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Introduction

Multiquarks: Long and shaky history
Z baryons with strangeness S = +1 in the late 60s,
Baryonium in the late 70s and early 80s,
Dibaryon resonances?
H dibaryon with strangeness S = −2 predicted,
Heavy pentaquark predicted in 1987,
Light pentaquark predicted in 1997, base on earlier work,
Light pentaquark candidate in 2003,
Not confirmed in most other experiments
Etc.
Confusion added by theorists, jumping on a speculative idea,
and producing tables and tables of multiquarks.
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Theory

state above the threshold: why is does not fall apart immediately
into two ordinary hadrons?
Cf, e.g., the discussion about baryonium
state below the threshold? Why is such a clustering favoured?
STRONG COMPETITION. e.g., in atomic physics
(µ+µ−e+e−) unbound, while (µ+µ+,e−e−) bound.
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Duality

s-channel exchanges vs. t-channel exchanges
See Rosner, D.P. Roy, etc, baryonium partner of mesons in NN,

Exotic baryon partner of mesons in baryonium–baryon, etc.
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Nuclear forces: hadron molecules

Meson exchanges bind NN.
Why not other hadrons contain-
ing light quarks? Non-local op-
erator here (transfer of energy).

In particular, the X (3872) was predicted as a DD̄∗ system,
When the X (3872) was found, greeted as a success of this
approach,
However, recent measurements also suggest a radial excitation
of a (cc̄) state,
If the X (3872) is eventually interpreted as (mainly) a molecule,
other states predicted, but no proliferation (nuclear forces are
spin and isospin dependent),
In particular, the b-analogue predicted about 50 MeV below BB̄∗,
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Nuclear forces: hadron molecules

Also baryon–antibaryon bound states possible with two or four
heavy quarks or antiquarks (Riska).
In the late 70s, a high-lying (cc̄) with JP = 1−− state was
claimed as a molecule, due to anomalous branching ratios into
DD̄, DD̄∗ + c.c. and D∗D̄∗ (Voloshin, DeRujula and Glashow, ...)
In fact, the branching ratios are explained by the nodal structure
of the state.
Today, the quark model is almost abandoned in the light-quark
sector. Either sophisticated Lattice QCD or QCD sum rules, or
coupled-channel calculations, the so-called “dynamical
generation of resonances”. Fifty years after Chew-Low!
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Chromomagnetism

In the 70s, the hyperfine splitting between hadrons (J/ψ − ηc ,
∆− N, etc.) explained à la Breit–Fermi, by a potential

VSS = −A
∑
i<j

δ(3)(~rij )

mi mj
λ

(c)
i .λ

(c)
j ~σi .~σj ,

a prototype being the magnetic part of one-gluon-exchange.

Attractive coherences in the spin-colour part: 〈
∑
λ

(c)
i .λ

(c)
j ~σi .~σj〉

sometimes larger for multiquarks than for the threshold.
In particular 〈. . .〉 twice larger (and attractive) in the best
(uuddss) as compared to Λ + Λ.
But 〈δ(3)(~rij )〉 much weaker for multiquarks than for ordinary
hadrons, and needs to be computed. Hence uncertainties in this
approach.
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Binding mechanisms: chromo-electricity-1

What about a (confining) spin-independent confining interaction
for (q1q2q̄3q̄4)?
Interesting properties if the interaction is flavour independent
Mainly investigated with explicit constituent models,
But probably more general.
Early investigations based on the colour-additive model

V = − 3
16

∑
i<j

λ̃
(c)
i .λ̃

(c)
j v(rij ) ,

(to be discussed shortly)
No stable multiquark in this model, at least for equal masses
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Binding mechanisms: chromo-electricity-2

Why multiquarks hardly bound with a pure colour-addive model?

looks like H =
∑

i ~p
2
i /2m +

∑
i<j gij v(rij )

with
∑

i<j gij frozen (colour singlet)
Easily shown (variational principle): symmetric case
(gij = 2G/N(N − 1) ∀i , j) has highest energy.
Roughly: more asymmetric gij distribution, lower energy.
In this respect, two mesons (g12 = g34 = 1, any other gij = 0), for
instance, much favoured as compared to any tetraquark in which
the gij are more clustered.

(abcd) v(r) gij ḡ ∆g
(1,3)+(2,4) −1/r , r {0,0,1,0,1,0} 1/3 0.22

Ps2 −1/r {−1,−1,1,1,1,1,1} 1/3 0.89
[(qq)3̄(q̄q̄)3] −1/r , r {1/2,1/2,1/4,1/4,1/4,1/4} 1/3 0.01
[(qq)6(q̄q̄)6̄] −1/r , r {−1/4,−1/4,5/8,5/8,5/8,5/8} 1/3 0.17
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Binding mechanisms: chromo-electricity-3

Provisional conclusion:
The chromoelectric model, at least the colour-additive version,
does not bind multiquarks,
We understand why: symmetry considerations on the colour
coefficients
Coupled-channel effects ((qqq̄q̄ = |3̄3〉, |66̄〉) not enough
Two ways out:

1 find another symmetry that could overcome the effect (flavour
symmetry, i.e., use unequal quark masses),

2 modify more drastically the colour-additive ansatz → Steiner-tree
model
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Breaking flavour symmetry and/or charge conjugation

Symmetry breaking: if H = Heven + λHodd, E(λ) ≤ E(0)

But, the effect often benefits more to the threshold, and stability
deteriorates,
For instance, Ps2 = (e+,e+,e−,e−) has many symmetries:
Particle identity→ (M+,m+,M−,m−) unstable for M/m & 2.2.
Charge conjugation→ (M+,M+,m−,m−) improves stability
Similarly, in pure chromoelectric models with flavour
independence, (QQq̄q̄) becomes stable if M/m large enough.
Typically (ccūd̄) at the edge, (bcq̄q̄) or (bbq̄q̄) safer if one uses

V = − 3
16

∑
i<j

λ̃
(c)
i .λ̃

(c)
j v(rij ) ,

Question: what about a better model of confinement?
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Linear confinement beyond quark–antiquark

First problem (Stanley and Robson, LIpkin, Martin & R., etc. link
between meson and baryon spectroscopy.

Vbaryon =
1
2

[v(r12) + v(r23) + v(r31)]

(including short-range and spin-dependent terms) works rather
well.
This is the result of the colour-additive model

V = − 3
16

∑
i<j

λ̃
(c)
i .λ̃

(c)
j v(rij ) ,

Indeed, the most general two-body interaction reads

v(r) = v1(colour-singlet exch.) + v8(octet exch.)

But v1 cannot dominates and cannot contribute to confinement,
Hence pure v8 seems the simplest solution.
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Pairwise or multibody interaction?
Steiner tree: baryons-1

For baryons, the linear confinement is described by a Y -shape
interaction (Artru, Merkuriev, Dosch, Kuti et al., Kogut et al., etc.)

v = σ r12 , VY = σ min
J

3∑
i=1

riJ .

No dramatic change for baryon spectroscopy, as compared to
the 1/2 rule.
Except for solving the 3-body problem (Taxil et al., Semay et al.,
etc.)
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Steiner tree: baryons-2

This baryon potential is the solution of the famous
Fermat-Torricelli problem of the minimal path linking three points,
with an interesting symmetry restoration, intimately related to a
theorem by Napoleon.
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Steiner tree: tetraquarks-1

U = min{Vflip-flop,VSteiner}
Vflip-flop = min {d13 + d24,d14 + d23} ,
VSteiner = min

s1,s2

(
‖v1s1‖+ ‖v2s1‖+ ‖s1s2‖

+ ‖s2v3‖+ ‖s2v4‖
)
,

U dominated by the flip-flop term,

b

v2

b

v1
b

v3

b

v4

b

v2
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v1
b

v3

b

v4
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b
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Steiner tree: tetraquarks-2

In the planar case, very simple construction of the connected term of
the potential (this speeds up the computation).

V4 = σ ‖w12w34‖ ,

maximal distance between the two Melznak points.
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Steiner tree: tetraquarks-3

V4 = σ ‖w12w34‖ ,

maximal distance between the two
Melznak circles.

V4 ≤ σ

{√
3

2
[‖~x‖+ ‖~y‖] + ‖~z‖

}
,

which is exactly solvable. The Jacobi var.

~x = v1v2,

~y = v3v4,

~z = (v1 + v2)/2− (v3 + v4)/2 ,
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Steiner tree: tetraquarks-4

These crude, but rigorous, geometric considerations
demonstrate stability at least for large M/m quark-to-antiquark
mass ratio.
What about an accurate numerical solution of this four-body
problem?
First estimate

Second estimate (Vijande et al.)

Stability of multiquarks in a simple string model
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A simple string model inspired by the strong-coupling regime of quantum chromodynamics is used as a
potential for studying the spectrum of multiquark systems with two quarks and two antiquarks, with a
careful treatment of the four-body problem. It is found that the ground state is stable, lying below the
threshold for dissociation into two isolated mesons.

DOI: 10.1103/PhysRevD.76.114013 PACS numbers: 12.39.Jh, 12.40.Yx

The question of the existence of multiquark systems is
almost as old as the concept of quarks, see, e.g., [1], in
particular, the paper by R. H. Dalitz therein. Since the early
days of hadron spectroscopy within the quark approach,
many studies have been devoted to multiquark states. Of
particular interest are hadrons with exotic quantum num-
bers that cannot be matched by any quark-antiquark (q !q) or
three-quark (qqq) configuration, and among them, the
states, if any, which are bound below the threshold for
dissociation into two ordinary hadrons and thus are narrow
and should show up clearly in the experimental spectrum.

The present contribution belongs to the class of con-
stituent quark models: an explicit set of rules is adopted to
mimic the interaction of quarks in quantum chromodynam-
ics (QCD) and, within this framework, the 2-body, 3-body,
and higher few-body problems are solved as accurately as
possible to examine whether quarks tend to split into small
(q !q) and (qqq) clusters or sometimes find it energetically
more favorable to form multiquark clusters. After a series
of estimates within the bag model (see, e.g., [2]), there
have been several attempts with potential models, using the
powerful few-body techniques developed in atomic and
nuclear physics.

Several dynamical ingredients have been identified
along the years as possible sources of multiquark binding.
The best known is probably chromomagnetism [3]: the
spin-color operator !i ! !j

~!i ! ~!j, which is encountered
in the spin-dependent part of one-gluon exchange gives
rise to remarkable coherence effects, and gives in some
multiquark clusters some attraction that is larger than in its
decay products. This mechanism was proposed, in particu-
lar, for the H dibaryon (uuddss) [4], tentatively below the
"" threshold, and for the 1987 version of the heavy
pentaquark (Q !q !q !q !q ) [5]. The chromomagnetic scenario
has, however, difficulties: the first optimistic predictions
carried out in the limit of exact flavor SU(3) symmetry, and

using short-range correlation coefficients borrowed from
ordinary hadrons, do not survive a more careful dynamical
treatment [6].

Another binding mechanism is based on the flavor in-
dependence of the confining interaction. In a given static
potential V"r1; . . .#, the asymmetric mass configurations
(QQ !q !q ) tend to be lower than the threshold 2"Q !q# if the
mass ratio is large enough [7]. This is the same favorable
breaking of symmetry which makes the hydrogen molecule
much more stable than the positronium molecule, in the
case where the potential is taken as the Coulomb interac-
tion (see, e.g., [8] for references).

Now, the determination of the critical mass ratio M=m at
which (QQ !q !q ) becomes stable, and the existence of other
multiquark systems depend crucially on questionable as-
sumptions on the multiquark potential. However successful
is a potential v"r# for the spectrum of quarkonium, its
extrapolation to baryons and multiquarks remains, indeed,
somewhat risky.

There are interesting attempts [9] to describe mesons
and baryons simultaneously with the potential energy of
the latter systems taken as

 V"r1; r2; r3# $
1

2
%v"r12# & v"r23# & v"r31#'; (1)

where rij is the relative distance between particles i and j.
It is tempting to extrapolate this potential as

 V"r1; . . .# $ ( 3

16

X
i<j

~!i:~!jv"rij#; (2)

to higher multiquark systems, and benefit from the few-
body techniques with pairwise potentials. This was the
basis of most multiquark calculations, so far. However,
the success of the ansatz (1) is probably accidental, since
there are many indications that if the quark-antiquark
confinement is linear, v"r# $ !r, the true confining inter-
action for three quarks in a baryon is more likely the so-
called Y-shape potential [10,11]

 Y"r1; r2; r3# $ !min
k
"rk1 & rk2 & rk3#; (3)
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However, the effect of antisymmetrisation and short-range forces
not yet included.
Tetraquarks with different flavours and large quark-to-antiquark
mass ratio most likely, e.g., (bcūs̄).
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Steiner tree: pentaquark

U = min{flip-flop,Steiner},

Flip-flop

Connected Steiner tree
1 S

j

i

sij

ℓ

kskℓ

(q̄qqqq), as well as (Qqqqq), (q̄qqqQ) for M � m, and probably
many other configurations bound vs. spontaneous dissociation.
(hyperscalar approx. with flip-flop alone sufficient to prove
binding)
But short-range forces and antisymmetrisation constraints not
yet included.
(c̄uuds) should survive, as spin effects might help.
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Steiner-tree: hexaquark

Same scenario: flip-flop and connected diagrams,
The latter, more interesting, but less important for the dynamics,
Binding is obtained in most cases, where antisymmetrisation is
neglected.
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Steiner-tree: baryon-antibaryon

Again: flip-flop and connected diagrams,
Binding obtained in some cases.
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Conclusions. Multiquarks:

The stability of multiquarks remains a very important issue, with
recent developments

Lattice QCD, QCD sum rules, AdS/QCD entering the game very
seriously,
Support to the flip–flop – Steiner-tree model of confinement,
more attractive than the empirical colour-additive model,
Still needs antisymmetrisation, relativity, short-range forces, and
non-adiabatic corrections
Stable multiquarks likely in sectors with several flavours
In particular: (ccūd̄), (bcq̄q̄)

Accessible with present detectors and accelerators, if some effort
is devoted.
Double charm baryons as a warm up.
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