  the  scalar  meson  and    depicts the   con-
formal dimension, which is  , as each quark contrib-
utes with  . Finally, we rewrite Eq. (12) with 
as:

−ψ′′(z)+
[

B′2(z)
4
− B′′(z)

2
−3 e

−2B(z)
3

]
ψ(z) = −q2ψ(z), (25)

B(z) = −3A(z)
ksm = −0.3322

f0 IG JPC = 0+(0++)

where  .  Solving  Eq.  (25)  numerically  with
the  warp  factor  constant  k,  identified  as 
GeV2,  we  obtain  the  masses  compatible  with  the  family
of the scalar meson  , with  , as indicated
in Table 5. The error presented in last column of Table 5

(%M) is the error defined by:

%M =

√(
δOi

Oi

)2

×100, (26)

δOi Mexp
Mth

f0(1370)

where   depicts the deviations between the data ( )
and  the  model  prediction  ( ).  Throughout  the  text,  in
the cases where the experimental data is provided at inter-
vals, as in the   state, we use the average value of
the interval to evaluate the deviations. We moreover com-
pute the total r.m.s error defined by:

δrms =

√√√
1

N −Np

N∑

i=1

(
δOi

Oi

)2

×100 , (27)

Npwhere  N  and    are  the  number  of  measurements  and
parameters, respectively. From Eq. (27), we find that δrms
= 3.77% for Table 5.

n×m2

m2

f0

Using  the  data  from  Table  5,  we  plotted  a  Chew-
Frautschi  plane,  represented  as  ,  where  n  is  the
holographic radial excitation, and   is the squared scal-
ar  meson  mass  represented  by  the  dots  (our  model)  or
squares  (PDG) in Fig.  3. Using a  standard  linear   regres-
sion  method,  we  obtain  the  experimental  and  theoretical
Regge  trajectories  for  the  scalar  meson    family,  such
that:

m2
exp = (0.639±0.027) n+ (0.458±0.135) , (28)

m2
th = (0.647±0.002) n+ (0.513±0.011) . (29)

f0

f0(500)

The  authors  of  Refs.  [70,  71]  within  a  holographic
softwall  model  likewise  computed  the  masses  for  the 
meson  family  and  derived  its  Regge  trajectory  slightly
differently  from  Eq.  (29).  This  can  be  explained,  as  the
data  selection  scenarios  in  these  references  are  different
from  the  current  study.  In  these  past  studies,  the  scalar
meson    was  included,  which  might  have  caused
the slight  difference  of  the  slope  and  the  intercept   com-
pared to our study.

f0
To connect our results with the mesonic spectroscopy

data [68, 72–74], we split the isoscalar states   into two

JPCTable 3.    Glueball masses for   states expressed in GeV, with even J, achieved with non-holographic models from the literature. Numbers in paren-
theses represent uncertainties.

Models used
JPCEven glueball states 

0++ 2++ 4++ 6++

Nc = 3 lattice [64] 1.475(30)(65) 2.150(30)(100) 3.640(90)(160) 4.360(260)(200)

Nc = 3 anisotropic lattice [43] 1.730(50)(80) 2.400(25)(120)

Nc = 3 anisotropic lattice [45] 1.710(50)(80) 2.390(30)(120)

Nc = 3 lattice [46] 1.58(11)

Nc→∞ lattice [46] 1.48(07)

Constituent models [47] 2.42 2.59

Constituent models [48] 3.99 3.77 4.60

JPCTable 4.    Glueball masses for   states expressed in GeV, with odd
J, achieved with non-holographic models from the literature.

Models used
JPCOdd glueball states 

1−− 3−− 5−− 7−−

Relativistic many body
[63] 3.95 4.15 5.05 5.90

Non-Relativistic
constituent [63] 3.49 3.92 5.15 6.14

Wilson loop [65] 3.49 4.03

Vacuum correlator [66] 3.02 3.49 4.18 4.96

Vacuum correlator [66] 3.32 3.83 4.59 5.25
Semi-relativistic
potential [67] 3.99 4.16 5.26

Anisotropic lattice [45] 3.83 4.20
Isotropic lattice [44,

64] 3.24 4.33
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[69] PDG 2018

AdS/CFT prescription 

m2
Exp = (0.639 ± 0.027) n + (0.458 ± 0.135)

m2
th = (0.647 ± 0.002) n + (0.513 ± 0.011)

nn̄ = (uū+dd̄)/
√

2
f0(980) f0(1500) f0(2020) f0(2200)

ss̄ f ′0
f0(1370) f0(1710) f0(2100) f0(2330)

sets.  The  first  set,  i.e.,  set  1,  is  related  to  the
  states,  which  are  represented  by

,  ,  , and  . The second set,
i.e.,  set  2,  is  related  to    states,  also  called  ,  which  is
represented by  ,  ,  , and  .

nr ×m2 nr
m2

Using the states that belong to set 1, we plot a Chew-
Frautschi  plane  represented  as  ,  where    is  the
spectroscopy radial excitation, and   is the squared scal-
ar  meson  mass  represented  by  the  dots  (our  model)  or
squares  (PDG) in Fig.  4. Using a  standard  linear   regres-
sion  method,  we  obtain  the  experimental  and  theoretical
Regge trajectories for set 1, given by:

m2
exp = (1.314±0.017) nr − (0.285±0.332) , (30)

m2
th = (1.288±0.009) nr − (0.117±0.024) . (31)

For  the  states  belonging  to  set  2,  we  plot Fig.  5  and
obtain the  experimental  and  theoretical  Regge   trajector-
ies, given by:

m2
exp = (1.236±0.052) nr − (0.576±0.142) , (32)

m2
th = (1.300±0.005) nr − (0.496±0.012) . (33)

1.25±0.15

The Regge trajectories for scalar mesons belonging to
the set 1 and 2 from our model, represented by Eqs. (31)
and (33), present Regge slopes of   GeV2, which

1.1is close to the universal value   GeV2 [72, 75].

5    Hadronic spectra for vector mesons
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Fig. 3.    Scalar meson   family squared masses as a function
of their  holographic radial  excitation n obtained within the
deformed    space  approach  (dots)  and  from  PDG
(squares), as presented in Table 5.
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√
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Fig.  4.      Scalar  meson      states  belonging
to set 1 squared masses as a function of their spectroscopy
radial  excitation  ,  obtained  within  the  deformed 
space approach (dots) and coming from PDG (squares).

 

f0[ss̄]

nr AdS 5

Fig. 5.    Scalar meson   states belonging to set 2 squared
masses as a function of their spectroscopy radial excitation
,  obtained  within  the  deformed    space  approach

(dots) and from PDG (squares).

f0 (S =C = B = 0)
n = 1, 2, 3, · · ·

n = 1
Mexp Mth

AdS 5

ksm = −0.3322

Mth Mexp

Table 5.    Masses of light unflavored scalar meson  .
Column    represents  holographic  radial  excitation  of
scalar  mesons.  The  ground  state  is  represented  by  .  Column

 represents experimental data from PDG [69]. Column   rep-
resents  the  masses  obtained  within  the  deformed    space  ap-
proach using Eq.  (25) with   GeV2.  Column %M  rep-
resents the error of   with respect to  , according to Eq. (26).

f0 0+(0++)Scalar meson   ( )

f0  meson Mexp/GeV [69] Mth/GeV %M

n = 1 f0(980) 0.990±0.02 1.089 9.97

n = 2 f0(1370) 1.2 to 1.5 1.343 0.54

n = 3 f0(1500) 1.504±0.006 1.562 3.87

n = 4 f0(1710) 1.723+0.006
−0.005 1.757 1.96

n = 5 f0(2020) 1.992±0.016 1.933 2.96

n = 6 f0(2100) 2.101±0.007 2.095 0.27

n = 7 f0(2200) 2.189±0.013 2.246 2.61

n = 8 f0(2330) 2.337±0.014 2.388 2.17
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n

M2
5 = (Δ − p)(Δ + p − 4)

p = J = 0
Δmeson = 3Δquark = 3/2
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m2
exp = (1.314±0.017) nr − (0.285±0.332) , (30)
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th = (1.288±0.009) nr − (0.117±0.024) . (31)

For  the  states  belonging  to  set  2,  we  plot Fig.  5  and
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ies, given by:
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exp = (1.236±0.052) nr − (0.576±0.142) , (32)

m2
th = (1.300±0.005) nr − (0.496±0.012) . (33)

1.25±0.15

The Regge trajectories for scalar mesons belonging to
the set 1 and 2 from our model, represented by Eqs. (31)
and (33), present Regge slopes of   GeV2, which

1.1is close to the universal value   GeV2 [72, 75].

5    Hadronic spectra for vector mesons

 

f0

AdS 5

Fig. 3.    Scalar meson   family squared masses as a function
of their  holographic radial  excitation n obtained within the
deformed    space  approach  (dots)  and  from  PDG
(squares), as presented in Table 5.

 

f0 [nn̄ = (uū+dd̄)/
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Fig.  4.      Scalar  meson      states  belonging
to set 1 squared masses as a function of their spectroscopy
radial  excitation  ,  obtained  within  the  deformed 
space approach (dots) and coming from PDG (squares).
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Fig. 5.    Scalar meson   states belonging to set 2 squared
masses as a function of their spectroscopy radial excitation
,  obtained  within  the  deformed    space  approach

(dots) and from PDG (squares).

f0 (S =C = B = 0)
n = 1, 2, 3, · · ·

n = 1
Mexp Mth

AdS 5

ksm = −0.3322

Mth Mexp

Table 5.    Masses of light unflavored scalar meson  .
Column    represents  holographic  radial  excitation  of
scalar  mesons.  The  ground  state  is  represented  by  .  Column

 represents experimental data from PDG [69]. Column   rep-
resents  the  masses  obtained  within  the  deformed    space  ap-
proach using Eq.  (25) with   GeV2.  Column %M  rep-
resents the error of   with respect to  , according to Eq. (26).

f0 0+(0++)Scalar meson   ( )

f0  meson Mexp/GeV [69] Mth/GeV %M

n = 1 f0(980) 0.990±0.02 1.089 9.97

n = 2 f0(1370) 1.2 to 1.5 1.343 0.54

n = 3 f0(1500) 1.504±0.006 1.562 3.87

n = 4 f0(1710) 1.723+0.006
−0.005 1.757 1.96

n = 5 f0(2020) 1.992±0.016 1.933 2.96

n = 6 f0(2100) 2.101±0.007 2.095 0.27

n = 7 f0(2200) 2.189±0.013 2.246 2.61

n = 8 f0(2330) 2.337±0.014 2.388 2.17
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(qq̄)

J = 1

Vector  mesons  have  the  same  internal  structure 
as  the  scalar  mesons,  but  with  total  angular  momentum

. They are represented on the boundary theory by the
operator:

OVM = q̄γµD{J1···DJm}q with
∑

i=1

Ji = J . (34)

AdS 5

In the holographic description, vector mesons are dual
to the massive vector field in the  . Hence, the action
for a massive vector field is needed, given by:

S =−1
2

∫
d5x
√−g

[
1
2

gpmgqnFmnFpq+M2
5gpmApAm

]
, (35)

Fmn = ∂mAn−∂nAm

where  the  vector  field  stress  tensor  is  defined  as
.

δS/δAn = 0The equations of motion are achieved by  ,
such that:

∂z[e−B(z)Fznη
nq]+∂µ[e−B(z)ηmµFmnη

nq]

−e−3B(z)M2
5 An η

nq = 0, (36)

B(z) = −A(z)where  .

xµ qµ

Considering  a  plane  wave  ansatz  with  the  amplitude
only depending on the z coordinate and propagating in the
transverse coordinates   with momentum  , we obtain

Aν(z, xµ) = v(z)eiqµxµεν, (37)
Az = 0 ενεν = ηνλενελ = 1

4−
εν = 1/2(1,1,1,1)

∂µAµ = 0 qµεµ = ηµλqµελ = q · ε = 0

Fzn = ∂zAn ηmµ∂µFmn = −q2An

v(z) = ψ(z)e
B(z)

2

assuming    and    is  the  unitary
vector defined in the transverse space to the z coordin-

ate,  with  components  .  We  use  the  fact
,  which  implies  ,  ensur-

ing that the field can be written as a plane wave. Notably,
  and  .  After  some  algebraic

manipulation  and  defining  ,  we  obtain  the
"Schrödinger-like'' equation, given by:

−ψ′′(z)+
[

B′2(z)
4
− B′′(z)

2
+ e−2B(z)M2

5

]
ψ(z) = −q2ψ(z), (38)

E = −q2where   are eigenenergies.

5.1    Results for vector mesons spectra

J = 1
M2

5 = (∆− p)(∆+ p−4) M5
p−

p = J = 1 ∆
∆ = 3

3/2

We  consider  the  case  .  Then,  recalling  that
  and  identifying    as  the  vector

meson  bulk  mass,  the  index  of  form  as  total  angular
momentum ( ) for the vector meson and   as the
conformal dimension, which is  , as each quark con-
tributes with  . Finally, we rewrite Eq. (38) as:

−ψ′′(z)+
[

B′2(z)
4
− B′′(z)

2

]
ψ(z) = −q2ψ(z), (39)

B(z) = −A(z) M2
5 = 0with   and   for vector mesons.

kvm = −0.6132

ρ
IG JPC = 1+(1−−)

Solving  Eq.  (39)  numerically  with  the  warp  factor
constant k, given by   GeV2  ,  we obtain the
masses  compatible  with  the  family  of  vector  meson  ,
with  ,  as  indicated  in Table  6.  The  error
presented  in  the  last  column  of  Table  6  (%M)  was

definied in Eq. (26).  We also compute the total r.m.s er-
ror defined by Eq. (27). For Table 6, we obtain δrms = 7.87%.

n×m2

m2

ρ

Using  the  data  from  Table  6,  we  plotted  a  Chew-
Frautschi  plane,  represented  as  ,  where  n  is  the
holographic radial  excitation,  and    is the squared vec-
tor  meson  mass  represented  by  the  dots  (our  model)  or
squares  (PDG) in Fig.  6. Using a  standard  linear   regres-
sion  method,  we  obtain  the  experimental  and  theoretical
Regge trajectories for vector meson  , such that:

m2
exp = (0.720±0.076) n− (0.223±0.302) , (40)

m2
th = (0.754±8×10−7) n . (41)

(≈ 10−18)
We did not  include the intercept  in  Eq.  (41),  because its
value  is  very  close  to  zero  .  Moreover,  in  Eq.
(41), the uncertainty in the slope is very small, indicating
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Fig. 6.    Vector meson   family squared masses as a function
of  their  holographic  radial  excitation,  obtained  within  the
deformed    space  approach  (dots)  and  from  PDG
(squares), as presented in Table 6.

ρ (S =C = B = 0)
n = 1, 2, 3, · · ·

n = 1
Mexp Mth
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kvm = −0.6132

Mth Mexp

Table 6.    Masses of light unflavored vector meson    .
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J = 1

Vector  mesons  have  the  same  internal  structure 
as  the  scalar  mesons,  but  with  total  angular  momentum

. They are represented on the boundary theory by the
operator:

OVM = q̄γµD{J1···DJm}q with
∑

i=1

Ji = J . (34)

AdS 5

In the holographic description, vector mesons are dual
to the massive vector field in the  . Hence, the action
for a massive vector field is needed, given by:

S =−1
2

∫
d5x
√−g

[
1
2

gpmgqnFmnFpq+M2
5gpmApAm

]
, (35)

Fmn = ∂mAn−∂nAm

where  the  vector  field  stress  tensor  is  defined  as
.

δS/δAn = 0The equations of motion are achieved by  ,
such that:

∂z[e−B(z)Fznη
nq]+∂µ[e−B(z)ηmµFmnη

nq]

−e−3B(z)M2
5 An η

nq = 0, (36)

B(z) = −A(z)where  .

xµ qµ

Considering  a  plane  wave  ansatz  with  the  amplitude
only depending on the z coordinate and propagating in the
transverse coordinates   with momentum  , we obtain

Aν(z, xµ) = v(z)eiqµxµεν, (37)
Az = 0 ενεν = ηνλενελ = 1

4−
εν = 1/2(1,1,1,1)

∂µAµ = 0 qµεµ = ηµλqµελ = q · ε = 0

Fzn = ∂zAn ηmµ∂µFmn = −q2An

v(z) = ψ(z)e
B(z)

2

assuming    and    is  the  unitary
vector defined in the transverse space to the z coordin-

ate,  with  components  .  We  use  the  fact
,  which  implies  ,  ensur-

ing that the field can be written as a plane wave. Notably,
  and  .  After  some  algebraic

manipulation  and  defining  ,  we  obtain  the
"Schrödinger-like'' equation, given by:

−ψ′′(z)+
[

B′2(z)
4
− B′′(z)

2
+ e−2B(z)M2

5

]
ψ(z) = −q2ψ(z), (38)

E = −q2where   are eigenenergies.

5.1    Results for vector mesons spectra
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We  consider  the  case  .  Then,  recalling  that
  and  identifying    as  the  vector

meson  bulk  mass,  the  index  of  form  as  total  angular
momentum ( ) for the vector meson and   as the
conformal dimension, which is  , as each quark con-
tributes with  . Finally, we rewrite Eq. (38) as:
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]
ψ(z) = −q2ψ(z), (39)

B(z) = −A(z) M2
5 = 0with   and   for vector mesons.

kvm = −0.6132

ρ
IG JPC = 1+(1−−)

Solving  Eq.  (39)  numerically  with  the  warp  factor
constant k, given by   GeV2  ,  we obtain the
masses  compatible  with  the  family  of  vector  meson  ,
with  ,  as  indicated  in Table  6.  The  error
presented  in  the  last  column  of  Table  6  (%M)  was

definied in Eq. (26).  We also compute the total r.m.s er-
ror defined by Eq. (27). For Table 6, we obtain δrms = 7.87%.
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Using  the  data  from  Table  6,  we  plotted  a  Chew-
Frautschi  plane,  represented  as  ,  where  n  is  the
holographic radial  excitation,  and    is the squared vec-
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squares  (PDG) in Fig.  6. Using a  standard  linear   regres-
sion  method,  we  obtain  the  experimental  and  theoretical
Regge trajectories for vector meson  , such that:

m2
exp = (0.720±0.076) n− (0.223±0.302) , (40)

m2
th = (0.754±8×10−7) n . (41)

(≈ 10−18)
We did not  include the intercept  in  Eq.  (41),  because its
value  is  very  close  to  zero  .  Moreover,  in  Eq.
(41), the uncertainty in the slope is very small, indicating
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Vector  mesons  have  the  same  internal  structure 
as  the  scalar  mesons,  but  with  total  angular  momentum

. They are represented on the boundary theory by the
operator:

OVM = q̄γµD{J1···DJm}q with
∑

i=1
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for a massive vector field is needed, given by:
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.
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such that:
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nq = 0, (36)
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Considering  a  plane  wave  ansatz  with  the  amplitude
only depending on the z coordinate and propagating in the
transverse coordinates   with momentum  , we obtain

Aν(z, xµ) = v(z)eiqµxµεν, (37)
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assuming    and    is  the  unitary
vector defined in the transverse space to the z coordin-

ate,  with  components  .  We  use  the  fact
,  which  implies  ,  ensur-

ing that the field can be written as a plane wave. Notably,
  and  .  After  some  algebraic

manipulation  and  defining  ,  we  obtain  the
"Schrödinger-like'' equation, given by:
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We  consider  the  case  .  Then,  recalling  that
  and  identifying    as  the  vector

meson  bulk  mass,  the  index  of  form  as  total  angular
momentum ( ) for the vector meson and   as the
conformal dimension, which is  , as each quark con-
tributes with  . Finally, we rewrite Eq. (38) as:
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]
ψ(z) = −q2ψ(z), (39)

B(z) = −A(z) M2
5 = 0with   and   for vector mesons.
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Solving  Eq.  (39)  numerically  with  the  warp  factor
constant k, given by   GeV2  ,  we obtain the
masses  compatible  with  the  family  of  vector  meson  ,
with  ,  as  indicated  in Table  6.  The  error
presented  in  the  last  column  of  Table  6  (%M)  was

definied in Eq. (26).  We also compute the total r.m.s er-
ror defined by Eq. (27). For Table 6, we obtain δrms = 7.87%.
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tor  meson  mass  represented  by  the  dots  (our  model)  or
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Vector  mesons  have  the  same  internal  structure 
as  the  scalar  mesons,  but  with  total  angular  momentum

. They are represented on the boundary theory by the
operator:

OVM = q̄γµD{J1···DJm}q with
∑

i=1

Ji = J . (34)
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In the holographic description, vector mesons are dual
to the massive vector field in the  . Hence, the action
for a massive vector field is needed, given by:
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, (35)
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where  the  vector  field  stress  tensor  is  defined  as
.
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such that:
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nq]
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nq = 0, (36)
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Considering  a  plane  wave  ansatz  with  the  amplitude
only depending on the z coordinate and propagating in the
transverse coordinates   with momentum  , we obtain
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Fzn = ∂zAn ηmµ∂µFmn = −q2An

v(z) = ψ(z)e
B(z)

2

assuming    and    is  the  unitary
vector defined in the transverse space to the z coordin-

ate,  with  components  .  We  use  the  fact
,  which  implies  ,  ensur-

ing that the field can be written as a plane wave. Notably,
  and  .  After  some  algebraic
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Solving  Eq.  (39)  numerically  with  the  warp  factor
constant k, given by   GeV2  ,  we obtain the
masses  compatible  with  the  family  of  vector  meson  ,
with  ,  as  indicated  in Table  6.  The  error
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only depending on the z coordinate and propagating in the
transverse coordinates   with momentum  , we obtain

Aν(z, xµ) = v(z)eiqµxµεν, (37)
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ate,  with  components  .  We  use  the  fact
,  which  implies  ,  ensur-

ing that the field can be written as a plane wave. Notably,
  and  .  After  some  algebraic

manipulation  and  defining  ,  we  obtain  the
"Schrödinger-like'' equation, given by:

−ψ′′(z)+
[

B′2(z)
4
− B′′(z)

2
+ e−2B(z)M2

5

]
ψ(z) = −q2ψ(z), (38)

E = −q2where   are eigenenergies.

5.1    Results for vector mesons spectra

J = 1
M2

5 = (∆− p)(∆+ p−4) M5
p−

p = J = 1 ∆
∆ = 3

3/2

We  consider  the  case  .  Then,  recalling  that
  and  identifying    as  the  vector

meson  bulk  mass,  the  index  of  form  as  total  angular
momentum ( ) for the vector meson and   as the
conformal dimension, which is  , as each quark con-
tributes with  . Finally, we rewrite Eq. (38) as:

−ψ′′(z)+
[

B′2(z)
4
− B′′(z)

2

]
ψ(z) = −q2ψ(z), (39)

B(z) = −A(z) M2
5 = 0with   and   for vector mesons.

kvm = −0.6132

ρ
IG JPC = 1+(1−−)

Solving  Eq.  (39)  numerically  with  the  warp  factor
constant k, given by   GeV2  ,  we obtain the
masses  compatible  with  the  family  of  vector  meson  ,
with  ,  as  indicated  in Table  6.  The  error
presented  in  the  last  column  of  Table  6  (%M)  was

definied in Eq. (26).  We also compute the total r.m.s er-
ror defined by Eq. (27). For Table 6, we obtain δrms = 7.87%.

n×m2

m2

ρ

Using  the  data  from  Table  6,  we  plotted  a  Chew-
Frautschi  plane,  represented  as  ,  where  n  is  the
holographic radial  excitation,  and    is the squared vec-
tor  meson  mass  represented  by  the  dots  (our  model)  or
squares  (PDG) in Fig.  6. Using a  standard  linear   regres-
sion  method,  we  obtain  the  experimental  and  theoretical
Regge trajectories for vector meson  , such that:

m2
exp = (0.720±0.076) n− (0.223±0.302) , (40)

m2
th = (0.754±8×10−7) n . (41)

(≈ 10−18)
We did not  include the intercept  in  Eq.  (41),  because its
value  is  very  close  to  zero  .  Moreover,  in  Eq.
(41), the uncertainty in the slope is very small, indicating

 

ρ

AdS 5

Fig. 6.    Vector meson   family squared masses as a function
of  their  holographic  radial  excitation,  obtained  within  the
deformed    space  approach  (dots)  and  from  PDG
(squares), as presented in Table 6.

ρ (S =C = B = 0)
n = 1, 2, 3, · · ·

n = 1
Mexp Mth

AdS 5

kvm = −0.6132

Mth Mexp

Table 6.    Masses of light unflavored vector meson    .
Column    represents  holographic  radial  excitation  of
vector  mesons.  The  ground  state  is  represented  by  .  Column

 represents experimental data from PDG [69]. Column   rep-
resents masses obtained within the deformed   space approach
and using Eq.  (39) with   GeV2.  Column %M  repres-
ents the error of   with respect to  , according to Eq. (26).

ρ (1+(1−−Vector meson  ))

ρ meson Mexp/GeV [69] Mth/GeV %M

n = 1 ρ(770) 0.77526±0.00025 0.868327 12.0422

n = 2 ρ(1450) 1.465±0.025 1.228 16.1775

n = 3 ρ(1570) 1.570±0.070 1.50399 4.20467

n = 4 ρ(1700) 1.720±0.020 1.73665 0.968271

n = 5 ρ(1900) 1.909±0.042 1.94164 1.70972

n = 6 ρ(2150) 2.155±0.021 2.12696 1.30123
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AdS/CFT prescription 

m2
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Th = (0.754 ± 8 × 10−7) n

M2
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p = J = 1

Δquark = 3/2 Δmeson = 3
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that this fit is practically a straight line.

ρ

ρ(1282)
ρ(1570)

ρ(1700)
ρ(1282)

(n = 2) ρ

δrms

The  authors  of  Refs.  [70,  71]  also  computed  the
masses  for  the   meson  family  and  derived  their  Regge
trajectories within  their  holographic  softwall  model,   ob-
taining  approximately  the  same  value  for  the  slope  and
intercept (considering uncertainties) as the present study,
Eq. (41). The data selection scenarios in those studies are
different from the present study, as they included the vec-
tor meson   as the first radial excited state and ex-
cluded  the  vector  meson  , which  the  authors   ar-
gue may be an OZI violating decay of the  . If we
assume the existence of the   as the first radial ex-
citation    of  the    meson family,  then  the   corres-
ponding percentage error %M in Table 6 would be smal-
ler, and so would the   error.

ρ(770) ρ(1450)
ρ(1900) ρ(2150) S−
13S 1 23S 1 33S 1 43S 1

n2S+1
r LJ nr

nr ×m2

nr m2

ρ
S−

As performed for the scalar mesons, we can resort to
the mesonic spectroscopy data [68, 72- 74] and note that
all  vector  mesons  listed  in  Table  6  are  not  in  the  same
spectroscopic  state,  meaning  that  only  ,  ,

 and   belong to the  wave represented by
,  ,  , and  , respectively. In this study, we

used the spectroscopic notation, such as  , where 
is  the  spectroscopy  radial  excitation.  Using  these  states,
we  plot  a  Chew-Frautschi  plane  represented  as  ,
where    is  the  spectroscopy  radial  excitation,  and    is
the  squared  vector  meson  mass  represented  by  the  dots
(our model) or squares (PDG) in Fig. 7. Using a standard
linear regression method, we obtain the experimental and
theoretical Regge trajectories for vector meson   belong-
ing to the  wave, so that:

m2
exp = (1.363±0.092) nr − (0.648±0.252) , (42)

m2
th = (1.357±0.213) nr − (0.754±0.584) . (43)

1.25±0.15
1.1

The Regge trajectory for vector mesons belonging to
the  S−wave  from  our  model,  represented  by  Eq.  (43),
yield a Regge slope in the range   GeV2, which
is close to the universal value   GeV2 [72, 75].

ksm
kvm

qq̄

Furthermore, if we follow the original motivation for
the softwall model, it would be natural to suppose that 
and   are related to the string tension for the flux tube
that connects  the  two  quarks  inside  the  meson.  This   in-
formation is contained in the confining part of the   po-
tential,  and  it  is  in  principle  a  spin-independent  term.
Therefore,  in  the  AdS/QCD models  with  dilatons  in  the
action,  the  slope  parameter  must  be  universal  for  scalar
and vector mesons, as in the conventional softwall model
[16, 49].

ksm kvm
3ksm ≈ kvm

B(z) = −3A(z)
B(z) = −A(z)

kvm ≈ 3ksm

Interestingly,    and    are  related,  namely
. This peculiarity could be attributed to the fact

that in  the  EOM  for  scalar  mesons,  Eq.  (9),  we   per-
formed  the  substitution  .  In  contrast,  in  the
EOM for vector mesons,  Eq. (36),  we used  ,
leading to  .

6    Hadronic spectra for baryons

(qqqqq̄)

Within  the  quark  model,  constituent  baryons  are
particles with a semi integer spin formed by a bound state
of three valence quarks. In this study, we disregard states
of  baryons  with  higher  complexity,  composed  of  three
quarks added to any number of quark and antiquark pairs,
e.g., pentaquark states  . Hence, we use the follow-
ing description for baryons, such that:

|qqq〉A = |color〉A⊗ |space;spin−flavor〉S . (44)
S U(3)

O(6)
S U(6)

The three colors are represented by an   singlet,
without  dynamics  and  completely  antisymmetric.  The
spatial wave function is related to  , and the spin-fla-
vor wave function is related to  . A review on bary-
on  physics  is  provided  in  e.g.,  Refs.  [76,  77].  In  this
study,  we  are  interested  in  light  baryons  composed  of u
and d quarks with a spin of 1/2 and with higher spins (3/2
and 5/2).

AdS 5

Within  the  holographic  description,  baryons  are  dual
to the massive spinor fields in  . We start our discus-
sion  from  the  free  spinor  field  action  without  surface
terms [78–81]:

S =
∫

AdS
d5x
√

g Ψ̄( 'D−m5)Ψ. (45)

S 5

AdS 5

We  disregarded  the  hypersphere  , as  for  our   pur-
poses, the spinor field does not depend on these coordin-
ates.  Further,  in  the  action  (45), g  is  the  determinant  of
the metric of the deformed   space, given by Eq. (4).

a,b,c
m,n, p,q

AdS 5 µ,ν

As we deal with fermions in a curved space, we need
to construct a local Lorentz frame or a vielbein. To sim-
plify our notation, we will use   to denote indexes in
flat space, and   to denote indexes in curved space
(deformed    space).  The  Greek  indexes    are

 

ρ

nr AdS 5

Fig.  7.      Vector  mesons    belonging  to  S−wave  squared
masses as a function of their spectroscopy radial excitation
 obtained within the deformed   space approach (dots)

and from PDG (squares).
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that this fit is practically a straight line.
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The  authors  of  Refs.  [70,  71]  also  computed  the
masses  for  the   meson  family  and  derived  their  Regge
trajectories within  their  holographic  softwall  model,   ob-
taining  approximately  the  same  value  for  the  slope  and
intercept (considering uncertainties) as the present study,
Eq. (41). The data selection scenarios in those studies are
different from the present study, as they included the vec-
tor meson   as the first radial excited state and ex-
cluded  the  vector  meson  , which  the  authors   ar-
gue may be an OZI violating decay of the  . If we
assume the existence of the   as the first radial ex-
citation    of  the    meson family,  then  the   corres-
ponding percentage error %M in Table 6 would be smal-
ler, and so would the   error.
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the  squared  vector  meson  mass  represented  by  the  dots
(our model) or squares (PDG) in Fig. 7. Using a standard
linear regression method, we obtain the experimental and
theoretical Regge trajectories for vector meson   belong-
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The Regge trajectory for vector mesons belonging to
the  S−wave  from  our  model,  represented  by  Eq.  (43),
yield a Regge slope in the range   GeV2, which
is close to the universal value   GeV2 [72, 75].
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A(z) = log
L
z

+
k
2

z2

−ψ′￼′￼R/L(z) + [m2
5e2A(z) ± m5eA(z)A′￼(z)] ψR/L(z) = M2

nψn
R/L(z),

One gets a Schrödinger-like equation written for both right and left sectors:

where  are the four-dimensional fermion masses.Mn

Deformed



Deformed AdS space Hadronic Spectra from Deformed AdS backgrounds 

defined in the Minkowski space. Thus, a useful choice is:
ea

m =eA(z)δa
m, em

a = e−A(z)δm
a , ema = e−A(z)ηma, (46)

with m=0, 1, 2, 3, 5.
The Levi-Civita connection is defined as:

Γ
p
mn =

1
2

gpq(∂ngmq+∂mgnq−∂qgmn), with gmn = e2A(z)ηmn.

(47)
ωµνmThe corresponding spin connection  , is given by:

ωab
m = ea

n∂menb+ ea
nepbΓn

pm. (48)

Γ
p
mnBecause the only non-vanishing   are:

Γ5
µν = A′(z)ηµν, Γ5

55 = −A′(z) and Γµν5 = −A′(z)δµν , (49)

we obtain:
ω5ν
µ = −ων5µ = ∂zA(z)δνµ, (50)

and all other components disappear.
The equations  of  motion are  easily  derived from Eq.

(45), such that:

( #D−m5)Ψ = 0 and Ψ̄(−←−#D −m5) = 0. (51)

#D
Using Eqs. (4), (46), and (50), we express the operat-

or   in Eq. (51), such that:

#D ≡gmnea
nγa

(
∂m+

1
2
ωbc

m Σbc

)

=e−A(z)γ5∂5+ e−A(z)γµ∂µ+2A′(z)γ5, (52)

γa = (γµ,γ5) {γa,γb} = 2ηab

Σµ5 =
1
4

[
γµ,γ5

]
γµ

where  we employed that  ,  ,  and
.  Here,    are  the  usual  Dirac's  gamma

matrices.
The first  Dirac equation in Eq.  (51) assumes the fol-

lowing form:
(
e−A(z)γ5∂5+ e−A(z)γµ∂µ+2A′(z)γ5−m5

)
Ψ = 0, (53)

∂5 ≡ ∂z
m5

where  , z is the holographic coordinate in the AdS
space,  and    is  the  fermion  bulk  mass.  Considering  a
solution  that  can  be  decomposed  into  right-  and  left-
handed chiral components, such as:

Ψ(xµ,z) =
[
1−γ5

2
fL(z)+

1+γ5

2
fR(z)

]
Ψ(4)(x) , (54)

Ψ(4)(x)
( #D−M)Ψ(4)(x) = 0

γ5 fL/R = ∓ fL/R
γµ∂µ fR = m fL

with    satisfying  the  Dirac  equation
  on  the  four-dimensional  boundary

space.  The left  and right  modes also obey 
and  .

ΨL/R

Because the Kaluza-Klein modes are dual to the chir-
ality spinors, we expand  , such that:

ΨL/R(xµ,z) =
∑

n
f n
L/R(xµ)φn

L/R(z). (55)

Using Eq. (55) with Eq. (54) in Eq. (53), we obtain a
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(
∂z+2A′(z)eA(z)+m5 eA(z)

)
φn

L(z) = +Mnφ
n
R(z) (56)

and

(
∂z+2A′(z)eA(z)−m5 eA(z)

)
φn

R(z) = −Mnφ
n
L(z). (57)
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−ψ′′R/L(z)+

[
m2

5e2A(z)±m5eA(z)A′(z)
]
ψR/L(z) = M2

nψ
n
R/L(z),

(59)
Mnwhere   in Eq. (59) depicts the four-dimensional fermi-

on mass.
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∑

i=1

)i = L, (60)

L = 0
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(m5)
∆
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∆ = 9/2
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Using  the  data  from  Table  7,  we  plotted  a  Chew-
Frautschi plane represented as  , where n is the holo-
graphic  radial  excitation,  and    is  the  squared 
baryon  mass  represented  by  the  dots  (our  model)  or
squares  (PDG) in Fig.  8. Using a  standard  linear   regres-
sion  method,  we  obtain  the  experimental  and  theoretical
Regge trajectories for the   baryon, such that:

m2
exp = (0.863±0.029) n+ (0.114±0.111) , (62)

m2
th = (0.860±0.042) n− (0.081±0.164) . (63)

N(939) N(1440) N(1710)
N(2100) DL ≡ (56,2 8)0
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scopy  radial  excitation  ,  corresponding  to  ,
respectively,  with  orbital  angular  momentum  .  In
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with spin 3/2 ( ). For these mentioned states, we plot a
Chew-Frautschi plane represented as  ,  where    is
the  spectroscopy radial  excitation,  and    is  the  squared

 baryon mass belonging to the   state rep-
resented  by  the  dots  (our  model)  or  squares  (PDG)  in
Fig. 9. Using a standard linear regression method, we ob-
tain  the  experimental  and  theoretical  Regge  trajectories
for   baryon in the   state, such that:

m2
exp = (1.160±0.090) nr − (0.384±0.246) , (64)

m2
th = (1.038±0.204) nr − (0.320±0.560) . (65)

N(1/2+)

1.081±0.036
1.1

The Regge trajectory for the   baryon belong-
ing to the same multiplet comes from our model, repres-
ented  by  Eq.  (65),  and  presents  a  Regge  slope  near  to

 GeV2  [82],  which  is  close  to  the  universal
value   GeV2.
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Here,  we  deal  with  light  baryons,  according  to  the
same  structure  as  in  the  previous  section  and  a  higher
spin,  meaning  e.g.,    or  .  To  this  end,  we
employ the same approach for the higher spin glueball, as
in Subsection 3.1. To obtain the spectrum for spin   ba-
ryons, we insert symmetrized covariant derivatives in the
operator  , given  by  Eq.  (60).  Then,  the  conformal  di-
mensions  related  to  the  spin    baryons  is  now

,  with  .  Solving  Eq.  (59)  with  the
warp  factor  constant  k  given  by    GeV2,  we
obtain the masses compatible with the family of N bary-
on,  with  ,  as  indicated  in  Table  8.  The
error presented in last column of Table 8 (%M) is defined

in Eq. (26). We also compute the total r.m.s error defined
by Eq. (27). For Table 9 one finds δrms = 9.00%.
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Observing  the  column  (%M)  in  Table  8,  the  errors
between   and   are excessively high, especially for

  and    states.  A  possible  reinterpretation  would
be a missing state,  which represents  the ground state for
the   baryons family. Taking into account this as-
sumption, regarding a possible missing state, we can rein-
terpret Table  8  as  in Table  9,  where  in  the  first  line  we
present  a  possible  baryon  prediction  obtained  within  the
deformed AdS model. The error presented in last column
of Table 9 (%M) is defined in Eq. (26), and we compute
the total r.m.s error defined by Eq. (27). For Table 9, we
find that δrms = 2.13%. We excluded our prediction of the
error calculation. The errors in Table 8 are greater than in
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(squares), as presented in Table 7.

 

N(1/2+) (56,2 8)0

nr AdS 5

Fig.  9.         baryons  belonging  to  the    state
squared  masses  as  a  function  of  their  spectroscopy  radial
excitation  , obtained within the deformed   space ap-
proach (dots) and from PDG (squares).

N(1/2+) n = 1, 2, 3, · · ·

n = 1 Mexp

Mth N(1/2+)
k1/2 = 0.2052 AdS 5

Mth

Mexp

Table 7.      Masses of   baryons. Column   repres-
ents  holographic  radial  excitation.  The  ground  state  is  represented
by  .  Column    represents  experimental  data  from  PDG
[69].  Column    represents  the  masses  of    baryons  with

 GeV2,  obtained  within  the  deformed    space ap-
proach and using Eq. (59). Column %M represents the error of 
with respect to  , according to Eq. (26).

N(1/2+Baryons  )

N baryon Mexp/GeV [69] Mth/GeV %M

n = 1 N(939) 0.93949±0.00005 0.98683 5.04

n = 2 N(1440) 1.360 to 1.380 1.264 7.76

n = 3 N(1710) 1.680 to 1.720 1.531 9.94

n = 4 N(1880) 1.820 to 1.900 1.791 3.70

n = 5 N(2100) 2.050 to 2.150 2.046 2.58

n = 6 N(2300) 2.300+0.006 +0.1
−0.005 −0 2.296 0.19
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defined in the Minkowski space. Thus, a useful choice is:
ea

m =eA(z)δa
m, em

a = e−A(z)δm
a , ema = e−A(z)ηma, (46)

with m=0, 1, 2, 3, 5.
The Levi-Civita connection is defined as:

Γ
p
mn =

1
2

gpq(∂ngmq+∂mgnq−∂qgmn), with gmn = e2A(z)ηmn.

(47)
ωµνmThe corresponding spin connection  , is given by:

ωab
m = ea

n∂menb+ ea
nepbΓn

pm. (48)

Γ
p
mnBecause the only non-vanishing   are:

Γ5
µν = A′(z)ηµν, Γ5

55 = −A′(z) and Γµν5 = −A′(z)δµν , (49)

we obtain:
ω5ν
µ = −ων5µ = ∂zA(z)δνµ, (50)

and all other components disappear.
The equations  of  motion are  easily  derived from Eq.

(45), such that:

( #D−m5)Ψ = 0 and Ψ̄(−←−#D −m5) = 0. (51)

#D
Using Eqs. (4), (46), and (50), we express the operat-

or   in Eq. (51), such that:

#D ≡gmnea
nγa

(
∂m+

1
2
ωbc

m Σbc

)

=e−A(z)γ5∂5+ e−A(z)γµ∂µ+2A′(z)γ5, (52)

γa = (γµ,γ5) {γa,γb} = 2ηab

Σµ5 =
1
4

[
γµ,γ5

]
γµ

where  we employed that  ,  ,  and
.  Here,    are  the  usual  Dirac's  gamma

matrices.
The first  Dirac equation in Eq.  (51) assumes the fol-

lowing form:
(
e−A(z)γ5∂5+ e−A(z)γµ∂µ+2A′(z)γ5−m5

)
Ψ = 0, (53)

∂5 ≡ ∂z
m5

where  , z is the holographic coordinate in the AdS
space,  and    is  the  fermion  bulk  mass.  Considering  a
solution  that  can  be  decomposed  into  right-  and  left-
handed chiral components, such as:

Ψ(xµ,z) =
[
1−γ5

2
fL(z)+

1+γ5

2
fR(z)

]
Ψ(4)(x) , (54)

Ψ(4)(x)
( #D−M)Ψ(4)(x) = 0

γ5 fL/R = ∓ fL/R
γµ∂µ fR = m fL

with    satisfying  the  Dirac  equation
  on  the  four-dimensional  boundary

space.  The left  and right  modes also obey 
and  .

ΨL/R

Because the Kaluza-Klein modes are dual to the chir-
ality spinors, we expand  , such that:

ΨL/R(xµ,z) =
∑

n
f n
L/R(xµ)φn

L/R(z). (55)

Using Eq. (55) with Eq. (54) in Eq. (53), we obtain a
set with two coupled equations, namely:

(
∂z+2A′(z)eA(z)+m5 eA(z)

)
φn

L(z) = +Mnφ
n
R(z) (56)

and

(
∂z+2A′(z)eA(z)−m5 eA(z)

)
φn

R(z) = −Mnφ
n
L(z). (57)

Decoupling  Eqs.  (56)  and  (57),  and  performing  the
following change of variables

φL/R(z) = ψ(z)e−2eA(z)

, (58)

we  obtain  a  Schrödinger-like  equation  written  for  both
right and left sectors, given by:
−ψ′′R/L(z)+

[
m2

5e2A(z)±m5eA(z)A′(z)
]
ψR/L(z) = M2

nψ
n
R/L(z),

(59)
Mnwhere   in Eq. (59) depicts the four-dimensional fermi-

on mass.

6.1    Results for spin 1/2 baryons spectra

S = 1/2Here,  we  deal  with  light  baryons  with  spin 
formed by u  and d quarks.  To  this  end,  we  consider  the
following operator on the boundary theory:

OB = qD{)1···D)i
qD)i+1···D)m}q ; with

∑

i=1

)i = L, (60)

L = 0
where L  is the orbital  angular momentum. Here we con-
sider only the case  .

(m5)
∆

From the AdS/CFT dictionary, we find the following
relationship  for  the  fermion  bulk  mass    and its   con-
formal dimension ( ), such that:

|m5| = ∆−2 . (61)
∆ = 3/2
∆ = 9/2

m5 = 5/2

As  each  quark u  or d  contributes  with  ,  then
the  baryon  formed  by  three  quarks  exhibits    and
consequently  .

m5 = 5/2

k1/2 = 0.2052

I(JP) = 1/2(1/2+)

Replacing    in  the  Schrödinger-like  equation
(59) and solving it numerically, with the warp factor con-
stant  k  identified  as    GeV2,  we  obtain  the
masses  compatible  with  the  family  of  N  baryon,  with

,  as  indicated  in  Table  7.  The  error
presented  in  last  column  of Table  7  (%M)  is  defined  in
Eq. (26). We also compute the total r.m.s error defined by
Eq. (27). For Table 7, we obtain δrms = 4.09%.

n×m2

m2 N(1/2+)

N(1/2+)

Using  the  data  from  Table  7,  we  plotted  a  Chew-
Frautschi plane represented as  , where n is the holo-
graphic  radial  excitation,  and    is  the  squared 
baryon  mass  represented  by  the  dots  (our  model)  or
squares  (PDG) in Fig.  8. Using a  standard  linear   regres-
sion  method,  we  obtain  the  experimental  and  theoretical
Regge trajectories for the   baryon, such that:

m2
exp = (0.863±0.029) n+ (0.114±0.111) , (62)

m2
th = (0.860±0.042) n− (0.081±0.164) . (63)

N(939) N(1440) N(1710)
N(2100) DL ≡ (56,2 8)0

As performed for the scalar and vector mesons, we re-
sort  to  baryonic  spectroscopy  and  attempt  to  recognize
which  baryons  among  those  listed  in  Table  7  belong  to
the same spectroscopy state. According to Refs. [76, 77],
we  see  that  the  states  ,  ,  ,  and

  belong  to  the  state    with  spectro-
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Δquark = 3/2

defined in the Minkowski space. Thus, a useful choice is:
ea

m =eA(z)δa
m, em

a = e−A(z)δm
a , ema = e−A(z)ηma, (46)

with m=0, 1, 2, 3, 5.
The Levi-Civita connection is defined as:

Γ
p
mn =

1
2

gpq(∂ngmq+∂mgnq−∂qgmn), with gmn = e2A(z)ηmn.

(47)
ωµνmThe corresponding spin connection  , is given by:

ωab
m = ea

n∂menb+ ea
nepbΓn

pm. (48)

Γ
p
mnBecause the only non-vanishing   are:

Γ5
µν = A′(z)ηµν, Γ5

55 = −A′(z) and Γµν5 = −A′(z)δµν , (49)

we obtain:
ω5ν
µ = −ων5µ = ∂zA(z)δνµ, (50)

and all other components disappear.
The equations  of  motion are  easily  derived from Eq.

(45), such that:

( #D−m5)Ψ = 0 and Ψ̄(−←−#D −m5) = 0. (51)

#D
Using Eqs. (4), (46), and (50), we express the operat-

or   in Eq. (51), such that:

#D ≡gmnea
nγa

(
∂m+

1
2
ωbc

m Σbc

)

=e−A(z)γ5∂5+ e−A(z)γµ∂µ+2A′(z)γ5, (52)

γa = (γµ,γ5) {γa,γb} = 2ηab

Σµ5 =
1
4

[
γµ,γ5

]
γµ

where  we employed that  ,  ,  and
.  Here,    are  the  usual  Dirac's  gamma

matrices.
The first  Dirac equation in Eq.  (51) assumes the fol-

lowing form:
(
e−A(z)γ5∂5+ e−A(z)γµ∂µ+2A′(z)γ5−m5

)
Ψ = 0, (53)

∂5 ≡ ∂z
m5

where  , z is the holographic coordinate in the AdS
space,  and    is  the  fermion  bulk  mass.  Considering  a
solution  that  can  be  decomposed  into  right-  and  left-
handed chiral components, such as:

Ψ(xµ,z) =
[
1−γ5

2
fL(z)+

1+γ5

2
fR(z)

]
Ψ(4)(x) , (54)

Ψ(4)(x)
( #D−M)Ψ(4)(x) = 0

γ5 fL/R = ∓ fL/R
γµ∂µ fR = m fL

with    satisfying  the  Dirac  equation
  on  the  four-dimensional  boundary

space.  The left  and right  modes also obey 
and  .

ΨL/R

Because the Kaluza-Klein modes are dual to the chir-
ality spinors, we expand  , such that:

ΨL/R(xµ,z) =
∑

n
f n
L/R(xµ)φn

L/R(z). (55)

Using Eq. (55) with Eq. (54) in Eq. (53), we obtain a
set with two coupled equations, namely:

(
∂z+2A′(z)eA(z)+m5 eA(z)

)
φn

L(z) = +Mnφ
n
R(z) (56)

and

(
∂z+2A′(z)eA(z)−m5 eA(z)

)
φn

R(z) = −Mnφ
n
L(z). (57)

Decoupling  Eqs.  (56)  and  (57),  and  performing  the
following change of variables

φL/R(z) = ψ(z)e−2eA(z)

, (58)

we  obtain  a  Schrödinger-like  equation  written  for  both
right and left sectors, given by:
−ψ′′R/L(z)+

[
m2

5e2A(z)±m5eA(z)A′(z)
]
ψR/L(z) = M2

nψ
n
R/L(z),

(59)
Mnwhere   in Eq. (59) depicts the four-dimensional fermi-

on mass.

6.1    Results for spin 1/2 baryons spectra

S = 1/2Here,  we  deal  with  light  baryons  with  spin 
formed by u  and d quarks.  To  this  end,  we  consider  the
following operator on the boundary theory:

OB = qD{)1···D)i
qD)i+1···D)m}q ; with

∑

i=1

)i = L, (60)

L = 0
where L  is the orbital  angular momentum. Here we con-
sider only the case  .

(m5)
∆

From the AdS/CFT dictionary, we find the following
relationship  for  the  fermion  bulk  mass    and its   con-
formal dimension ( ), such that:

|m5| = ∆−2 . (61)
∆ = 3/2
∆ = 9/2

m5 = 5/2

As  each  quark u  or d  contributes  with  ,  then
the  baryon  formed  by  three  quarks  exhibits    and
consequently  .

m5 = 5/2

k1/2 = 0.2052

I(JP) = 1/2(1/2+)

Replacing    in  the  Schrödinger-like  equation
(59) and solving it numerically, with the warp factor con-
stant  k  identified  as    GeV2,  we  obtain  the
masses  compatible  with  the  family  of  N  baryon,  with

,  as  indicated  in  Table  7.  The  error
presented  in  last  column  of Table  7  (%M)  is  defined  in
Eq. (26). We also compute the total r.m.s error defined by
Eq. (27). For Table 7, we obtain δrms = 4.09%.

n×m2

m2 N(1/2+)

N(1/2+)

Using  the  data  from  Table  7,  we  plotted  a  Chew-
Frautschi plane represented as  , where n is the holo-
graphic  radial  excitation,  and    is  the  squared 
baryon  mass  represented  by  the  dots  (our  model)  or
squares  (PDG) in Fig.  8. Using a  standard  linear   regres-
sion  method,  we  obtain  the  experimental  and  theoretical
Regge trajectories for the   baryon, such that:

m2
exp = (0.863±0.029) n+ (0.114±0.111) , (62)

m2
th = (0.860±0.042) n− (0.081±0.164) . (63)

N(939) N(1440) N(1710)
N(2100) DL ≡ (56,2 8)0

As performed for the scalar and vector mesons, we re-
sort  to  baryonic  spectroscopy  and  attempt  to  recognize
which  baryons  among  those  listed  in  Table  7  belong  to
the same spectroscopy state. According to Refs. [76, 77],
we  see  that  the  states  ,  ,  ,  and

  belong  to  the  state    with  spectro-
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AdS/CFT prescription 
(fermions)

ΔBaryon = 9/2

[69] PDG 2018

m2
Exp = (0.863 ± 0.029) n + (0.114 ± 0.111)

m2
th = (0.860 ± 0.042) n − (0.081 ± 0.164)
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28
410

nr ×m2 nr
m2

N(1/2+) (56,2 8)0

N(1/2+) (56,2 8)0

scopy  radial  excitation  ,  corresponding  to  ,
respectively,  with  orbital  angular  momentum  .  In
this  notation,  D  represents  the  56-plet,  which  can  be
broken  into  an  octet  with  spin  1/2  ( )  and  a  decuplet
with spin 3/2 ( ). For these mentioned states, we plot a
Chew-Frautschi plane represented as  ,  where    is
the  spectroscopy radial  excitation,  and    is  the  squared

 baryon mass belonging to the   state rep-
resented  by  the  dots  (our  model)  or  squares  (PDG)  in
Fig. 9. Using a standard linear regression method, we ob-
tain  the  experimental  and  theoretical  Regge  trajectories
for   baryon in the   state, such that:

m2
exp = (1.160±0.090) nr − (0.384±0.246) , (64)

m2
th = (1.038±0.204) nr − (0.320±0.560) . (65)

N(1/2+)

1.081±0.036
1.1

The Regge trajectory for the   baryon belong-
ing to the same multiplet comes from our model, repres-
ented  by  Eq.  (65),  and  presents  a  Regge  slope  near  to

 GeV2  [82],  which  is  close  to  the  universal
value   GeV2.

6.2    Results for higher spin baryons spectra

S = 3/2 S = 5/2

3/2

OB
3/2

∆3/2 = 11/2 m5 = 7/2
k3/2 = 0.2052

I(JP) = 1/2(3/2+)

Here,  we  deal  with  light  baryons,  according  to  the
same  structure  as  in  the  previous  section  and  a  higher
spin,  meaning  e.g.,    or  .  To  this  end,  we
employ the same approach for the higher spin glueball, as
in Subsection 3.1. To obtain the spectrum for spin   ba-
ryons, we insert symmetrized covariant derivatives in the
operator  , given  by  Eq.  (60).  Then,  the  conformal  di-
mensions  related  to  the  spin    baryons  is  now

,  with  .  Solving  Eq.  (59)  with  the
warp  factor  constant  k  given  by    GeV2,  we
obtain the masses compatible with the family of N bary-
on,  with  ,  as  indicated  in  Table  8.  The
error presented in last column of Table 8 (%M) is defined

in Eq. (26). We also compute the total r.m.s error defined
by Eq. (27). For Table 9 one finds δrms = 9.00%.

Mexp Mth
n = 1 n = 2

N(3/2+)

Observing  the  column  (%M)  in  Table  8,  the  errors
between   and   are excessively high, especially for

  and    states.  A  possible  reinterpretation  would
be a missing state,  which represents  the ground state for
the   baryons family. Taking into account this as-
sumption, regarding a possible missing state, we can rein-
terpret Table  8  as  in Table  9,  where  in  the  first  line  we
present  a  possible  baryon  prediction  obtained  within  the
deformed AdS model. The error presented in last column
of Table 9 (%M) is defined in Eq. (26), and we compute
the total r.m.s error defined by Eq. (27). For Table 9, we
find that δrms = 2.13%. We excluded our prediction of the
error calculation. The errors in Table 8 are greater than in

 

N(1/2+)

AdS 5

Fig. 8.       baryon family squared masses as a function
of  their  holographic  radial  excitation,  obtained  within  the
deformed    space  approach  (dots)  and  from  PDG
(squares), as presented in Table 7.

 

N(1/2+) (56,2 8)0

nr AdS 5

Fig.  9.         baryons  belonging  to  the    state
squared  masses  as  a  function  of  their  spectroscopy  radial
excitation  , obtained within the deformed   space ap-
proach (dots) and from PDG (squares).

N(1/2+) n = 1, 2, 3, · · ·

n = 1 Mexp

Mth N(1/2+)
k1/2 = 0.2052 AdS 5

Mth

Mexp

Table 7.      Masses of   baryons. Column   repres-
ents  holographic  radial  excitation.  The  ground  state  is  represented
by  .  Column    represents  experimental  data  from  PDG
[69].  Column    represents  the  masses  of    baryons  with

 GeV2,  obtained  within  the  deformed    space ap-
proach and using Eq. (59). Column %M represents the error of 
with respect to  , according to Eq. (26).

N(1/2+Baryons  )

N baryon Mexp/GeV [69] Mth/GeV %M

n = 1 N(939) 0.93949±0.00005 0.98683 5.04

n = 2 N(1440) 1.360 to 1.380 1.264 7.76

n = 3 N(1710) 1.680 to 1.720 1.531 9.94

n = 4 N(1880) 1.820 to 1.900 1.791 3.70

n = 5 N(2100) 2.050 to 2.150 2.046 2.58

n = 6 N(2300) 2.300+0.006 +0.1
−0.005 −0 2.296 0.19
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N(1330)
∆+

JP = 3/2+

∆(1232)
∆ N(3/2+)

ρ
ω

Table 9. However, this possible ground state   that
we are reinterpreting is not found in PDG. In PDG the 
states  with    and  mass  around  1320  MeV  is
found; hence, our model is possibly not capable to distin-
guishing these two states. This first state could be 
as  both  trajectories,    and  ,  are  supposed  to  be
degenerate in the chiral limit, as it happens with mesons 
and  .

n×m2

m2 N(3/2+)

N(3/2+)

Using  the  data  from  Table  9,  we  plotted  a  Chew-
Frautschi plane represented as  , where n is the holo-
graphic  radial  excitation,  and    is  the  squared 
baryon mass represented by the dots (our model),  by the
triangle  (our  model  prediction),  or  squares  (PDG)  in
Fig.  10.  Using  a  standard  linear  regression  method,  we
obtain the  experimental  and  theoretical  Regge   trajector-
ies for   baryons, such that:

m2
exp = (0.678±0.117) n+ (1.517±0.364) , (66)

m2
th = (1.021±0.017) n+ (0.501±0.047) . (67)

For the linear fit in Eq. (67) we took into account our pre-
dicted state.

N(3/2+)The  Regge  trajectory  for  the    baryon  family

1.081±0.036
1.1

from  our  model,  represented  by  Eq.  (67),  presents  a
Regge  slope  near  to    GeV2  [82],  which  is
close to the universal value   GeV2.

OB

∆5/2 = 13/2 m5 = 9/2
k5/2 = 0.1902

I(JP) = 1/2(5/2+)

At  this  point,  we  deal  with  baryons  of  spin  5/2.  To
this end, once again, we insert one more symmetrized co-
variant  derivative  in  the  operator    given  by  Eq.  (60).
Then,  we  obtain  the  conformal  dimension,  given  by

,  which  provides  .  Solving  Eq.  (59)
with  the  warp  factor  constant  k  given  by 
GeV2,  we  obtain  the  masses  compatible  with  the  family
of  N  baryons,  with  ,  as  indicated  in
Table  10.  The  error  presented  in  the  last  column  of
Table  10  (%M)  is  defined  in  Eq.  (26).  We  compute  the
total  r.m.s  error  defined  by  Eq.  (27).  For  Table  10  one
finds δrms = 2.76%.
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From Table 10, we plotted a Chew-Frautschi plane as
,  where n  is  the  holographic  radial  excitation,  and

 is the squared   baryon mass represented by the
dots  (our  model)  or  squares  (PDG)  in  Fig.  11.  Using  a
standard linear  regression  method,  we obtain  the  experi-
mental and theoretical Regge trajectories for   ba-
ryons, such that:

m2
exp = (0.785±0.135) n+ (1.934±0.291) , (68)
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th = (0.931±0.031) n+ (1.429±0.068) . (69)
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The  Regge  trajectory  for  the    baryon  family
from our model, represented by Eq. (69), present a Regge
slope  near  to   GeV2  [82],  which  is  close  to
the universal value   GeV2.
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Notably, the  numeric  values  of  the  warp  factor   con-
stant k for the baryons in this study are approximately in-
dependent of their spin, meaning that  .
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ents  holographic  radial  excitation.  The  ground  state  is  represented
by  .  Column    represents  experimental  data  from  PDG
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 GeV2,  obtained  within  the  deformed    space ap-
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Table 9. However, this possible ground state   that
we are reinterpreting is not found in PDG. In PDG the 
states  with    and  mass  around  1320  MeV  is
found; hence, our model is possibly not capable to distin-
guishing these two states. This first state could be 
as  both  trajectories,    and  ,  are  supposed  to  be
degenerate in the chiral limit, as it happens with mesons 
and  .

n×m2

m2 N(3/2+)

N(3/2+)

Using  the  data  from  Table  9,  we  plotted  a  Chew-
Frautschi plane represented as  , where n is the holo-
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baryon mass represented by the dots (our model),  by the
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Fig.  10.  Using  a  standard  linear  regression  method,  we
obtain the  experimental  and  theoretical  Regge   trajector-
ies for   baryons, such that:

m2
exp = (0.678±0.117) n+ (1.517±0.364) , (66)

m2
th = (1.021±0.017) n+ (0.501±0.047) . (67)

For the linear fit in Eq. (67) we took into account our pre-
dicted state.
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close to the universal value   GeV2.
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ies for   baryons, such that:

m2
exp = (0.678±0.117) n+ (1.517±0.364) , (66)
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from  our  model,  represented  by  Eq.  (67),  presents  a
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close to the universal value   GeV2.
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At  this  point,  we  deal  with  baryons  of  spin  5/2.  To
this end, once again, we insert one more symmetrized co-
variant  derivative  in  the  operator    given  by  Eq.  (60).
Then,  we  obtain  the  conformal  dimension,  given  by

,  which  provides  .  Solving  Eq.  (59)
with  the  warp  factor  constant  k  given  by 
GeV2,  we  obtain  the  masses  compatible  with  the  family
of  N  baryons,  with  ,  as  indicated  in
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dependent of their spin, meaning that  .
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Fig. 10.      baryon family squared masses as a function
of  their  holographic  radial  excitation,  obtained  within  the
deformed    space approach  (dots),  our  model   predic-
tion (triangle), and from PDG (squares), as presented in Ta-
ble 9.

N(3/2+) n = 1, 2, 3, · · ·

n = 1 Mexp

Mth N(3/2+)
k3/2 = 0.2052 AdS 5

Mth

Table 8.      Masses of   baryons. Column   repres-
ents  holographic  radial  excitation.  The  ground  state  is  represented
by  .  Column    represents  experimental  data  from  PDG
[69].  Column    represents  the  masses  of    baryons  with

 GeV2,  obtained  within  the  deformed    space ap-
proach and using Eq. (59). Column %M represents the error of  ,
according to Eq. (26).

N(3/2+Baryons  )

N baryon Mexp/GeV [69] Mth/GeV %M

n = 1 N(1720) 1.660 to 1.690 1.326 23.05

n = 2 N(1900) 1.900 to 1.940 1.606 12.27

n = 3 N(2040) 2.040+0.003
−0.004 ±0.025 1.878 8.72

N(3/2+) n = 1, 2, 3, · · ·

n = 1 Mexp

Mth N(3/2+)
k3/2 = 0.2052 AdS 5

Mth

Mexp

Table 9.      Masses of   baryons. Column   repres-
ents  holographic  radial  excitation.  The  ground  state  is  represented
by  .  Column    represents  experimental  data  from  PDG
[69].  Column    represents  masses  of    baryons  with

 GeV2,  obtained  within  the  deformed    space ap-
proach and using Eq. (59). Column %M represents the error of 
with  respect  to  ,  according  to  Eq.  (26).  In  the  first  line,  we
present a possible baryon prediction within our model.

N(3/2+Baryons  )

N baryon Mexp/GeV [69] Mth/GeV %M

n = 1 1.326

n = 2 N(1720) 1.660 to 1.690 1.606 4.14

n = 3 N(1900) 1.900 to 1.940 1.878 2.19

n = 4 N(2040) 2.040+0.003
−0.004 ±0.025 2.144 5.09
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scopy  radial  excitation  ,  corresponding  to  ,
respectively,  with  orbital  angular  momentum  .  In
this  notation,  D  represents  the  56-plet,  which  can  be
broken  into  an  octet  with  spin  1/2  ( )  and  a  decuplet
with spin 3/2 ( ). For these mentioned states, we plot a
Chew-Frautschi plane represented as  ,  where    is
the  spectroscopy radial  excitation,  and    is  the  squared

 baryon mass belonging to the   state rep-
resented  by  the  dots  (our  model)  or  squares  (PDG)  in
Fig. 9. Using a standard linear regression method, we ob-
tain  the  experimental  and  theoretical  Regge  trajectories
for   baryon in the   state, such that:

m2
exp = (1.160±0.090) nr − (0.384±0.246) , (64)

m2
th = (1.038±0.204) nr − (0.320±0.560) . (65)

N(1/2+)

1.081±0.036
1.1

The Regge trajectory for the   baryon belong-
ing to the same multiplet comes from our model, repres-
ented  by  Eq.  (65),  and  presents  a  Regge  slope  near  to

 GeV2  [82],  which  is  close  to  the  universal
value   GeV2.

6.2    Results for higher spin baryons spectra

S = 3/2 S = 5/2

3/2

OB
3/2

∆3/2 = 11/2 m5 = 7/2
k3/2 = 0.2052

I(JP) = 1/2(3/2+)

Here,  we  deal  with  light  baryons,  according  to  the
same  structure  as  in  the  previous  section  and  a  higher
spin,  meaning  e.g.,    or  .  To  this  end,  we
employ the same approach for the higher spin glueball, as
in Subsection 3.1. To obtain the spectrum for spin   ba-
ryons, we insert symmetrized covariant derivatives in the
operator  , given  by  Eq.  (60).  Then,  the  conformal  di-
mensions  related  to  the  spin    baryons  is  now

,  with  .  Solving  Eq.  (59)  with  the
warp  factor  constant  k  given  by    GeV2,  we
obtain the masses compatible with the family of N bary-
on,  with  ,  as  indicated  in  Table  8.  The
error presented in last column of Table 8 (%M) is defined

in Eq. (26). We also compute the total r.m.s error defined
by Eq. (27). For Table 9 one finds δrms = 9.00%.

Mexp Mth
n = 1 n = 2

N(3/2+)

Observing  the  column  (%M)  in  Table  8,  the  errors
between   and   are excessively high, especially for

  and    states.  A  possible  reinterpretation  would
be a missing state,  which represents  the ground state for
the   baryons family. Taking into account this as-
sumption, regarding a possible missing state, we can rein-
terpret Table  8  as  in Table  9,  where  in  the  first  line  we
present  a  possible  baryon  prediction  obtained  within  the
deformed AdS model. The error presented in last column
of Table 9 (%M) is defined in Eq. (26), and we compute
the total r.m.s error defined by Eq. (27). For Table 9, we
find that δrms = 2.13%. We excluded our prediction of the
error calculation. The errors in Table 8 are greater than in
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Fig. 8.       baryon family squared masses as a function
of  their  holographic  radial  excitation,  obtained  within  the
deformed    space  approach  (dots)  and  from  PDG
(squares), as presented in Table 7.
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Fig.  9.         baryons  belonging  to  the    state
squared  masses  as  a  function  of  their  spectroscopy  radial
excitation  , obtained within the deformed   space ap-
proach (dots) and from PDG (squares).

N(1/2+) n = 1, 2, 3, · · ·

n = 1 Mexp

Mth N(1/2+)
k1/2 = 0.2052 AdS 5

Mth

Mexp

Table 7.      Masses of   baryons. Column   repres-
ents  holographic  radial  excitation.  The  ground  state  is  represented
by  .  Column    represents  experimental  data  from  PDG
[69].  Column    represents  the  masses  of    baryons  with

 GeV2,  obtained  within  the  deformed    space ap-
proach and using Eq. (59). Column %M represents the error of 
with respect to  , according to Eq. (26).

N(1/2+Baryons  )

N baryon Mexp/GeV [69] Mth/GeV %M

n = 1 N(939) 0.93949±0.00005 0.98683 5.04

n = 2 N(1440) 1.360 to 1.380 1.264 7.76

n = 3 N(1710) 1.680 to 1.720 1.531 9.94

n = 4 N(1880) 1.820 to 1.900 1.791 3.70

n = 5 N(2100) 2.050 to 2.150 2.046 2.58

n = 6 N(2300) 2.300+0.006 +0.1
−0.005 −0 2.296 0.19
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[69] PDG 2018

Δ3/2 = 9/2 + 1 = 11/2

m2
Exp = (0.678 ± 0.117) n + (1.517 ± 0.364)

m2
Th = (1.021 ± 0.017) n + (0.501 ± 0.047)
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scopy  radial  excitation  ,  corresponding  to  ,
respectively,  with  orbital  angular  momentum  .  In
this  notation,  D  represents  the  56-plet,  which  can  be
broken  into  an  octet  with  spin  1/2  ( )  and  a  decuplet
with spin 3/2 ( ). For these mentioned states, we plot a
Chew-Frautschi plane represented as  ,  where    is
the  spectroscopy radial  excitation,  and    is  the  squared

 baryon mass belonging to the   state rep-
resented  by  the  dots  (our  model)  or  squares  (PDG)  in
Fig. 9. Using a standard linear regression method, we ob-
tain  the  experimental  and  theoretical  Regge  trajectories
for   baryon in the   state, such that:

m2
exp = (1.160±0.090) nr − (0.384±0.246) , (64)

m2
th = (1.038±0.204) nr − (0.320±0.560) . (65)

N(1/2+)

1.081±0.036
1.1

The Regge trajectory for the   baryon belong-
ing to the same multiplet comes from our model, repres-
ented  by  Eq.  (65),  and  presents  a  Regge  slope  near  to

 GeV2  [82],  which  is  close  to  the  universal
value   GeV2.

6.2    Results for higher spin baryons spectra
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Here,  we  deal  with  light  baryons,  according  to  the
same  structure  as  in  the  previous  section  and  a  higher
spin,  meaning  e.g.,    or  .  To  this  end,  we
employ the same approach for the higher spin glueball, as
in Subsection 3.1. To obtain the spectrum for spin   ba-
ryons, we insert symmetrized covariant derivatives in the
operator  , given  by  Eq.  (60).  Then,  the  conformal  di-
mensions  related  to  the  spin    baryons  is  now

,  with  .  Solving  Eq.  (59)  with  the
warp  factor  constant  k  given  by    GeV2,  we
obtain the masses compatible with the family of N bary-
on,  with  ,  as  indicated  in  Table  8.  The
error presented in last column of Table 8 (%M) is defined

in Eq. (26). We also compute the total r.m.s error defined
by Eq. (27). For Table 9 one finds δrms = 9.00%.

Mexp Mth
n = 1 n = 2

N(3/2+)

Observing  the  column  (%M)  in  Table  8,  the  errors
between   and   are excessively high, especially for

  and    states.  A  possible  reinterpretation  would
be a missing state,  which represents  the ground state for
the   baryons family. Taking into account this as-
sumption, regarding a possible missing state, we can rein-
terpret Table  8  as  in Table  9,  where  in  the  first  line  we
present  a  possible  baryon  prediction  obtained  within  the
deformed AdS model. The error presented in last column
of Table 9 (%M) is defined in Eq. (26), and we compute
the total r.m.s error defined by Eq. (27). For Table 9, we
find that δrms = 2.13%. We excluded our prediction of the
error calculation. The errors in Table 8 are greater than in

 

N(1/2+)

AdS 5

Fig. 8.       baryon family squared masses as a function
of  their  holographic  radial  excitation,  obtained  within  the
deformed    space  approach  (dots)  and  from  PDG
(squares), as presented in Table 7.
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Fig.  9.         baryons  belonging  to  the    state
squared  masses  as  a  function  of  their  spectroscopy  radial
excitation  , obtained within the deformed   space ap-
proach (dots) and from PDG (squares).
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n = 1 Mexp
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Mexp

Table 7.      Masses of   baryons. Column   repres-
ents  holographic  radial  excitation.  The  ground  state  is  represented
by  .  Column    represents  experimental  data  from  PDG
[69].  Column    represents  the  masses  of    baryons  with

 GeV2,  obtained  within  the  deformed    space ap-
proach and using Eq. (59). Column %M represents the error of 
with respect to  , according to Eq. (26).

N(1/2+Baryons  )

N baryon Mexp/GeV [69] Mth/GeV %M

n = 1 N(939) 0.93949±0.00005 0.98683 5.04

n = 2 N(1440) 1.360 to 1.380 1.264 7.76

n = 3 N(1710) 1.680 to 1.720 1.531 9.94

n = 4 N(1880) 1.820 to 1.900 1.791 3.70

n = 5 N(2100) 2.050 to 2.150 2.046 2.58

n = 6 N(2300) 2.300+0.006 +0.1
−0.005 −0 2.296 0.19
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7    Summary and conclusions

AdS 5
A(z) = − log(z)+ kz2/2

A(z) = − log(z)

We studied  the  hadronic  spectra  based  on  the   holo-
graphic  model  within  deformed    space metrics,   es-
tablishing that the warp factor is   in-
stead  of    of the  pure  AdS  space.  This   de-
formation implies that there is no dilaton field in the ac-
tion, as in the original softwall model. In our model, dif-
ferent  values  are  needed  for  the  parameter  k  for  each
particle sector. A possible interpretation for this behavior
is the following: if one assumes that the QCD vacuum is
defined  by  the  metric,  our  result  of  multiple  values  of k
indicates that the QCD vacuum should be non-trivial and
possibly  composed  of  various  non-equivalent  vacua
states.

0+(0++)
(1+(1−−))

The main  achievement  of  this  study  is  to  provide  an
approach  that  can  adequately  accommodate  the  spectra
for  even  and  odd  glueballs,  scalar  ( )  and  vector
mesons  , as well as N baryons with spin 1/2, 3/2,
and 5/2  using  the  same  holographic  approach.  This   im-

plies that  the  masses  of  these  mentioned  particles,   com-
puted using  our  model,  and  the  derived  Regge   trajector-
ies are in agreement with the literature.

m2× J

For  the  even  and  odd  glueball  cases,  our  model
provides appropriate masses, as indicated in Tables 1 and
2, when compared with other approaches (a summary of
even  and odd spin  glueball  masses  obtained  from lattice
and other  models  is  given in Tables  3 and 4). The com-
puted masses for higher even and odd spin glueballs were
placed in a Chew-Frautschi plane  . We derived the
Regge trajectories related to the pomeron and the odder-
on, which are likewise in agreement with the literature.

f0 0+(0++)

m2×n

nn̄ = 1/
√

2(uū+dd̄) ss̄
m2×nr

Our model  performs  well  for  scalar  mesons,   provid-
ing appropriate masses for the   ( ), as indicated in
Table 5, as compared with the data from PDG [69].  The
obtained Regge trajectory from   is compatible with
the  one  of  the  holographic  softwall  model  [70,  71]. Us-
ing  spectroscopy  data  for  the  scalar  mesons,  we  split
them  into  two  sets.  The  first  one  contains  only

,  while  the  second  contains  only  .
For  these  sets,  we  derived  Regge  trajectories  in 
and found that they are compatible with the literature [72,
75].

ρ(1+(1−−))

m2×n

S−
m2×nr

For  the  vector  meson   our  model  provided
appropriate  masses  as  well,  as  shown  in  Table  6  com-
pared  with  PDG.  The  obtained  Regge  trajectory  from

  is  compatible  with  the  one  from  the  holographic
softwall model [70, 71].  Using the spectroscopy data for
the vector mesons, we selected the  wave states and de-
rived their Regge trajectory in  , finding agreement
with the literature [72, 75].

N(1/2+)
Our  model  also  provides  appropriate  masses  for  the

  baryon,  as  shown  in  Table  7,  compared  with
PDG. In this case, we likewise used the baryonic spectro-
scopic  data  to  select  states  in  the  same  multiplet,  only
varying their  radial  excitation.  From these states,  we de-
rived  the  Regge  trajectory,  which  was  compatible  with
the literature [82].

N(3/2+)For  the    baryon,  we  obtained  unsatisfactory
results for the masses, as shown in Table 8. These results
can  be  improved  by  introducing  a  hypothetical  baryonic
state to occupy the ground state (Table 9). Using this as-
sumption, the errors decrease and the derived Regge tra-
jectory is compatible with the literature [82].

N(5/2+)Finally,  for  the    baryon  our  model  provides
appropriate masses, as shown in Table 10, in comparison
with  PDG,  and  the  Regge  trajectory  is  in  a  reasonable
agreement with the literature [82].

It  is  important to note that in our model,  the form of
the  warp  factor  is  the  same  for  all  studied  particles,
whereas the parameter k is adjusted for each case. In Ref.
[29],  the  authors  employ  different  warp  factors  for  each
kind of  particle  that  is  dependent  on  the  angular   mo-
mentum.  In  our  case,  for  even  and  odd  glueballs,  the
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Fig. 11.      baryon family squared masses as a function
of  their  holographic  radial  excitation,  obtained  within  the
deformed    space  approach  (dots)  and  from  PDG
(squares), as presented in Table 10.

N(5/2+) n = 1, 2, 3, · · ·

n = 1 Mexp

Mth N(5/2+)
k5/2 = 0.1902 AdS 5

Mth

Mexp

Table 10.    Masses of   baryons. Column   repres-
ents  holographic  radial  excitation.  The  ground  state  is  represented
by  .  Column    represents  experimental  data  from  PDG
[69].  Column    represents  the  masses  of    baryons  with

 GeV2,  obtained  within  the  deformed    space ap-
proach and using Eq. (59). Column %M represents the error of 
with respect to  , according to Eq. (26).

N(5/2+Baryons  )

N baryon Mexp/GeV [69] Mth/GeV %M

n = 1 N(1680) 1.665 to 1.680 1.542 7.78

n = 2 N(1860) 1.830+120
−60 1.804 1.44

n = 3 N(2000) 2.090±120 2.059 1.49
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We studied  the  hadronic  spectra  based  on  the   holo-
graphic  model  within  deformed    space metrics,   es-
tablishing that the warp factor is   in-
stead  of    of the  pure  AdS  space.  This   de-
formation implies that there is no dilaton field in the ac-
tion, as in the original softwall model. In our model, dif-
ferent  values  are  needed  for  the  parameter  k  for  each
particle sector. A possible interpretation for this behavior
is the following: if one assumes that the QCD vacuum is
defined  by  the  metric,  our  result  of  multiple  values  of k
indicates that the QCD vacuum should be non-trivial and
possibly  composed  of  various  non-equivalent  vacua
states.

0+(0++)
(1+(1−−))

The main  achievement  of  this  study  is  to  provide  an
approach  that  can  adequately  accommodate  the  spectra
for  even  and  odd  glueballs,  scalar  ( )  and  vector
mesons  , as well as N baryons with spin 1/2, 3/2,
and 5/2  using  the  same  holographic  approach.  This   im-

plies that  the  masses  of  these  mentioned  particles,   com-
puted using  our  model,  and  the  derived  Regge   trajector-
ies are in agreement with the literature.

m2× J

For  the  even  and  odd  glueball  cases,  our  model
provides appropriate masses, as indicated in Tables 1 and
2, when compared with other approaches (a summary of
even  and odd spin  glueball  masses  obtained  from lattice
and other  models  is  given in Tables  3 and 4). The com-
puted masses for higher even and odd spin glueballs were
placed in a Chew-Frautschi plane  . We derived the
Regge trajectories related to the pomeron and the odder-
on, which are likewise in agreement with the literature.

f0 0+(0++)

m2×n

nn̄ = 1/
√

2(uū+dd̄) ss̄
m2×nr

Our model  performs  well  for  scalar  mesons,   provid-
ing appropriate masses for the   ( ), as indicated in
Table 5, as compared with the data from PDG [69].  The
obtained Regge trajectory from   is compatible with
the  one  of  the  holographic  softwall  model  [70,  71]. Us-
ing  spectroscopy  data  for  the  scalar  mesons,  we  split
them  into  two  sets.  The  first  one  contains  only

,  while  the  second  contains  only  .
For  these  sets,  we  derived  Regge  trajectories  in 
and found that they are compatible with the literature [72,
75].

ρ(1+(1−−))

m2×n

S−
m2×nr

For  the  vector  meson   our  model  provided
appropriate  masses  as  well,  as  shown  in  Table  6  com-
pared  with  PDG.  The  obtained  Regge  trajectory  from

  is  compatible  with  the  one  from  the  holographic
softwall model [70, 71].  Using the spectroscopy data for
the vector mesons, we selected the  wave states and de-
rived their Regge trajectory in  , finding agreement
with the literature [72, 75].

N(1/2+)
Our  model  also  provides  appropriate  masses  for  the

  baryon,  as  shown  in  Table  7,  compared  with
PDG. In this case, we likewise used the baryonic spectro-
scopic  data  to  select  states  in  the  same  multiplet,  only
varying their  radial  excitation.  From these states,  we de-
rived  the  Regge  trajectory,  which  was  compatible  with
the literature [82].

N(3/2+)For  the    baryon,  we  obtained  unsatisfactory
results for the masses, as shown in Table 8. These results
can  be  improved  by  introducing  a  hypothetical  baryonic
state to occupy the ground state (Table 9). Using this as-
sumption, the errors decrease and the derived Regge tra-
jectory is compatible with the literature [82].

N(5/2+)Finally,  for  the    baryon  our  model  provides
appropriate masses, as shown in Table 10, in comparison
with  PDG,  and  the  Regge  trajectory  is  in  a  reasonable
agreement with the literature [82].

It  is  important to note that in our model,  the form of
the  warp  factor  is  the  same  for  all  studied  particles,
whereas the parameter k is adjusted for each case. In Ref.
[29],  the  authors  employ  different  warp  factors  for  each
kind of  particle  that  is  dependent  on  the  angular   mo-
mentum.  In  our  case,  for  even  and  odd  glueballs,  the
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Fig. 11.      baryon family squared masses as a function
of  their  holographic  radial  excitation,  obtained  within  the
deformed    space  approach  (dots)  and  from  PDG
(squares), as presented in Table 10.

N(5/2+) n = 1, 2, 3, · · ·

n = 1 Mexp

Mth N(5/2+)
k5/2 = 0.1902 AdS 5

Mth

Mexp

Table 10.    Masses of   baryons. Column   repres-
ents  holographic  radial  excitation.  The  ground  state  is  represented
by  .  Column    represents  experimental  data  from  PDG
[69].  Column    represents  the  masses  of    baryons  with

 GeV2,  obtained  within  the  deformed    space ap-
proach and using Eq. (59). Column %M represents the error of 
with respect to  , according to Eq. (26).

N(5/2+Baryons  )

N baryon Mexp/GeV [69] Mth/GeV %M

n = 1 N(1680) 1.665 to 1.680 1.542 7.78

n = 2 N(1860) 1.830+120
−60 1.804 1.44

n = 3 N(2000) 2.090±120 2.059 1.49
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7    Summary and conclusions

AdS 5
A(z) = − log(z)+ kz2/2

A(z) = − log(z)

We studied  the  hadronic  spectra  based  on  the   holo-
graphic  model  within  deformed    space metrics,   es-
tablishing that the warp factor is   in-
stead  of    of the  pure  AdS  space.  This   de-
formation implies that there is no dilaton field in the ac-
tion, as in the original softwall model. In our model, dif-
ferent  values  are  needed  for  the  parameter  k  for  each
particle sector. A possible interpretation for this behavior
is the following: if one assumes that the QCD vacuum is
defined  by  the  metric,  our  result  of  multiple  values  of k
indicates that the QCD vacuum should be non-trivial and
possibly  composed  of  various  non-equivalent  vacua
states.

0+(0++)
(1+(1−−))

The main  achievement  of  this  study  is  to  provide  an
approach  that  can  adequately  accommodate  the  spectra
for  even  and  odd  glueballs,  scalar  ( )  and  vector
mesons  , as well as N baryons with spin 1/2, 3/2,
and 5/2  using  the  same  holographic  approach.  This   im-

plies that  the  masses  of  these  mentioned  particles,   com-
puted using  our  model,  and  the  derived  Regge   trajector-
ies are in agreement with the literature.

m2× J

For  the  even  and  odd  glueball  cases,  our  model
provides appropriate masses, as indicated in Tables 1 and
2, when compared with other approaches (a summary of
even  and odd spin  glueball  masses  obtained  from lattice
and other  models  is  given in Tables  3 and 4). The com-
puted masses for higher even and odd spin glueballs were
placed in a Chew-Frautschi plane  . We derived the
Regge trajectories related to the pomeron and the odder-
on, which are likewise in agreement with the literature.

f0 0+(0++)

m2×n

nn̄ = 1/
√

2(uū+dd̄) ss̄
m2×nr

Our model  performs  well  for  scalar  mesons,   provid-
ing appropriate masses for the   ( ), as indicated in
Table 5, as compared with the data from PDG [69].  The
obtained Regge trajectory from   is compatible with
the  one  of  the  holographic  softwall  model  [70,  71]. Us-
ing  spectroscopy  data  for  the  scalar  mesons,  we  split
them  into  two  sets.  The  first  one  contains  only

,  while  the  second  contains  only  .
For  these  sets,  we  derived  Regge  trajectories  in 
and found that they are compatible with the literature [72,
75].

ρ(1+(1−−))

m2×n

S−
m2×nr

For  the  vector  meson   our  model  provided
appropriate  masses  as  well,  as  shown  in  Table  6  com-
pared  with  PDG.  The  obtained  Regge  trajectory  from

  is  compatible  with  the  one  from  the  holographic
softwall model [70, 71].  Using the spectroscopy data for
the vector mesons, we selected the  wave states and de-
rived their Regge trajectory in  , finding agreement
with the literature [72, 75].

N(1/2+)
Our  model  also  provides  appropriate  masses  for  the

  baryon,  as  shown  in  Table  7,  compared  with
PDG. In this case, we likewise used the baryonic spectro-
scopic  data  to  select  states  in  the  same  multiplet,  only
varying their  radial  excitation.  From these states,  we de-
rived  the  Regge  trajectory,  which  was  compatible  with
the literature [82].

N(3/2+)For  the    baryon,  we  obtained  unsatisfactory
results for the masses, as shown in Table 8. These results
can  be  improved  by  introducing  a  hypothetical  baryonic
state to occupy the ground state (Table 9). Using this as-
sumption, the errors decrease and the derived Regge tra-
jectory is compatible with the literature [82].

N(5/2+)Finally,  for  the    baryon  our  model  provides
appropriate masses, as shown in Table 10, in comparison
with  PDG,  and  the  Regge  trajectory  is  in  a  reasonable
agreement with the literature [82].

It  is  important to note that in our model,  the form of
the  warp  factor  is  the  same  for  all  studied  particles,
whereas the parameter k is adjusted for each case. In Ref.
[29],  the  authors  employ  different  warp  factors  for  each
kind of  particle  that  is  dependent  on  the  angular   mo-
mentum.  In  our  case,  for  even  and  odd  glueballs,  the
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Fig. 11.      baryon family squared masses as a function
of  their  holographic  radial  excitation,  obtained  within  the
deformed    space  approach  (dots)  and  from  PDG
(squares), as presented in Table 10.

N(5/2+) n = 1, 2, 3, · · ·

n = 1 Mexp

Mth N(5/2+)
k5/2 = 0.1902 AdS 5

Mth

Mexp

Table 10.    Masses of   baryons. Column   repres-
ents  holographic  radial  excitation.  The  ground  state  is  represented
by  .  Column    represents  experimental  data  from  PDG
[69].  Column    represents  the  masses  of    baryons  with

 GeV2,  obtained  within  the  deformed    space ap-
proach and using Eq. (59). Column %M represents the error of 
with respect to  , according to Eq. (26).

N(5/2+Baryons  )

N baryon Mexp/GeV [69] Mth/GeV %M

n = 1 N(1680) 1.665 to 1.680 1.542 7.78

n = 2 N(1860) 1.830+120
−60 1.804 1.44

n = 3 N(2000) 2.090±120 2.059 1.49
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N(1330)
∆+

JP = 3/2+

∆(1232)
∆ N(3/2+)

ρ
ω

Table 9. However, this possible ground state   that
we are reinterpreting is not found in PDG. In PDG the 
states  with    and  mass  around  1320  MeV  is
found; hence, our model is possibly not capable to distin-
guishing these two states. This first state could be 
as  both  trajectories,    and  ,  are  supposed  to  be
degenerate in the chiral limit, as it happens with mesons 
and  .

n×m2

m2 N(3/2+)

N(3/2+)

Using  the  data  from  Table  9,  we  plotted  a  Chew-
Frautschi plane represented as  , where n is the holo-
graphic  radial  excitation,  and    is  the  squared 
baryon mass represented by the dots (our model),  by the
triangle  (our  model  prediction),  or  squares  (PDG)  in
Fig.  10.  Using  a  standard  linear  regression  method,  we
obtain the  experimental  and  theoretical  Regge   trajector-
ies for   baryons, such that:

m2
exp = (0.678±0.117) n+ (1.517±0.364) , (66)

m2
th = (1.021±0.017) n+ (0.501±0.047) . (67)

For the linear fit in Eq. (67) we took into account our pre-
dicted state.

N(3/2+)The  Regge  trajectory  for  the    baryon  family

1.081±0.036
1.1

from  our  model,  represented  by  Eq.  (67),  presents  a
Regge  slope  near  to    GeV2  [82],  which  is
close to the universal value   GeV2.

OB

∆5/2 = 13/2 m5 = 9/2
k5/2 = 0.1902

I(JP) = 1/2(5/2+)

At  this  point,  we  deal  with  baryons  of  spin  5/2.  To
this end, once again, we insert one more symmetrized co-
variant  derivative  in  the  operator    given  by  Eq.  (60).
Then,  we  obtain  the  conformal  dimension,  given  by

,  which  provides  .  Solving  Eq.  (59)
with  the  warp  factor  constant  k  given  by 
GeV2,  we  obtain  the  masses  compatible  with  the  family
of  N  baryons,  with  ,  as  indicated  in
Table  10.  The  error  presented  in  the  last  column  of
Table  10  (%M)  is  defined  in  Eq.  (26).  We  compute  the
total  r.m.s  error  defined  by  Eq.  (27).  For  Table  10  one
finds δrms = 2.76%.

n×m2

m2 N(5/2+)

N(5/2+)

From Table 10, we plotted a Chew-Frautschi plane as
,  where n  is  the  holographic  radial  excitation,  and

 is the squared   baryon mass represented by the
dots  (our  model)  or  squares  (PDG)  in  Fig.  11.  Using  a
standard linear  regression  method,  we obtain  the  experi-
mental and theoretical Regge trajectories for   ba-
ryons, such that:

m2
exp = (0.785±0.135) n+ (1.934±0.291) , (68)

m2
th = (0.931±0.031) n+ (1.429±0.068) . (69)

N(5/2+)

1.081±0.036
1.1

The  Regge  trajectory  for  the    baryon  family
from our model, represented by Eq. (69), present a Regge
slope  near  to   GeV2  [82],  which  is  close  to
the universal value   GeV2.

k1/2 = k3/2 ≈ k5/2

Notably, the  numeric  values  of  the  warp  factor   con-
stant k for the baryons in this study are approximately in-
dependent of their spin, meaning that  .
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Fig. 10.      baryon family squared masses as a function
of  their  holographic  radial  excitation,  obtained  within  the
deformed    space approach  (dots),  our  model   predic-
tion (triangle), and from PDG (squares), as presented in Ta-
ble 9.

N(3/2+) n = 1, 2, 3, · · ·

n = 1 Mexp

Mth N(3/2+)
k3/2 = 0.2052 AdS 5

Mth

Table 8.      Masses of   baryons. Column   repres-
ents  holographic  radial  excitation.  The  ground  state  is  represented
by  .  Column    represents  experimental  data  from  PDG
[69].  Column    represents  the  masses  of    baryons  with

 GeV2,  obtained  within  the  deformed    space ap-
proach and using Eq. (59). Column %M represents the error of  ,
according to Eq. (26).

N(3/2+Baryons  )

N baryon Mexp/GeV [69] Mth/GeV %M

n = 1 N(1720) 1.660 to 1.690 1.326 23.05

n = 2 N(1900) 1.900 to 1.940 1.606 12.27

n = 3 N(2040) 2.040+0.003
−0.004 ±0.025 1.878 8.72

N(3/2+) n = 1, 2, 3, · · ·

n = 1 Mexp

Mth N(3/2+)
k3/2 = 0.2052 AdS 5

Mth

Mexp

Table 9.      Masses of   baryons. Column   repres-
ents  holographic  radial  excitation.  The  ground  state  is  represented
by  .  Column    represents  experimental  data  from  PDG
[69].  Column    represents  masses  of    baryons  with

 GeV2,  obtained  within  the  deformed    space ap-
proach and using Eq. (59). Column %M represents the error of 
with  respect  to  ,  according  to  Eq.  (26).  In  the  first  line,  we
present a possible baryon prediction within our model.

N(3/2+Baryons  )

N baryon Mexp/GeV [69] Mth/GeV %M

n = 1 1.326

n = 2 N(1720) 1.660 to 1.690 1.606 4.14

n = 3 N(1900) 1.900 to 1.940 1.878 2.19

n = 4 N(2040) 2.040+0.003
−0.004 ±0.025 2.144 5.09
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Δ5/2 = 13/2
m2

Exp = (0.785 ± 0.135) n + (1.934 ± 0.291)

m2
Th = (0.931 ± 0.031) n + (1.429 ± 0.068)

[69] PDG 2018



Deformed AdS space Deep Inelastic Scattering (DIS)

To perform our computation we will use an AdS/QCD
model with a deformed AdS5 background. This deforma-
tion of the AdS5 space breaks the conformal invariance and
generates a mass scale for the fermionic fields. Such a
deformation was considered before in a wide range of AdS/
QCD studies, as can be seen in Refs. [48–62]. Our DIS
structure functions are compared with experimental data
showing good agreement for large x.
This work is organized as follows: in Sec. II we review

briefly the main properties of DIS. In Sec. III we present
our deformed AdS space model which describes the
interaction between a vector and spinor fields. In particular
we compute holographically the wave functions for these
fields. In Sec. IV we compute the DIS interaction action
and extract the expressions for the structure functions
F1ðq2; xÞ and F2ðq2; xÞ. In Sec. V we present our numeri-
cal analysis for the structure functions and compare them
with available experimental data. In Sec. VI we present our
conclusion and discussions.

II. BRIEF REVIEW OF DIS

Scattering processes play an essential role in particle
physics since they allow us to explore most of the hadronic
properties. In particular, deep inelastic scattering (DIS) is
the tool that probes the inner hadronic structure. This
process consists of a lepton scattered off a proton target,
causing its fragmentation into other hadronic states. In
Fig. 1, we depict the Feynmann diagram for the process. It
is the next most straightforward reaction involving strong
interactions, after the eþe− → hadrons.
In a schematic point of view, DIS is an electromagnetic

scattering off a charged parton, i.e., a quark, inside the
proton by the incident lepton, which can be an electron or a
muon. If the four-momentum transferred by the lepton to
the proton target is large, the inner quark is expelled out
from the target. In the process, the quark radiates gluons
and quark-antiquark pairs that will hadronize soon after.

To consider the DIS process quantitatively, we will
discuss the following reaction: lp → lX, where the final
hadronic state X will label all of the produced hadrons by
the proton fragmentation. We can determine from the
fragmentation the inner structure of the target proton.
The so-called Bjorken variable parametrizes this fragmen-
tation according to:

x ¼ −
q2

2P · q
; ð1Þ

where q2 is the transferred momentum from the lepton to
the proton by a virtual photon and P is the initial proton
momentum, with mass defined as P2 ¼ −M2. After setting
the kinematical frame, now we can write the scattering
amplitude as:

iMlp→lX ¼ ðiQÞūγμu
!

i
q2

"
ðieÞ

Z
d4yeiq·yhXjJμðyÞjPi;

ð2Þ

where JμðxÞ is the quark electromagnetic current. The
crucial step in this analysis is how to connect the proton
fragmentation with the emergence of highly energetic
hadrons in the final state. This information is encoded
into the hadronic tensor, constructed from the current
between the proton and the X final state. Since the virtual
photon is responsible for breaking the proton, we can use
the optical theorem

X

X

Z
dΠXjMγp→Xj2 ¼ 2ImMγp→γp ð3Þ

to write the hadronic transition amplitude Wμν, in terms of
the forward matrix element of two proton currents averaged
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To perform our computation we will use an AdS/QCD
model with a deformed AdS5 background. This deforma-
tion of the AdS5 space breaks the conformal invariance and
generates a mass scale for the fermionic fields. Such a
deformation was considered before in a wide range of AdS/
QCD studies, as can be seen in Refs. [48–62]. Our DIS
structure functions are compared with experimental data
showing good agreement for large x.
This work is organized as follows: in Sec. II we review

briefly the main properties of DIS. In Sec. III we present
our deformed AdS space model which describes the
interaction between a vector and spinor fields. In particular
we compute holographically the wave functions for these
fields. In Sec. IV we compute the DIS interaction action
and extract the expressions for the structure functions
F1ðq2; xÞ and F2ðq2; xÞ. In Sec. V we present our numeri-
cal analysis for the structure functions and compare them
with available experimental data. In Sec. VI we present our
conclusion and discussions.
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Scattering processes play an essential role in particle
physics since they allow us to explore most of the hadronic
properties. In particular, deep inelastic scattering (DIS) is
the tool that probes the inner hadronic structure. This
process consists of a lepton scattered off a proton target,
causing its fragmentation into other hadronic states. In
Fig. 1, we depict the Feynmann diagram for the process. It
is the next most straightforward reaction involving strong
interactions, after the eþe− → hadrons.
In a schematic point of view, DIS is an electromagnetic

scattering off a charged parton, i.e., a quark, inside the
proton by the incident lepton, which can be an electron or a
muon. If the four-momentum transferred by the lepton to
the proton target is large, the inner quark is expelled out
from the target. In the process, the quark radiates gluons
and quark-antiquark pairs that will hadronize soon after.

To consider the DIS process quantitatively, we will
discuss the following reaction: lp → lX, where the final
hadronic state X will label all of the produced hadrons by
the proton fragmentation. We can determine from the
fragmentation the inner structure of the target proton.
The so-called Bjorken variable parametrizes this fragmen-
tation according to:

x ¼ −
q2

2P · q
; ð1Þ

where q2 is the transferred momentum from the lepton to
the proton by a virtual photon and P is the initial proton
momentum, with mass defined as P2 ¼ −M2. After setting
the kinematical frame, now we can write the scattering
amplitude as:
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where JμðxÞ is the quark electromagnetic current. The
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hadrons in the final state. This information is encoded
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tion of the AdS5 space breaks the conformal invariance and
generates a mass scale for the fermionic fields. Such a
deformation was considered before in a wide range of AdS/
QCD studies, as can be seen in Refs. [48–62]. Our DIS
structure functions are compared with experimental data
showing good agreement for large x.
This work is organized as follows: in Sec. II we review

briefly the main properties of DIS. In Sec. III we present
our deformed AdS space model which describes the
interaction between a vector and spinor fields. In particular
we compute holographically the wave functions for these
fields. In Sec. IV we compute the DIS interaction action
and extract the expressions for the structure functions
F1ðq2; xÞ and F2ðq2; xÞ. In Sec. V we present our numeri-
cal analysis for the structure functions and compare them
with available experimental data. In Sec. VI we present our
conclusion and discussions.
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To perform our computation we will use an AdS/QCD
model with a deformed AdS5 background. This deforma-
tion of the AdS5 space breaks the conformal invariance and
generates a mass scale for the fermionic fields. Such a
deformation was considered before in a wide range of AdS/
QCD studies, as can be seen in Refs. [48–62]. Our DIS
structure functions are compared with experimental data
showing good agreement for large x.
This work is organized as follows: in Sec. II we review

briefly the main properties of DIS. In Sec. III we present
our deformed AdS space model which describes the
interaction between a vector and spinor fields. In particular
we compute holographically the wave functions for these
fields. In Sec. IV we compute the DIS interaction action
and extract the expressions for the structure functions
F1ðq2; xÞ and F2ðq2; xÞ. In Sec. V we present our numeri-
cal analysis for the structure functions and compare them
with available experimental data. In Sec. VI we present our
conclusion and discussions.
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photon is responsible for breaking the proton, we can use
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tion of the AdS5 space breaks the conformal invariance and
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deformation was considered before in a wide range of AdS/
QCD studies, as can be seen in Refs. [48–62]. Our DIS
structure functions are compared with experimental data
showing good agreement for large x.
This work is organized as follows: in Sec. II we review

briefly the main properties of DIS. In Sec. III we present
our deformed AdS space model which describes the
interaction between a vector and spinor fields. In particular
we compute holographically the wave functions for these
fields. In Sec. IV we compute the DIS interaction action
and extract the expressions for the structure functions
F1ðq2; xÞ and F2ðq2; xÞ. In Sec. V we present our numeri-
cal analysis for the structure functions and compare them
with available experimental data. In Sec. VI we present our
conclusion and discussions.

II. BRIEF REVIEW OF DIS

Scattering processes play an essential role in particle
physics since they allow us to explore most of the hadronic
properties. In particular, deep inelastic scattering (DIS) is
the tool that probes the inner hadronic structure. This
process consists of a lepton scattered off a proton target,
causing its fragmentation into other hadronic states. In
Fig. 1, we depict the Feynmann diagram for the process. It
is the next most straightforward reaction involving strong
interactions, after the eþe− → hadrons.
In a schematic point of view, DIS is an electromagnetic

scattering off a charged parton, i.e., a quark, inside the
proton by the incident lepton, which can be an electron or a
muon. If the four-momentum transferred by the lepton to
the proton target is large, the inner quark is expelled out
from the target. In the process, the quark radiates gluons
and quark-antiquark pairs that will hadronize soon after.

To consider the DIS process quantitatively, we will
discuss the following reaction: lp → lX, where the final
hadronic state X will label all of the produced hadrons by
the proton fragmentation. We can determine from the
fragmentation the inner structure of the target proton.
The so-called Bjorken variable parametrizes this fragmen-
tation according to:

x ¼ −
q2

2P · q
; ð1Þ

where q2 is the transferred momentum from the lepton to
the proton by a virtual photon and P is the initial proton
momentum, with mass defined as P2 ¼ −M2. After setting
the kinematical frame, now we can write the scattering
amplitude as:

iMlp→lX ¼ ðiQÞūγμu
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where JμðxÞ is the quark electromagnetic current. The
crucial step in this analysis is how to connect the proton
fragmentation with the emergence of highly energetic
hadrons in the final state. This information is encoded
into the hadronic tensor, constructed from the current
between the proton and the X final state. Since the virtual
photon is responsible for breaking the proton, we can use
the optical theorem

X

X

Z
dΠXjMγp→Xj2 ¼ 2ImMγp→γp ð3Þ

to write the hadronic transition amplitude Wμν, in terms of
the forward matrix element of two proton currents averaged
over the spin:

Wμν ¼ i
4π

X

s

Z
d4yeiq:yhP; sjT fJμðyÞJνð0ÞgjP; si: ð4Þ

This expression for the hadronic tensor is known as the
forward Compton scattering amplitude. Notice that jP; si
represents a normalizable proton state with spin s, Jμ is the
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where the final state jXi is characterized by the total
invariant massMX, constrained by the energy conservation,
i.e., MX > M.
To go further into this analysis, we have to address the

form of the hadronic tensor. To do so, the Ward-Takahashi
identity requires that

qμWμν ¼ qνWμν ¼ 0: ð6Þ

This condition allows us to write the hadronic tensor as a
decomposition into scalar functions F1;2 ≡ F1;2ðx; q2Þ,
defined in terms of invariant quantities, as follows:

Wμν ¼ F1

!
ημν − qμqν

q2

"
þ 2x

q2
F2

!
Pμ þ qμ

2x

"!
Pν þ qν

2x

"
:

ð7Þ

We have just written the symmetric terms that will remain
after the contraction with the leptonic tensor, which is
symmetric. Notice also that for spin-1=2 targets, the
hadronic tensor decomposed as in Eq. (7) is independent
on the final hadron spin. The spin dependence is encoded
into the antisymmetric terms of Wμν, relevant only for the
nonphysical region x > 1. This particularity makes the
hadronic DIS cross-section dependent on combinations that
have both hadron and lepton spins or none of them. For our
purposes, we are going to consider only unpolarized
leptons and target protons.

III. THE DEFORMED AdS SPACE MODEL
AND THE DIS

We start this section discussing the deformed AdS/QCD
model which will be used to calculate the DIS structure
functions for fermionic targets. The action for the fields can
be written as:

S ¼
Z

d5x
ffiffiffiffiffiffi−gp

L ð8Þ

where L is the Lagrangean density, g is the determinant of
the metric gmn of the deformed AdS5 space, given by:

ds2 ¼ gmndxmdxn ¼ e2AðzÞðdz2 þ ημνdyμdyνÞ: ð9Þ

Here we have considered the AdS radius R ¼ 1, z is the
holographic coordinate and

AðzÞ ¼ − log zþ k
2
z2: ð10Þ

The constant k has dimension of mass squared and is
associated with a QCD mass scale. In this work we use
indices m; n; % % % to refer to the 5-dimensional space,
separating into μ; ν; % % % for the Minkowski spacetime and
the holographic z coordinate. The coordinates xμ have

signature ð−;þ;þ;þÞ and also describe the boundary of
the deformed AdS space where the gauge theory lives.
Note that the metric given by Eqs. (9) and (10) represent

a deformed AdS space since we introduced the warp factor
ekz

2
into its definition. The present model is inspired by

Refs. [48,49] where this warp factor was introduced in the
AdS metric to obtain the quark-antiquark potential. This
model was used recently to obtain the hadronic spectrum of
particles with various spins including spin 1=2 fermions
[59], which is relevant to the present discussion of DIS with
baryonic target (see our discussion in Sec. III B).
This deformed AdS background formulation can be

compared with the original softwall model [64]. Actually,
they produce different equations of motion despite that both
imply linear confinement. In the particular case of the
fermionic sector, the dilaton in the action of the softwall
does not couple to bulk fermions, meaning that one can not
get a discrete spectrum.
In order to get a discrete spectrum for the fermionic

sector, one needs to modify the softwall model introducing
a hardwall as in Ref. [9], producing a hybrid model, or
introducing a z coordinate dependent mass term as in
Refs. [25,65]. On the other hand, in our deformed back-
ground model, the fermionic discrete spectrum emerges
naturally due to the geometry of the AdS space modified by
the introduction of a quadratic exponential warp factor.
At this point let us briefly discuss the holographic

approach to DIS, inspired by Ref. [6] in the supergravity
approximation for string theory in the large x regime.
Following the holographic dictionary we will connect

the matrix element of canonical DIS given by Eq. (7) with
the supergravity interaction action in AdS space, Sint.
Considering that the baryonic particle was scattered off
by a virtual photon with polarization ημ, one can write:

ημhPþ q; sXjJμð0ÞjP; si ¼ Sint ð11Þ

where the interaction action is given by:

Sint ¼ gV

Z
dzd4y

ffiffiffiffiffiffi−gp
ϕμΨ̄XΓμΨi; ð12Þ

with gV a coupling constant related to the electric charge of
the baryon and Γμ are Dirac gamma matrices in curved
space. The spinors Ψi and ΨX are the initial and final states
for the baryon and ϕμ is the electromagnetic gauge field.
All those quantities will be computed in the following
sections.

A. Computing the electromagnetic field

Since DIS also involves an electromagnetic interaction,
in this section we will describe the photon in the deformed
AdS space.
Let us to introduce the action for a five dimensional

massless gauge field ϕn given by:
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separating into μ; ν; % % % for the Minkowski spacetime and
the holographic z coordinate. The coordinates xμ have

signature ð−;þ;þ;þÞ and also describe the boundary of
the deformed AdS space where the gauge theory lives.
Note that the metric given by Eqs. (9) and (10) represent

a deformed AdS space since we introduced the warp factor
ekz

2
into its definition. The present model is inspired by

Refs. [48,49] where this warp factor was introduced in the
AdS metric to obtain the quark-antiquark potential. This
model was used recently to obtain the hadronic spectrum of
particles with various spins including spin 1=2 fermions
[59], which is relevant to the present discussion of DIS with
baryonic target (see our discussion in Sec. III B).
This deformed AdS background formulation can be

compared with the original softwall model [64]. Actually,
they produce different equations of motion despite that both
imply linear confinement. In the particular case of the
fermionic sector, the dilaton in the action of the softwall
does not couple to bulk fermions, meaning that one can not
get a discrete spectrum.
In order to get a discrete spectrum for the fermionic

sector, one needs to modify the softwall model introducing
a hardwall as in Ref. [9], producing a hybrid model, or
introducing a z coordinate dependent mass term as in
Refs. [25,65]. On the other hand, in our deformed back-
ground model, the fermionic discrete spectrum emerges
naturally due to the geometry of the AdS space modified by
the introduction of a quadratic exponential warp factor.
At this point let us briefly discuss the holographic

approach to DIS, inspired by Ref. [6] in the supergravity
approximation for string theory in the large x regime.
Following the holographic dictionary we will connect

the matrix element of canonical DIS given by Eq. (7) with
the supergravity interaction action in AdS space, Sint.
Considering that the baryonic particle was scattered off
by a virtual photon with polarization ημ, one can write:

ημhPþ q; sXjJμð0ÞjP; si ¼ Sint ð11Þ

where the interaction action is given by:

Sint ¼ gV

Z
dzd4y

ffiffiffiffiffiffi−gp
ϕμΨ̄XΓμΨi; ð12Þ

with gV a coupling constant related to the electric charge of
the baryon and Γμ are Dirac gamma matrices in curved
space. The spinors Ψi and ΨX are the initial and final states
for the baryon and ϕμ is the electromagnetic gauge field.
All those quantities will be computed in the following
sections.

A. Computing the electromagnetic field

Since DIS also involves an electromagnetic interaction,
in this section we will describe the photon in the deformed
AdS space.
Let us to introduce the action for a five dimensional

massless gauge field ϕn given by:
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In fundamental physics, our description of
nature involves four forces: gravitational,
electromagnetic, weak and strong. The

strong force is responsible for binding pro-
tons and neutrons inside the atomic nucleus.
Two different theoretical approaches have
been taken in describing the workings of the
strong force and the structure of particles
such as the proton and neutron. The theories
are seemingly at odds with each other, but
steps are gradually being taken to reconcile
the two. Writing in the Journal of High 
Energy Physics, Polchinski and Strassler1now
dispel worries over an apparent contra-
diction between the theories, by showing
that it isn’t necessarily a contradiction at all.

In the 1960s, experiments on high-energy
collisions between protons revealed a
plethora of other short-lived, strongly inter-
acting particles. Shortly afterwards, a theory
emerged that proposed that all of these 
different particles were particular excitation
modes of a string: as a violin string can
vibrate with different frequencies, these
strings could oscillate in different ways, 
corresponding to the ‘zoo’ of particles that
was observed. This ‘string theory’ proved
useful in explaining some aspects of the
masses and spins of the particles.

But further experiments carried out
through the 1970s showed that protons are
not fundamental particles. In the same way
that, much earlier in the century, Rutherford
had shown that the atomic nucleus was
much smaller than an atom, experimenters
showed that protons, and neutrons, have
small point-like constituents. This didn’t fit
with the theory of protons as strings, which
are extended objects. In fact, these experi-
ments led to a new description of the strong
interaction in terms of point-like quarks and
gluons, through a theory called quantum
chromodynamics (QCD). 

As the electron carries an electric charge,

quarks and gluons carry a new type of
charge, called ‘colour’ (hence ‘chromo-
dynamics’). The gluons transmit the strong
force between quarks in much the same way
that the photon transmits the electro-
magnetic force between electrons and other
charged particles. To describe the strong
force we need three ‘colours’ — three differ-
ent types of charges, usually designated ‘red’,
‘green’ and ‘blue’. The validity of QCD has
been spectacularly confirmed by experi-
ments at high energies in particle colliders.
But, despite this success, it is still remarkably
hard to do theoretical calculations with QCD
at low energies. And that’s exactly where
things should get interesting: at low energies,
the colour flux lines form bundles of energy

that should behave like a string — a tantaliz-
ing connection from QCD to string theory.
These strings, made of gluons, bind the
quarks together. 

In fact, in the 1970s, Gerard ’t Hooft2

showed that QCD becomes a theory of free
(non-interacting) strings if the number of
colours is infinite. This simplifies the theory
considerably. Strings still exist in the three-
colour version of QCD, but in this case the
strings are interacting. No way has yet been
found to simplify QCD into a free-string 
theory, but it could be the key to understand-
ing many low-energy properties of particles
that interact through the strong force, and in
particular for deriving a curious property of
QCD, called confinement. No one has ever
observed a free quark, because colour-
charge-bearing objects such as quarks and
gluons are subject to confinement: in other
words, as two quarks are gradually separated
the attractive force between them due to
their colour charges remains constant; this
contrasts with the more familiar forces in
electromagnetism and gravity that fall off
with the square of increasing distance.

The way forward has been signalled by
work on strings in ‘QCD-like’ theories3–5. A
surprising and counterintuitive feature of
these strings is that they move in more than
the familiar four dimensions of everyday life
— three spatial dimensions and one of time.
Even though the gluons that make up the
strings move in four dimensions, the string
itself moves in five dimensions. Polchinski
and Strassler1 now show that this fact is a 
crucial element in reconciling the string 
picture and the point-like behaviour seen in
high-energy collisions.  

The strings move in a five-dimensional
curved space-time with a boundary. The
boundary corresponds to the usual four
dimensions, and the fifth dimension
describes the motion away from this bound-
ary into the interior of the curved space-
time. In this five-dimensional space-time,
there is a strong gravitational field pulling
objects away from the boundary, and as a
result time flows more slowly far away from
the boundary than close to it. This also
implies that an object that has a fixed proper
size in the interior can appear to have a differ-
ent size when viewed from the boundary
(Fig. 1). Strings existing in the five-dimen-
sional space-time can even look point-like
when they are close to the boundary.
Polchinski and Strassler1 show that when an
energetic four-dimensional particle (such as
an electron) is scattered from these strings
(describing protons), the main contribution
comes from a string that is close to the
boundary and it is therefore seen as a point-
like object. So a string-like interpretation of a
proton is not at odds with the observation
that there are point-like objects inside it. 

Because the theory that describes the
interior of the five-dimensional space-time
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Particles such as the proton can be imagined as vibrating strings. We also
know that protons contain smaller, point-like particles, going against the
string theory. But in five dimensions, the contradiction disappears.
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Particle in four dimensions

Four-dimensional
space-time

Fifth dimension

String

Figure 1 Strings, particles and extra dimensions.
Strings moving in the fifth dimension are
represented in the everyday world by their
projection onto the four-dimensional boundary
of the five-dimensional space-time. The same
string located at different positions along the
fifth dimension corresponds to particles of
different sizes in four dimensions: the further
away the string, the larger the particle. The
projection of a string that is very close to the
boundary of the four-dimensional world can
appear to be a point-like particle. 
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where the final state jXi is characterized by the total
invariant massMX, constrained by the energy conservation,
i.e., MX > M.
To go further into this analysis, we have to address the

form of the hadronic tensor. To do so, the Ward-Takahashi
identity requires that

qμWμν ¼ qνWμν ¼ 0: ð6Þ

This condition allows us to write the hadronic tensor as a
decomposition into scalar functions F1;2 ≡ F1;2ðx; q2Þ,
defined in terms of invariant quantities, as follows:

Wμν ¼ F1

!
ημν − qμqν

q2

"
þ 2x

q2
F2

!
Pμ þ qμ

2x

"!
Pν þ qν

2x

"
:

ð7Þ

We have just written the symmetric terms that will remain
after the contraction with the leptonic tensor, which is
symmetric. Notice also that for spin-1=2 targets, the
hadronic tensor decomposed as in Eq. (7) is independent
on the final hadron spin. The spin dependence is encoded
into the antisymmetric terms of Wμν, relevant only for the
nonphysical region x > 1. This particularity makes the
hadronic DIS cross-section dependent on combinations that
have both hadron and lepton spins or none of them. For our
purposes, we are going to consider only unpolarized
leptons and target protons.

III. THE DEFORMED AdS SPACE MODEL
AND THE DIS

We start this section discussing the deformed AdS/QCD
model which will be used to calculate the DIS structure
functions for fermionic targets. The action for the fields can
be written as:

S ¼
Z

d5x
ffiffiffiffiffiffi−gp

L ð8Þ

where L is the Lagrangean density, g is the determinant of
the metric gmn of the deformed AdS5 space, given by:

ds2 ¼ gmndxmdxn ¼ e2AðzÞðdz2 þ ημνdyμdyνÞ: ð9Þ

Here we have considered the AdS radius R ¼ 1, z is the
holographic coordinate and

AðzÞ ¼ − log zþ k
2
z2: ð10Þ

The constant k has dimension of mass squared and is
associated with a QCD mass scale. In this work we use
indices m; n; % % % to refer to the 5-dimensional space,
separating into μ; ν; % % % for the Minkowski spacetime and
the holographic z coordinate. The coordinates xμ have

signature ð−;þ;þ;þÞ and also describe the boundary of
the deformed AdS space where the gauge theory lives.
Note that the metric given by Eqs. (9) and (10) represent

a deformed AdS space since we introduced the warp factor
ekz

2
into its definition. The present model is inspired by

Refs. [48,49] where this warp factor was introduced in the
AdS metric to obtain the quark-antiquark potential. This
model was used recently to obtain the hadronic spectrum of
particles with various spins including spin 1=2 fermions
[59], which is relevant to the present discussion of DIS with
baryonic target (see our discussion in Sec. III B).
This deformed AdS background formulation can be

compared with the original softwall model [64]. Actually,
they produce different equations of motion despite that both
imply linear confinement. In the particular case of the
fermionic sector, the dilaton in the action of the softwall
does not couple to bulk fermions, meaning that one can not
get a discrete spectrum.
In order to get a discrete spectrum for the fermionic

sector, one needs to modify the softwall model introducing
a hardwall as in Ref. [9], producing a hybrid model, or
introducing a z coordinate dependent mass term as in
Refs. [25,65]. On the other hand, in our deformed back-
ground model, the fermionic discrete spectrum emerges
naturally due to the geometry of the AdS space modified by
the introduction of a quadratic exponential warp factor.
At this point let us briefly discuss the holographic

approach to DIS, inspired by Ref. [6] in the supergravity
approximation for string theory in the large x regime.
Following the holographic dictionary we will connect

the matrix element of canonical DIS given by Eq. (7) with
the supergravity interaction action in AdS space, Sint.
Considering that the baryonic particle was scattered off
by a virtual photon with polarization ημ, one can write:

ημhPþ q; sXjJμð0ÞjP; si ¼ Sint ð11Þ

where the interaction action is given by:

Sint ¼ gV

Z
dzd4y

ffiffiffiffiffiffi−gp
ϕμΨ̄XΓμΨi; ð12Þ

with gV a coupling constant related to the electric charge of
the baryon and Γμ are Dirac gamma matrices in curved
space. The spinors Ψi and ΨX are the initial and final states
for the baryon and ϕμ is the electromagnetic gauge field.
All those quantities will be computed in the following
sections.

A. Computing the electromagnetic field

Since DIS also involves an electromagnetic interaction,
in this section we will describe the photon in the deformed
AdS space.
Let us to introduce the action for a five dimensional

massless gauge field ϕn given by:
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where the final state jXi is characterized by the total
invariant massMX, constrained by the energy conservation,
i.e., MX > M.
To go further into this analysis, we have to address the

form of the hadronic tensor. To do so, the Ward-Takahashi
identity requires that

qμWμν ¼ qνWμν ¼ 0: ð6Þ

This condition allows us to write the hadronic tensor as a
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We have just written the symmetric terms that will remain
after the contraction with the leptonic tensor, which is
symmetric. Notice also that for spin-1=2 targets, the
hadronic tensor decomposed as in Eq. (7) is independent
on the final hadron spin. The spin dependence is encoded
into the antisymmetric terms of Wμν, relevant only for the
nonphysical region x > 1. This particularity makes the
hadronic DIS cross-section dependent on combinations that
have both hadron and lepton spins or none of them. For our
purposes, we are going to consider only unpolarized
leptons and target protons.

III. THE DEFORMED AdS SPACE MODEL
AND THE DIS

We start this section discussing the deformed AdS/QCD
model which will be used to calculate the DIS structure
functions for fermionic targets. The action for the fields can
be written as:

S ¼
Z

d5x
ffiffiffiffiffiffi−gp

L ð8Þ

where L is the Lagrangean density, g is the determinant of
the metric gmn of the deformed AdS5 space, given by:

ds2 ¼ gmndxmdxn ¼ e2AðzÞðdz2 þ ημνdyμdyνÞ: ð9Þ

Here we have considered the AdS radius R ¼ 1, z is the
holographic coordinate and

AðzÞ ¼ − log zþ k
2
z2: ð10Þ

The constant k has dimension of mass squared and is
associated with a QCD mass scale. In this work we use
indices m; n; % % % to refer to the 5-dimensional space,
separating into μ; ν; % % % for the Minkowski spacetime and
the holographic z coordinate. The coordinates xμ have

signature ð−;þ;þ;þÞ and also describe the boundary of
the deformed AdS space where the gauge theory lives.
Note that the metric given by Eqs. (9) and (10) represent

a deformed AdS space since we introduced the warp factor
ekz

2
into its definition. The present model is inspired by

Refs. [48,49] where this warp factor was introduced in the
AdS metric to obtain the quark-antiquark potential. This
model was used recently to obtain the hadronic spectrum of
particles with various spins including spin 1=2 fermions
[59], which is relevant to the present discussion of DIS with
baryonic target (see our discussion in Sec. III B).
This deformed AdS background formulation can be

compared with the original softwall model [64]. Actually,
they produce different equations of motion despite that both
imply linear confinement. In the particular case of the
fermionic sector, the dilaton in the action of the softwall
does not couple to bulk fermions, meaning that one can not
get a discrete spectrum.
In order to get a discrete spectrum for the fermionic

sector, one needs to modify the softwall model introducing
a hardwall as in Ref. [9], producing a hybrid model, or
introducing a z coordinate dependent mass term as in
Refs. [25,65]. On the other hand, in our deformed back-
ground model, the fermionic discrete spectrum emerges
naturally due to the geometry of the AdS space modified by
the introduction of a quadratic exponential warp factor.
At this point let us briefly discuss the holographic

approach to DIS, inspired by Ref. [6] in the supergravity
approximation for string theory in the large x regime.
Following the holographic dictionary we will connect

the matrix element of canonical DIS given by Eq. (7) with
the supergravity interaction action in AdS space, Sint.
Considering that the baryonic particle was scattered off
by a virtual photon with polarization ημ, one can write:

ημhPþ q; sXjJμð0ÞjP; si ¼ Sint ð11Þ

where the interaction action is given by:

Sint ¼ gV

Z
dzd4y

ffiffiffiffiffiffi−gp
ϕμΨ̄XΓμΨi; ð12Þ

with gV a coupling constant related to the electric charge of
the baryon and Γμ are Dirac gamma matrices in curved
space. The spinors Ψi and ΨX are the initial and final states
for the baryon and ϕμ is the electromagnetic gauge field.
All those quantities will be computed in the following
sections.

A. Computing the electromagnetic field

Since DIS also involves an electromagnetic interaction,
in this section we will describe the photon in the deformed
AdS space.
Let us to introduce the action for a five dimensional

massless gauge field ϕn given by:
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where the final state jXi is characterized by the total
invariant massMX, constrained by the energy conservation,
i.e., MX > M.
To go further into this analysis, we have to address the

form of the hadronic tensor. To do so, the Ward-Takahashi
identity requires that

qμWμν ¼ qνWμν ¼ 0: ð6Þ

This condition allows us to write the hadronic tensor as a
decomposition into scalar functions F1;2 ≡ F1;2ðx; q2Þ,
defined in terms of invariant quantities, as follows:
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ημν − qμqν

q2

"
þ 2x

q2
F2

!
Pμ þ qμ

2x

"!
Pν þ qν

2x

"
:

ð7Þ

We have just written the symmetric terms that will remain
after the contraction with the leptonic tensor, which is
symmetric. Notice also that for spin-1=2 targets, the
hadronic tensor decomposed as in Eq. (7) is independent
on the final hadron spin. The spin dependence is encoded
into the antisymmetric terms of Wμν, relevant only for the
nonphysical region x > 1. This particularity makes the
hadronic DIS cross-section dependent on combinations that
have both hadron and lepton spins or none of them. For our
purposes, we are going to consider only unpolarized
leptons and target protons.

III. THE DEFORMED AdS SPACE MODEL
AND THE DIS

We start this section discussing the deformed AdS/QCD
model which will be used to calculate the DIS structure
functions for fermionic targets. The action for the fields can
be written as:

S ¼
Z

d5x
ffiffiffiffiffiffi−gp

L ð8Þ

where L is the Lagrangean density, g is the determinant of
the metric gmn of the deformed AdS5 space, given by:

ds2 ¼ gmndxmdxn ¼ e2AðzÞðdz2 þ ημνdyμdyνÞ: ð9Þ

Here we have considered the AdS radius R ¼ 1, z is the
holographic coordinate and

AðzÞ ¼ − log zþ k
2
z2: ð10Þ

The constant k has dimension of mass squared and is
associated with a QCD mass scale. In this work we use
indices m; n; % % % to refer to the 5-dimensional space,
separating into μ; ν; % % % for the Minkowski spacetime and
the holographic z coordinate. The coordinates xμ have

signature ð−;þ;þ;þÞ and also describe the boundary of
the deformed AdS space where the gauge theory lives.
Note that the metric given by Eqs. (9) and (10) represent

a deformed AdS space since we introduced the warp factor
ekz

2
into its definition. The present model is inspired by

Refs. [48,49] where this warp factor was introduced in the
AdS metric to obtain the quark-antiquark potential. This
model was used recently to obtain the hadronic spectrum of
particles with various spins including spin 1=2 fermions
[59], which is relevant to the present discussion of DIS with
baryonic target (see our discussion in Sec. III B).
This deformed AdS background formulation can be

compared with the original softwall model [64]. Actually,
they produce different equations of motion despite that both
imply linear confinement. In the particular case of the
fermionic sector, the dilaton in the action of the softwall
does not couple to bulk fermions, meaning that one can not
get a discrete spectrum.
In order to get a discrete spectrum for the fermionic

sector, one needs to modify the softwall model introducing
a hardwall as in Ref. [9], producing a hybrid model, or
introducing a z coordinate dependent mass term as in
Refs. [25,65]. On the other hand, in our deformed back-
ground model, the fermionic discrete spectrum emerges
naturally due to the geometry of the AdS space modified by
the introduction of a quadratic exponential warp factor.
At this point let us briefly discuss the holographic

approach to DIS, inspired by Ref. [6] in the supergravity
approximation for string theory in the large x regime.
Following the holographic dictionary we will connect

the matrix element of canonical DIS given by Eq. (7) with
the supergravity interaction action in AdS space, Sint.
Considering that the baryonic particle was scattered off
by a virtual photon with polarization ημ, one can write:

ημhPþ q; sXjJμð0ÞjP; si ¼ Sint ð11Þ

where the interaction action is given by:

Sint ¼ gV

Z
dzd4y

ffiffiffiffiffiffi−gp
ϕμΨ̄XΓμΨi; ð12Þ

with gV a coupling constant related to the electric charge of
the baryon and Γμ are Dirac gamma matrices in curved
space. The spinors Ψi and ΨX are the initial and final states
for the baryon and ϕμ is the electromagnetic gauge field.
All those quantities will be computed in the following
sections.

A. Computing the electromagnetic field

Since DIS also involves an electromagnetic interaction,
in this section we will describe the photon in the deformed
AdS space.
Let us to introduce the action for a five dimensional

massless gauge field ϕn given by:
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S ¼ −
Z

d5x
ffiffiffiffiffiffi−gp 1

4
FmnFmn; ð13Þ

where Fmn ¼ ∂mϕn − ∂nϕm. This action leads to the
following equations of motion

∂m½
ffiffiffiffiffiffi−gp

Fmn% ¼ 0: ð14Þ

Using the gauge fixing

∂μϕμ þ e−A∂zðeAϕzÞ ¼ 0; ð15Þ

where A ¼ AðzÞ is given by Eq. (10), one has

□ϕμ þ A0∂zϕμ þ ∂2
zϕμ ¼ 0 ð16Þ

□ϕz − ∂zð∂μϕμÞ ¼ 0; ð17Þ

where prime denotes derivative with respect to z.
Just before we present the solutions for Eqs. (16) and

(17) it is worthy to mention that we will consider, for the
sake of simplicity, and without loss of generality, a photon
with a particular polarization such that ημqμ ¼ 0. In this
sense only the electromagnetic field component ϕμ will
contribute in the scattering process as discussed, e.g., in
Refs. [6,9,25].
The general solution to Eq. (16) has the following form:

ϕμðz; qÞ ¼ C1
μðyÞG2;0

1;2

"
kz2

2

####
q2
2k þ 1

0; 1

$

−
1

2
C2
μðyÞkz21F1

"
1 −

q2

2k
; 2;−

kz2

2

$
; ð18Þ

where

Gm;n
p;q

"
z
####
a1 ' ' ' ap
b1 ' ' ' bq

$
and 1F1ða; b; zÞ

are the Meijer G function and the Kummer confluent
hypergeometric function, respectively. By imposing the
boundary condition ϕμðz; yÞjz¼0 ¼ ημeiq·y, that implies
C1
μðyÞ ¼ 0, and considering normalizable (square inte-

grable) solutions, one can write:

ϕμðz; qÞ ¼ −
ημeiq·y

2
kz2Γ

%
1 −

q2

2k

&
U
"
1 −

q2

2k
; 2;−

kz2

2

$

≡ −
ημeiq·y

2
Bðz; qÞ; ð19Þ

where Γ½a% is the Gamma function and Uða; b; zÞ is the
Tricomi hypergeometric function [66]. This equation rep-
resents the solution for the electromagnetic field that will be
used to compute interaction action in Eq. (12).

B. Computing the baryonic states

In order to obtain the interaction action Sint, Eq. (12), one
needs to compute the initial and final baryonic states. The
action for the fermionic fields in the deformed AdS space
can be written as

S ¼
Z

d5x
ffiffiffi
g

p Ψ̄ðD −m5ÞΨ; ð20Þ

with the operator D defined as:

D≡ gmneanγa

"
∂m þ 1

2
ωbc
m Σbc

$

¼ e−AðzÞγ5∂5 þ e−AðzÞγμ∂μ þ 2A0ðzÞγ5; ð21Þ

where γa ¼ ðγμ; γ5Þ, fγa; γbg ¼ 2ηab, and Σμ5 ¼ 1
4 ½γμ; γ5%.

This prescription follows from the pure AdS space given in
Refs. [67–70]. The Dirac’s gamma matrices are represented
by γμ and we will use a, b, c to represent indexes in flat
space,m, n, p, q to represent indexes in the deformed AdS5
space, and μ, ν to represent the Minkowski space. Thus, the
vielbein are given by:

eam ¼ eAðzÞδam; ema ¼ e−AðzÞδma ema ¼ e−AðzÞηma;

with m ¼ 0; 1; 2; 3; 5: ð22Þ

For the spin connection ωμν
m , one has:

ωab
m ¼ ean∂menb þ eanepbΓn

pm; ð23Þ

where the Christoffel symbols are written as:

Γp
mn¼

1

2
gpqð∂ngmqþ∂mgnq−∂qgmnÞ; with gmn¼e2AðzÞηmn:

ð24Þ

The only nonvanishing Γp
mn for the deformed AdS space are

Γ5
μν ¼ A0ðzÞημν; Γ5

55 ¼ −A0ðzÞ and Γμ
ν5 ¼ −A0ðzÞδμν ;

ð25Þ

so that

ω5ν
μ ¼ −ων5

μ ¼ ∂zAðzÞδνμ ð26Þ

and all other components of the spin connection vanish.
From the action Eq. (20) one can derive the EOM:

ðD −m5ÞΨ ¼ 0; ð27Þ

which can be written as:

ðe−AðzÞγ5∂5 þ e−AðzÞγμ∂μ þ 2A0ðzÞγ5 −m5ÞΨ ¼ 0; ð28Þ
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where Fmn ¼ ∂mϕn − ∂nϕm. This action leads to the
following equations of motion

∂m½
ffiffiffiffiffiffi−gp

Fmn% ¼ 0: ð14Þ

Using the gauge fixing
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Just before we present the solutions for Eqs. (16) and

(17) it is worthy to mention that we will consider, for the
sake of simplicity, and without loss of generality, a photon
with a particular polarization such that ημqμ ¼ 0. In this
sense only the electromagnetic field component ϕμ will
contribute in the scattering process as discussed, e.g., in
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Refs. [67–70]. The Dirac’s gamma matrices are represented
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space, and μ, ν to represent the Minkowski space. Thus, the
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so that
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where Γ½a% is the Gamma function and Uða; b; zÞ is the
Tricomi hypergeometric function [66]. This equation rep-
resents the solution for the electromagnetic field that will be
used to compute interaction action in Eq. (12).

B. Computing the baryonic states

In order to obtain the interaction action Sint, Eq. (12), one
needs to compute the initial and final baryonic states. The
action for the fermionic fields in the deformed AdS space
can be written as
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with the operator D defined as:
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¼ e−AðzÞγ5∂5 þ e−AðzÞγμ∂μ þ 2A0ðzÞγ5; ð21Þ

where γa ¼ ðγμ; γ5Þ, fγa; γbg ¼ 2ηab, and Σμ5 ¼ 1
4 ½γμ; γ5%.

This prescription follows from the pure AdS space given in
Refs. [67–70]. The Dirac’s gamma matrices are represented
by γμ and we will use a, b, c to represent indexes in flat
space,m, n, p, q to represent indexes in the deformed AdS5
space, and μ, ν to represent the Minkowski space. Thus, the
vielbein are given by:

eam ¼ eAðzÞδam; ema ¼ e−AðzÞδma ema ¼ e−AðzÞηma;

with m ¼ 0; 1; 2; 3; 5: ð22Þ

For the spin connection ωμν
m , one has:

ωab
m ¼ ean∂menb þ eanepbΓn

pm; ð23Þ

where the Christoffel symbols are written as:

Γp
mn¼
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2
gpqð∂ngmqþ∂mgnq−∂qgmnÞ; with gmn¼e2AðzÞηmn:

ð24Þ

The only nonvanishing Γp
mn for the deformed AdS space are

Γ5
μν ¼ A0ðzÞημν; Γ5

55 ¼ −A0ðzÞ and Γμ
ν5 ¼ −A0ðzÞδμν ;

ð25Þ

so that

ω5ν
μ ¼ −ων5

μ ¼ ∂zAðzÞδνμ ð26Þ

and all other components of the spin connection vanish.
From the action Eq. (20) one can derive the EOM:

ðD −m5ÞΨ ¼ 0; ð27Þ

which can be written as:

ðe−AðzÞγ5∂5 þ e−AðzÞγμ∂μ þ 2A0ðzÞγ5 −m5ÞΨ ¼ 0; ð28Þ
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where Γ½a% is the Gamma function and Uða; b; zÞ is the
Tricomi hypergeometric function [66]. This equation rep-
resents the solution for the electromagnetic field that will be
used to compute interaction action in Eq. (12).

B. Computing the baryonic states

In order to obtain the interaction action Sint, Eq. (12), one
needs to compute the initial and final baryonic states. The
action for the fermionic fields in the deformed AdS space
can be written as

S ¼
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with the operator D defined as:
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¼ e−AðzÞγ5∂5 þ e−AðzÞγμ∂μ þ 2A0ðzÞγ5; ð21Þ

where γa ¼ ðγμ; γ5Þ, fγa; γbg ¼ 2ηab, and Σμ5 ¼ 1
4 ½γμ; γ5%.

This prescription follows from the pure AdS space given in
Refs. [67–70]. The Dirac’s gamma matrices are represented
by γμ and we will use a, b, c to represent indexes in flat
space,m, n, p, q to represent indexes in the deformed AdS5
space, and μ, ν to represent the Minkowski space. Thus, the
vielbein are given by:

eam ¼ eAðzÞδam; ema ¼ e−AðzÞδma ema ¼ e−AðzÞηma;

with m ¼ 0; 1; 2; 3; 5: ð22Þ

For the spin connection ωμν
m , one has:

ωab
m ¼ ean∂menb þ eanepbΓn

pm; ð23Þ

where the Christoffel symbols are written as:

Γp
mn¼

1

2
gpqð∂ngmqþ∂mgnq−∂qgmnÞ; with gmn¼e2AðzÞηmn:

ð24Þ

The only nonvanishing Γp
mn for the deformed AdS space are

Γ5
μν ¼ A0ðzÞημν; Γ5

55 ¼ −A0ðzÞ and Γμ
ν5 ¼ −A0ðzÞδμν ;

ð25Þ

so that

ω5ν
μ ¼ −ων5

μ ¼ ∂zAðzÞδνμ ð26Þ

and all other components of the spin connection vanish.
From the action Eq. (20) one can derive the EOM:

ðD −m5ÞΨ ¼ 0; ð27Þ

which can be written as:

ðe−AðzÞγ5∂5 þ e−AðzÞγμ∂μ þ 2A0ðzÞγ5 −m5ÞΨ ¼ 0; ð28Þ
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where ∂5 ≡ ∂z, and m5 is the baryon bulk mass. Assuming
that the spinor Ψ can be decomposed into right- and left-
handed chiral components, one has:

Ψðxμ; zÞ ¼
!
1 − γ5

2
fLðzÞ þ

1þ γ5

2
fRðzÞ

"
Ψð4ÞðxÞ; ð29Þ

where Ψð4ÞðxÞ satisfies the usual Dirac equation
ð=∂ −MÞΨð4ÞðxÞ ¼ 0 on the flat four-dimensional boundary
space. For the left and right modes, one has γ5fL=R ¼
∓fL=R and γμ∂μfR ¼ MfL, andM is the four-dimensional
fermionic mass.
Considering that the Kaluza-Klein modes are dual to the

chirality spinors one can expand:

ΨL=Rðxμ; zÞ ¼
X

n

fnL=RðxμÞχnL=RðzÞ: ð30Þ

By using (30) with (29) in (28) one gets the coupled
equations:

ð∂z þ 2A0ðzÞeAðzÞ þm5eAðzÞÞχnLðzÞ ¼ þMnχnRðzÞ ð31Þ

and

ð∂z þ 2A0ðzÞeAðzÞ −m5eAðzÞÞχnRðzÞ ¼ −MnχnLðzÞ: ð32Þ

Performing a Bogoliubov transformation

χnL=RðzÞ ¼ ψnðzÞe−2AðzÞ; ð33Þ

and decoupling Eqs. (31) and (32), one gets a Schrödinger
equation written for both right and left sectors, given by:

− ψ 00
R=LðzÞ þ ½m2

5e
2AðzÞ &m5eAðzÞA0ðzÞ'ψR=LðzÞ

¼ M2
nψn

R=LðzÞ; ð34Þ

where Mn is the four-dimensional baryon mass for each
mode ψn

R=L and the corresponding potentials are given by:

VR=LðzÞ ¼ m2
5e

2AðzÞ &m5eAðzÞA0ðzÞ: ð35Þ

One should note that this equation can be applied to any
warp factor AðzÞ. The pure AdS space is recovered if one
uses AðzÞ ¼ − logðzÞ, which leads to analytical solutions.
In our case, with AðzÞ ¼ − log zþ kz2=2, Eq. (10), we
need to resort to numerical methods.
From the solutions of Eq. (34) one can read the final

spinor state ΨX and the initial spinor state Ψi as linear
combinations of the chiral solutions ψR=L, as follows:

Ψi¼eiP·yz2e−kz
2

!#
1þγ5
2

$
ψ i
LðzÞþ

#
1−γ5
2

$
ψ i
RðzÞ

"
usiðPÞ

ð36Þ

ΨX ¼ eiPX ·yz2e−kz
2

!#
1þ γ5

2

$
ψX
LðzÞ þ

#
1 − γ5
2

$
ψX
RðzÞ

"

× usXðPXÞ; ð37Þ

where si and sX are the spin of the initial and final states,
respectively.
Let us comment here about the relation between m5 and

the conformal dimension Δ. In pure AdS space, the bulk
mass mAdS

5 , according the AdS=CFT dictionary, is related
to the canonical conformal dimension (Δcan) of a boundary
operator O as

jmAdS
5 j ¼ Δcan − 2: ð38Þ

In its fundamental works [1–4], it has been shown that
the canonical dimension Δcan of an operator O should be
modified by the introduction of an anomalous contribution
γ, which implies an effective scaling dimension that
Δeff ¼ Δcan þ γ. Then m5 could be changed by

jm5j ¼ Δcan þ γ − 2: ð39Þ

Hence, we will take into account this anomalous dimension
in our model to compute the structure functions in baryonic
DIS, as described in Fig. 1. We choose the initial state to be
a proton, and for our purpose, it will be considered as a
single particle (disregarding the internal constituents), as
was done in Ref. [25], with Δcan ¼ 3=2, which is the usual
fermionic dimension. This could be justified looking at the
proton’s parton distribution functions (PDFs) as presented
in PDG [71]. In those PDG plots one can see that the PDFs
go to zero for x → 1.
Solving numerically Eq. (34) for the ground state

(n ¼ 1) we obtain the target proton wave function Ψi
shown in Fig. 2 for both left and right chiralities.
In Fig. 3 we also present the numerical wave functions

for both left and right chiralities, obtained by using our
model, from Eqs. (34) and (37), for some final hadronic
states (n ¼ 2, 3, 4, 5).
In Fig. 4, we present the potentials considered in the

Schrödinger equation (34) for left and right chiralities,
defined by Eq. (35). The choice of the different values for
m5 used in this section will be clarified in Sec. V, together
with our numerical results for the structure functions F1;2.

IV. THE DIS INTERACTION ACTION

In this section we will compute explicitly the DIS
interaction action. In order to do this, let us recall
Eqs. (11) and (12), so that:
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need to resort to numerical methods.
From the solutions of Eq. (34) one can read the final

spinor state ΨX and the initial spinor state Ψi as linear
combinations of the chiral solutions ψR=L, as follows:

Ψi¼eiP·yz2e−kz
2

!#
1þγ5
2

$
ψ i
LðzÞþ

#
1−γ5
2

$
ψ i
RðzÞ

"
usiðPÞ

ð36Þ

ΨX ¼ eiPX ·yz2e−kz
2

!#
1þ γ5

2

$
ψX
LðzÞ þ

#
1 − γ5
2

$
ψX
RðzÞ

"

× usXðPXÞ; ð37Þ

where si and sX are the spin of the initial and final states,
respectively.
Let us comment here about the relation between m5 and

the conformal dimension Δ. In pure AdS space, the bulk
mass mAdS

5 , according the AdS=CFT dictionary, is related
to the canonical conformal dimension (Δcan) of a boundary
operator O as

jmAdS
5 j ¼ Δcan − 2: ð38Þ

In its fundamental works [1–4], it has been shown that
the canonical dimension Δcan of an operator O should be
modified by the introduction of an anomalous contribution
γ, which implies an effective scaling dimension that
Δeff ¼ Δcan þ γ. Then m5 could be changed by

jm5j ¼ Δcan þ γ − 2: ð39Þ

Hence, we will take into account this anomalous dimension
in our model to compute the structure functions in baryonic
DIS, as described in Fig. 1. We choose the initial state to be
a proton, and for our purpose, it will be considered as a
single particle (disregarding the internal constituents), as
was done in Ref. [25], with Δcan ¼ 3=2, which is the usual
fermionic dimension. This could be justified looking at the
proton’s parton distribution functions (PDFs) as presented
in PDG [71]. In those PDG plots one can see that the PDFs
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Solving numerically Eq. (34) for the ground state

(n ¼ 1) we obtain the target proton wave function Ψi
shown in Fig. 2 for both left and right chiralities.
In Fig. 3 we also present the numerical wave functions

for both left and right chiralities, obtained by using our
model, from Eqs. (34) and (37), for some final hadronic
states (n ¼ 2, 3, 4, 5).
In Fig. 4, we present the potentials considered in the

Schrödinger equation (34) for left and right chiralities,
defined by Eq. (35). The choice of the different values for
m5 used in this section will be clarified in Sec. V, together
with our numerical results for the structure functions F1;2.

IV. THE DIS INTERACTION ACTION

In this section we will compute explicitly the DIS
interaction action. In order to do this, let us recall
Eqs. (11) and (12), so that:
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Ψi = ei P⋅ y z2 e−k z2 [( 1 + γ5

2 ) ψ i
L(z) + ( 1 − γ5

2 ) ψ i
R(z)] usi

(P)

ΨX = ei PX⋅ y z2 e−k z2 [( 1 + γ5

2 ) ψX
L (z) + ( 1 − γ5

2 ) ψX
R(z)] usX

(PX)
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(  GeV) using   GeV  and  GeV.Mp ≡ M1 = 0.938 k = 0.4432 2 m5 = 0.878
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Chiral wave functions for some excited states with =2, 3, 4, 5  using  GeV  and  
GeV. In each panel, the left chirality is represented by a solid line, and the right chirality by a dashed line.

n k = 0.4432 2 m5 = 0.878
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ημhPþ q; sXjJμðqÞjP; si ¼ Sint

¼ gV

Z
dzd4y

ffiffiffiffiffiffi−gp
ϕμΨ̄XΓμΨi:

ð40Þ

Using the definitions given by Eqs. (22) and (24), one can
write the interaction action Sint as:

Sint ¼ gV

Z
dzd4y

ffiffiffiffiffiffi−gp
gμνϕμΨ̄XeανγαΨi

¼ gV

Z
dzd4y

ffiffiffiffiffiffi−gp
e−2AημνϕμΨ̄XeAδαμγαΨi

¼ gV

Z
dzd4y

ffiffiffiffiffiffi−gp
ημνe−AϕμΨ̄XγμΨi

¼ gV

Z
dzd4y
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2
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ϕμΨ̄XγμΨi: ð41Þ

The initial and final spinors states, Ψi and ΨX, are given
by Eqs. (36) and (37). One should note that:

Ψ̄X ¼ e−iPX ·yz2e−kz
2
ūsXðPXÞ

×
"#

1þ γ5
2

$
ψX
LðzÞ þ

#
1 − γ5
2

$
ψX
RðzÞ

%
: ð42Þ

With these results and the gauge field ϕμ given by Eq. (19),
using B≡ Bðz; qÞ, we can write the interaction term as
follows:

FIG. 3. Chiral wave functions from Eqs. (34) and (37) for some final excited states with n ¼ 2, 3, 4, 5, using k ¼ 0.4432 GeV2 and
m5 ¼ 0.878 GeV. In each panel, the left chirality is represented by a solid line and the right chirality by a dashed line.

FIG. 2. Chiral wave functions from Eqs. (34) and (36) (left with
solid line and right with dashed line) for the target proton
(Mp ≡M1 ¼ 0.938 GeV) using k ¼ 0.4432 GeV2 and m5 ¼
0.878 GeV.
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Sint ¼
gV
2

Z
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L þ P̂RψX
RÞγμðP̂Lψ i

L þ P̂Rψ i
RÞusi &B

¼ gV
2
ð2πÞ4δ4ðPX − P − qÞημ

Z
dz½ūsXγμP̂Rusiψ

X
Lψ

i
LBþ ūsXγμP̂Lusiψ

X
Rψ

i
RB&

¼ gV
2
ð2πÞ4δ4ðPX − P − qÞημ½ūsXγμP̂RusiIL þ ūsXγμP̂LusiIR&; ð43Þ

where the IR=L are defined in terms of the solutions of the
chiral fermions and the solution of the field B, so that:

IR=L ¼
Z

dzBðz; qÞψX
R=Lðz; PXÞψ i

R=Lðz; PÞ: ð44Þ

From Eqs. (40) and (43), one gets:

ημhPXjJμðqÞjPi¼ð2πÞ4δ4ðPX−P−qÞημhPþqjJμð0ÞjPi

¼ geff
2

δ4ðPX −P−qÞ

×ημ½ūsXγ
μP̂RusiILþ ūsXγ

μP̂LusiIR&
ð45Þ

ημhPjJμðqÞjPXi ¼ ð2πÞ4δ4ðPX − P − qÞημhPjJμð0ÞjPþ qi

¼ geff
2

δ4ðPX − P − qÞ

× ην½ūsiγ
μP̂RusXIL þ ūsiγ

μP̂LusXIR&;
ð46Þ

where geff is an effective coupling constant related to gV .
Contracting the photon polarization with the hadronic
tensor, Eq. (7), one has:

ημηνWμν ¼
ημν
4

X

M2
x

X

si;sX

g2eff
4

δðM2
X − ðPþ qÞ2Þ

× ½ūsXγ
μP̂Rusi ūsiγ

νP̂RusXI
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L

þ ūsXγ
μP̂Rusi ūsiγ

νP̂LusXILIR

þ ūsXγ
μP̂Lusi ūsiγ
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þ ūsXγ
μP̂Lusi ūsiγ

νP̂LusXI
2
R&: ð47Þ

As we are interested in a spin independent scenario, by
using the following property

X

s

ðusÞαðpÞðūsÞβðpÞ ¼ ðγμpμ þMÞαβ; ð48Þ

we perform a summation over the initial and final spin
states, si and sX, respectively, and then applying trace
engineering, one gets:

ημηνWμν ¼ g2eff
4

X

M2
X

δðM2
X − ðPþ qÞ2Þ

×
!
ðI2

L þ I2
RÞ
"
ðP · ηÞ2 − 1

2
η · ηðP2 þ P · qÞ

#

þ ILIRM2
XM

2
0η · η

$
; ð49Þ

where we have used p ¼ γμpμ, fγ5; γμg ¼ 0, and
PR=Lγμ ¼ γμPL=R.
In order to get the expressions for the structure functions

we need to sum over the outgoing states PX, as presented in
Eq. (5). Carrying on this sum to the continuum limit we
can evaluate the invariant mass delta function. Following

FIG. 4. Chiral potentials given by (35) for the target proton and
the final hadronic state X for some values of k and m5.
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where we have used p ¼ γμpμ, fγ5; γμg ¼ 0, and
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FIG. 4. Chiral potentials given by (35) for the target proton and
the final hadronic state X for some values of k and m5.
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with

and
B(z, q) = k z2 Γ[1 −

q2

2k ] U (1 −
q2

2k
; 2; −

k z2

2 )
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Ref. [6], this integration will be related to the functional
form of the mass spectrum of the produced particles with
the excitation number n,

δðM2
X − ðPþ qÞ2Þ ∝

!∂M2
n

∂n
"−1

that for the soft and hard wall models accounts for the
lowest state produced at the collision, since the spectrum is
linear with n [6,9]. In our case, this delta will account
for 1=M2

X.
Taking into account our choice of transversal polariza-

tion (η · q ¼ 0), the hadronic tensor has the following form:

ημηνWμν ¼ η2F1ðq2; xÞ þ
2x
q2

ðη · PÞ2F2
2ðq2; xÞ: ð50Þ

From this equation one can construct explicitly the bar-
yonic DIS structure functions, such as:

F1ðq2; xÞ ¼
g2eff
4

#
M0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2
0 þ q2

!
1 − x
x

"s

ILIR

þ ðI2
L þ I2

RÞ
!
q2

4x
þM2

0

2

"%
1

M2
X

ð51Þ

F2ðq2; xÞ ¼
g2eff
8

q2

x
ðI2

L þ I2
RÞ

1

M2
X
; ð52Þ

where MX ≡MXðq2; xÞ is mass of the effective final
hadron related to the mass of the initial hadron:

M2
Xðq2; xÞ ¼ M2

0 þ q2
!
1 − x
x

"
: ð53Þ

Note that the two structure functions are related by:

F1ðq2; xÞ ¼
g2eff
4

M0

M2
X

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2
0 þ q2

!
1 − x
x

"s

ILIR

þ 1

2
F2ðq2; xÞ

!
1þ 2xM2

0

q2

"
; ð54Þ

so that, in the limit ofMX ≫ M0, q ≫ M0, and x → 1, one
finds

F1ðq2; xÞ ≈
1

2
F2ðq2; xÞ; ð55Þ

which behaves like the Callan-Gross relation 2xF1 ¼ F2,
for x → 1.

V. NUMERICAL RESULTS FOR THE
STRUCTURE FUNCTIONS

In this section we will present our numerical setup and
results for the structure functionsF1ðx; q2Þ andF2ðx; q2Þ for
some specific values of the Bjorken parameter x ¼ 0.65,
0.75, 0.85. These values were chosen since they correspond
to the highest value of x available experimental data [72,73].
In Table I, we present our fit which comes from the

numerical solution of Eqs. (34) and (52). As discussed
before, the bulk mass m5 is a function of Δcan ¼ 3=2 and
the anomalous dimension γ, given by Eq. (39). In order to
fit the proton mass (mp ¼ 0.938 GeV) and the experimen-
tal data for F2ðx; q2Þ we have obtained the values form5, k,
g2eff and γ for each value of x.
The Fig. 5 presents our main results. It shows the

structure function F2ðx; q2Þ against q2 for x ¼ 0.65,
0.75, 0.85, compared with available experimental data
from SLAC [72] and BCDMS [73] collaborations. One
can notice that for x ¼ 0.65, 0.75 our model deviates from
experimental data for very large q2. As expected, our model
works better for large x.
In Fig. 6 we show our results for the ratio F2=2F1 versus

q2, where one can see that this ratio is approximately equal to
one, especially for large q2 and x → 1, as anticipated by

TABLE I. This table summarizes our numerical fit of exper-
imental data. These parameters provide the proton mass as
0.938 GeV and the structure F2ðx; q2Þ shown in Fig. 5.

x m5 (GeV) k (GeV2) g2eff γ

0.85 0.878 0.4432 1.83 0.378
0.75 0.565 0.5832 1.65 0.065
0.65 0.505 0.6122 3.65 0.005

FIG. 5. Comparison between experimental data [72,73] and our
results for F2ðx; q2Þ as a function of q2 for x ¼ 0.65, x ¼ 0.75,
and x ¼ 0.85 from top to bottom. The dotted, dot-dashed, and
solid lines represent our theoretical fits for x ¼ 0.65, x ¼ 0.75,
and x ¼ 0.85, respectively. The numerical parameters of the fits
are given in Table I.
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ημηνWμν =
g2

eff

4 ∑
M2

X
{(I2

L + I2
R)[(P ⋅ η)2 −

1
2

η ⋅ η(P2 + P ⋅ q)] + IL IR M2
X M2

0 η ⋅ η}
× δ(M2

X − (P + q)2)

δ(M2
X − (P + q)2) ∝ ( ∂ M2

n

∂ n )
−1
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Ref. [6], this integration will be related to the functional
form of the mass spectrum of the produced particles with
the excitation number n,

δðM2
X − ðPþ qÞ2Þ ∝

!∂M2
n

∂n
"−1

that for the soft and hard wall models accounts for the
lowest state produced at the collision, since the spectrum is
linear with n [6,9]. In our case, this delta will account
for 1=M2

X.
Taking into account our choice of transversal polariza-

tion (η · q ¼ 0), the hadronic tensor has the following form:

ημηνWμν ¼ η2F1ðq2; xÞ þ
2x
q2

ðη · PÞ2F2
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yonic DIS structure functions, such as:
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so that, in the limit ofMX ≫ M0, q ≫ M0, and x → 1, one
finds

F1ðq2; xÞ ≈
1

2
F2ðq2; xÞ; ð55Þ

which behaves like the Callan-Gross relation 2xF1 ¼ F2,
for x → 1.

V. NUMERICAL RESULTS FOR THE
STRUCTURE FUNCTIONS

In this section we will present our numerical setup and
results for the structure functionsF1ðx; q2Þ andF2ðx; q2Þ for
some specific values of the Bjorken parameter x ¼ 0.65,
0.75, 0.85. These values were chosen since they correspond
to the highest value of x available experimental data [72,73].
In Table I, we present our fit which comes from the

numerical solution of Eqs. (34) and (52). As discussed
before, the bulk mass m5 is a function of Δcan ¼ 3=2 and
the anomalous dimension γ, given by Eq. (39). In order to
fit the proton mass (mp ¼ 0.938 GeV) and the experimen-
tal data for F2ðx; q2Þ we have obtained the values form5, k,
g2eff and γ for each value of x.
The Fig. 5 presents our main results. It shows the

structure function F2ðx; q2Þ against q2 for x ¼ 0.65,
0.75, 0.85, compared with available experimental data
from SLAC [72] and BCDMS [73] collaborations. One
can notice that for x ¼ 0.65, 0.75 our model deviates from
experimental data for very large q2. As expected, our model
works better for large x.
In Fig. 6 we show our results for the ratio F2=2F1 versus

q2, where one can see that this ratio is approximately equal to
one, especially for large q2 and x → 1, as anticipated by

TABLE I. This table summarizes our numerical fit of exper-
imental data. These parameters provide the proton mass as
0.938 GeV and the structure F2ðx; q2Þ shown in Fig. 5.

x m5 (GeV) k (GeV2) g2eff γ

0.85 0.878 0.4432 1.83 0.378
0.75 0.565 0.5832 1.65 0.065
0.65 0.505 0.6122 3.65 0.005

FIG. 5. Comparison between experimental data [72,73] and our
results for F2ðx; q2Þ as a function of q2 for x ¼ 0.65, x ¼ 0.75,
and x ¼ 0.85 from top to bottom. The dotted, dot-dashed, and
solid lines represent our theoretical fits for x ¼ 0.65, x ¼ 0.75,
and x ¼ 0.85, respectively. The numerical parameters of the fits
are given in Table I.
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q2, where one can see that this ratio is approximately equal to
one, especially for large q2 and x → 1, as anticipated by
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imental data. These parameters provide the proton mass as
0.938 GeV and the structure F2ðx; q2Þ shown in Fig. 5.
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Ref. [6], this integration will be related to the functional
form of the mass spectrum of the produced particles with
the excitation number n,

δðM2
X − ðPþ qÞ2Þ ∝

!∂M2
n

∂n
"−1

that for the soft and hard wall models accounts for the
lowest state produced at the collision, since the spectrum is
linear with n [6,9]. In our case, this delta will account
for 1=M2

X.
Taking into account our choice of transversal polariza-

tion (η · q ¼ 0), the hadronic tensor has the following form:

ημηνWμν ¼ η2F1ðq2; xÞ þ
2x
q2

ðη · PÞ2F2
2ðq2; xÞ: ð50Þ

From this equation one can construct explicitly the bar-
yonic DIS structure functions, such as:

F1ðq2; xÞ ¼
g2eff
4
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where MX ≡MXðq2; xÞ is mass of the effective final
hadron related to the mass of the initial hadron:

M2
Xðq2; xÞ ¼ M2

0 þ q2
!
1 − x
x

"
: ð53Þ

Note that the two structure functions are related by:

F1ðq2; xÞ ¼
g2eff
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so that, in the limit ofMX ≫ M0, q ≫ M0, and x → 1, one
finds

F1ðq2; xÞ ≈
1

2
F2ðq2; xÞ; ð55Þ

which behaves like the Callan-Gross relation 2xF1 ¼ F2,
for x → 1.

V. NUMERICAL RESULTS FOR THE
STRUCTURE FUNCTIONS

In this section we will present our numerical setup and
results for the structure functionsF1ðx; q2Þ andF2ðx; q2Þ for
some specific values of the Bjorken parameter x ¼ 0.65,
0.75, 0.85. These values were chosen since they correspond
to the highest value of x available experimental data [72,73].
In Table I, we present our fit which comes from the

numerical solution of Eqs. (34) and (52). As discussed
before, the bulk mass m5 is a function of Δcan ¼ 3=2 and
the anomalous dimension γ, given by Eq. (39). In order to
fit the proton mass (mp ¼ 0.938 GeV) and the experimen-
tal data for F2ðx; q2Þ we have obtained the values form5, k,
g2eff and γ for each value of x.
The Fig. 5 presents our main results. It shows the

structure function F2ðx; q2Þ against q2 for x ¼ 0.65,
0.75, 0.85, compared with available experimental data
from SLAC [72] and BCDMS [73] collaborations. One
can notice that for x ¼ 0.65, 0.75 our model deviates from
experimental data for very large q2. As expected, our model
works better for large x.
In Fig. 6 we show our results for the ratio F2=2F1 versus

q2, where one can see that this ratio is approximately equal to
one, especially for large q2 and x → 1, as anticipated by

TABLE I. This table summarizes our numerical fit of exper-
imental data. These parameters provide the proton mass as
0.938 GeV and the structure F2ðx; q2Þ shown in Fig. 5.

x m5 (GeV) k (GeV2) g2eff γ

0.85 0.878 0.4432 1.83 0.378
0.75 0.565 0.5832 1.65 0.065
0.65 0.505 0.6122 3.65 0.005

FIG. 5. Comparison between experimental data [72,73] and our
results for F2ðx; q2Þ as a function of q2 for x ¼ 0.65, x ¼ 0.75,
and x ¼ 0.85 from top to bottom. The dotted, dot-dashed, and
solid lines represent our theoretical fits for x ¼ 0.65, x ¼ 0.75,
and x ¼ 0.85, respectively. The numerical parameters of the fits
are given in Table I.
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works better for large x.
In Fig. 6 we show our results for the ratio F2=2F1 versus
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FIG. 5. Comparison between experimental data [72,73] and our
results for F2ðx; q2Þ as a function of q2 for x ¼ 0.65, x ¼ 0.75,
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Sint ¼
gV
2

Z
d4ydze−iðPx−P−qÞ·yημ½ūsXðP̂LψX

L þ P̂RψX
RÞγμðP̂Lψ i

L þ P̂Rψ i
RÞusi &B

¼ gV
2
ð2πÞ4δ4ðPX − P − qÞημ

Z
dz½ūsXγμP̂Rusiψ

X
Lψ

i
LBþ ūsXγμP̂Lusiψ

X
Rψ

i
RB&

¼ gV
2
ð2πÞ4δ4ðPX − P − qÞημ½ūsXγμP̂RusiIL þ ūsXγμP̂LusiIR&; ð43Þ

where the IR=L are defined in terms of the solutions of the
chiral fermions and the solution of the field B, so that:

IR=L ¼
Z

dzBðz; qÞψX
R=Lðz; PXÞψ i

R=Lðz; PÞ: ð44Þ

From Eqs. (40) and (43), one gets:

ημhPXjJμðqÞjPi¼ð2πÞ4δ4ðPX−P−qÞημhPþqjJμð0ÞjPi

¼ geff
2

δ4ðPX −P−qÞ

×ημ½ūsXγ
μP̂RusiILþ ūsXγ

μP̂LusiIR&
ð45Þ

ημhPjJμðqÞjPXi ¼ ð2πÞ4δ4ðPX − P − qÞημhPjJμð0ÞjPþ qi

¼ geff
2

δ4ðPX − P − qÞ

× ην½ūsiγ
μP̂RusXIL þ ūsiγ

μP̂LusXIR&;
ð46Þ

where geff is an effective coupling constant related to gV .
Contracting the photon polarization with the hadronic
tensor, Eq. (7), one has:

ημηνWμν ¼
ημν
4

X

M2
x

X

si;sX

g2eff
4

δðM2
X − ðPþ qÞ2Þ

× ½ūsXγ
μP̂Rusi ūsiγ

νP̂RusXI
2
L

þ ūsXγ
μP̂Rusi ūsiγ

νP̂LusXILIR

þ ūsXγ
μP̂Lusi ūsiγ

νP̂RusXIRIL

þ ūsXγ
μP̂Lusi ūsiγ

νP̂LusXI
2
R&: ð47Þ

As we are interested in a spin independent scenario, by
using the following property

X

s

ðusÞαðpÞðūsÞβðpÞ ¼ ðγμpμ þMÞαβ; ð48Þ

we perform a summation over the initial and final spin
states, si and sX, respectively, and then applying trace
engineering, one gets:

ημηνWμν ¼ g2eff
4

X

M2
X

δðM2
X − ðPþ qÞ2Þ

×
!
ðI2

L þ I2
RÞ
"
ðP · ηÞ2 − 1

2
η · ηðP2 þ P · qÞ

#

þ ILIRM2
XM

2
0η · η

$
; ð49Þ

where we have used p ¼ γμpμ, fγ5; γμg ¼ 0, and
PR=Lγμ ¼ γμPL=R.
In order to get the expressions for the structure functions

we need to sum over the outgoing states PX, as presented in
Eq. (5). Carrying on this sum to the continuum limit we
can evaluate the invariant mass delta function. Following

FIG. 4. Chiral potentials given by (35) for the target proton and
the final hadronic state X for some values of k and m5.
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M2
X(q2, x) = M2

0 + q2 ( 1 − x
x )



Proton Structure functions from AdS/QCD with 
deformed background

where ∂5 ≡ ∂z, and m5 is the baryon bulk mass. Assuming
that the spinor Ψ can be decomposed into right- and left-
handed chiral components, one has:

Ψðxμ; zÞ ¼
!
1 − γ5

2
fLðzÞ þ

1þ γ5

2
fRðzÞ

"
Ψð4ÞðxÞ; ð29Þ

where Ψð4ÞðxÞ satisfies the usual Dirac equation
ð=∂ −MÞΨð4ÞðxÞ ¼ 0 on the flat four-dimensional boundary
space. For the left and right modes, one has γ5fL=R ¼
∓fL=R and γμ∂μfR ¼ MfL, andM is the four-dimensional
fermionic mass.
Considering that the Kaluza-Klein modes are dual to the

chirality spinors one can expand:

ΨL=Rðxμ; zÞ ¼
X

n

fnL=RðxμÞχnL=RðzÞ: ð30Þ

By using (30) with (29) in (28) one gets the coupled
equations:

ð∂z þ 2A0ðzÞeAðzÞ þm5eAðzÞÞχnLðzÞ ¼ þMnχnRðzÞ ð31Þ

and

ð∂z þ 2A0ðzÞeAðzÞ −m5eAðzÞÞχnRðzÞ ¼ −MnχnLðzÞ: ð32Þ

Performing a Bogoliubov transformation

χnL=RðzÞ ¼ ψnðzÞe−2AðzÞ; ð33Þ

and decoupling Eqs. (31) and (32), one gets a Schrödinger
equation written for both right and left sectors, given by:

− ψ 00
R=LðzÞ þ ½m2

5e
2AðzÞ &m5eAðzÞA0ðzÞ'ψR=LðzÞ

¼ M2
nψn

R=LðzÞ; ð34Þ

where Mn is the four-dimensional baryon mass for each
mode ψn

R=L and the corresponding potentials are given by:

VR=LðzÞ ¼ m2
5e

2AðzÞ &m5eAðzÞA0ðzÞ: ð35Þ

One should note that this equation can be applied to any
warp factor AðzÞ. The pure AdS space is recovered if one
uses AðzÞ ¼ − logðzÞ, which leads to analytical solutions.
In our case, with AðzÞ ¼ − log zþ kz2=2, Eq. (10), we
need to resort to numerical methods.
From the solutions of Eq. (34) one can read the final

spinor state ΨX and the initial spinor state Ψi as linear
combinations of the chiral solutions ψR=L, as follows:

Ψi¼eiP·yz2e−kz
2

!#
1þγ5
2

$
ψ i
LðzÞþ

#
1−γ5
2

$
ψ i
RðzÞ

"
usiðPÞ

ð36Þ

ΨX ¼ eiPX ·yz2e−kz
2

!#
1þ γ5

2

$
ψX
LðzÞ þ

#
1 − γ5
2

$
ψX
RðzÞ

"

× usXðPXÞ; ð37Þ

where si and sX are the spin of the initial and final states,
respectively.
Let us comment here about the relation between m5 and

the conformal dimension Δ. In pure AdS space, the bulk
mass mAdS

5 , according the AdS=CFT dictionary, is related
to the canonical conformal dimension (Δcan) of a boundary
operator O as

jmAdS
5 j ¼ Δcan − 2: ð38Þ

In its fundamental works [1–4], it has been shown that
the canonical dimension Δcan of an operator O should be
modified by the introduction of an anomalous contribution
γ, which implies an effective scaling dimension that
Δeff ¼ Δcan þ γ. Then m5 could be changed by

jm5j ¼ Δcan þ γ − 2: ð39Þ

Hence, we will take into account this anomalous dimension
in our model to compute the structure functions in baryonic
DIS, as described in Fig. 1. We choose the initial state to be
a proton, and for our purpose, it will be considered as a
single particle (disregarding the internal constituents), as
was done in Ref. [25], with Δcan ¼ 3=2, which is the usual
fermionic dimension. This could be justified looking at the
proton’s parton distribution functions (PDFs) as presented
in PDG [71]. In those PDG plots one can see that the PDFs
go to zero for x → 1.
Solving numerically Eq. (34) for the ground state

(n ¼ 1) we obtain the target proton wave function Ψi
shown in Fig. 2 for both left and right chiralities.
In Fig. 3 we also present the numerical wave functions

for both left and right chiralities, obtained by using our
model, from Eqs. (34) and (37), for some final hadronic
states (n ¼ 2, 3, 4, 5).
In Fig. 4, we present the potentials considered in the

Schrödinger equation (34) for left and right chiralities,
defined by Eq. (35). The choice of the different values for
m5 used in this section will be clarified in Sec. V, together
with our numerical results for the structure functions F1;2.

IV. THE DIS INTERACTION ACTION

In this section we will compute explicitly the DIS
interaction action. In order to do this, let us recall
Eqs. (11) and (12), so that:
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operator O as

jmAdS
5 j ¼ Δcan − 2: ð38Þ

In its fundamental works [1–4], it has been shown that
the canonical dimension Δcan of an operator O should be
modified by the introduction of an anomalous contribution
γ, which implies an effective scaling dimension that
Δeff ¼ Δcan þ γ. Then m5 could be changed by

jm5j ¼ Δcan þ γ − 2: ð39Þ

Hence, we will take into account this anomalous dimension
in our model to compute the structure functions in baryonic
DIS, as described in Fig. 1. We choose the initial state to be
a proton, and for our purpose, it will be considered as a
single particle (disregarding the internal constituents), as
was done in Ref. [25], with Δcan ¼ 3=2, which is the usual
fermionic dimension. This could be justified looking at the
proton’s parton distribution functions (PDFs) as presented
in PDG [71]. In those PDG plots one can see that the PDFs
go to zero for x → 1.
Solving numerically Eq. (34) for the ground state

(n ¼ 1) we obtain the target proton wave function Ψi
shown in Fig. 2 for both left and right chiralities.
In Fig. 3 we also present the numerical wave functions

for both left and right chiralities, obtained by using our
model, from Eqs. (34) and (37), for some final hadronic
states (n ¼ 2, 3, 4, 5).
In Fig. 4, we present the potentials considered in the

Schrödinger equation (34) for left and right chiralities,
defined by Eq. (35). The choice of the different values for
m5 used in this section will be clarified in Sec. V, together
with our numerical results for the structure functions F1;2.

IV. THE DIS INTERACTION ACTION

In this section we will compute explicitly the DIS
interaction action. In order to do this, let us recall
Eqs. (11) and (12), so that:
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Ref. [6], this integration will be related to the functional
form of the mass spectrum of the produced particles with
the excitation number n,

δðM2
X − ðPþ qÞ2Þ ∝

!∂M2
n

∂n
"−1

that for the soft and hard wall models accounts for the
lowest state produced at the collision, since the spectrum is
linear with n [6,9]. In our case, this delta will account
for 1=M2

X.
Taking into account our choice of transversal polariza-

tion (η · q ¼ 0), the hadronic tensor has the following form:

ημηνWμν ¼ η2F1ðq2; xÞ þ
2x
q2

ðη · PÞ2F2
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From this equation one can construct explicitly the bar-
yonic DIS structure functions, such as:
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þM2
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2
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X
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8
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1
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X
; ð52Þ

where MX ≡MXðq2; xÞ is mass of the effective final
hadron related to the mass of the initial hadron:
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!
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x

"
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Note that the two structure functions are related by:
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4
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so that, in the limit ofMX ≫ M0, q ≫ M0, and x → 1, one
finds

F1ðq2; xÞ ≈
1

2
F2ðq2; xÞ; ð55Þ

which behaves like the Callan-Gross relation 2xF1 ¼ F2,
for x → 1.

V. NUMERICAL RESULTS FOR THE
STRUCTURE FUNCTIONS

In this section we will present our numerical setup and
results for the structure functionsF1ðx; q2Þ andF2ðx; q2Þ for
some specific values of the Bjorken parameter x ¼ 0.65,
0.75, 0.85. These values were chosen since they correspond
to the highest value of x available experimental data [72,73].
In Table I, we present our fit which comes from the

numerical solution of Eqs. (34) and (52). As discussed
before, the bulk mass m5 is a function of Δcan ¼ 3=2 and
the anomalous dimension γ, given by Eq. (39). In order to
fit the proton mass (mp ¼ 0.938 GeV) and the experimen-
tal data for F2ðx; q2Þ we have obtained the values form5, k,
g2eff and γ for each value of x.
The Fig. 5 presents our main results. It shows the

structure function F2ðx; q2Þ against q2 for x ¼ 0.65,
0.75, 0.85, compared with available experimental data
from SLAC [72] and BCDMS [73] collaborations. One
can notice that for x ¼ 0.65, 0.75 our model deviates from
experimental data for very large q2. As expected, our model
works better for large x.
In Fig. 6 we show our results for the ratio F2=2F1 versus

q2, where one can see that this ratio is approximately equal to
one, especially for large q2 and x → 1, as anticipated by

TABLE I. This table summarizes our numerical fit of exper-
imental data. These parameters provide the proton mass as
0.938 GeV and the structure F2ðx; q2Þ shown in Fig. 5.

x m5 (GeV) k (GeV2) g2eff γ

0.85 0.878 0.4432 1.83 0.378
0.75 0.565 0.5832 1.65 0.065
0.65 0.505 0.6122 3.65 0.005

FIG. 5. Comparison between experimental data [72,73] and our
results for F2ðx; q2Þ as a function of q2 for x ¼ 0.65, x ¼ 0.75,
and x ¼ 0.85 from top to bottom. The dotted, dot-dashed, and
solid lines represent our theoretical fits for x ¼ 0.65, x ¼ 0.75,
and x ¼ 0.85, respectively. The numerical parameters of the fits
are given in Table I.
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Eq. (55). It is worthwhile to mention that this is an
approximately Callan-Gross relation F2 ¼ 2xF1, for x → 1.

VI. CONCLUSIONS

In this section we present our conclusions regarding the
results achieved within our holographic description for the
baryonic DIS structure functions F1ðx; q2Þ and F2ðx; q2Þ.
Our AdS/QCD model is characterized by a deformation in
AdS space with the introduction of an exponential factor in
its metric. One feature of this is that it generates a mass gap
for the baryonic sector contrary to the original softwall
model. In this approach, the photon has analytical solution
while the baryonic fields are numerical. Besides, our model
takes into account an anomalous contribution to the
canonical scaling dimension of a boundary operator.
In order to compare with experimental data, we have

chosen the target particle as a single proton. Due to the

kinematical region and the large x regime we considered
the proton to be punctual. This assumption has support on
data from PDG showing that the parton distribution
functions (PDF) go to zero in the limit of x → 1. Our
model captures the lepton-proton DIS phenomenology for
the range 7 < q2 < 40 Gev2, as can be seen in Fig. 5, for
x ¼ 0.65, 0.75, 0.85. As expected, our model produces
better results for large x.
We also found the numerical results for F1ðx; q2Þ as can

be seen in Fig. 6, presented through the ratio F2=2F1 as a
function of q2. This ratio is similar to the Callan-Gross
relation considering x → 1.
As a final comment, let us mention that the technique

developed here for spin 1=2 baryons could be well extended
to baryons with higher spins like 3=2, 5=2, etc., despite one
does not have experimental data for comparison.
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To avoid possible misunderstandings one should note that we will use throughout this text 
the indices m, n, · · · to refer to the five-dimensional space, separating into µ, ν, · · · for the 
4-dimensional Minkowski spacetime and the holographic z coordinate. The Minkowski flat 
spacetime is endowed with metric ηµν with signature (−, +, +, +).

The introduction of the conformal exponential factor ekI z
2

in the AdS metric as above defines 
our deformed AdS space which is asymptotically AdS for kI → 0. At the UV boundary z → 0
the exponential deformation is negligible.

At this point it is very important to make a brief discussion in order to recall how confinement 
is achieved in our proposed model. When we are dealing with bottom-up models, we consider the 
duality between perturbative bulk fields living in an AdS space and non-perturbative operators 
at the boundary. In the pure AdS, normalizable modes coming from the associated holographic 
potential form a continuum spectrum. Thus, confinement in these sorts of models is achieved 
by discretizing such a spectrum. This procedure can be done by imposing a hard cutoff (as in 
the quantum square well) [56,57] or modifying the holographic potential’s large z behavior (Soft 
wall model and deformed background). The former defines the so-called hard-wall model. The 
latter opens the possibility to deform the geometry or use extra auxiliary bulk fields, as in the 
soft-wall model where a static dilaton field is used. In our particular case, we use a quadratic 
and static deformation function that induces linear Regge trajectories for baryons and mesons. It 
is in this frame where we set up our pion field, defined by the Regge slope kπ . In this case the 
deformation slope is fixed to get the pion mass which defines the confining IR scale. This also 
implies that the geometry is not the same for the pion and for the virtual photon. The deformation 
slope in the case of the virtual photon, kγ , is not associated with confinement. This parameter is 
related to the energy scale of the scattering process, as in the case of deep inelastic scattering in 
bottom-up models [20,58,59].

In the following subsections, we describe the free scalar and gauge fields actions, which rep-
resent, respectively, the pion and the photon fields. The interaction action of these fields which 
account for the electromagnetic pion form factor will be discussed in Section 3.

2.1. Scalar field in the deformed AdS/QCD model

A massive scalar field X in the deformed AdS5 space, Eq. (2), is described by the action:

S =
∫

d5x
√−gπ [gmn

π ∂mX∂nX + M2
5X2] , (3)

where gπ
mn is the metric defined in Eq. (2) related to the pion.

It is worthwhile to mention that the scalar field in the bulk will represent the mesonic particles 
in 4 dimensions. In particular, we are interested in the pion particle.

From the action (3) one can find the following equation of motion:

∂m[√−gπgmn
π ∂nX] − √−gπM2

5X = 0 . (4)

Writing gmn
π = e−2Aπ (z)ηmn, with the warp factor Aπ (z) given by:

Aπ (z) = − log z + kπ

2
z2 , (5)

the equation of motion Eq. (4) can then be rewritten as:

∂m[e3Aπ (z)ηmn∂nX] − e5Aπ (z)M2
5X = 0, (6)
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By working within this approach the authors of Ref. [32] could, at same time, break the con-
formal invariance and compute compatible results for the masses of even and odd spin glueballs, 
scalar mesons, vector mesons and fermions with spins 1/2, 3/2 and 5/2. This approach was also 
used in the following incomplete list of Refs. [33–43], where one can check many works deal-
ing with holographic high-energy physics and using some kind of deformation in the AdS space 
metric.

In this sense the AdS/QCD program is very suitable to study both soft and hard regimes at 
same time. Since the publication of the pioneer work in Ref. [44] many authors have used some 
AdS/QCD model to study the pion [45–47] or the pion form factor [48–55].

Here, in this work, by using an AdS/QCD model taking into account a deformed AdS5 space, 
we will compute the pion electromagnetic form factor, which characterize the interaction of a 
pion with an external photon, as a function Fπ(q2) of the squared four-momentum transfer q2. 
Notice that our calculation does not define the bulk field conformal dimension, ", in terms of 
the meson constituent number with the twist. We keep the spectroscopic definition of ", i.e., 
defined in terms of the scaling dimension of the operators responsible for creating hadrons at the 
boundary. This choice implies that at large q2 limit, pion form factors do not acquire the expected 
scaling behavior 1/q2. However, we propose a solution to this issue by promoting the virtual 
photon geometric slope to be depending on the transfer momentum. This solution fits well within 
these models, where each particle is defined with different backgrounds. The confinement scale, 
related to the pion, is different from the virtual photon scale associated with the kinematics of the 
scattering process. Finally, we compare our holographic results with the available experimental 
data as well as other theoretical holographic and non-holographic approaches.

This work is organized as follows: in Section 2 we present our deformed AdS/QCD model 
as well as we describe the scalar and the gauge boson fields in the bulk which represent, re-
spectively, the pion and the photon fields at the boundary. In Section 3, after a brief review of 
the pion properties, we present the interaction action of the scalar and gauge fields and com-
pute holographically the pion form factor. In Section 4 we present our results in comparison 
with experimental data and other theoretical approaches. Finally, in Section 5 we present our 
conclusions.

2. Deformed AdS/QCD model

In this section we present the deformed AdS/QCD model which will be used to calculate the 
pion form factor. Let us start writing its 5-dimensional action as:

S =
∫

d5x
√−g L , (1)

where L is the Lagrangian density to be detailed below for the scalar and gauge fields, and g is 
the determinant of the metric gmn of the deformed AdS5 space:

ds2 = gI
mndxmdxn = ekI z2

z2 (dz2 + ηµνdyµdyν) , (2)

where the index I = π, γ is associated with the pion and the photon, respectively. Note that 
the geometry gI

mn is different for each particle, since they interact differently with the static 
background. Accordingly, the parameters kπ and kγ are related to the pion and the photon, re-
spectively.
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or defining B(z) = −3Aπ (z), one has:

∂m[e−B(z) ηmn∂nX] − e
−5B(z)

3 M2
5X = 0. (7)

Next, we use a plane wave ansatz with amplitude just depending on the z coordinate and propa-
gating in the transverse coordinates xµ with momentum qµ,

X(z, xµ) = v(z) e−iqµxµ
. (8)

After some algebraic manipulation and defining v(z) = ψ(z)e
B(z)

2 one has a “Schrödinger-like” 
equation:

−ψ ′′(z) +
[
B ′2(z)

4
− B ′′(z)

2
+ e

−2B(z)
3 M2

5

]
ψ(z) = −q2ψ(z), (9)

where M5 is the scalar field (mesons) mass in five dimensions and E = −q2 are the eigenenergies 
which represent the mesons masses in four dimensions.

By using the AdS/CFT prescription one can learn how to relate the bulk mass M5 to the 
conformal dimension % of an operator in four dimensions, so that:

M2
5 = (% − p)(% + p − 4) , (10)

where p represents the index of the p-form which in this case is associated with the hadronic 
spin S.

From the QCD description we know that the scalar mesons are composed by a bound state of 
quark-antiquark belonging to a spin singlet with total angular momentum J = L + S = 0 and for 
our purposes in this work we will disregard all other meson quantum numbers. Besides scalar 
mesons are represented, in the boundary, by the operator:

OSM = q̄ D{J1···DJm}q with
∑

i=1

Ji = J (11)

The contribution coming from each quark is 3/2, then the conformal dimension reads % =
3/2 + 3/2 = 3 and the bulk mass in Eq. (10) is M2

5 = −3. Replacing this result in Eq. (9) one 
gets:

−ψ ′′(z) +
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B ′2(z)

4
− B ′′(z)

2
− 3 e

−2B(z)
3

]
ψ(z) = −q2ψ(z) . (12)

This equation does not have analytic solutions. Then, solving it numerically with kπ = −0.04252

GeV2 we get mπ = 0.139 GeV which is compatible with the meson π mass [60].
In Fig. 1 (left panel) we present the holographic potential for pions associated with the 

“Schrödinger-like” equation, Eq. (12). In the right panel of Fig. 1 we present the holographic 
pion eigenfunctions for the states 1S, 2S and 3S.

2.2. Gauge boson field in the deformed AdS/QCD model

Here in this section we describe within our deformed AdS space the gauge boson field which 
represents the physical photon at UV. Such a photon will interact with the pion through an elec-
tromagnetic current contributing to the calculation of the pion form factor.
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Fig. 1. Left panel depicts the holographic potential for bulk eigenmodes dual to pions. Right panel shows the ground state 
and the first two excited bulk eigenmodes dual to pions.

To do so we introduce the action for a five dimensional massless gauge boson field φn(xµ, z), 
so that:

S = − 1
c2
γ

∫
d5x

√−gγ
1
4
FmnFmn , (13)

where gγ
mn is the metric presented in Eq. (2) associated with the photon, and the electromagnetic 

tensor Fmn is written as usual as Fmn = ∂mφn − ∂nφm.
From the above action one derives the equations of motion:

∂m[√−gγ Fmn] = 0 . (14)

Since the metric gγ
mn, Eq. (2), is diagonal, for n = z one gets

!φz − ∂z[∂µηµνφν] = 0 , (15)

or simply

!φz − ∂z

(
∂µ φµ

)
= 0 , (16)

while for n = µ one has

e−Aγ (z)∂z[eAγ (z)∂zφν] + !φν − ∂ν

(
e−Aγ (z)∂z[eAγ (z)φz] + ∂αφα

)
= 0 , (17)

where ! ≡ ησα∂σ ∂α . The electromagnetic field profile comes from the solutions of Eqs. (16) and 
(17). Choosing the gauge:

∂ν

(
e−Aγ (z)∂z[eAγ (z)φz] + ∂αφα

)
= 0, (18)

the Eq. (17), written in Fourier space, reduces to

−q2 φµ + A′
γ ∂z φµ + ∂2

z φµ = 0 , (19)

where Aγ = Aγ (z) is analogous to Eq. (5) but now related to the photon, such as

Aγ (z) = − log z + kγ

2
z2 , (20)

and prime denotes derivative with respect to z. This kind of gauge fixing was used in Refs. [19,
20,58,59,61,62], when discussing deep inelastic scattering (DIS) holographically. Of course the 
gauge choice will not affect the physical results as, for instance, the pion form factor.
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Further, we will consider a photon with a transversal polarization ηµ such that ηµ qµ = 0. In 
this sense Eq. (16) will not contribute for our calculations, and only the electromagnetic field 
component φµ will be relevant to the pion form factor. Such a consideration was also done in 
Refs. [19,20,58,59,61,62], in holographic DIS studies to calculate structure functions.

The general solution to equation (19) has the following form:

φµ(z, q) = C1
µ(q) eiq·y G2,0

1,2

(
kγ z2

2

∣∣∣∣∣
q2

2kγ
+ 1

0,1

)

− 1
2
C2

µ(q) eiq·y kγ z2
1F1

(

1 − q2

2kγ
; 2; −kγ z2

2

)

, (21)

where

Gm,n
p,q

(
z

∣∣∣∣
a1 · · ·ap

b1 · · ·bq

)
and 1F1(a;b; z)

are the Meijer G function and the Kummer confluent hypergeometric function, respectively. By 
considering normalizable (square integrable) solutions, one can write:

φµ(z, q) = −ηµeiq·y

2
kγ z2 $

[
1 − q2

2kγ

]
U

(

1 − q2

2kγ
; 2; −kγ z2

2

)

≡ −ηµeiq·y

2
B(z, q) , (22)

where $[a] is the Gamma function and U(a, b, z) is the Tricomi hypergeometric function [63]. 
This equation represents the solution for the electromagnetic field that will be used to compute 
the pion form factor.

3. Pion form factor

The pion form factor is one of the most valuable QCD quantities related to the transition 
from the non-perturbative to the perturbative regime, appearing at large transferred momentum, 
q . In the electromagnetic case, the pion form factor comes from the annihilation or scattering of 
leptons interacting with charged pions. Specifically, it is defined from the photon-charged pions 
three-body vertex. Supposing a lepton scattering, we can write the corresponding amplitude as

M = 1
q2 i Q ū(k2)γµ u(k1) 〈π±(p2)

∣∣Jµ
π (0)

∣∣π±(p1)〉, (23)

where Q stands for the lepton electric charge, the four-vectors ki and pi labels the leptons and 
pions momenta, q = p2 − p1 is the virtual photon momentum which is the momentum trans-
fer of the process, and Jµ

π is pion EM current. The matrix element 〈π±(p2) 
∣∣Jµ

π (0)
∣∣π±(p1)〉

describes the pion-photon vertex, and it has a general Lorentz structure defined in terms of the 
pions momenta as follows

〈π±(p2)
∣∣Jµ

π (0)
∣∣π±(p1)〉 = cπ± (p1 + p2)

µ Fπ (q2), (24)

with cπ± the vertex coupling constant that normalizes the pion form factor Fπ(q2). Notice this 
structure ensures that gauge, time reversal, parity, and Lorentz invariance is fulfilled.
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Fig. 2. Feynman diagram representing the scattering pions and leptons via the exchange of a virtual photon. The shaded 
blob represents the effective vertex used to define the electromagnetic pion form factor.

The Fig. 2 represents the Feynman diagram of a scattering between a pion and a lepton through 
the exchange of a virtual photon.

At the holographic level, we will suppose this pionic matrix element lives at the conformal 
boundary; thus, we will follow the AdS/CFT standard technics to write down an expression for 
the pion form factor using the deformed geometric model described above.

Let us focus on the holographic calculation: the three-point effective vertex in the bulk, dual 
to the two-pion-photon vertex, is defined via the following structure when the minimal coupling 
is imposed [64]:

Seff = geff

∫
d5x

√−gπ gmn
π φm(x, z)

[
Xp1(x, z) ∂m X∗

p2
(x, z) − X∗

p2
(x, z) ∂m Xp1(x, z)

]
,

(25)

where the bulk fields X(x, z) and φm(x, z), dual to the pion and the virtual photon, are defined 
in terms of the Eqns. (6) and (19). The coupling geff is a constant that fixes units in the effective 
action. These bulk fields can be spanned in terms of waves in AdS as

X(x, z) = e−i p·x v(z),

φµ(x, z) = ηµ e−i q·x B(z).

Putting these definitions into the effective action and after some calculations, we will obtain

Seff = i (2π)4 δ4(q − (p2 − p1))ηµνηµ (p1 + p2)ν geff

∫
dz e3Aπ (z) v(z)B(z, q) v(z),

(26)

where the delta appears due to the four-momentum conservation at the vertex, and A(z) is the 
warp factor defined in Eq. (5).

Finally, from the effective action, isolating all of the terms associated with momentum con-
servation, we can extract the pion matrix element defined in Eq. (24), allowing us to write the 
pion form factor as

Fπ (q2) =
∫

dz e3Aπ (z) v(z)B(z, q2) v(z), (27)

with v(z) is the scalar normalizable mode dual to pion. The field B(z, q) is the vector non-
normalizable mode (bulk-to-boundary propagator) dual to the virtual photon.

Notice that under the boundary conditions, we expect that φm(x, z → 0) = ηm e−i q·x , yielding 
B(z → 0, q2) = B(z, q2 → 0) = 1. These conditions imply naturally that F(q2 → 0) = 1, since 
v(z) is normalized. Therefore, we conclude that cπ± = geff = 1 in our approach.
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We can go further by introducing the Schrodinger-like modes for the bulk scalar field, i.e., 
v(z) = e−3Aπ (z)/2 ψ(z). Since we consider that the charged pion at the boundary is dual to the 
scalar field ground state, we will restrict ourselves to consider only ψ1(z) (See Fig. 1). Thus, the 
final expression for the form factor in our case is

Fπ (q2) =
∫

dzψ1(z)B(z, q2)ψ1(z). (28)

This integral can not be computed by analytical approaches and then we will solve it numer-
ically. After computing the pion form factor in Eq. (28), one can get the pion radius which is 
given by:

〈r2
π 〉 = −6

dFπ (q2)

dq2

∣∣∣∣
q2=0

. (29)

In the next section we will present our results in comparison with the experimental data and 
some theoretical works (holographic and nonholographic).

4. Numerical results for the pion form factor

In this section we will explore and comment on our numerical results obtained from our 
deformed AdS/QCD model and compare them with experimental data as well as some theoretical 
approaches.

Just before to present our results it is worthwhile to make some comments on previous results 
for pion form factor which will guide us in order to explain our results. Let us start our discussion 
by experimental data on pion form factor. As one can see in Refs. [1–4,65,66] there is vast 
collection of those data obtained by renowned collaborations in the last 40 years. However one 
should notice that mostly of these data are related to soft processes (low q2), or intermediate 
ones, and the few data related to hard processes (large q2), so far, are not reliable.

In the framework of theoretical works, we will start with the iconic papers in Refs. [67,68], 
Brodsky-Farrar and Matveev-Muradian-Tavkhelidze, respectively, predicted a scaling law at 
large transverse momentum meaning for large q2 regime, pion form factor should behave as 
Fπ (q2 → ∞) ∼ q−2. Another important prediction related to the pion form factor at moderately 
large q2 can be seen in Ref. [69] where Efremov and Radyushkin, taking into account quark 
counting rule (QCR) argue the pion form factor behaves as Fπ (q2 → ∞) ∼ (q−2)n−1, where 
n corresponds the number of the valence quarks in a composed system. Also in Ref. [69] the 
authors mention that in this moderately large q2 region the contribution coming from Feynman 
mechanism is damped by the Sudakov form factor meaning an abrupt decreasing of the pion form 
factor while q2 increasing. For large q2 regimes the process recovers Fπ (q2 → ∞) ∼ q−2 behav-
ior. It is worthwhile to remember that other important theoretical works were cited in Sec. 1. In 
particular, for the comparison with the results achieved in this work, we will focus in approaches 
showed in Refs. [5–10].

Studies related to the pion form factor within AdS/QCD program were motioned in Sec. 1. For 
sake of completeness we will present them again here (see Refs. [48–55]). Such works achieved 
a good agreement with others found in the literature specially for soft or intermediate processes. 
In particular, the Refs. [48,49] addressed two important questions related to bottom-up models, 
as the softwall one. The first question was presented in Ref. [48] where the authors have noticed
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Fig. 2. Feynman diagram representing the scattering pions and leptons via the exchange of a virtual photon. The shaded 
blob represents the effective vertex used to define the electromagnetic pion form factor.
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where the delta appears due to the four-momentum conservation at the vertex, and A(z) is the 
warp factor defined in Eq. (5).
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servation, we can extract the pion matrix element defined in Eq. (24), allowing us to write the 
pion form factor as

Fπ (q2) =
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normalizable mode (bulk-to-boundary propagator) dual to the virtual photon.

Notice that under the boundary conditions, we expect that φm(x, z → 0) = ηm e−i q·x , yielding 
B(z → 0, q2) = B(z, q2 → 0) = 1. These conditions imply naturally that F(q2 → 0) = 1, since 
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by experimental data on pion form factor. As one can see in Refs. [1–4,65,66] there is vast 
collection of those data obtained by renowned collaborations in the last 40 years. However one 
should notice that mostly of these data are related to soft processes (low q2), or intermediate 
ones, and the few data related to hard processes (large q2), so far, are not reliable.

In the framework of theoretical works, we will start with the iconic papers in Refs. [67,68], 
Brodsky-Farrar and Matveev-Muradian-Tavkhelidze, respectively, predicted a scaling law at 
large transverse momentum meaning for large q2 regime, pion form factor should behave as 
Fπ (q2 → ∞) ∼ q−2. Another important prediction related to the pion form factor at moderately 
large q2 can be seen in Ref. [69] where Efremov and Radyushkin, taking into account quark 
counting rule (QCR) argue the pion form factor behaves as Fπ (q2 → ∞) ∼ (q−2)n−1, where 
n corresponds the number of the valence quarks in a composed system. Also in Ref. [69] the 
authors mention that in this moderately large q2 region the contribution coming from Feynman 
mechanism is damped by the Sudakov form factor meaning an abrupt decreasing of the pion form 
factor while q2 increasing. For large q2 regimes the process recovers Fπ (q2 → ∞) ∼ q−2 behav-
ior. It is worthwhile to remember that other important theoretical works were cited in Sec. 1. In 
particular, for the comparison with the results achieved in this work, we will focus in approaches 
showed in Refs. [5–10].

Studies related to the pion form factor within AdS/QCD program were motioned in Sec. 1. For 
sake of completeness we will present them again here (see Refs. [48–55]). Such works achieved 
a good agreement with others found in the literature specially for soft or intermediate processes. 
In particular, the Refs. [48,49] addressed two important questions related to bottom-up models, 
as the softwall one. The first question was presented in Ref. [48] where the authors have noticed
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We can go further by introducing the Schrodinger-like modes for the bulk scalar field, i.e., 
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∫

dzψ1(z)B(z, q2)ψ1(z). (28)
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dFπ (q2)

dq2

∣∣∣∣
q2=0
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that if one considers the conformal dimension as ! = 3, the behavior for the corresponding 
form factors for vector mesons scales as 1/q4, which is inconsistent with the QCD sum rules. 
The second question was brought in Ref. [49], where the authors proposed that the conformal 
dimension associated with the bulk scalar field should be reinterpreted as the twist, i.e., the 
number of hadronic constituents, to get the correct results. Such a reinterpretation implies that 
the near-to-the-boundary behavior of the bulk modes also changes.

The motivation for our work can be enclosed in a single question: why the conformal di-
mension used in holography at constant time is interpreted as scaling dimension, while when 
we deal with form factors in light-front holography, it should be reinterpreted as the number of 
constituents?. In order to answer this question, our work explores another possibility: instead of 
reformulating the meaning of the conformal dimension, we modify the energy scale associated 
with the virtual photon in the scattering process. Recall that the photon energy scale is not related 
with the pion confinement process, since both particles are described by two different geometries. 
The photon scale measures the momentum transfer between the virtual photon and the pion at the 
interaction vertex. Thus, we can expect this scale to be a function of the transferred momentum, 
q .

After this brief digression we are able to present our numerical results within our deformed 
AdS/QCD model and compare it with the available experimental data, as well as other non-
holographic and holographic results. In Section 4.1 and 4.2 we will present our results for both 
pion form factor and pion radius considering the canonical conformal dimension as ! = 3. In 
Section 4.1, we take kγ independent of q , and in Section 4.2, the energy scale kγ associated with 
the virtual photon in the scattering process is assumed to be a function of q . In particular, the 
results of section 4.2 for pion form factor and pion radius are in agreement with those found in 
the literature.

4.1. Pion form factor and pion radius for ! = 3

In this section we will present the results achieved within our deformed model considering 
the scaling dimension ! = 3 for the operators which will represent the pion at the boundary.

Computing numerically the integral in Eq. (28), one gets the pion form factor, as a function 
of the squared four-momentum, in comparison with available experimental data, presented in the 
upper panel of Fig. 3.

Instead to fix only one value for the parameter k and gets a single curve, we rather choose 
to present not only one curve, but a region (colored). Inside this region, our model works in 
agreement with the experimental data. In particular, this agreement is for small q2.

In the lower panels in Fig. 3 we compare our results with other theoretical non-holographic 
approaches found in the literature (left panel), as well as with other holographic ones (right 
panel).

It is worthwhile to mention that the pion radius computed by using our model, from Eq. (29), 
considering ! = 3, is rπ = 0.458 fm with an error around 30% compared to the experimental 
one [60]. Besides one can also notice that our model with this consideration does not seem to 
capture the predicted scaling law Fπ (q2 → ∞) ∼ q−2. In the appendix A we provide a brief 
review on this scaling law within softwall context.

In the next section we will propose a modification in our model, different from the one 
proposed by Brodsky and Teramond in Ref. [49], in order to accommodate the experimental/the-
oretical results for the pion radius and the scaling law Fπ(q2 → ∞) ∼ q−2.
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Fig. 3. The upper panel compares our results for the pion form factor with the available experimental data [1–4,65,66]. 
In the lower panels we have a comparison of our results with non-holographic models (left panel) such as BSE [7], 
perturbative QCD [8], dispersion relations [6], sum rules [5], and LFQCD [9]. In the lower right panel, we depict a com-
parison with other holographic models such as hardwall and softwall with ! = 2 [49], and Sakai-Sugimoto/extrapolated 
Sakai-Sugimoto [52]. In our results we have taken kγ = −3.8 GeV2.

4.2. Pion form factor and pion radius for ! = 3 and k dependent of the momentum

In ref. [49], the authors are using the light-front approach, based on in the softwall model with 
the dilaton field #(z) = κ2 z2, which obeys to the AdS/CFT dictionary, where the conformal 
dimension of the operator which represents the scalar field should be ! = 3. However, their 
solution was based on considering their conformal dimension as the twist dimension (! = τ =
2), for the scalar particles which have spin J = 0. The twist is related to the number of the 
constituents of the hadron. By doing this they achieved the correct scaling law as can be seen
through Eq. (A.9) in appendix A.

Here, in this work, we will not resort to the twist dimension. This means that we will consider 
! = 3. We will propose that our free parameter could depend on the scale of energy in the 
scattering process with profile kγ → kγ (q) = q kγ .

Assuming this simple profile we could accommodate experimental/theoretical results for 
small, intermediate and large q2. Besides, the value we have found for the pion radius, rπ = 0.671
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Fig. 4. The upper panel compares our results for the pion form factor with the available experimental data [1–4,65,66]
using the proposed scaling for kγ . In the lower panels we depict a comparison of our results with non-holographic models 
(left panel) such as BSE [7], perturbative QCD [8], dispersion relations [6], sum rules [5], and LFQCD [9]. In the lower 
right panel, we show a comparison with other holographic models such as hardwall and softwall with " = 2 [49], and 
Sakai-Sugimoto/extrapolated Sakai-Sugimoto [52]. In our results, for lower panels we have taken kγ = −2.8 GeV2.

fm, is in agreement with the experimental data [60] presenting a relative error of 2.0%, and the 
scaling law Fπ (q2 → ∞) ∼ q−2 is recovered. These results can be seen in Fig. 4.

The motivation behind this particular choice of kγ comes from the analysis of the pion 
form factor Fπ (q) in the softwall model context, with quadratic dilaton $(z) =

∣∣kγ

∣∣ z2, see 
appendix B. Then, eq. (B.6) has the following form:

Fπ (q) =
32 k2

γ(
q2 + 4

∣∣kγ

∣∣) (
q2 + 8

∣∣kγ

∣∣) , (30)

where 
∣∣kγ

∣∣ is our deformation slope in energy squared units.
In general, this behavior is not restricted to the softwall model only. It is expected to appear in 

any other AdS/QCD model that has quadratic static dilaton or geometric deformation. Therefore 
we propose a rescaling of our photon slope as kγ → kγ (q) = q kγ , that recovers the expected 
phenomenological behavior Fπ |q2→∞ → q−2, produces good agreement with the experimen-
tal/theoretical data and gives a very low relative error for the pion radius.
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5. Conclusions

In this work we have discussed the pion form factor calculation in the context of a geometric 
deformed AdS/QCD model, considering the conformal dimension ! = 3 associated with the 
operator that creates pions in the boundary.

In this formalism with fixed kγ , the scaling law for the pion form factor at q2 → ∞ is not 
captured properly. Despite that numerical results are reasonable for the intermediate q2 region, 
as Fig. 3 shows, the pion radius is also not well fitted.

In order to improve our results, we still consider ! = 3, and propose a rescaling in the pa-
rameter kγ with the transferred momentum q , i.e., kγ → kγ (q) = q kγ that fixes the form factor 
behavior at large q2.

This assumption seems to be natural since, as we discussed in appendix A, large q2 behavior 
comes from the analysis of the pion eigenmodes near the conformal boundary, where the dilaton 
or the deformation do not have any effect.

The approach exposed here is another possibility rather than the proposal presented by Brod-
sky and de Teramond [49], where they consider ! = 2 in light-front softwall model.

It is worth to mention that our approach seems to present a Sudakov suppression similar to 
the one pointed out in Ref. [69], which is not manifest in other bottom-up AdS/QCD models, as 
the hardwall and the softwall [49].
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Appendix A. Large q2 analysis in the AdS deformed background

Let us consider the photon bulk to boundary propagator given by eqn. (22). Following [49], 
we found an integral representation for the Tricomi function
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where we have taken the low z-limit of the pion eigenmodes and the warp factor, and also the 
power series of the Bessel function Kν(z). Finally, that the form factor in this case scales as

Fπ (q2)
∣∣∣
q→∞

→
(

1
q2

)#−1

. (A.9)

Notice this scaling is expected from the solutions obtained for the # = 3 within the SWM. 
Recall the dilaton or the deformation do not affect the low-z behavior of the bulk eigenmodes.

Appendix B. Pion form factor in the original softwall model

Let us consider the softwall model (SWM) [16], with $(z) = κ2 z2, applied to scalar mesons 
in order to compute the pion form factor, following the same idea proposed in Ref. [49], but 
without considering the twist dimension. In general, for the scalar mesons, the scaling dimension 
# = 3 fixes the bulk mass to be M2

5 R2 = −3. In such a case, solutions are written as associated 
Laguerre polynomials [70]. In this scenario, the pion is associated with the lowest eigenmode, 
which is n = 0, giving a cubic polynomial in z, i.e.,

ψ0(z) =
√

2κ4

R3 z3, (B.1)

where κ stands for the dilaton slope that defines the scalar meson linear Regge trajectory and R
is the AdS curvature radius. The bulk-to-boundary propagator V(z, q) associated with the photon 
in the softwall model (SWM obeys the following equation of motion

∂z

[
e−κ2 z2

z
V ′(z)

]

+ (−q2)
e−κ2 z2

z
V(z) = 0. (B.2)

The solution of this equation, in general, is written in terms of Tricomi hyperconfluent func-
tions as

V(z, q) = (

(
1 + q2

4κ2

)
U

(
q2

4κ2 ,0,κ2 z2
)

= κ2 z2

1∫

0

dx

(1 − x)2 e− κ2 z2 x
1−x x

q2

4κ2 , (B.3)

where we have used the integral representation for the bulk-to-boundary propagator, suggested 
by Grigoryan and Radyushkin, in Ref. [71], in the right part of the equation. From this integral 
definition for the pion form factor, we have

Fπ (q2) = R3

∞∫

0

dz
e−κ2 z2

z3 ψ∗
0 (z)V(z, q)ψ0(z) (B.4)

= 2κ6

1∫

0

dx

(1 − x)2 x
q2

4κ2

∞∫

0

dz z5 e− κ2 z2
1−x (B.5)

= 32κ4
(
q2 + 4κ2

) (
q2 + 8κ2

) (B.6)

As we are considering from the beginning of this section that the conformal dimension # = 3, 
one should notice that the form factor in this scenario suggests a q−4 behavior which is not 
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Fig. 4. The upper panel compares our results for the pion form factor with the available experimental data [1–4,65,66]
using the proposed scaling for kγ . In the lower panels we depict a comparison of our results with non-holographic models 
(left panel) such as BSE [7], perturbative QCD [8], dispersion relations [6], sum rules [5], and LFQCD [9]. In the lower 
right panel, we show a comparison with other holographic models such as hardwall and softwall with " = 2 [49], and 
Sakai-Sugimoto/extrapolated Sakai-Sugimoto [52]. In our results, for lower panels we have taken kγ = −2.8 GeV2.

fm, is in agreement with the experimental data [60] presenting a relative error of 2.0%, and the 
scaling law Fπ (q2 → ∞) ∼ q−2 is recovered. These results can be seen in Fig. 4.

The motivation behind this particular choice of kγ comes from the analysis of the pion 
form factor Fπ (q) in the softwall model context, with quadratic dilaton $(z) =

∣∣kγ

∣∣ z2, see 
appendix B. Then, eq. (B.6) has the following form:

Fπ (q) =
32 k2

γ(
q2 + 4

∣∣kγ

∣∣) (
q2 + 8

∣∣kγ

∣∣) , (30)

where 
∣∣kγ

∣∣ is our deformation slope in energy squared units.
In general, this behavior is not restricted to the softwall model only. It is expected to appear in 

any other AdS/QCD model that has quadratic static dilaton or geometric deformation. Therefore 
we propose a rescaling of our photon slope as kγ → kγ (q) = q kγ , that recovers the expected 
phenomenological behavior Fπ |q2→∞ → q−2, produces good agreement with the experimen-
tal/theoretical data and gives a very low relative error for the pion radius.
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fm, is in agreement with the experimental data [60] presenting a relative error of 2.0%, and the 
scaling law Fπ (q2 → ∞) ∼ q−2 is recovered. These results can be seen in Fig. 4.

The motivation behind this particular choice of kγ comes from the analysis of the pion 
form factor Fπ (q) in the softwall model context, with quadratic dilaton $(z) =

∣∣kγ

∣∣ z2, see 
appendix B. Then, eq. (B.6) has the following form:

Fπ (q) =
32 k2

γ(
q2 + 4

∣∣kγ

∣∣) (
q2 + 8

∣∣kγ

∣∣) , (30)

where 
∣∣kγ

∣∣ is our deformation slope in energy squared units.
In general, this behavior is not restricted to the softwall model only. It is expected to appear in 

any other AdS/QCD model that has quadratic static dilaton or geometric deformation. Therefore 
we propose a rescaling of our photon slope as kγ → kγ (q) = q kγ , that recovers the expected 
phenomenological behavior Fπ |q2→∞ → q−2, produces good agreement with the experimen-
tal/theoretical data and gives a very low relative error for the pion radius.
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5. Conclusions

In this work we have discussed the pion form factor calculation in the context of a geometric 
deformed AdS/QCD model, considering the conformal dimension ! = 3 associated with the 
operator that creates pions in the boundary.

In this formalism with fixed kγ , the scaling law for the pion form factor at q2 → ∞ is not 
captured properly. Despite that numerical results are reasonable for the intermediate q2 region, 
as Fig. 3 shows, the pion radius is also not well fitted.

In order to improve our results, we still consider ! = 3, and propose a rescaling in the pa-
rameter kγ with the transferred momentum q , i.e., kγ → kγ (q) = q kγ that fixes the form factor 
behavior at large q2.

This assumption seems to be natural since, as we discussed in appendix A, large q2 behavior 
comes from the analysis of the pion eigenmodes near the conformal boundary, where the dilaton 
or the deformation do not have any effect.

The approach exposed here is another possibility rather than the proposal presented by Brod-
sky and de Teramond [49], where they consider ! = 2 in light-front softwall model.

It is worth to mention that our approach seems to present a Sudakov suppression similar to 
the one pointed out in Ref. [69], which is not manifest in other bottom-up AdS/QCD models, as 
the hardwall and the softwall [49].
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we found an integral representation for the Tricomi function
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expected from the known particle phenomenology [67]. Moreover, since any deformation or 
dilaton used in the AdS background does not modify the UV behavior of the bulk solutions, we 
can say that this is a general feature of the softwall-like AdS/QCD models.

However if we consider in Eq. (B.6), κ → √
q κ , meaning the dilaton slope is now depending 

on q or the energy scale in the process. And then, for large q2, Eq. (B.6), behaves as:

Fπ (q2) ∼ 1
q2 , (B.7)

fulfilling the expected scaling law even considering # = 3. Another possibility is to consider 
# = 2 as done in Ref. [49] in the context of Light-Front holography.
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where we have taken the low z-limit of the pion eigenmodes and the warp factor, and also the 
power series of the Bessel function Kν(z). Finally, that the form factor in this case scales as

Fπ (q2)
∣∣∣
q→∞

→
(

1
q2

)#−1

. (A.9)

Notice this scaling is expected from the solutions obtained for the # = 3 within the SWM. 
Recall the dilaton or the deformation do not affect the low-z behavior of the bulk eigenmodes.

Appendix B. Pion form factor in the original softwall model

Let us consider the softwall model (SWM) [16], with $(z) = κ2 z2, applied to scalar mesons 
in order to compute the pion form factor, following the same idea proposed in Ref. [49], but 
without considering the twist dimension. In general, for the scalar mesons, the scaling dimension 
# = 3 fixes the bulk mass to be M2

5 R2 = −3. In such a case, solutions are written as associated 
Laguerre polynomials [70]. In this scenario, the pion is associated with the lowest eigenmode, 
which is n = 0, giving a cubic polynomial in z, i.e.,

ψ0(z) =
√

2κ4

R3 z3, (B.1)

where κ stands for the dilaton slope that defines the scalar meson linear Regge trajectory and R
is the AdS curvature radius. The bulk-to-boundary propagator V(z, q) associated with the photon 
in the softwall model (SWM obeys the following equation of motion

∂z

[
e−κ2 z2

z
V ′(z)

]

+ (−q2)
e−κ2 z2

z
V(z) = 0. (B.2)

The solution of this equation, in general, is written in terms of Tricomi hyperconfluent func-
tions as

V(z, q) = (

(
1 + q2

4κ2

)
U

(
q2

4κ2 ,0,κ2 z2
)

= κ2 z2

1∫

0

dx

(1 − x)2 e− κ2 z2 x
1−x x

q2

4κ2 , (B.3)

where we have used the integral representation for the bulk-to-boundary propagator, suggested 
by Grigoryan and Radyushkin, in Ref. [71], in the right part of the equation. From this integral 
definition for the pion form factor, we have

Fπ (q2) = R3

∞∫

0

dz
e−κ2 z2

z3 ψ∗
0 (z)V(z, q)ψ0(z) (B.4)

= 2κ6

1∫

0

dx

(1 − x)2 x
q2

4κ2

∞∫

0

dz z5 e− κ2 z2
1−x (B.5)

= 32κ4
(
q2 + 4κ2

) (
q2 + 8κ2

) (B.6)

As we are considering from the beginning of this section that the conformal dimension # = 3, 
one should notice that the form factor in this scenario suggests a q−4 behavior which is not 
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Conclusions

• We have found reasonable results for the hadronic spectra, DIS structure functions and 
form factors within the deformed AdS/QCD model with a quadratic exponential in the 
holographic coordinate. 


• We are considering improving theses results and the deformed model. 



Thank you!!!
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Fig. 1. The upper (lower) panels compare our results for the proton (neutron) Sachs form factors with the available experimental and theoretical data. Left panels: Electric 
form factors. Right panels: Magnetic form factors. The experimental data used here are available in Ref. [5].

G N
E (q) = F N

1 (q) − q2

4 M2
N

F N
2 (q), G N

M(q) = F N
1 (q) + F N

2 (q), (28)

which in the low q2 limit define the nucleon magnetic moments 
as follows

G p
M(0) = µp and Gn

M(0) = µn , (29)

while for the electric moments

G p
E(0) = 1 and Gn

E(0) = 0 . (30)

These conditions allow us to fix ηN as

ηp = 1 − µp

2 M0 C
= 0.352 (31)

ηn = µn

2 M0 C
= −0.234. (32)

Note that our model for baryons is invariant under the SU (2)
isospin group, therefore, both proton and neutron have the same 
mass M0, given by the ground state of the baryonic spectra calcu-
lated from Eq. (11).

In Fig. 1, we present our results for proton and neutron Sachs 
form factors, Eq. (28), compared with available experimental data 
and another AdS/QCD model. Note that we have chosen to study 
a range of values for kγ (represented by a colored region) instead 
of just one value. Of course, one can consider the average value 
kγ = −0.71 Gev2 as the best fit. In the left side of Fig. 1, we show 
the Sachs electric form factors. In particular, for G p

E (q2) (upper left 
panel) and Gn

E(q2) (lower left panel) our holographic and deformed 
model seems to work better for low q2, when it is compared with 

other models. On the other side, in the upper and lower right pan-
els of Fig. 1, we plot the Sachs magnetic form factors, where one 
can see that our deformed model works well from low to large 
q2. We compare our results with the ones from Kelly [4], Arring-
ton et al. [6], Abidin and Carlson [30], and Gutsche et al. [34]. We 
also plot in Fig. 2 our predictions for the ratio of the nucleon Sachs 
form factors and compare them with available experimental data 
and other theoretical (holographic) models. Once again, as shown 
in Fig. 1 our gauge/gravity model as well as another holographic 
ones seem to work better in the low q2 regime.

Once we have computed the Sachs form factors, we can explore 
the electromagnetic size of nucleons by computing the correspond-
ing electromagnetic nucleon radii. These quantities, for a given 
nucleon, are defined as follows

〈r2
N,E〉 = −6

d G N
E (q2)

d q2

∣∣∣∣∣
q2→0

, (33)

〈r2
N,M〉 = − 6

G N
M(0)

d G N
M(q2)

d q2

∣∣∣∣∣
q2→0

. (34)

Numerical results for the proton and neutron holographic elec-
tromagnetic RMS radii are summarized in Table 1.

5. Discussions and last comments

In this last section we present our discussions as well as our 
conclusions on our numerical results for the nucleon form fac-
tors and electromagnetic nucleon radii achieved within our model. 
Such a calculation was performed in the context of an AdS/QCD 
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A(z) = − log(z), which leads to analytical solutions. In our case, 
with AB(z) = − log z + kB z2/2, Eq. (6), we need to resort to nu-
merical methods.

Before we start the numerical calculation let us recall the 
AdS/CFT dictionary from which we can relate the conformal di-
mension ! of a boundary operator O creating nucleons with the 
baryon bulk mass as |m5| = ! − 2. As we are going to consider an 
elastic scattering, the initial state is a proton or a neutron, and they 
will be considered as a single particle modeled by the fermion bulk 
field. In this sense, we get ! = 9/2, which is the usual baryonic di-
mension. Hence, in this work we have m5 = |m5| = ! − 2 = 5/2.

From the solutions of Eq. (11) one can read the initial and fi-
nal spinor states, "i and " f , as linear combinations of the chiral 
solutions ψR/L , as follows:

"i = ei P · y z2 e−kB z2
[(

1 + γ5

2

)
ψ i

L(z) +
(

1 − γ5

2

)
ψ i

R(z)
]

× usi (P ) (13)

" f = ei P f · y z2 e−kB z2
[(

1 + γ5

2

)
ψ

f
L (z) +

(
1 − γ5

2

)
ψ

f
R (z)

]

× us f (P f ), (14)

where si and s f are the spin of the initial and final states, respec-
tively.

As elastic scattering involves an electromagnetic interaction, at 
this point we will describe the photon in the deformed AdS space. 
Firstly, let us to introduce the action for a five-dimensional mass-
less gauge field φn given by:

S = −
∫

d5x
√−gγ

1
4

F mn Fmn , (15)

where F mn = ∂mφn −∂nφm . This action leads to the following equa-
tions of motion ∂m[√−gγ F mn] = 0. By using the gauge fixing 
∂µ φµ + e−Aγ ∂z

(
e Aγ φz

)
= 0, where Aγ = Aγ (z) is given by Eq. 

(6), with kI = kγ and prime denotes derivative with respect to z, 
one has

!φµ + A′
γ ∂z φµ + ∂2

z φµ = 0 (16)

!φz − ∂z
(
∂µ φµ)

= 0 . (17)

Without loss of generality, we will consider a photon with a par-
ticular polarization such that ηµ qµ = 0. In this sense only the 
electromagnetic field component φµ will contribute to the scatter-
ing process as discussed, e.g., in Refs. [41–43]. The general solution 
to equation (16) has the following form:

φµ(z,q) = C1
µ(y) G2,0

1,2

(
kγ z2

2

∣∣∣∣∣
q2

2kγ
+ 1

0,1

)

− 1
2

C2
µ(y)kγ z2

1 F1

(

1 − q2

2kγ
; 2; −kγ z2

2

)

, (18)

where Gm,n
p,q

(
z

∣∣∣∣
a1 · · ·ap
b1 · · ·bq

)
and 1 F1(a; b; z) are the Meijer G and 

the Kummer confluent hypergeometric functions, respectively. By 
imposing the boundary condition φµ(z, y)

∣∣
z=0 = ηµeiq·y , and con-

sidering normalizable (square integrable) solutions that implies 
C1

µ(y) = 0, one can write:

φµ(z,q) ≡ −ηµeiq·y

2
B(z,q) , (19)

where B(z, q) = kγ z2 (
[

1 − q2

2kγ

]
U

(
1 − q2

2kγ
; 2; − kγ z2

2

)
, ([a] and 

U(a, b, z) are the Gamma and Tricomi hypergeometric functions, 

respectively. Notice that the above equation represents the solu-
tion for the electromagnetic field that will be used to compute 
interaction action in the next section.

4. Nucleon form factors in the deformed background

Here in this section, we proceed to compute the electric and 
magnetic proton and neutron form factors and their corresponding 
electric and magnetic sizes within our deformed AdS5 background.

Holographically speaking, form factors are extracted from inter-
action terms written in the bulk action. These interaction terms 
are defined on the Fock states of baryonic on-shell action, sum-
marized in Eqs. (13) and (14). The electromagnetic interaction is 
represented by the U(1) massless field in the bulk, whose solution 
was depicted in Eq. (19). At the boundary, for spin 1/2 hadrons, 
the electromagnetic form factors F1(q) and F2(q) come from the 
electromagnetic current matrix elements described in Eq. (2).

In order to compute nucleon form factors, we assume that the 
holographic interaction term has the following structure

I int =
∫

d5x
√

−g B

{
ψ̄ f (m φm ψi + i ηN

2
ψ̄ f

[
(m,(n]

Fmn ψi

}
,

(20)

where ηN is a parameter that labels the nucleons. Following 
the holographic prescription, we put the Fock expansion for chi-
ral spinors and the photon bulk-to-boundary propagator into the 
interaction terms. The hadronic information is encoded in the 
following invariant functions, whose kernels are the baryonic 
Schrodinger-like modes and the photon propagator

C1(q) = 1
2

∫
dz

[
ψL(z)2 + ψR(z)2

]
B(z,q) (21)

C2(q) = 1
2

∫
dz e AB (z) ∂z B(z,q)

[
ψL(z)2 − ψR(z)2

]
(22)

C3(q) =
∫

dz e AB (z) 2 Mn ψL(z)ψR(z) B(z,q). (23)

Notice that initial and final baryon states are the same since the 
collision is elastic. These functions will define the form factors for 
nucleons as

F N
1 (q) = C1(q) + ηN C2(q), F N

2 (q) = ηN C3(q). (24)

From phenomenological arguments, we expect that for protons 
C1(q)|q→0 = 1 and C2(q)|q→0 = 0, while for neutrons C1(q)|q→0 =
0 and C2(q)|q→0 = 0. Thus, the electromagnetic form factors for 
protons are

F p
1 (q) = C1(q) + ηp C2(q), F p

2 (q) = ηp C3(q). (25)

By the same token, the electromagnetic form factors for neutrons 
are defined as

F n
1(q) = ηn C2(q), F n

2(q) = ηn C3(q). (26)

Notice that when we evaluate the low q2 limit of C3(q), we have

C3(0) = 2 Mn

∫
dz e AB (z) ψL(z)ψR(z) = 2 Mn C, (27)

where we have used the bulk-to-boundary photon propagator low 
q2-limit. In our deformed background model, C = 2.585. This ex-
pression will be useful when we fix the values of ηN for protons 
and neutrons.

Another set of form factors that we can describe are the Sachs 
electric and magnetic ones, defined for nucleons as

3

M.A. Martín Contreras, E.F. Capossoli, D. Li et al. Physics Letters B 822 (2021) 136638

A(z) = − log(z), which leads to analytical solutions. In our case, 
with AB(z) = − log z + kB z2/2, Eq. (6), we need to resort to nu-
merical methods.

Before we start the numerical calculation let us recall the 
AdS/CFT dictionary from which we can relate the conformal di-
mension ! of a boundary operator O creating nucleons with the 
baryon bulk mass as |m5| = ! − 2. As we are going to consider an 
elastic scattering, the initial state is a proton or a neutron, and they 
will be considered as a single particle modeled by the fermion bulk 
field. In this sense, we get ! = 9/2, which is the usual baryonic di-
mension. Hence, in this work we have m5 = |m5| = ! − 2 = 5/2.

From the solutions of Eq. (11) one can read the initial and fi-
nal spinor states, "i and " f , as linear combinations of the chiral 
solutions ψR/L , as follows:

"i = ei P · y z2 e−kB z2
[(

1 + γ5

2

)
ψ i

L(z) +
(

1 − γ5

2

)
ψ i

R(z)
]

× usi (P ) (13)

" f = ei P f · y z2 e−kB z2
[(

1 + γ5

2

)
ψ

f
L (z) +

(
1 − γ5

2

)
ψ

f
R (z)

]

× us f (P f ), (14)

where si and s f are the spin of the initial and final states, respec-
tively.

As elastic scattering involves an electromagnetic interaction, at 
this point we will describe the photon in the deformed AdS space. 
Firstly, let us to introduce the action for a five-dimensional mass-
less gauge field φn given by:

S = −
∫

d5x
√−gγ

1
4

F mn Fmn , (15)

where F mn = ∂mφn −∂nφm . This action leads to the following equa-
tions of motion ∂m[√−gγ F mn] = 0. By using the gauge fixing 
∂µ φµ + e−Aγ ∂z

(
e Aγ φz

)
= 0, where Aγ = Aγ (z) is given by Eq. 

(6), with kI = kγ and prime denotes derivative with respect to z, 
one has

!φµ + A′
γ ∂z φµ + ∂2

z φµ = 0 (16)

!φz − ∂z
(
∂µ φµ)

= 0 . (17)

Without loss of generality, we will consider a photon with a par-
ticular polarization such that ηµ qµ = 0. In this sense only the 
electromagnetic field component φµ will contribute to the scatter-
ing process as discussed, e.g., in Refs. [41–43]. The general solution 
to equation (16) has the following form:

φµ(z,q) = C1
µ(y) G2,0

1,2

(
kγ z2

2

∣∣∣∣∣
q2
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+ 1

0,1

)
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2

C2
µ(y)kγ z2
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; 2; −kγ z2

2

)

, (18)

where Gm,n
p,q

(
z

∣∣∣∣
a1 · · ·ap
b1 · · ·bq

)
and 1 F1(a; b; z) are the Meijer G and 

the Kummer confluent hypergeometric functions, respectively. By 
imposing the boundary condition φµ(z, y)

∣∣
z=0 = ηµeiq·y , and con-

sidering normalizable (square integrable) solutions that implies 
C1

µ(y) = 0, one can write:

φµ(z,q) ≡ −ηµeiq·y

2
B(z,q) , (19)

where B(z, q) = kγ z2 (
[

1 − q2

2kγ

]
U

(
1 − q2

2kγ
; 2; − kγ z2

2

)
, ([a] and 

U(a, b, z) are the Gamma and Tricomi hypergeometric functions, 

respectively. Notice that the above equation represents the solu-
tion for the electromagnetic field that will be used to compute 
interaction action in the next section.

4. Nucleon form factors in the deformed background

Here in this section, we proceed to compute the electric and 
magnetic proton and neutron form factors and their corresponding 
electric and magnetic sizes within our deformed AdS5 background.

Holographically speaking, form factors are extracted from inter-
action terms written in the bulk action. These interaction terms 
are defined on the Fock states of baryonic on-shell action, sum-
marized in Eqs. (13) and (14). The electromagnetic interaction is 
represented by the U(1) massless field in the bulk, whose solution 
was depicted in Eq. (19). At the boundary, for spin 1/2 hadrons, 
the electromagnetic form factors F1(q) and F2(q) come from the 
electromagnetic current matrix elements described in Eq. (2).

In order to compute nucleon form factors, we assume that the 
holographic interaction term has the following structure

I int =
∫

d5x
√

−g B

{
ψ̄ f (m φm ψi + i ηN

2
ψ̄ f

[
(m,(n]

Fmn ψi

}
,

(20)

where ηN is a parameter that labels the nucleons. Following 
the holographic prescription, we put the Fock expansion for chi-
ral spinors and the photon bulk-to-boundary propagator into the 
interaction terms. The hadronic information is encoded in the 
following invariant functions, whose kernels are the baryonic 
Schrodinger-like modes and the photon propagator

C1(q) = 1
2

∫
dz

[
ψL(z)2 + ψR(z)2

]
B(z,q) (21)

C2(q) = 1
2

∫
dz e AB (z) ∂z B(z,q)

[
ψL(z)2 − ψR(z)2

]
(22)

C3(q) =
∫

dz e AB (z) 2 Mn ψL(z)ψR(z) B(z,q). (23)

Notice that initial and final baryon states are the same since the 
collision is elastic. These functions will define the form factors for 
nucleons as

F N
1 (q) = C1(q) + ηN C2(q), F N

2 (q) = ηN C3(q). (24)

From phenomenological arguments, we expect that for protons 
C1(q)|q→0 = 1 and C2(q)|q→0 = 0, while for neutrons C1(q)|q→0 =
0 and C2(q)|q→0 = 0. Thus, the electromagnetic form factors for 
protons are

F p
1 (q) = C1(q) + ηp C2(q), F p

2 (q) = ηp C3(q). (25)

By the same token, the electromagnetic form factors for neutrons 
are defined as

F n
1(q) = ηn C2(q), F n

2(q) = ηn C3(q). (26)

Notice that when we evaluate the low q2 limit of C3(q), we have

C3(0) = 2 Mn

∫
dz e AB (z) ψL(z)ψR(z) = 2 Mn C, (27)

where we have used the bulk-to-boundary photon propagator low 
q2-limit. In our deformed background model, C = 2.585. This ex-
pression will be useful when we fix the values of ηN for protons 
and neutrons.

Another set of form factors that we can describe are the Sachs 
electric and magnetic ones, defined for nucleons as
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A(z) = − log(z), which leads to analytical solutions. In our case, 
with AB(z) = − log z + kB z2/2, Eq. (6), we need to resort to nu-
merical methods.

Before we start the numerical calculation let us recall the 
AdS/CFT dictionary from which we can relate the conformal di-
mension ! of a boundary operator O creating nucleons with the 
baryon bulk mass as |m5| = ! − 2. As we are going to consider an 
elastic scattering, the initial state is a proton or a neutron, and they 
will be considered as a single particle modeled by the fermion bulk 
field. In this sense, we get ! = 9/2, which is the usual baryonic di-
mension. Hence, in this work we have m5 = |m5| = ! − 2 = 5/2.

From the solutions of Eq. (11) one can read the initial and fi-
nal spinor states, "i and " f , as linear combinations of the chiral 
solutions ψR/L , as follows:

"i = ei P · y z2 e−kB z2
[(

1 + γ5

2

)
ψ i

L(z) +
(

1 − γ5

2

)
ψ i

R(z)
]

× usi (P ) (13)

" f = ei P f · y z2 e−kB z2
[(

1 + γ5

2

)
ψ

f
L (z) +

(
1 − γ5

2

)
ψ

f
R (z)

]

× us f (P f ), (14)

where si and s f are the spin of the initial and final states, respec-
tively.

As elastic scattering involves an electromagnetic interaction, at 
this point we will describe the photon in the deformed AdS space. 
Firstly, let us to introduce the action for a five-dimensional mass-
less gauge field φn given by:

S = −
∫

d5x
√−gγ

1
4

F mn Fmn , (15)

where F mn = ∂mφn −∂nφm . This action leads to the following equa-
tions of motion ∂m[√−gγ F mn] = 0. By using the gauge fixing 
∂µ φµ + e−Aγ ∂z

(
e Aγ φz

)
= 0, where Aγ = Aγ (z) is given by Eq. 

(6), with kI = kγ and prime denotes derivative with respect to z, 
one has

!φµ + A′
γ ∂z φµ + ∂2

z φµ = 0 (16)

!φz − ∂z
(
∂µ φµ)

= 0 . (17)

Without loss of generality, we will consider a photon with a par-
ticular polarization such that ηµ qµ = 0. In this sense only the 
electromagnetic field component φµ will contribute to the scatter-
ing process as discussed, e.g., in Refs. [41–43]. The general solution 
to equation (16) has the following form:

φµ(z,q) = C1
µ(y) G2,0

1,2

(
kγ z2

2

∣∣∣∣∣
q2

2kγ
+ 1

0,1

)

− 1
2
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µ(y)kγ z2
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(
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)

, (18)

where Gm,n
p,q

(
z

∣∣∣∣
a1 · · ·ap
b1 · · ·bq

)
and 1 F1(a; b; z) are the Meijer G and 

the Kummer confluent hypergeometric functions, respectively. By 
imposing the boundary condition φµ(z, y)

∣∣
z=0 = ηµeiq·y , and con-

sidering normalizable (square integrable) solutions that implies 
C1

µ(y) = 0, one can write:

φµ(z,q) ≡ −ηµeiq·y

2
B(z,q) , (19)

where B(z, q) = kγ z2 (
[

1 − q2

2kγ

]
U

(
1 − q2

2kγ
; 2; − kγ z2

2

)
, ([a] and 

U(a, b, z) are the Gamma and Tricomi hypergeometric functions, 

respectively. Notice that the above equation represents the solu-
tion for the electromagnetic field that will be used to compute 
interaction action in the next section.

4. Nucleon form factors in the deformed background

Here in this section, we proceed to compute the electric and 
magnetic proton and neutron form factors and their corresponding 
electric and magnetic sizes within our deformed AdS5 background.

Holographically speaking, form factors are extracted from inter-
action terms written in the bulk action. These interaction terms 
are defined on the Fock states of baryonic on-shell action, sum-
marized in Eqs. (13) and (14). The electromagnetic interaction is 
represented by the U(1) massless field in the bulk, whose solution 
was depicted in Eq. (19). At the boundary, for spin 1/2 hadrons, 
the electromagnetic form factors F1(q) and F2(q) come from the 
electromagnetic current matrix elements described in Eq. (2).

In order to compute nucleon form factors, we assume that the 
holographic interaction term has the following structure

I int =
∫

d5x
√

−g B

{
ψ̄ f (m φm ψi + i ηN

2
ψ̄ f

[
(m,(n]

Fmn ψi

}
,

(20)

where ηN is a parameter that labels the nucleons. Following 
the holographic prescription, we put the Fock expansion for chi-
ral spinors and the photon bulk-to-boundary propagator into the 
interaction terms. The hadronic information is encoded in the 
following invariant functions, whose kernels are the baryonic 
Schrodinger-like modes and the photon propagator

C1(q) = 1
2

∫
dz

[
ψL(z)2 + ψR(z)2

]
B(z,q) (21)

C2(q) = 1
2

∫
dz e AB (z) ∂z B(z,q)

[
ψL(z)2 − ψR(z)2

]
(22)

C3(q) =
∫

dz e AB (z) 2 Mn ψL(z)ψR(z) B(z,q). (23)

Notice that initial and final baryon states are the same since the 
collision is elastic. These functions will define the form factors for 
nucleons as

F N
1 (q) = C1(q) + ηN C2(q), F N

2 (q) = ηN C3(q). (24)

From phenomenological arguments, we expect that for protons 
C1(q)|q→0 = 1 and C2(q)|q→0 = 0, while for neutrons C1(q)|q→0 =
0 and C2(q)|q→0 = 0. Thus, the electromagnetic form factors for 
protons are

F p
1 (q) = C1(q) + ηp C2(q), F p

2 (q) = ηp C3(q). (25)

By the same token, the electromagnetic form factors for neutrons 
are defined as

F n
1(q) = ηn C2(q), F n

2(q) = ηn C3(q). (26)

Notice that when we evaluate the low q2 limit of C3(q), we have

C3(0) = 2 Mn

∫
dz e AB (z) ψL(z)ψR(z) = 2 Mn C, (27)

where we have used the bulk-to-boundary photon propagator low 
q2-limit. In our deformed background model, C = 2.585. This ex-
pression will be useful when we fix the values of ηN for protons 
and neutrons.

Another set of form factors that we can describe are the Sachs 
electric and magnetic ones, defined for nucleons as
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A(z) = − log(z), which leads to analytical solutions. In our case, 
with AB(z) = − log z + kB z2/2, Eq. (6), we need to resort to nu-
merical methods.

Before we start the numerical calculation let us recall the 
AdS/CFT dictionary from which we can relate the conformal di-
mension ! of a boundary operator O creating nucleons with the 
baryon bulk mass as |m5| = ! − 2. As we are going to consider an 
elastic scattering, the initial state is a proton or a neutron, and they 
will be considered as a single particle modeled by the fermion bulk 
field. In this sense, we get ! = 9/2, which is the usual baryonic di-
mension. Hence, in this work we have m5 = |m5| = ! − 2 = 5/2.

From the solutions of Eq. (11) one can read the initial and fi-
nal spinor states, "i and " f , as linear combinations of the chiral 
solutions ψR/L , as follows:

"i = ei P · y z2 e−kB z2
[(

1 + γ5

2

)
ψ i

L(z) +
(

1 − γ5

2

)
ψ i

R(z)
]

× usi (P ) (13)

" f = ei P f · y z2 e−kB z2
[(

1 + γ5

2

)
ψ

f
L (z) +

(
1 − γ5

2

)
ψ

f
R (z)

]

× us f (P f ), (14)

where si and s f are the spin of the initial and final states, respec-
tively.

As elastic scattering involves an electromagnetic interaction, at 
this point we will describe the photon in the deformed AdS space. 
Firstly, let us to introduce the action for a five-dimensional mass-
less gauge field φn given by:

S = −
∫

d5x
√−gγ

1
4

F mn Fmn , (15)

where F mn = ∂mφn −∂nφm . This action leads to the following equa-
tions of motion ∂m[√−gγ F mn] = 0. By using the gauge fixing 
∂µ φµ + e−Aγ ∂z

(
e Aγ φz

)
= 0, where Aγ = Aγ (z) is given by Eq. 

(6), with kI = kγ and prime denotes derivative with respect to z, 
one has

!φµ + A′
γ ∂z φµ + ∂2

z φµ = 0 (16)

!φz − ∂z
(
∂µ φµ)

= 0 . (17)

Without loss of generality, we will consider a photon with a par-
ticular polarization such that ηµ qµ = 0. In this sense only the 
electromagnetic field component φµ will contribute to the scatter-
ing process as discussed, e.g., in Refs. [41–43]. The general solution 
to equation (16) has the following form:

φµ(z,q) = C1
µ(y) G2,0

1,2

(
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where Gm,n
p,q

(
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a1 · · ·ap
b1 · · ·bq

)
and 1 F1(a; b; z) are the Meijer G and 

the Kummer confluent hypergeometric functions, respectively. By 
imposing the boundary condition φµ(z, y)

∣∣
z=0 = ηµeiq·y , and con-

sidering normalizable (square integrable) solutions that implies 
C1

µ(y) = 0, one can write:

φµ(z,q) ≡ −ηµeiq·y

2
B(z,q) , (19)

where B(z, q) = kγ z2 (
[

1 − q2

2kγ

]
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)
, ([a] and 

U(a, b, z) are the Gamma and Tricomi hypergeometric functions, 

respectively. Notice that the above equation represents the solu-
tion for the electromagnetic field that will be used to compute 
interaction action in the next section.

4. Nucleon form factors in the deformed background

Here in this section, we proceed to compute the electric and 
magnetic proton and neutron form factors and their corresponding 
electric and magnetic sizes within our deformed AdS5 background.

Holographically speaking, form factors are extracted from inter-
action terms written in the bulk action. These interaction terms 
are defined on the Fock states of baryonic on-shell action, sum-
marized in Eqs. (13) and (14). The electromagnetic interaction is 
represented by the U(1) massless field in the bulk, whose solution 
was depicted in Eq. (19). At the boundary, for spin 1/2 hadrons, 
the electromagnetic form factors F1(q) and F2(q) come from the 
electromagnetic current matrix elements described in Eq. (2).

In order to compute nucleon form factors, we assume that the 
holographic interaction term has the following structure

I int =
∫

d5x
√

−g B

{
ψ̄ f (m φm ψi + i ηN

2
ψ̄ f

[
(m,(n]

Fmn ψi

}
,

(20)

where ηN is a parameter that labels the nucleons. Following 
the holographic prescription, we put the Fock expansion for chi-
ral spinors and the photon bulk-to-boundary propagator into the 
interaction terms. The hadronic information is encoded in the 
following invariant functions, whose kernels are the baryonic 
Schrodinger-like modes and the photon propagator

C1(q) = 1
2

∫
dz

[
ψL(z)2 + ψR(z)2

]
B(z,q) (21)

C2(q) = 1
2

∫
dz e AB (z) ∂z B(z,q)

[
ψL(z)2 − ψR(z)2

]
(22)

C3(q) =
∫

dz e AB (z) 2 Mn ψL(z)ψR(z) B(z,q). (23)

Notice that initial and final baryon states are the same since the 
collision is elastic. These functions will define the form factors for 
nucleons as

F N
1 (q) = C1(q) + ηN C2(q), F N

2 (q) = ηN C3(q). (24)

From phenomenological arguments, we expect that for protons 
C1(q)|q→0 = 1 and C2(q)|q→0 = 0, while for neutrons C1(q)|q→0 =
0 and C2(q)|q→0 = 0. Thus, the electromagnetic form factors for 
protons are

F p
1 (q) = C1(q) + ηp C2(q), F p

2 (q) = ηp C3(q). (25)

By the same token, the electromagnetic form factors for neutrons 
are defined as

F n
1(q) = ηn C2(q), F n

2(q) = ηn C3(q). (26)

Notice that when we evaluate the low q2 limit of C3(q), we have

C3(0) = 2 Mn

∫
dz e AB (z) ψL(z)ψR(z) = 2 Mn C, (27)

where we have used the bulk-to-boundary photon propagator low 
q2-limit. In our deformed background model, C = 2.585. This ex-
pression will be useful when we fix the values of ηN for protons 
and neutrons.

Another set of form factors that we can describe are the Sachs 
electric and magnetic ones, defined for nucleons as

3

M.A. Martín Contreras, E.F. Capossoli, D. Li et al. Physics Letters B 822 (2021) 136638

A(z) = − log(z), which leads to analytical solutions. In our case, 
with AB(z) = − log z + kB z2/2, Eq. (6), we need to resort to nu-
merical methods.

Before we start the numerical calculation let us recall the 
AdS/CFT dictionary from which we can relate the conformal di-
mension ! of a boundary operator O creating nucleons with the 
baryon bulk mass as |m5| = ! − 2. As we are going to consider an 
elastic scattering, the initial state is a proton or a neutron, and they 
will be considered as a single particle modeled by the fermion bulk 
field. In this sense, we get ! = 9/2, which is the usual baryonic di-
mension. Hence, in this work we have m5 = |m5| = ! − 2 = 5/2.

From the solutions of Eq. (11) one can read the initial and fi-
nal spinor states, "i and " f , as linear combinations of the chiral 
solutions ψR/L , as follows:

"i = ei P · y z2 e−kB z2
[(

1 + γ5

2

)
ψ i

L(z) +
(

1 − γ5

2

)
ψ i

R(z)
]

× usi (P ) (13)

" f = ei P f · y z2 e−kB z2
[(

1 + γ5

2

)
ψ

f
L (z) +

(
1 − γ5

2

)
ψ

f
R (z)

]

× us f (P f ), (14)

where si and s f are the spin of the initial and final states, respec-
tively.

As elastic scattering involves an electromagnetic interaction, at 
this point we will describe the photon in the deformed AdS space. 
Firstly, let us to introduce the action for a five-dimensional mass-
less gauge field φn given by:

S = −
∫

d5x
√−gγ

1
4

F mn Fmn , (15)

where F mn = ∂mφn −∂nφm . This action leads to the following equa-
tions of motion ∂m[√−gγ F mn] = 0. By using the gauge fixing 
∂µ φµ + e−Aγ ∂z

(
e Aγ φz

)
= 0, where Aγ = Aγ (z) is given by Eq. 

(6), with kI = kγ and prime denotes derivative with respect to z, 
one has

!φµ + A′
γ ∂z φµ + ∂2

z φµ = 0 (16)

!φz − ∂z
(
∂µ φµ)

= 0 . (17)

Without loss of generality, we will consider a photon with a par-
ticular polarization such that ηµ qµ = 0. In this sense only the 
electromagnetic field component φµ will contribute to the scatter-
ing process as discussed, e.g., in Refs. [41–43]. The general solution 
to equation (16) has the following form:

φµ(z,q) = C1
µ(y) G2,0

1,2

(
kγ z2

2

∣∣∣∣∣
q2

2kγ
+ 1

0,1

)

− 1
2

C2
µ(y)kγ z2

1 F1

(

1 − q2

2kγ
; 2; −kγ z2

2

)

, (18)

where Gm,n
p,q

(
z

∣∣∣∣
a1 · · ·ap
b1 · · ·bq

)
and 1 F1(a; b; z) are the Meijer G and 

the Kummer confluent hypergeometric functions, respectively. By 
imposing the boundary condition φµ(z, y)

∣∣
z=0 = ηµeiq·y , and con-

sidering normalizable (square integrable) solutions that implies 
C1

µ(y) = 0, one can write:

φµ(z,q) ≡ −ηµeiq·y

2
B(z,q) , (19)

where B(z, q) = kγ z2 (
[

1 − q2

2kγ

]
U

(
1 − q2

2kγ
; 2; − kγ z2

2

)
, ([a] and 

U(a, b, z) are the Gamma and Tricomi hypergeometric functions, 

respectively. Notice that the above equation represents the solu-
tion for the electromagnetic field that will be used to compute 
interaction action in the next section.

4. Nucleon form factors in the deformed background

Here in this section, we proceed to compute the electric and 
magnetic proton and neutron form factors and their corresponding 
electric and magnetic sizes within our deformed AdS5 background.

Holographically speaking, form factors are extracted from inter-
action terms written in the bulk action. These interaction terms 
are defined on the Fock states of baryonic on-shell action, sum-
marized in Eqs. (13) and (14). The electromagnetic interaction is 
represented by the U(1) massless field in the bulk, whose solution 
was depicted in Eq. (19). At the boundary, for spin 1/2 hadrons, 
the electromagnetic form factors F1(q) and F2(q) come from the 
electromagnetic current matrix elements described in Eq. (2).

In order to compute nucleon form factors, we assume that the 
holographic interaction term has the following structure

I int =
∫

d5x
√

−g B

{
ψ̄ f (m φm ψi + i ηN

2
ψ̄ f

[
(m,(n]

Fmn ψi

}
,

(20)

where ηN is a parameter that labels the nucleons. Following 
the holographic prescription, we put the Fock expansion for chi-
ral spinors and the photon bulk-to-boundary propagator into the 
interaction terms. The hadronic information is encoded in the 
following invariant functions, whose kernels are the baryonic 
Schrodinger-like modes and the photon propagator

C1(q) = 1
2

∫
dz

[
ψL(z)2 + ψR(z)2

]
B(z,q) (21)

C2(q) = 1
2

∫
dz e AB (z) ∂z B(z,q)

[
ψL(z)2 − ψR(z)2

]
(22)

C3(q) =
∫

dz e AB (z) 2 Mn ψL(z)ψR(z) B(z,q). (23)

Notice that initial and final baryon states are the same since the 
collision is elastic. These functions will define the form factors for 
nucleons as

F N
1 (q) = C1(q) + ηN C2(q), F N

2 (q) = ηN C3(q). (24)

From phenomenological arguments, we expect that for protons 
C1(q)|q→0 = 1 and C2(q)|q→0 = 0, while for neutrons C1(q)|q→0 =
0 and C2(q)|q→0 = 0. Thus, the electromagnetic form factors for 
protons are

F p
1 (q) = C1(q) + ηp C2(q), F p

2 (q) = ηp C3(q). (25)

By the same token, the electromagnetic form factors for neutrons 
are defined as

F n
1(q) = ηn C2(q), F n

2(q) = ηn C3(q). (26)

Notice that when we evaluate the low q2 limit of C3(q), we have

C3(0) = 2 Mn

∫
dz e AB (z) ψL(z)ψR(z) = 2 Mn C, (27)

where we have used the bulk-to-boundary photon propagator low 
q2-limit. In our deformed background model, C = 2.585. This ex-
pression will be useful when we fix the values of ηN for protons 
and neutrons.

Another set of form factors that we can describe are the Sachs 
electric and magnetic ones, defined for nucleons as
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Before we start the numerical calculation let us recall the 
AdS/CFT dictionary from which we can relate the conformal di-
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elastic scattering, the initial state is a proton or a neutron, and they 
will be considered as a single particle modeled by the fermion bulk 
field. In this sense, we get ! = 9/2, which is the usual baryonic di-
mension. Hence, in this work we have m5 = |m5| = ! − 2 = 5/2.

From the solutions of Eq. (11) one can read the initial and fi-
nal spinor states, "i and " f , as linear combinations of the chiral 
solutions ψR/L , as follows:

"i = ei P · y z2 e−kB z2
[(

1 + γ5

2

)
ψ i

L(z) +
(

1 − γ5

2

)
ψ i

R(z)
]

× usi (P ) (13)

" f = ei P f · y z2 e−kB z2
[(

1 + γ5

2

)
ψ

f
L (z) +

(
1 − γ5

2

)
ψ

f
R (z)

]

× us f (P f ), (14)

where si and s f are the spin of the initial and final states, respec-
tively.

As elastic scattering involves an electromagnetic interaction, at 
this point we will describe the photon in the deformed AdS space. 
Firstly, let us to introduce the action for a five-dimensional mass-
less gauge field φn given by:

S = −
∫

d5x
√−gγ

1
4

F mn Fmn , (15)

where F mn = ∂mφn −∂nφm . This action leads to the following equa-
tions of motion ∂m[√−gγ F mn] = 0. By using the gauge fixing 
∂µ φµ + e−Aγ ∂z

(
e Aγ φz

)
= 0, where Aγ = Aγ (z) is given by Eq. 

(6), with kI = kγ and prime denotes derivative with respect to z, 
one has

!φµ + A′
γ ∂z φµ + ∂2

z φµ = 0 (16)

!φz − ∂z
(
∂µ φµ)

= 0 . (17)

Without loss of generality, we will consider a photon with a par-
ticular polarization such that ηµ qµ = 0. In this sense only the 
electromagnetic field component φµ will contribute to the scatter-
ing process as discussed, e.g., in Refs. [41–43]. The general solution 
to equation (16) has the following form:

φµ(z,q) = C1
µ(y) G2,0

1,2

(
kγ z2

2

∣∣∣∣∣
q2

2kγ
+ 1

0,1

)

− 1
2

C2
µ(y)kγ z2

1 F1

(

1 − q2

2kγ
; 2; −kγ z2

2

)

, (18)

where Gm,n
p,q

(
z
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a1 · · ·ap
b1 · · ·bq

)
and 1 F1(a; b; z) are the Meijer G and 

the Kummer confluent hypergeometric functions, respectively. By 
imposing the boundary condition φµ(z, y)
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z=0 = ηµeiq·y , and con-

sidering normalizable (square integrable) solutions that implies 
C1

µ(y) = 0, one can write:

φµ(z,q) ≡ −ηµeiq·y

2
B(z,q) , (19)

where B(z, q) = kγ z2 (
[

1 − q2

2kγ

]
U

(
1 − q2

2kγ
; 2; − kγ z2

2

)
, ([a] and 

U(a, b, z) are the Gamma and Tricomi hypergeometric functions, 

respectively. Notice that the above equation represents the solu-
tion for the electromagnetic field that will be used to compute 
interaction action in the next section.

4. Nucleon form factors in the deformed background

Here in this section, we proceed to compute the electric and 
magnetic proton and neutron form factors and their corresponding 
electric and magnetic sizes within our deformed AdS5 background.

Holographically speaking, form factors are extracted from inter-
action terms written in the bulk action. These interaction terms 
are defined on the Fock states of baryonic on-shell action, sum-
marized in Eqs. (13) and (14). The electromagnetic interaction is 
represented by the U(1) massless field in the bulk, whose solution 
was depicted in Eq. (19). At the boundary, for spin 1/2 hadrons, 
the electromagnetic form factors F1(q) and F2(q) come from the 
electromagnetic current matrix elements described in Eq. (2).

In order to compute nucleon form factors, we assume that the 
holographic interaction term has the following structure

I int =
∫

d5x
√

−g B

{
ψ̄ f (m φm ψi + i ηN

2
ψ̄ f

[
(m,(n]

Fmn ψi

}
,

(20)

where ηN is a parameter that labels the nucleons. Following 
the holographic prescription, we put the Fock expansion for chi-
ral spinors and the photon bulk-to-boundary propagator into the 
interaction terms. The hadronic information is encoded in the 
following invariant functions, whose kernels are the baryonic 
Schrodinger-like modes and the photon propagator

C1(q) = 1
2

∫
dz

[
ψL(z)2 + ψR(z)2

]
B(z,q) (21)

C2(q) = 1
2

∫
dz e AB (z) ∂z B(z,q)

[
ψL(z)2 − ψR(z)2

]
(22)

C3(q) =
∫

dz e AB (z) 2 Mn ψL(z)ψR(z) B(z,q). (23)

Notice that initial and final baryon states are the same since the 
collision is elastic. These functions will define the form factors for 
nucleons as

F N
1 (q) = C1(q) + ηN C2(q), F N

2 (q) = ηN C3(q). (24)

From phenomenological arguments, we expect that for protons 
C1(q)|q→0 = 1 and C2(q)|q→0 = 0, while for neutrons C1(q)|q→0 =
0 and C2(q)|q→0 = 0. Thus, the electromagnetic form factors for 
protons are

F p
1 (q) = C1(q) + ηp C2(q), F p

2 (q) = ηp C3(q). (25)

By the same token, the electromagnetic form factors for neutrons 
are defined as

F n
1(q) = ηn C2(q), F n

2(q) = ηn C3(q). (26)

Notice that when we evaluate the low q2 limit of C3(q), we have

C3(0) = 2 Mn

∫
dz e AB (z) ψL(z)ψR(z) = 2 Mn C, (27)

where we have used the bulk-to-boundary photon propagator low 
q2-limit. In our deformed background model, C = 2.585. This ex-
pression will be useful when we fix the values of ηN for protons 
and neutrons.

Another set of form factors that we can describe are the Sachs 
electric and magnetic ones, defined for nucleons as
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Fig. 1. The upper (lower) panels compare our results for the proton (neutron) Sachs form factors with the available experimental and theoretical data. Left panels: Electric 
form factors. Right panels: Magnetic form factors. The experimental data used here are available in Ref. [5].

G N
E (q) = F N

1 (q) − q2

4 M2
N

F N
2 (q), G N

M(q) = F N
1 (q) + F N

2 (q), (28)

which in the low q2 limit define the nucleon magnetic moments 
as follows

G p
M(0) = µp and Gn

M(0) = µn , (29)

while for the electric moments

G p
E(0) = 1 and Gn

E(0) = 0 . (30)

These conditions allow us to fix ηN as

ηp = 1 − µp

2 M0 C
= 0.352 (31)

ηn = µn

2 M0 C
= −0.234. (32)

Note that our model for baryons is invariant under the SU (2)
isospin group, therefore, both proton and neutron have the same 
mass M0, given by the ground state of the baryonic spectra calcu-
lated from Eq. (11).

In Fig. 1, we present our results for proton and neutron Sachs 
form factors, Eq. (28), compared with available experimental data 
and another AdS/QCD model. Note that we have chosen to study 
a range of values for kγ (represented by a colored region) instead 
of just one value. Of course, one can consider the average value 
kγ = −0.71 Gev2 as the best fit. In the left side of Fig. 1, we show 
the Sachs electric form factors. In particular, for G p

E (q2) (upper left 
panel) and Gn

E(q2) (lower left panel) our holographic and deformed 
model seems to work better for low q2, when it is compared with 

other models. On the other side, in the upper and lower right pan-
els of Fig. 1, we plot the Sachs magnetic form factors, where one 
can see that our deformed model works well from low to large 
q2. We compare our results with the ones from Kelly [4], Arring-
ton et al. [6], Abidin and Carlson [30], and Gutsche et al. [34]. We 
also plot in Fig. 2 our predictions for the ratio of the nucleon Sachs 
form factors and compare them with available experimental data 
and other theoretical (holographic) models. Once again, as shown 
in Fig. 1 our gauge/gravity model as well as another holographic 
ones seem to work better in the low q2 regime.

Once we have computed the Sachs form factors, we can explore 
the electromagnetic size of nucleons by computing the correspond-
ing electromagnetic nucleon radii. These quantities, for a given 
nucleon, are defined as follows

〈r2
N,E〉 = −6

d G N
E (q2)

d q2

∣∣∣∣∣
q2→0

, (33)

〈r2
N,M〉 = − 6

G N
M(0)

d G N
M(q2)

d q2

∣∣∣∣∣
q2→0

. (34)

Numerical results for the proton and neutron holographic elec-
tromagnetic RMS radii are summarized in Table 1.

5. Discussions and last comments

In this last section we present our discussions as well as our 
conclusions on our numerical results for the nucleon form fac-
tors and electromagnetic nucleon radii achieved within our model. 
Such a calculation was performed in the context of an AdS/QCD 
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Fig. 1. The upper (lower) panels compare our results for the proton (neutron) Sachs form factors with the available experimental and theoretical data. Left panels: Electric 
form factors. Right panels: Magnetic form factors. The experimental data used here are available in Ref. [5].

G N
E (q) = F N

1 (q) − q2

4 M2
N

F N
2 (q), G N

M(q) = F N
1 (q) + F N

2 (q), (28)

which in the low q2 limit define the nucleon magnetic moments 
as follows

G p
M(0) = µp and Gn

M(0) = µn , (29)

while for the electric moments

G p
E(0) = 1 and Gn

E(0) = 0 . (30)

These conditions allow us to fix ηN as

ηp = 1 − µp

2 M0 C
= 0.352 (31)

ηn = µn

2 M0 C
= −0.234. (32)

Note that our model for baryons is invariant under the SU (2)
isospin group, therefore, both proton and neutron have the same 
mass M0, given by the ground state of the baryonic spectra calcu-
lated from Eq. (11).

In Fig. 1, we present our results for proton and neutron Sachs 
form factors, Eq. (28), compared with available experimental data 
and another AdS/QCD model. Note that we have chosen to study 
a range of values for kγ (represented by a colored region) instead 
of just one value. Of course, one can consider the average value 
kγ = −0.71 Gev2 as the best fit. In the left side of Fig. 1, we show 
the Sachs electric form factors. In particular, for G p

E (q2) (upper left 
panel) and Gn

E(q2) (lower left panel) our holographic and deformed 
model seems to work better for low q2, when it is compared with 

other models. On the other side, in the upper and lower right pan-
els of Fig. 1, we plot the Sachs magnetic form factors, where one 
can see that our deformed model works well from low to large 
q2. We compare our results with the ones from Kelly [4], Arring-
ton et al. [6], Abidin and Carlson [30], and Gutsche et al. [34]. We 
also plot in Fig. 2 our predictions for the ratio of the nucleon Sachs 
form factors and compare them with available experimental data 
and other theoretical (holographic) models. Once again, as shown 
in Fig. 1 our gauge/gravity model as well as another holographic 
ones seem to work better in the low q2 regime.

Once we have computed the Sachs form factors, we can explore 
the electromagnetic size of nucleons by computing the correspond-
ing electromagnetic nucleon radii. These quantities, for a given 
nucleon, are defined as follows

〈r2
N,E〉 = −6

d G N
E (q2)

d q2

∣∣∣∣∣
q2→0

, (33)

〈r2
N,M〉 = − 6

G N
M(0)

d G N
M(q2)

d q2

∣∣∣∣∣
q2→0

. (34)

Numerical results for the proton and neutron holographic elec-
tromagnetic RMS radii are summarized in Table 1.

5. Discussions and last comments

In this last section we present our discussions as well as our 
conclusions on our numerical results for the nucleon form fac-
tors and electromagnetic nucleon radii achieved within our model. 
Such a calculation was performed in the context of an AdS/QCD 
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Fig. 2. The ratio of the proton (left panel) and neutron (right panel) Sachs form factors computed within our deformed gravity/gauge duality model compared with available 
experimental data and theoretical (holographic) models [4,5,30,34].

Table 1
Holographic results are calculated with κγ = −0.450 GeV2, in Eq. (19). 
Experimental data is taken from PDG [45]. For the neutron charge ra-
dius, the mean square charge radius, given in fm2, is considered.

Nucleon Experimental (fm) This work (fm)

Proton charge radius 0.8409 ± 0.0004 0.8576
Proton magnetic radius 0.851 ± 0.026 0.7929
Neutron charge radius∗ −0.1161 ± 0.0022 −0.0668
Neutron magnetic radius 0.864+0.009

−0.008 0.7933

model with a geometric deformation on the metric. Note that in 
the case of nucleons this deformation sets the confinement scale, 
while for the photon field, it is related with a kinematical scale of 
the elastic process.

First of all, let us discuss about the electric form factors for both 
protons and neutrons. In the low q2 region, holographic models 
seem to follow a similar phenomenological behavior, despite the 
fact they are de facto different. In Abidin et al. [30] and Gutsche et 
al. [34] and recently in Mamo et al. [39] models, confinement is 
placed by a quadratic dilaton, whereas our model does the same 
effect with a geometric (quadratic) deformation. For high z, these 
models have the same asymptotics, as we can see in the linearity 
of the nucleon spectra [22]. Differences arise in the intermediate z
region, as we can notice by analyzing the e.o.m. structure. At z →
0, these models are entirely dominated by the warp factor only. 
This condition follows from the consistency constraints we have to 
address in order to apply the holographic dictionary. However, the 
intermediate region contributes to set the next to leading order 
behavior in the form factors at low q2.

Regarding to the Sachs magnetic form factors, in the upper and 
lower right panels of Fig. 1, one can see that our deformed model 
works well for a wide range of q2.

In Fig. 2 we plotted the quotient of G E with G M for the proton 
and the neutron and then we compared them with the experimen-
tal data and other holographic and non-holographic approaches. 
Notice that for low values of q2, our model had captured the 
expected behavior of such a quotient. It is worthwhile to men-
tion that this behavior is shared with other holographic bottom-up 
models.

In second place, beyond Sachs electric and magnetic form fac-
tors another important result achieved in this work is related to 
the proton and the neutron electromagnetic sizes as summarized 
in Table 1. In particular, for proton’s charge/magnetic radii and 
neutron’s magnetic radii the results presented here are compatible 
with the ones in Ref. [45]. Notice again that our model captures 
the low q2 phenomenology consistently, as our results for the nu-
cleon radii demonstrate. However for the neutron charge radius, 

our result is not very good. This behavior is also seen in other 
bottom-up AdS/QCD proposals as presented in Refs. [30,33,39]. In 
an overall view, this deformed holographic model presents rea-
sonable results for the electric and magnetic form factors for the 
proton and the neutron, besides the electric and magnetic nucleon 
sizes.
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Fig. 1. The upper (lower) panels compare our results for the proton (neutron) Sachs form factors with the available experimental and theoretical data. Left panels: Electric 
form factors. Right panels: Magnetic form factors. The experimental data used here are available in Ref. [5].
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as follows

G p
M(0) = µp and Gn

M(0) = µn , (29)
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ηn = µn
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Note that our model for baryons is invariant under the SU (2)
isospin group, therefore, both proton and neutron have the same 
mass M0, given by the ground state of the baryonic spectra calcu-
lated from Eq. (11).

In Fig. 1, we present our results for proton and neutron Sachs 
form factors, Eq. (28), compared with available experimental data 
and another AdS/QCD model. Note that we have chosen to study 
a range of values for kγ (represented by a colored region) instead 
of just one value. Of course, one can consider the average value 
kγ = −0.71 Gev2 as the best fit. In the left side of Fig. 1, we show 
the Sachs electric form factors. In particular, for G p

E (q2) (upper left 
panel) and Gn

E(q2) (lower left panel) our holographic and deformed 
model seems to work better for low q2, when it is compared with 

other models. On the other side, in the upper and lower right pan-
els of Fig. 1, we plot the Sachs magnetic form factors, where one 
can see that our deformed model works well from low to large 
q2. We compare our results with the ones from Kelly [4], Arring-
ton et al. [6], Abidin and Carlson [30], and Gutsche et al. [34]. We 
also plot in Fig. 2 our predictions for the ratio of the nucleon Sachs 
form factors and compare them with available experimental data 
and other theoretical (holographic) models. Once again, as shown 
in Fig. 1 our gauge/gravity model as well as another holographic 
ones seem to work better in the low q2 regime.

Once we have computed the Sachs form factors, we can explore 
the electromagnetic size of nucleons by computing the correspond-
ing electromagnetic nucleon radii. These quantities, for a given 
nucleon, are defined as follows
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∣∣∣∣∣
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∣∣∣∣∣
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Numerical results for the proton and neutron holographic elec-
tromagnetic RMS radii are summarized in Table 1.

5. Discussions and last comments

In this last section we present our discussions as well as our 
conclusions on our numerical results for the nucleon form fac-
tors and electromagnetic nucleon radii achieved within our model. 
Such a calculation was performed in the context of an AdS/QCD 
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Fig. 1. The upper (lower) panels compare our results for the proton (neutron) Sachs form factors with the available experimental and theoretical data. Left panels: Electric 
form factors. Right panels: Magnetic form factors. The experimental data used here are available in Ref. [5].
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a range of values for kγ (represented by a colored region) instead 
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kγ = −0.71 Gev2 as the best fit. In the left side of Fig. 1, we show 
the Sachs electric form factors. In particular, for G p
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model seems to work better for low q2, when it is compared with 
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els of Fig. 1, we plot the Sachs magnetic form factors, where one 
can see that our deformed model works well from low to large 
q2. We compare our results with the ones from Kelly [4], Arring-
ton et al. [6], Abidin and Carlson [30], and Gutsche et al. [34]. We 
also plot in Fig. 2 our predictions for the ratio of the nucleon Sachs 
form factors and compare them with available experimental data 
and other theoretical (holographic) models. Once again, as shown 
in Fig. 1 our gauge/gravity model as well as another holographic 
ones seem to work better in the low q2 regime.

Once we have computed the Sachs form factors, we can explore 
the electromagnetic size of nucleons by computing the correspond-
ing electromagnetic nucleon radii. These quantities, for a given 
nucleon, are defined as follows
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Numerical results for the proton and neutron holographic elec-
tromagnetic RMS radii are summarized in Table 1.
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conclusions on our numerical results for the nucleon form fac-
tors and electromagnetic nucleon radii achieved within our model. 
Such a calculation was performed in the context of an AdS/QCD 
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Fig. 2. The ratio of the proton (left panel) and neutron (right panel) Sachs form factors computed within our deformed gravity/gauge duality model compared with available 
experimental data and theoretical (holographic) models [4,5,30,34].

Table 1
Holographic results are calculated with κγ = −0.450 GeV2, in Eq. (19). 
Experimental data is taken from PDG [45]. For the neutron charge ra-
dius, the mean square charge radius, given in fm2, is considered.

Nucleon Experimental (fm) This work (fm)

Proton charge radius 0.8409 ± 0.0004 0.8576
Proton magnetic radius 0.851 ± 0.026 0.7929
Neutron charge radius∗ −0.1161 ± 0.0022 −0.0668
Neutron magnetic radius 0.864+0.009

−0.008 0.7933

model with a geometric deformation on the metric. Note that in 
the case of nucleons this deformation sets the confinement scale, 
while for the photon field, it is related with a kinematical scale of 
the elastic process.

First of all, let us discuss about the electric form factors for both 
protons and neutrons. In the low q2 region, holographic models 
seem to follow a similar phenomenological behavior, despite the 
fact they are de facto different. In Abidin et al. [30] and Gutsche et 
al. [34] and recently in Mamo et al. [39] models, confinement is 
placed by a quadratic dilaton, whereas our model does the same 
effect with a geometric (quadratic) deformation. For high z, these 
models have the same asymptotics, as we can see in the linearity 
of the nucleon spectra [22]. Differences arise in the intermediate z
region, as we can notice by analyzing the e.o.m. structure. At z →
0, these models are entirely dominated by the warp factor only. 
This condition follows from the consistency constraints we have to 
address in order to apply the holographic dictionary. However, the 
intermediate region contributes to set the next to leading order 
behavior in the form factors at low q2.

Regarding to the Sachs magnetic form factors, in the upper and 
lower right panels of Fig. 1, one can see that our deformed model 
works well for a wide range of q2.

In Fig. 2 we plotted the quotient of G E with G M for the proton 
and the neutron and then we compared them with the experimen-
tal data and other holographic and non-holographic approaches. 
Notice that for low values of q2, our model had captured the 
expected behavior of such a quotient. It is worthwhile to men-
tion that this behavior is shared with other holographic bottom-up 
models.

In second place, beyond Sachs electric and magnetic form fac-
tors another important result achieved in this work is related to 
the proton and the neutron electromagnetic sizes as summarized 
in Table 1. In particular, for proton’s charge/magnetic radii and 
neutron’s magnetic radii the results presented here are compatible 
with the ones in Ref. [45]. Notice again that our model captures 
the low q2 phenomenology consistently, as our results for the nu-
cleon radii demonstrate. However for the neutron charge radius, 

our result is not very good. This behavior is also seen in other 
bottom-up AdS/QCD proposals as presented in Refs. [30,33,39]. In 
an overall view, this deformed holographic model presents rea-
sonable results for the electric and magnetic form factors for the 
proton and the neutron, besides the electric and magnetic nucleon 
sizes.
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Fig. 1. The upper (lower) panels compare our results for the proton (neutron) Sachs form factors with the available experimental and theoretical data. Left panels: Electric 
form factors. Right panels: Magnetic form factors. The experimental data used here are available in Ref. [5].

G N
E (q) = F N

1 (q) − q2

4 M2
N

F N
2 (q), G N

M(q) = F N
1 (q) + F N

2 (q), (28)

which in the low q2 limit define the nucleon magnetic moments 
as follows

G p
M(0) = µp and Gn

M(0) = µn , (29)

while for the electric moments

G p
E(0) = 1 and Gn

E(0) = 0 . (30)

These conditions allow us to fix ηN as

ηp = 1 − µp

2 M0 C
= 0.352 (31)

ηn = µn

2 M0 C
= −0.234. (32)

Note that our model for baryons is invariant under the SU (2)
isospin group, therefore, both proton and neutron have the same 
mass M0, given by the ground state of the baryonic spectra calcu-
lated from Eq. (11).

In Fig. 1, we present our results for proton and neutron Sachs 
form factors, Eq. (28), compared with available experimental data 
and another AdS/QCD model. Note that we have chosen to study 
a range of values for kγ (represented by a colored region) instead 
of just one value. Of course, one can consider the average value 
kγ = −0.71 Gev2 as the best fit. In the left side of Fig. 1, we show 
the Sachs electric form factors. In particular, for G p

E (q2) (upper left 
panel) and Gn

E(q2) (lower left panel) our holographic and deformed 
model seems to work better for low q2, when it is compared with 

other models. On the other side, in the upper and lower right pan-
els of Fig. 1, we plot the Sachs magnetic form factors, where one 
can see that our deformed model works well from low to large 
q2. We compare our results with the ones from Kelly [4], Arring-
ton et al. [6], Abidin and Carlson [30], and Gutsche et al. [34]. We 
also plot in Fig. 2 our predictions for the ratio of the nucleon Sachs 
form factors and compare them with available experimental data 
and other theoretical (holographic) models. Once again, as shown 
in Fig. 1 our gauge/gravity model as well as another holographic 
ones seem to work better in the low q2 regime.

Once we have computed the Sachs form factors, we can explore 
the electromagnetic size of nucleons by computing the correspond-
ing electromagnetic nucleon radii. These quantities, for a given 
nucleon, are defined as follows

〈r2
N,E〉 = −6

d G N
E (q2)

d q2

∣∣∣∣∣
q2→0

, (33)

〈r2
N,M〉 = − 6

G N
M(0)

d G N
M(q2)

d q2

∣∣∣∣∣
q2→0

. (34)

Numerical results for the proton and neutron holographic elec-
tromagnetic RMS radii are summarized in Table 1.

5. Discussions and last comments

In this last section we present our discussions as well as our 
conclusions on our numerical results for the nucleon form fac-
tors and electromagnetic nucleon radii achieved within our model. 
Such a calculation was performed in the context of an AdS/QCD 
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Fig. 1. The upper (lower) panels compare our results for the proton (neutron) Sachs form factors with the available experimental and theoretical data. Left panels: Electric 
form factors. Right panels: Magnetic form factors. The experimental data used here are available in Ref. [5].
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Note that our model for baryons is invariant under the SU (2)
isospin group, therefore, both proton and neutron have the same 
mass M0, given by the ground state of the baryonic spectra calcu-
lated from Eq. (11).

In Fig. 1, we present our results for proton and neutron Sachs 
form factors, Eq. (28), compared with available experimental data 
and another AdS/QCD model. Note that we have chosen to study 
a range of values for kγ (represented by a colored region) instead 
of just one value. Of course, one can consider the average value 
kγ = −0.71 Gev2 as the best fit. In the left side of Fig. 1, we show 
the Sachs electric form factors. In particular, for G p

E (q2) (upper left 
panel) and Gn

E(q2) (lower left panel) our holographic and deformed 
model seems to work better for low q2, when it is compared with 

other models. On the other side, in the upper and lower right pan-
els of Fig. 1, we plot the Sachs magnetic form factors, where one 
can see that our deformed model works well from low to large 
q2. We compare our results with the ones from Kelly [4], Arring-
ton et al. [6], Abidin and Carlson [30], and Gutsche et al. [34]. We 
also plot in Fig. 2 our predictions for the ratio of the nucleon Sachs 
form factors and compare them with available experimental data 
and other theoretical (holographic) models. Once again, as shown 
in Fig. 1 our gauge/gravity model as well as another holographic 
ones seem to work better in the low q2 regime.

Once we have computed the Sachs form factors, we can explore 
the electromagnetic size of nucleons by computing the correspond-
ing electromagnetic nucleon radii. These quantities, for a given 
nucleon, are defined as follows
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Numerical results for the proton and neutron holographic elec-
tromagnetic RMS radii are summarized in Table 1.

5. Discussions and last comments

In this last section we present our discussions as well as our 
conclusions on our numerical results for the nucleon form fac-
tors and electromagnetic nucleon radii achieved within our model. 
Such a calculation was performed in the context of an AdS/QCD 
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AdS/CFT Correspondence

Maldacena ’97: 

• String Theory defined in  is dual to Conformal  Super  

 Yang-Mils Theory with  in  Minkowski (or 
Euclidean) space (Strong Statement = Conjecture);


• Supergravity fields (low energy limit of string theory) in  are 
dual to operators in the Hilbert Space of Conformal  Super 

 Yang-Mils Theory with  in  Minkowski (or 
Euclidean) space (Weak Statement = Proven). 


• Other forms of the correspondence in other spacetimes, Strong and 
Weak, were also proposed or proven. 

AdS5 × S5 𝒩 = 4
SU(N) N → ∞ d = 4

AdS5 × S5

𝒩 = 4
SU(N) N → ∞ d = 4



Deformed AdS space Confinement

• Kinar, Schreiber, Sonnenschein ’00: General Criteria for Confining theories from the AdS/
CFT correspondence defined in diagonal metrics 

;

• Hard Wall is confining at zero and finite temperatures (HBF, N. Braga, C. N. Ferreira’06);

• Original Soft Wall is not confining      Solution: Modified metric 

  instead of exponential in the Action, confining at 

zero and finite temperatures (Andreev, Zakharov’06);

• This solution implies the same spectrum for vector mesons as in the Original Soft Wall 

model. 

ds2 = − g00dt2 + giidx2
i + gzzdz2 + gTTdx2

T

⇒

ds2 =
L2

z2
ekz2 (−dt2 + d ⃗x2 + dz2)



Glueballs

M2
5 = (Δ)(Δ − 4),AdS/CFT prescription 

(scalars)

𝒪4 = Tr (F2) = Tr (FμνFμν);Scalar Glueballs

Higher Spin  
Glueballs

J 𝒪4+J = Tr (FD{μ1⋯DμJ}F)
de Teramond-

Brodsky 
Prescription

Δ = 4 + J

Δ = 4

M2
5 = J(J + 4) ; (even J)

𝒪6 = Sym Tr (F̃μνF2),

Oddballs

Δ = 6

𝒪6+J = Sym Tr (F̃μνFD{μ1⋯DμJ}F),

Higher Spin    OddballsJ

M2
5 = (J + 6)(J + 2) ; (odd J) ,

Capossoli, HBF 2013

Δ = 6 + J



Deformed AdS space Partial Summary: Hadronic Spectra from Deformed AdS 
backgrounds 

nn̄ = (uū+dd̄)/
√

2
f0(980) f0(1500) f0(2020) f0(2200)

ss̄ f ′0
f0(1370) f0(1710) f0(2100) f0(2330)

sets.  The  first  set,  i.e.,  set  1,  is  related  to  the
  states,  which  are  represented  by

,  ,  , and  . The second set,
i.e.,  set  2,  is  related  to    states,  also  called  ,  which  is
represented by  ,  ,  , and  .

nr ×m2 nr
m2

Using the states that belong to set 1, we plot a Chew-
Frautschi  plane  represented  as  ,  where    is  the
spectroscopy radial excitation, and   is the squared scal-
ar  meson  mass  represented  by  the  dots  (our  model)  or
squares  (PDG) in Fig.  4. Using a  standard  linear   regres-
sion  method,  we  obtain  the  experimental  and  theoretical
Regge trajectories for set 1, given by:

m2
exp = (1.314±0.017) nr − (0.285±0.332) , (30)

m2
th = (1.288±0.009) nr − (0.117±0.024) . (31)

For  the  states  belonging  to  set  2,  we  plot Fig.  5  and
obtain the  experimental  and  theoretical  Regge   trajector-
ies, given by:

m2
exp = (1.236±0.052) nr − (0.576±0.142) , (32)

m2
th = (1.300±0.005) nr − (0.496±0.012) . (33)

1.25±0.15

The Regge trajectories for scalar mesons belonging to
the set 1 and 2 from our model, represented by Eqs. (31)
and (33), present Regge slopes of   GeV2, which

1.1is close to the universal value   GeV2 [72, 75].

5    Hadronic spectra for vector mesons

 

f0

AdS 5

Fig. 3.    Scalar meson   family squared masses as a function
of their  holographic radial  excitation n obtained within the
deformed    space  approach  (dots)  and  from  PDG
(squares), as presented in Table 5.

 

f0 [nn̄ = (uū+dd̄)/
√

2]

nr AdS 5

Fig.  4.      Scalar  meson      states  belonging
to set 1 squared masses as a function of their spectroscopy
radial  excitation  ,  obtained  within  the  deformed 
space approach (dots) and coming from PDG (squares).

 

f0[ss̄]

nr AdS 5

Fig. 5.    Scalar meson   states belonging to set 2 squared
masses as a function of their spectroscopy radial excitation
,  obtained  within  the  deformed    space  approach

(dots) and from PDG (squares).

f0 (S =C = B = 0)
n = 1, 2, 3, · · ·

n = 1
Mexp Mth

AdS 5

ksm = −0.3322

Mth Mexp

Table 5.    Masses of light unflavored scalar meson  .
Column    represents  holographic  radial  excitation  of
scalar  mesons.  The  ground  state  is  represented  by  .  Column

 represents experimental data from PDG [69]. Column   rep-
resents  the  masses  obtained  within  the  deformed    space  ap-
proach using Eq.  (25) with   GeV2.  Column %M  rep-
resents the error of   with respect to  , according to Eq. (26).

f0 0+(0++)Scalar meson   ( )

f0  meson Mexp/GeV [69] Mth/GeV %M

n = 1 f0(980) 0.990±0.02 1.089 9.97

n = 2 f0(1370) 1.2 to 1.5 1.343 0.54

n = 3 f0(1500) 1.504±0.006 1.562 3.87

n = 4 f0(1710) 1.723+0.006
−0.005 1.757 1.96

n = 5 f0(2020) 1.992±0.016 1.933 2.96

n = 6 f0(2100) 2.101±0.007 2.095 0.27

n = 7 f0(2200) 2.189±0.013 2.246 2.61

n = 8 f0(2330) 2.337±0.014 2.388 2.17
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nr nr = 1,2,3,4
L = 0

28
410

nr ×m2 nr
m2

N(1/2+) (56,2 8)0

N(1/2+) (56,2 8)0

scopy  radial  excitation  ,  corresponding  to  ,
respectively,  with  orbital  angular  momentum  .  In
this  notation,  D  represents  the  56-plet,  which  can  be
broken  into  an  octet  with  spin  1/2  ( )  and  a  decuplet
with spin 3/2 ( ). For these mentioned states, we plot a
Chew-Frautschi plane represented as  ,  where    is
the  spectroscopy radial  excitation,  and    is  the  squared

 baryon mass belonging to the   state rep-
resented  by  the  dots  (our  model)  or  squares  (PDG)  in
Fig. 9. Using a standard linear regression method, we ob-
tain  the  experimental  and  theoretical  Regge  trajectories
for   baryon in the   state, such that:

m2
exp = (1.160±0.090) nr − (0.384±0.246) , (64)

m2
th = (1.038±0.204) nr − (0.320±0.560) . (65)

N(1/2+)

1.081±0.036
1.1

The Regge trajectory for the   baryon belong-
ing to the same multiplet comes from our model, repres-
ented  by  Eq.  (65),  and  presents  a  Regge  slope  near  to

 GeV2  [82],  which  is  close  to  the  universal
value   GeV2.

6.2    Results for higher spin baryons spectra

S = 3/2 S = 5/2

3/2

OB
3/2

∆3/2 = 11/2 m5 = 7/2
k3/2 = 0.2052

I(JP) = 1/2(3/2+)

Here,  we  deal  with  light  baryons,  according  to  the
same  structure  as  in  the  previous  section  and  a  higher
spin,  meaning  e.g.,    or  .  To  this  end,  we
employ the same approach for the higher spin glueball, as
in Subsection 3.1. To obtain the spectrum for spin   ba-
ryons, we insert symmetrized covariant derivatives in the
operator  , given  by  Eq.  (60).  Then,  the  conformal  di-
mensions  related  to  the  spin    baryons  is  now

,  with  .  Solving  Eq.  (59)  with  the
warp  factor  constant  k  given  by    GeV2,  we
obtain the masses compatible with the family of N bary-
on,  with  ,  as  indicated  in  Table  8.  The
error presented in last column of Table 8 (%M) is defined

in Eq. (26). We also compute the total r.m.s error defined
by Eq. (27). For Table 9 one finds δrms = 9.00%.

Mexp Mth
n = 1 n = 2

N(3/2+)

Observing  the  column  (%M)  in  Table  8,  the  errors
between   and   are excessively high, especially for

  and    states.  A  possible  reinterpretation  would
be a missing state,  which represents  the ground state for
the   baryons family. Taking into account this as-
sumption, regarding a possible missing state, we can rein-
terpret Table  8  as  in Table  9,  where  in  the  first  line  we
present  a  possible  baryon  prediction  obtained  within  the
deformed AdS model. The error presented in last column
of Table 9 (%M) is defined in Eq. (26), and we compute
the total r.m.s error defined by Eq. (27). For Table 9, we
find that δrms = 2.13%. We excluded our prediction of the
error calculation. The errors in Table 8 are greater than in

 

N(1/2+)

AdS 5

Fig. 8.       baryon family squared masses as a function
of  their  holographic  radial  excitation,  obtained  within  the
deformed    space  approach  (dots)  and  from  PDG
(squares), as presented in Table 7.

 

N(1/2+) (56,2 8)0

nr AdS 5

Fig.  9.         baryons  belonging  to  the    state
squared  masses  as  a  function  of  their  spectroscopy  radial
excitation  , obtained within the deformed   space ap-
proach (dots) and from PDG (squares).

N(1/2+) n = 1, 2, 3, · · ·

n = 1 Mexp

Mth N(1/2+)
k1/2 = 0.2052 AdS 5

Mth

Mexp

Table 7.      Masses of   baryons. Column   repres-
ents  holographic  radial  excitation.  The  ground  state  is  represented
by  .  Column    represents  experimental  data  from  PDG
[69].  Column    represents  the  masses  of    baryons  with

 GeV2,  obtained  within  the  deformed    space ap-
proach and using Eq. (59). Column %M represents the error of 
with respect to  , according to Eq. (26).

N(1/2+Baryons  )

N baryon Mexp/GeV [69] Mth/GeV %M

n = 1 N(939) 0.93949±0.00005 0.98683 5.04

n = 2 N(1440) 1.360 to 1.380 1.264 7.76

n = 3 N(1710) 1.680 to 1.720 1.531 9.94

n = 4 N(1880) 1.820 to 1.900 1.791 3.70

n = 5 N(2100) 2.050 to 2.150 2.046 2.58

n = 6 N(2300) 2.300+0.006 +0.1
−0.005 −0 2.296 0.19
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