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Introduction

• Transverse Momentum Dependent distribution factorization is valid only for q⊥ ≪ Q 1.

• The Drell-Yan process provides important information on the internal structure of
hadrons including TMDs.

• The Drell-Yan technique poses significant experimental challenges due of its very low
counting rates.

• However, theoretically, it is the cleanest hard hadron-hadron scattering process.

• The absence of a hadron in the final state simplifies factorization proof compared to
hadron-hadron collisions with hadronic final states.

1. Collins(2011), TMD Handbook(2023)
2 / 22
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• Graphical structure corresponding to leading regions in Drell-Yan scattering process 1

• After approximations and Ward identities : Separate into hard, soft, and collinear parts.
• The Drell-Yan cross section in the parton model 2 :

• The SIDIS cross section in the parton model :

1. S. Drell et al., PRL 1970
2. TMD Handbook (2023) 3 / 22
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• TMDs store 3D information and characterize the link between the spin and polarization
of active partons, as well as their motion.

• At leading twist there are : 2 pion TMDs and 8 proton TMDs : 6 → T-even & 2 →
T-odd 1.

1. TMD Handbook, 2023
4 / 22
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Pion-induced Drell-Yan process
• Within the TMD factorization (q⊥ ≪ Q) the differential cross section in the Drell-Yan
process 1 :

dσ
(
π−p → l+l−X

)
dx1dx2d2qT dΩ

=
α2

em

FQ2

{[
(1 + cos2

θ)F 1
UU + sin2

θ cos(2ϕ)F cos 2ϕ
UU

]
+ SL sin2

θ sin(2ϕ)F sin 2ϕ
UL + ST sin2

θ
[

sinϕsF
sin ϕs
UT

+ sin(2ϕ + ϕs)F sin(2ϕ+ϕS )
UT

+ sin(2ϕ − ϕS)F sin(2ϕ−ϕS )
UT

]}

• Structure functions are the convolutions of TMDs :

C[ωf q̄
πf

q
p ] =

1
Nc

∑
q

e
2
q

∫
d

2
k⃗⊥πd

2
k⃗⊥pδ

2(k⃗⊥π + k⃗⊥p − q⃗⊥)ω
[
f

q̄
π(xπ, k

2
⊥π)fq

p (xp, k
2
⊥p)

]
• Transverse spin asymmetries :

A
weight
XY

(
xπ, xp, qT , Q

2
)

=
Fweight

XY

(
xπ, xp, qT , Q

2
)

F 1
UU

(xπ, xp, qT , Q2)
,

1. S. Arnold et al., 2009
5 / 22
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Pion TMDs : Light-Front Holographic QCD

• The TMD correlator for the pion (twist-2) 1 :

Φ (x, k⊥) =
1
2

{
f1 ̸ n+ + ih

⊥
1

[̸ k⊥, ̸ n+]
2Mπ

}
• The unpolarized pion TMD, f1,π describes the momentum distribution of unpolarized
quarks within the pion.

• The pion Boer-Mulders function, h⊥q
1,π describes the spin-orbit correlations of

transversely polarized quarks within the pion.

• h⊥q
1,π is naively a T-odd distribution which was vanishing due to the time reversal

invariance of QCD.

Pion LFWFs in Holographic QCD

• The holographic pion LFWFs can obtained by solving the LF Schrödinger equation and
longitudinal wave equation for mesons 2 :(

−
d2

dζ2 −
1 − 4L2

4ζ2 + U⊥(ζ)
)
ϕ(ζ) = M

2
⊥ϕ(ζ);

(
m2

f

x
+

m2
f̄

1 − x
+ U∥(x)

)
χ(x) = M

2
∥χ(x).

where, ζ =
√

x(1 − x)b⊥ with M2 = M2
⊥ + M2

∥ .

1. Goeke et.al, 05 ; Bacchetta et.al, 06
2. S.J. Brodsky et al., 2009
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• Pion wavefunction with U⊥(ζ) = κ4ζ2 + 2κ2(J − 1) and a prescription by Brodsky et al.

(IMA) : k2
⊥

x(1−x) → k2
⊥

x(1−x) +
m2

f

x
+

m2
f̄

(1−x)

Ψ(x,k⊥) = N
1√

x(1 − x)
exp

[
−

k2
⊥

2κ2x(1 − x)

]
︸ ︷︷ ︸

ϕ(ζ)

× exp
[

−
1

2κ2

(
m2

f

x
+

m2
f̄

1 − x

)]
︸ ︷︷ ︸

χ(x)

• The spin-improved holographic wave function :

Ψh,h̄(x,k⊥) =
[

(Mπxx̄ + Bmf )hδh,−h̄ − Bk⊥e
−ihθk⊥ δh,h̄

] Ψ(x,k⊥)
xx̄

.

• Pion Unpolarized PDF and the Boer Mulders function 2 :

μ2
= 25 GeV2

Perturbative

Nonperturbative

COMPASS 2015 preliminary

0.0 0.2 0.4 0.6 0.8 1.0

-0.5

0.0

0.5

1.0

1.5

2.0

x

x
h

1
,
π

⟂
(1
) (

x
)

2. C. Mondal et al. (2018) ; M. Aicher et al., (2010) ; B. Gurjar et al. (2023) ; R. Longo (COMPASS),
(2015)
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x(1−x) → k2
⊥

x(1−x) +
m2

f

x
+

m2
f̄

(1−x)

Ψ(x,k⊥) = N
1√

x(1 − x)
exp

[
−

k2
⊥

2κ2x(1 − x)

]
︸ ︷︷ ︸

ϕ(ζ)

× exp
[

−
1

2κ2

(
m2

f

x
+

m2
f̄

1 − x

)]
︸ ︷︷ ︸

χ(x)

• The spin-improved holographic wave function :

Ψh,h̄(x,k⊥) =
[

(Mπxx̄ + Bmf )hδh,−h̄ − Bk⊥e
−ihθk⊥ δh,h̄

] Ψ(x,k⊥)
xx̄

.

• Pion Unpolarized PDF and the Boer Mulders function 2 :

μ2
= 25 GeV2

Perturbative

Nonperturbative

COMPASS 2015 preliminary
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Proton TMDs : Light-Front Quark-Diquark model

• In this model nucleons (p = |uud⟩, n = |udd⟩) are considered as a bound state of an
active quark and a spectator diquark. 1

• The diquark can have spin-0 singlet (scalar diquark) or spin-1 triplet (axial-vector
diquark).
• The proton state is written in the spin-flavor SU(4) structure as 2,

|P ; ±⟩ = CS |uS0⟩±︸ ︷︷ ︸
isoscalar-scalar

+CV |uA0⟩±︸ ︷︷ ︸
isoscalar-axial vector

+CV V |dA(1)⟩±︸ ︷︷ ︸
isovector-axial vector

• The two particle Fock-state expansion with Jz = ± 1
2 for scalar diquark :

|u S⟩± =

∫
dxd2p⊥

2(2π)3
√
x(1 − x)

∑
λ

ψ
±(u)
λ

(x,p⊥) |λ,ΛS ; xP+
,p⊥⟩

∣∣∣
ΛS =0

1. S.J. Brodsky et al. (2001)
2. D. Chakrabarti et al. (2015)
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and for a vector-diquarks :

|ν A⟩± =

∫
dxd2p⊥

2(2π)3
√
x(1 − x)

∑
λ

∑
ΛA

ψ
±(ν)
λΛA

(x,p⊥) |λ,ΛA; xP+
,p⊥⟩

∣∣∣
ΛA=0,±1

• The light-front wavefunctions 1

ψ
±(ν)
λΛ (x,p⊥) = N

ν
f(x,p⊥, λ,Λ)φ(ν)

i
(x,p⊥)

∣∣∣
i=1,2

• Modified soft-wall AdS/QCD wave function for two particle bound state 2 :

φ
(ν)
i

(x,p⊥) =
4π
κ

√
log(1/x)

1 − x
x

aν
i (1 − x)bν

i exp
[

−δν p2
⊥

2κ2
log(1/x)
(1 − x)2

]
;

• The AdS/QCD scale parameter κ = 0.4 GeV, and the quarks are assumed to be
massless.

• Model parameters aν
i , bν

i and δν are fitted by the experimental data of the Dirac
F1(Q2) and Pauli F2(Q2) Form Factors 3.

1. Gutsche et. al (2014)
2. Brodsky-Teramond (2009)
3. D. Chakrabarti, T. Maji (2015)
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• Unpolarized parton densities are in good agreement with the available global analysis 1

• Model results for Transversity distribution are consistent with global analysis 2

This work

B-R (2018)

JAM20

LFCQM

Torino

SPM

0.2 0.4 0.6 0.8 1.0

0.0

0.2

0.4

0.6

0.8

1.0

0.2 0.4 0.6 0.8 1.0

-0.3

-0.2

-0.1

0.0

0.1

0.2

1. T. Maji, D. Chakrabarti (2016)
2. B. Gurjar, C. Mondal (2023)
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• Pretzelosity TMD PDF, h⊥q
1T : Contributes to sin(2ϕ + ϕs) asymmetry 1.

• Kotzinian-Mulders TMD PDF, h⊥q
1L : Contributes to sin(2ϕ) asymmetry 1.

1. T. Maji, D. Chakrabarti (2017)
11 / 22



DR
AF

T

• Pretzelosity TMD PDF, h⊥q
1T : Contributes to sin(2ϕ + ϕs) asymmetry 1.

• Kotzinian-Mulders TMD PDF, h⊥q
1L : Contributes to sin(2ϕ) asymmetry 1.

1. T. Maji, D. Chakrabarti (2017)
11 / 22



DR
AF

T

• Pretzelosity TMD PDF, h⊥q
1T : Contributes to sin(2ϕ + ϕs) asymmetry 1.

• Kotzinian-Mulders TMD PDF, h⊥q
1L : Contributes to sin(2ϕ) asymmetry 1.

1. T. Maji, D. Chakrabarti (2017)
11 / 22



DR
AF

T

• Pretzelosity TMD PDF, h⊥q
1T : Contributes to sin(2ϕ + ϕs) asymmetry 1.

• Kotzinian-Mulders TMD PDF, h⊥q
1L : Contributes to sin(2ϕ) asymmetry 1.

1. T. Maji, D. Chakrabarti (2017)
11 / 22



DR
AF

T

Initial vs Final state interaction and T-odd TMDs

• A gluon exchange between the outgoing (incoming) quark (anti-quark) and the target
spectator system is known as the FSI (ISI) 1.

• Gauge link for T-even TMDs ⇒ Unity & T-odd TMDs ⇏ Unity

• Sivers and Boer-Mulders functions are T-odd and have opposite sign in SIDIS and DY
processes. [✓□ HERMES/COMPASS]

f⊥q
1T |SIDIS = −f⊥q

1T |DY , h⊥q
1 |SIDIS = −h⊥q

1 |DY

1. C. Pisano, L. Gamberg et al., (2011)
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• The perturbative Abelian U(1) & the nonperturbative SU(3) kernel 1.

iG(x, q⊥)
∣∣

U(1)
∝
CFαS

q2
⊥

; iG(x, q⊥)
∣∣

SU(3)
= −

2
(2π)2

x̄I(x, q⊥)
q⊥

• The QCD lensing function is obtained from the eikonal amplitude of quark-antiquark
scattering by exchanging non-Abelian soft gluons2.

• The Lensing function, I(x, q⊥) connects h
⊥(1)
1,π with chiral-odd pion GPD, Hπ

1
2.

M
2
πh

⊥(1)
1 (x) = 2π

∫ ∞

0

db⊥b
2
⊥I(x, b⊥)

∂

∂b2
⊥

Hπ
1 (x, b2

⊥)

1. Z. Lu and Ivan Schmidt (2007) , C. Mondal et al. (2019)
2. Leonard Gamberg, Marc Schlegel (2009)
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Sivers & Boer-Mulders Functions

• In scalar-diquark model 1, f⊥q
1T ≡ h⊥q

1 .

• Axial-vector diquark model 2 f⊥u
1T & h⊥u

1 < 0, and f⊥d
1T > 0, h⊥d

1 < 0.

1. V. E. Lyubovitskij et al.,(2022)
2. A. Bacchetta et al. (2008), T. Maji et al. (2017)
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TMD scale evolution

• TMD evolution is governed by two differential equations (RG-equation) in UV and
rapidity renormalize scales.

• The CSS evolution formalism is simpler in the coordinate space 1,
F̃ (x, b⊥;µ) = F̃ (x, b⊥;µ0)e−[SP (Q,b∗)+SNP (Q,b⊥)]

• The perturbative sudakov FF, SP (Q, b∗) → same for all kinds of distribution functions,
i.e., SP is spin-independent.

SP (Q, b∗) =

∫ Q2

µ2
b

dµ̄2

µ̄2

[
A(αs(µ̄))ln

Q2

µ̄2 + B(αs(µ̄))
]
,

where µb = 2e−γE /b∗, with b∗ = b⊥/
√

1 + b2
⊥/b2

max , bmax < 1/ΛQCD.

• b∗ always remains in perturbative region (0 ≤ b∗ ≤ bmax) 2 :

1. M. G. Echevarria et al. (2014), S. M. Aybat et al., (2011)
2. Brock, Landry, Nadolsky, Yuan (2003)
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• b∗ is the reason to introduce the Nonperturbative Sudakov form factor 1.

SNP(Qf ; b⊥) = g1(b⊥) + g2(b⊥) ln
Qf

Q0
,

with g1(b⊥) = g1b2
⊥ and g2(b⊥) = g2 ln(b⊥/b∗)

• A and B are the Anomalous dimensions :

A =
∞∑

n=1

A
(n)

(
αs(µ)
π

)n

, B =
∞∑

n=1

B
(n)

(
αs(µ)
π

)n

.

• We use A(n) up to A(2) and B(n) up to B(1) in the (NLL) order accuracy,

A
(1) = CF , A

(2) =
CF

2

[
CA

(
67
18

−
π2

6

)
−

10
9
TRnf

]
, B

(1) = −
3
2
CF .

• Structure functions can be written in terms of FT of products of TMDs in b⊥ space 2 :

Bn

[
f̃π f̃p

]
≡

1
NC
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q
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2
q

∫ ∞

0

db⊥b⊥

2π
b

n
⊥Jn(q⊥b⊥)f̃ q̄

π(xπ, b⊥, Q0)f̃q
p (xp, b⊥, Q0)e−[SP +SNP ]

• Bn leads to the twist-2 structure functions 3 : F 1
UU ∼ B0
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f̃1,π f̃1,p

]
,

F cos 2ϕ
UU ∼ B2
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h̃

⊥(1)
1,π h̃

⊥(1)
1,p
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, F sin 2ϕ

UL ∼ B2
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1,π h̃

⊥(1)
1L,p
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F sin ϕs
UT ∼ B1

[
f̃1,π f̃

⊥(1)
1T,p
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, F

sin(2ϕ−ϕs)
UT ∼ B1
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h̃

⊥(1)
1,π h̃1,p
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, F

sin(2ϕ+ϕs)
UT ∼ B3

[
h̃

⊥(1)
1,π h̃

⊥(2)
1T,p

]
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2. A. Bacchetta et al., (2019)
3. S. Bastami, L. Gamberg, B. Pasquini et al., (2021)

16 / 22



DR
AF

T

• b∗ is the reason to introduce the Nonperturbative Sudakov form factor 1.

SNP(Qf ; b⊥) = g1(b⊥) + g2(b⊥) ln
Qf

Q0
,

with g1(b⊥) = g1b2
⊥ and g2(b⊥) = g2 ln(b⊥/b∗)

• A and B are the Anomalous dimensions :

A =
∞∑

n=1

A
(n)

(
αs(µ)
π

)n

, B =
∞∑

n=1

B
(n)

(
αs(µ)
π

)n

.

• We use A(n) up to A(2) and B(n) up to B(1) in the (NLL) order accuracy,

A
(1) = CF , A

(2) =
CF

2

[
CA

(
67
18

−
π2

6

)
−

10
9
TRnf

]
, B

(1) = −
3
2
CF .

• Structure functions can be written in terms of FT of products of TMDs in b⊥ space 2 :

Bn

[
f̃π f̃p

]
≡

1
NC

∑
q

e
2
q

∫ ∞

0

db⊥b⊥

2π
b

n
⊥Jn(q⊥b⊥)f̃ q̄

π(xπ, b⊥, Q0)f̃q
p (xp, b⊥, Q0)e−[SP +SNP ]

• Bn leads to the twist-2 structure functions 3 : F 1
UU ∼ B0

[
f̃1,π f̃1,p

]
,

F cos 2ϕ
UU ∼ B2

[
h̃

⊥(1)
1,π h̃

⊥(1)
1,p

]
, F sin 2ϕ

UL ∼ B2

[
h̃

⊥(1)
1,π h̃

⊥(1)
1L,p

]
,

F sin ϕs
UT ∼ B1

[
f̃1,π f̃

⊥(1)
1T,p

]
, F

sin(2ϕ−ϕs)
UT ∼ B1

[
h̃

⊥(1)
1,π h̃1,p

]
, F

sin(2ϕ+ϕs)
UT ∼ B3

[
h̃

⊥(1)
1,π h̃

⊥(2)
1T,p

]

1. Colins Soper (1982) ; Collins, (2011)
2. A. Bacchetta et al., (2019)
3. S. Bastami, L. Gamberg, B. Pasquini et al., (2021)

16 / 22



DR
AF

T

• b∗ is the reason to introduce the Nonperturbative Sudakov form factor 1.

SNP(Qf ; b⊥) = g1(b⊥) + g2(b⊥) ln
Qf

Q0
,

with g1(b⊥) = g1b2
⊥ and g2(b⊥) = g2 ln(b⊥/b∗)

• A and B are the Anomalous dimensions :

A =
∞∑

n=1

A
(n)

(
αs(µ)
π

)n

, B =
∞∑

n=1

B
(n)

(
αs(µ)
π

)n

.

• We use A(n) up to A(2) and B(n) up to B(1) in the (NLL) order accuracy,

A
(1) = CF , A

(2) =
CF

2

[
CA

(
67
18

−
π2

6

)
−

10
9
TRnf

]
, B

(1) = −
3
2
CF .

• Structure functions can be written in terms of FT of products of TMDs in b⊥ space 2 :

Bn

[
f̃π f̃p

]
≡

1
NC

∑
q

e
2
q

∫ ∞

0

db⊥b⊥

2π
b

n
⊥Jn(q⊥b⊥)f̃ q̄

π(xπ, b⊥, Q0)f̃q
p (xp, b⊥, Q0)e−[SP +SNP ]

• Bn leads to the twist-2 structure functions 3 : F 1
UU ∼ B0

[
f̃1,π f̃1,p

]
,

F cos 2ϕ
UU ∼ B2

[
h̃

⊥(1)
1,π h̃

⊥(1)
1,p

]
, F sin 2ϕ

UL ∼ B2

[
h̃

⊥(1)
1,π h̃

⊥(1)
1L,p

]
,

F sin ϕs
UT ∼ B1

[
f̃1,π f̃

⊥(1)
1T,p

]
, F

sin(2ϕ−ϕs)
UT ∼ B1

[
h̃

⊥(1)
1,π h̃1,p

]
, F

sin(2ϕ+ϕs)
UT ∼ B3

[
h̃

⊥(1)
1,π h̃

⊥(2)
1T,p

]

1. Colins Soper (1982) ; Collins, (2011)
2. A. Bacchetta et al., (2019)
3. S. Bastami, L. Gamberg, B. Pasquini et al., (2021)

16 / 22



DR
AF

T

• b∗ is the reason to introduce the Nonperturbative Sudakov form factor 1.

SNP(Qf ; b⊥) = g1(b⊥) + g2(b⊥) ln
Qf

Q0
,

with g1(b⊥) = g1b2
⊥ and g2(b⊥) = g2 ln(b⊥/b∗)

• A and B are the Anomalous dimensions :

A =
∞∑

n=1

A
(n)

(
αs(µ)
π

)n

, B =
∞∑

n=1

B
(n)

(
αs(µ)
π

)n

.

• We use A(n) up to A(2) and B(n) up to B(1) in the (NLL) order accuracy,

A
(1) = CF , A

(2) =
CF

2

[
CA

(
67
18

−
π2

6

)
−

10
9
TRnf

]
, B

(1) = −
3
2
CF .

• Structure functions can be written in terms of FT of products of TMDs in b⊥ space 2 :

Bn

[
f̃π f̃p

]
≡

1
NC

∑
q

e
2
q

∫ ∞

0

db⊥b⊥

2π
b

n
⊥Jn(q⊥b⊥)f̃ q̄

π(xπ, b⊥, Q0)f̃q
p (xp, b⊥, Q0)e−[SP +SNP ]

• Bn leads to the twist-2 structure functions 3 : F 1
UU ∼ B0

[
f̃1,π f̃1,p

]
,

F cos 2ϕ
UU ∼ B2

[
h̃

⊥(1)
1,π h̃

⊥(1)
1,p

]
, F sin 2ϕ

UL ∼ B2

[
h̃

⊥(1)
1,π h̃

⊥(1)
1L,p

]
,

F sin ϕs
UT ∼ B1

[
f̃1,π f̃

⊥(1)
1T,p

]
, F

sin(2ϕ−ϕs)
UT ∼ B1

[
h̃

⊥(1)
1,π h̃1,p

]
, F

sin(2ϕ+ϕs)
UT ∼ B3

[
h̃

⊥(1)
1,π h̃

⊥(2)
1T,p

]

1. Colins Soper (1982) ; Collins, (2011)
2. A. Bacchetta et al., (2019)
3. S. Bastami, L. Gamberg, B. Pasquini et al., (2021)

16 / 22



DR
AF

T

• b∗ is the reason to introduce the Nonperturbative Sudakov form factor 1.

SNP(Qf ; b⊥) = g1(b⊥) + g2(b⊥) ln
Qf

Q0
,

with g1(b⊥) = g1b2
⊥ and g2(b⊥) = g2 ln(b⊥/b∗)

• A and B are the Anomalous dimensions :

A =
∞∑

n=1

A
(n)

(
αs(µ)
π

)n

, B =
∞∑

n=1

B
(n)

(
αs(µ)
π

)n

.

• We use A(n) up to A(2) and B(n) up to B(1) in the (NLL) order accuracy,

A
(1) = CF , A

(2) =
CF

2

[
CA

(
67
18

−
π2

6

)
−

10
9
TRnf

]
, B

(1) = −
3
2
CF .

• Structure functions can be written in terms of FT of products of TMDs in b⊥ space 2 :

Bn

[
f̃π f̃p

]
≡

1
NC

∑
q

e
2
q

∫ ∞

0

db⊥b⊥

2π
b

n
⊥Jn(q⊥b⊥)f̃ q̄

π(xπ, b⊥, Q0)f̃q
p (xp, b⊥, Q0)e−[SP +SNP ]

• Bn leads to the twist-2 structure functions 3 : F 1
UU ∼ B0

[
f̃1,π f̃1,p

]
,

F cos 2ϕ
UU ∼ B2

[
h̃

⊥(1)
1,π h̃

⊥(1)
1,p

]

, F sin 2ϕ
UL ∼ B2

[
h̃

⊥(1)
1,π h̃

⊥(1)
1L,p

]
,

F sin ϕs
UT ∼ B1

[
f̃1,π f̃

⊥(1)
1T,p

]
, F

sin(2ϕ−ϕs)
UT ∼ B1

[
h̃

⊥(1)
1,π h̃1,p

]
, F

sin(2ϕ+ϕs)
UT ∼ B3

[
h̃

⊥(1)
1,π h̃

⊥(2)
1T,p

]

1. Colins Soper (1982) ; Collins, (2011)
2. A. Bacchetta et al., (2019)
3. S. Bastami, L. Gamberg, B. Pasquini et al., (2021)

16 / 22



DR
AF

T

• b∗ is the reason to introduce the Nonperturbative Sudakov form factor 1.

SNP(Qf ; b⊥) = g1(b⊥) + g2(b⊥) ln
Qf

Q0
,

with g1(b⊥) = g1b2
⊥ and g2(b⊥) = g2 ln(b⊥/b∗)

• A and B are the Anomalous dimensions :

A =
∞∑

n=1

A
(n)

(
αs(µ)
π

)n

, B =
∞∑

n=1

B
(n)

(
αs(µ)
π

)n

.

• We use A(n) up to A(2) and B(n) up to B(1) in the (NLL) order accuracy,

A
(1) = CF , A

(2) =
CF

2

[
CA

(
67
18

−
π2

6

)
−

10
9
TRnf

]
, B

(1) = −
3
2
CF .

• Structure functions can be written in terms of FT of products of TMDs in b⊥ space 2 :

Bn

[
f̃π f̃p

]
≡

1
NC

∑
q

e
2
q

∫ ∞

0

db⊥b⊥

2π
b

n
⊥Jn(q⊥b⊥)f̃ q̄

π(xπ, b⊥, Q0)f̃q
p (xp, b⊥, Q0)e−[SP +SNP ]

• Bn leads to the twist-2 structure functions 3 : F 1
UU ∼ B0

[
f̃1,π f̃1,p

]
,

F cos 2ϕ
UU ∼ B2

[
h̃

⊥(1)
1,π h̃

⊥(1)
1,p

]
, F sin 2ϕ

UL ∼ B2

[
h̃

⊥(1)
1,π h̃

⊥(1)
1L,p

]

,

F sin ϕs
UT ∼ B1

[
f̃1,π f̃

⊥(1)
1T,p

]
, F

sin(2ϕ−ϕs)
UT ∼ B1

[
h̃

⊥(1)
1,π h̃1,p

]
, F

sin(2ϕ+ϕs)
UT ∼ B3

[
h̃

⊥(1)
1,π h̃

⊥(2)
1T,p

]

1. Colins Soper (1982) ; Collins, (2011)
2. A. Bacchetta et al., (2019)
3. S. Bastami, L. Gamberg, B. Pasquini et al., (2021)

16 / 22



DR
AF

T

• b∗ is the reason to introduce the Nonperturbative Sudakov form factor 1.

SNP(Qf ; b⊥) = g1(b⊥) + g2(b⊥) ln
Qf

Q0
,

with g1(b⊥) = g1b2
⊥ and g2(b⊥) = g2 ln(b⊥/b∗)

• A and B are the Anomalous dimensions :

A =
∞∑

n=1

A
(n)

(
αs(µ)
π

)n

, B =
∞∑

n=1

B
(n)

(
αs(µ)
π

)n

.

• We use A(n) up to A(2) and B(n) up to B(1) in the (NLL) order accuracy,

A
(1) = CF , A

(2) =
CF

2

[
CA

(
67
18

−
π2

6

)
−

10
9
TRnf

]
, B

(1) = −
3
2
CF .

• Structure functions can be written in terms of FT of products of TMDs in b⊥ space 2 :

Bn

[
f̃π f̃p

]
≡

1
NC

∑
q

e
2
q

∫ ∞

0

db⊥b⊥

2π
b

n
⊥Jn(q⊥b⊥)f̃ q̄

π(xπ, b⊥, Q0)f̃q
p (xp, b⊥, Q0)e−[SP +SNP ]

• Bn leads to the twist-2 structure functions 3 : F 1
UU ∼ B0

[
f̃1,π f̃1,p

]
,

F cos 2ϕ
UU ∼ B2

[
h̃

⊥(1)
1,π h̃

⊥(1)
1,p

]
, F sin 2ϕ

UL ∼ B2

[
h̃

⊥(1)
1,π h̃

⊥(1)
1L,p

]
,

F sin ϕs
UT ∼ B1

[
f̃1,π f̃

⊥(1)
1T,p

]

, F
sin(2ϕ−ϕs)
UT ∼ B1

[
h̃

⊥(1)
1,π h̃1,p

]
, F

sin(2ϕ+ϕs)
UT ∼ B3

[
h̃

⊥(1)
1,π h̃

⊥(2)
1T,p

]

1. Colins Soper (1982) ; Collins, (2011)
2. A. Bacchetta et al., (2019)
3. S. Bastami, L. Gamberg, B. Pasquini et al., (2021)

16 / 22



DR
AF

T

• b∗ is the reason to introduce the Nonperturbative Sudakov form factor 1.

SNP(Qf ; b⊥) = g1(b⊥) + g2(b⊥) ln
Qf

Q0
,

with g1(b⊥) = g1b2
⊥ and g2(b⊥) = g2 ln(b⊥/b∗)

• A and B are the Anomalous dimensions :

A =
∞∑

n=1

A
(n)

(
αs(µ)
π

)n

, B =
∞∑

n=1

B
(n)

(
αs(µ)
π

)n

.

• We use A(n) up to A(2) and B(n) up to B(1) in the (NLL) order accuracy,

A
(1) = CF , A

(2) =
CF

2

[
CA

(
67
18

−
π2

6

)
−

10
9
TRnf

]
, B

(1) = −
3
2
CF .

• Structure functions can be written in terms of FT of products of TMDs in b⊥ space 2 :

Bn

[
f̃π f̃p

]
≡

1
NC

∑
q

e
2
q

∫ ∞

0

db⊥b⊥

2π
b

n
⊥Jn(q⊥b⊥)f̃ q̄

π(xπ, b⊥, Q0)f̃q
p (xp, b⊥, Q0)e−[SP +SNP ]

• Bn leads to the twist-2 structure functions 3 : F 1
UU ∼ B0

[
f̃1,π f̃1,p

]
,

F cos 2ϕ
UU ∼ B2

[
h̃

⊥(1)
1,π h̃

⊥(1)
1,p

]
, F sin 2ϕ

UL ∼ B2

[
h̃

⊥(1)
1,π h̃

⊥(1)
1L,p

]
,

F sin ϕs
UT ∼ B1

[
f̃1,π f̃

⊥(1)
1T,p

]
, F

sin(2ϕ−ϕs)
UT ∼ B1

[
h̃

⊥(1)
1,π h̃1,p

]

, F
sin(2ϕ+ϕs)
UT ∼ B3

[
h̃

⊥(1)
1,π h̃

⊥(2)
1T,p

]

1. Colins Soper (1982) ; Collins, (2011)
2. A. Bacchetta et al., (2019)
3. S. Bastami, L. Gamberg, B. Pasquini et al., (2021)

16 / 22



DR
AF

T

• b∗ is the reason to introduce the Nonperturbative Sudakov form factor 1.

SNP(Qf ; b⊥) = g1(b⊥) + g2(b⊥) ln
Qf

Q0
,

with g1(b⊥) = g1b2
⊥ and g2(b⊥) = g2 ln(b⊥/b∗)

• A and B are the Anomalous dimensions :

A =
∞∑

n=1

A
(n)

(
αs(µ)
π

)n

, B =
∞∑

n=1

B
(n)

(
αs(µ)
π

)n

.

• We use A(n) up to A(2) and B(n) up to B(1) in the (NLL) order accuracy,

A
(1) = CF , A

(2) =
CF

2

[
CA

(
67
18

−
π2

6

)
−

10
9
TRnf

]
, B

(1) = −
3
2
CF .

• Structure functions can be written in terms of FT of products of TMDs in b⊥ space 2 :

Bn

[
f̃π f̃p

]
≡

1
NC

∑
q

e
2
q

∫ ∞

0

db⊥b⊥

2π
b

n
⊥Jn(q⊥b⊥)f̃ q̄

π(xπ, b⊥, Q0)f̃q
p (xp, b⊥, Q0)e−[SP +SNP ]

• Bn leads to the twist-2 structure functions 3 : F 1
UU ∼ B0

[
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]
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UU ∼ B2

[
h̃
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1,π h̃

⊥(1)
1,p

]
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UL ∼ B2

[
h̃

⊥(1)
1,π h̃

⊥(1)
1L,p
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[
f̃1,π f̃

⊥(1)
1T,p
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[
h̃

⊥(1)
1,π h̃1,p

]
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sin(2ϕ+ϕs)
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[
h̃

⊥(1)
1,π h̃

⊥(2)
1T,p

]
1. Colins Soper (1982) ; Collins, (2011)
2. A. Bacchetta et al., (2019)
3. S. Bastami, L. Gamberg, B. Pasquini et al., (2021)
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ĥ·k⃗⊥π
Mπ

h⊥
1,q̄/πh1,q/p

]
• sin(2ϕ − ϕs) asymmetry need knowledge of the pion Boer-Mulders function, which is
not parametrizable.

perturbative

Nonperturbative

COMPASS

LFCQM-JAM20

LFCQM-LFCQM

SPM-JAM20

SPM-SPM

0.10 0.15 0.20 0.25 0.30 0.35 0.40
-0.6

-0.4

-0.2

0.0

0.2

0.4
perturbative

Nonperturbative

COMPASS

LFCQM-JAM20

LFCQM-LFCQM

SPM-JAM20

SPM-SPM

0.2 0.3 0.4 0.5 0.6 0.7 0.8
-0.6

-0.4

-0.2

0.0

0.2

0.4
perturbative

Nonperturbative

COMPASS

LFCQM-JAM20

LFCQM-LFCQM

SPM-JAM20

SPM-SPM

0.0 0.5 1.0 1.5 2.0
-0.6

-0.4

-0.2

0.0

0.2

0.4

• A
sin(2ϕ−ϕs)
UT

∝ −h⊥(1)ū
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sin(2ϕ) asymmetry
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cos(2ϕ) asymmetry

• cos(2ϕ) asymmetry ∼ h⊥
1,q̄/π ⊗ h⊥
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• The asymmetry, A
cos(2ϕ)
UU ∝ h

⊥(1)ū

1,π− h⊥u
1,p ⇒ h⊥u

1,p is positive in DY, which is opposite to
SIDIS analyses and hence in agreement with the prediction for the process dependence
property of T-odd TMDs.
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Conclusion

We presented a complete description of polarized DY at leading twist using TMD
evolution at NLL accuracy.

The required TMDs include on the nucleon side f1,p, f⊥
1T,p, h1,p, h⊥

1p, h⊥q
1T and h⊥q

1L ;
and on the pion side f1,π, h⊥

1,π.

The T-odd TMDs requires gluon rescattering to obtain nonzero contribution. We
explored the usage of a nonperturbative SU(3) gluon rescattering kernel, going
beyond the typical approximation of perturbative U(1) gluons.

Our analysis reveals that the above asymmetries at COMPASS can be qualitatively
described (sign and magnitude) by analysing the pion TMDs in a holographic
light-front QCD framework and the proton TMDs in a soft-wall AdS/QCD model.

Thanks for your attentation ! !
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