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Triaxial Rotor 

One, two particles + Triaxial Rotor 

Triaxial Projected Shell Model 



Triaxial Rotor Model (TR)
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,  is diagonalized in the discrete basis of axial-rotor states

| RRK >  of good angular momentum R, projection R on the z-lab axis 
and projection K  on the l- body axis, − R ≤ K ≤ R.

R̂2 | RRK >= R(R+1) | RRK >, R̂z | RRK >= R | RRK >, R̂l | RRK >= K | RRK >,

TR eigenstates: | RRν >= 1
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∑ , K  even, c−K

(ν ) = (−)RcK
(ν ) :      D2  symmetry

represented by the discrete probability amplitudes < RRK | RRν >= cK
(ν )  

K −  plots show the probability distributions P(K ) = cK
(ν )( )
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Triaxial Rotor - classical

Energy conserved 

Angular momentum
conserved 

Classical orbit

Angular momentum vector R with respect 
to the axes of the triaxial nucleus



Terminology:
Bohr and Mottelson 
introduced ``wobbling" in Nuclear Structure II, p.190 ff.
They describe the mode as 
`”... the precessional motion of the axes with 
respect to the direction of I; 
for small amplitudes this motion has 
the character of a harmonic vibration …”

-Specify the mode by the axis that the angular momentum 
vector revolves in the body fixed frame.  

medium axis wobbling: W-m

m

By how much does the axis of the Earth shift when it
wobbles?

There is a component to the total wobble called the Chandler Wobble which has roughly a
period of 14 months, and an amplitude of +/- 0.7 seconds of arc. The figure above shows
the path traced out on the surface of the Earth by its instantaneous rotation axis from
2001 through 2005.You can see that after a little more than a year, the polar position has
returned within a few meters of its starting point. The dither causes the North and South
Poles to execute roughly a circular path about the nominal polar directions, with a circle
whose radius is about 0.7 seconds of arc. If you were standing at the mean geometric
north pole, the Chandler Wobble would carry the actual pole on a circle about 5 meters in
radius, and at a speed of about 2 x pi x 5/14 months = 2 meters/month or 2 inches per
day around this circular path. No two Chandler Wobbles are exactly the same and the

wobbling of the
rotation axis of 
the earth

J



Triaxiality enables collective rotation about  all three principal axes.
Classification of the TR States be based on 
correspondence with classical orbit.
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Classical orbits

Precession with respect to the principal axes.

l-wobbling

s-flip mode
m-wobbling

m-wobbling



E. A. Lawrie ,1,2,* O. Shirinda ,1,† and C. 
M. Petrache 3,

PHYSICAL REVIEW C 101, 034306 (2020)

New terminology: Tilted precession – TiP is the same as
“Wobbling “ in the original  Bohr Mottelson definition 

“Wobbling” only if equidistant

Keep it simple! The original “Wobbling” is appropriate.
See Q. B. Chen’s talk for more concerning the particle-rotor system

Increasing component 
transverse to m-axis



An instructive representation: Spin Coherent State maps

l

Δθ,Δφ

θ,φ

R

Re-express TR state in the continuous non-orthogonal normalized basis of
Spin Coherent States (SCS) , 
which are generated by rotating the state of maximal projection on the l-axis  | RRK = R > .

|θφ >= e−iR̂lφe−iR̂mθ  | RRR >= DRK
R (0,θ,φ) | RRK >

K
∑

Classical expectation values: 

<θφ | R̂l |θφ >= Rcosθ, <θφ | R̂s |θφ >= Rsinθ cosφ, <θφ | R̂s |θφ >= Rsinθ sinφ

Finite widths: ΔR̂i = <θφ | R̂i
2 |θφ > − <θφ | R̂i |θφ >2 ≈ 2R

corresponding to an angle uncertainty: Δθ ≈ Δφ ≈1/ 2R
SCS maps of TR states: probability distributions of the SCS basis states

 P(θ,φ) = 2R+1
4π

sinθ ρKK '
(ν ) DRK

R* (0,θ,φ)
KK '
∑ DRK

R (0,θ,φ),

density matrix: ρKK '
(ν ) = cK

(ν )cK '
(ν )

dθ dφ∫ P(θ,φ) =1



Spin Coherent State maps: Distilling the classical 
underpinning from quantal Triaxial Rotor states (TR)

-introduced/unpublished:
S. Frauendorf, Chirality: from Symmetry 
to dynamics, Nordita workshop on Chiral bands in 
Nuclei, Stockholm, 20-22 April 2015, slides from talks, 
https://www.nordita.org/ 
events/workshops/list_of_workshops/index.php (2015) 

-published:  
Q. B. Chen & S.Frauendorf, EPJA 58 (2022) 58:75

-introduced as “azimuthal plots”:
F.Q. Chen, Q.B. Chen, Y.A. Luo, J. Meng, S.Q. Zhang, 
Phys. Rev. C 96, 051303(R) (2017) 
and used in a number of later papers
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Static triaxiality according to staggering of the 𝛾 band: 
Odd-I-down relative to the even-I neighbors or
Even-I-up relative to the odd-I neighbors 𝑆 6 >0.015
Most nuclei have 𝑆 6 <0.015: axial or 𝛾 soft.

𝑆 𝐼 =
𝐸 𝐼 − 2𝐸 𝐼 − 1 − 𝐸 𝐼 − 2

𝐸 2!"
, 𝑆 𝐼 =

𝑆 𝐼 − 𝑆 𝐼 + 1
2

𝑆 6 #(%!")
#('#")

76Ge 0.12 0.78
112Ru 0.31 1.10          good fit with 𝛾 = 19( and hydrodynamical MoI
114Ru 0.31 0.98
114Pd 0.13 1.15
170Er 0.42 3.59 no,  axial
192Os 0.37 0.84
192Pt 0.39 0.78
232Th 0.22 4.61 no, axial

Even-even nuclei that classify as triaxial rotors are rare.
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The best e-e wobbler



One particle (or one hole) + Triaxial 
Rotor 

High-j orbitals: 
f7/2, g9/2, h11/2, i13/2, j15/2
particles tend to align their j 
with the s-axis,
f7/2, g9/2, h11/2, i13/2, j15/2
holes tend to align their j 
with the l-axis,



Particle Triaxial Rotor model (PTR)

HPTR = hp +
R̂s

2
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+
R̂m
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R̂l
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2ℑl

,  R̂i
2 = (Ĵi − ĵi )

2, coupling to the triaxial potential hp( ĵi )

is diagonalized in the discrete basis | IIKk >=| IIK >| jk >  
of good total angular momentum I, projection I  on the z-lab axis
with projection K  on the l- body axis, − I ≤ K ≤ I,  and
of good particle angular momentum j with projection k  on the l- body axis, − j ≤ k ≤ j,

PTR eigenstates: | IIν >= 1
2

cKk
(ν ) | IIKk >

Kk
∑ , K  even, c−K−k

(ν ) = (−)I−k cKk
(ν )

represented by the discrete probability amplitudes < IIKk | IIν >= cKk
(ν )  

Deformation parameters 𝜀, 𝛾 are input parameters. 
They control how strongly the particles are coupled to the triaxial core.
Taken from mean field calculations for the non-rotating particle+core system.

𝐾 𝑘-



Core moments of inertia are further input parameters.
They control the inertial forces.

Quantum mechanic requires that ℑi = 0  if i is a symmetry axis.
Excludes rigid body rations of ℑi.

Irrotational flow ratios ℑi ∝ sin2 (γ − 2iπ
3

) obeys the symmetry.

However the ratios may deviate from the irrotational-flow ones.
The stronger pairing the closer the ℑi  approach the irrotational values.
For realistic pairing deviations are expected -> freedom to fit the ratios.

(See e.g. Ratios between ℑ0 of e-e system by cranking model.
S. Frauendorf, PHYSICAL REVIEW C 97, 069801 (2018))

Pauli principle acting between the core and the valence particles
(exchange terms) may further modify effective core MoI

s
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Signature partner band

J
j

HdL

strong E2,  I->I-1,   

weak E2  I->I-1wobbling and signature
partner band classification
Doenau, S. F., PRC 89(2014)

strong E2  I->I-1  

ℑ! > ℑ" > ℑ#



m-axis has maximal moment of inertia 
Transverse Wobbling            Longitudinal Wobbling

topological
Q. B.Chen, S. F.
EPJA 75(2022)

original
F. Doenau, S. F.
PRC 89(2014)

experimental

particle j aligned
with s- or l- axis
total J revolves 
around s- or l- axis

particle j aligned
with m- axis
total J revolves 
around m- axis

total J revolves 
around s- or l- axis

total J revolves 
around m- axis

wobbling energy
decreases with I,
strong E2  I->I-1

wobbling energy
increases with I,
strong E2  I->I-1

To account for the strong reaction of the valence particles
to the inertial forces use the less restrictive
topological classification by the orientation of the precession cone of J.



Example 135Pr

Example
S. Frauendorf, F. Doenau, PRC 89 (2014) 014332
J. Matta et al. PRL 114, 082501 (2015), 
N. Sensharma et al. PLB 792, 170 (2019)

QTR: one h11/2 low-shell quasiproton + Triaxial rotor



The TR is one dimensional in the R=const space.
à One to one correspondence between classical orbit and 
quantum states.
The PTR is two, three, … dimensional in the J=const space.
To apply topological classification by correspondence
we introduce the   adiabatic classical energy . 

Minimize the classical PTR energy

EPTR (θ,φ,ϑ ,ϕ ) = hp( ji )+
Rs

2

2ℑs

+
Rm

2

2ℑm

+
Rl

2

2ℑl

,  Ri
2 = (Ji − ji )

2 → Ead (θ,φ)

with respect to orientation of the particle angular momentum ji (ϑ ,ϕ ) 
for fixed orientation of total angular momentum Ji (θ,φ).
Minimum of Ead (θ,φ) classical yrast line.
Setting Ead (θ,φ) = Eν → the classical orbits corresponding to the PTR states. 

Correspondence with classical orbits:
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Distilling its classical underpinnings from a PTR state

J -SCS maps : total angular momentum probability distributions of the SCS basis states

 P(θφ)Iν =
2I +1
4π

sinθ ρKK '
(ν ) DIK

I* (0,θ,φ)
KK '
∑ DIK

I (0,θ,φ),

density matrix: ρKK '
(ν ) = cKk

(ν )cK 'k
(ν )

k
∑

j - SCS maps : particle angular momentum probability distributions of the SCS basis states

 P(θφ) jν =
2 j +1
4π

sinθ ρkk '
(ν ) Djk

j*(0,θ,φ)
KK '
∑ Djk '

j (0,θ,φ),

density matrix: ρkk '
(ν )= cKk

(ν )cKk '
(ν )

K
∑

R -SCS maps :  rotor angular momentum probability distributions of the SCS basis states

 P(θφ)Rν = sinθ 2R+1
4π

ρR,KRKR '
(ν ) DRKR

R* (0,θ,φ)
RKRKR '
∑ DRKR '

R (0,θ,φ),

density matrix: ρR,KRKR '
(ν )  in weak coupling basis | IIKk >→| IIjRKR >



TW regime n=0, 1: J revolves around the s-axis  

n=0 

n=0 

n=1 

n=1 

j stays close to the s-axis -> original definition of TW 
13/21: J precession harmonic, 21/21: unharmonic



n=2 

n=2 

mixed 

flip 

TW regime higher excitations 

11/22, 19/22
: J has still n=2 TW topology, highly perturbed, 

j somewhat dealigned, 
13/22, 21/22:  different from  n=3 TW topology   



Transitional  Flip regime 

27/21 , 29/21 :  even and odd combinations of states localized at the
classical energy minimum indicated by the dots -> FM
signature restored branches of tilted axis rotation
27/22 : FM between the saddle points of the classical energy  

even 

odd 



LW  regime 
J R j

J revolves around the m-axis in a squeezed cone.
J, R, j are entangled.
43/21, 45/21, 43/22: the φJ distributions look like the ones
of the n=0, 1, 2 states of a harmonic oscillator. 



TW regime  signature partner band 

J rotates about the s- axis, j precesses around the s-axis
13/23 some admixture from TW n=2 state 13/23



EW

I

EW

I

ℑ! > ℑ" > ℑ#

m

m

m

s

s

s

l

l

l

Transverse wobbling

EW

I

Flip mode

Longitudinal wobbling



J. Matta et al. PRL 114, 082501 (2015), N. Sensharma et al. PLB 792, 170 (2019)
experiment and
QTR: one h11/2 low-shell quasiproton + Triaxial rotor interpretation
TPSM: Triaxial projected shell model interpretation

yrast: zero-phonon TW band
TW1: unharmonic one-phonon TW band
TW2: highly unharmonic two-phonon TW band
SP: unfavored signature band 

QTR vs. PTR:
Inclusion of pairing
enhances unharmonicities

FM



Evidence against the wobbling nature of low-spin bands in 135Pr , B. F. Lv et al., PLB 824 
(2022) 13684

One proton + triaxial rotor 𝜀% = 0.16 𝛾 = 26)

hydro

fit

exp

Strong parameter dependence:
Fitted MoI give transverse wobbling.
Hydro MoI give longitudinal wobbling.



105Pd the mirror of 135Pr: h11/2 proton replaced by a h11/2 neutron

J. Timar et al,

PRM calculation with
𝛽 = 0.25, 𝛾 = 28(, hydro MoI
gives transverse wobbling, 𝛿 ~2
See Q. B Chen’s talk

Favors the large- 𝛿
measurement for 135Pr.



The 187Au h9/2 band: longitudinal wobbling (LW)
N. Sensharma et al. PRL 124, 052501 (2020) 

QTR calculation
h9/2  quasiproton coupled to the triaxial potential β=0.23 , γ=23o, somwhat below midshell

and the triaxial rotor with ℑm = 37.4 !
2

MeV
, ℑm =13.8 !

2

MeV
, ℑl = 5.8 !

2

MeV
. 



Triaxial rotor + two h11/2  neutrons

Transverse wobbling
Instability at I>22



Fit to the 4 parameter Bohr Hamiltonian

coupling to a  "γ  soft core" ( Bohr Hamiltonian  HB ) 
by quasiparticle coupling model
H = hsph +κ[qQ]0 +ΔP −λN +HB

TW feature lost

Weichuan Li, Thesis,University Notre Dame
and  W. Li at al. Eur. Phys. J. A 58 (2022) 218

Inclusion of core softness
always destroys the TW
pattern and leads to LW
behavior.  

134Ce
even-I-down pattern of  𝛾 softness



Triaxial Projected Shell Model

The vacuum |Φ > is the BCS ground state with the deformations 𝜀 and 𝛾 as model parameters.
The Hamiltonian is of the paring + quadrupole-quadrupole type.

The coupling constants are determined by the self-consistency conditions
∆= 𝐺! < 𝑃 >, 𝐺"= 0.16𝐺!, 0.66ℏ𝜔#𝜀 = 𝜒 < 𝑄_0 > .

∆ is adjusted to the even-odd mass differences. 
𝜀 is taken from 𝐵 𝐸2, 2$% → 0$% systematics or mean field equilibrium deformations.
𝛾 is adjusted to reproduce the 𝛾 band head energy 𝐸(2&%).

…

…

…

Odd-A Step 1:
The triaxial angular momentum
projected basis incorporates
the correlations that generate
3D rotational behavior.
Step 2:
Diogalization takes care of the
details, as small- vs. large- scale
shape fluctuations. 
Few parameters:
𝐵(𝐸2, 2!"->0!") fixes 𝜀
𝐸(2%") fixes 𝛾.
Hamiltonian couplings constants
from self-consistency.

MoI are microscopically fixed by the triaxial mean field.
Pauli Principle between valence particles and core obeyed.
Sufficient large configuration space incorporates dynamical effects.



N. Sensharma et al. PLB 792, 170 (2019)

TW FM

First and second transverse wobbling states in 135Pr are well reproduced by TPSM

Even-I-down pattern of  𝛾 softness in 134Ce
reproduced by TPSM.
Apparent contradiction with 
TW in 135Pr resolved.
Exact antisymmetrization of TSPM states
is crucial.

TPSM

exp.
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150
62Sm88 : a 𝛾 soft transitional nucleus

is well described by TPSM 
with 𝛽 = 0.20, 𝛾 = 22!.

TPSM

TPSM

TPSM

151
63Eu88 : a transverse wobbler

is well described by TPSM 
with 𝜀 = 0.20, 𝛾 = 27!.

A. MUKHERJEE et al.,
PRC 107, 054310 (2023)

Tabassum Naz et al., NPA 979, 1 (2018)

Even-I-down pattern of 𝛾 softness

2       4        6        8       10     12     14     16     18      20

exp.



A. MUKHERJEE et al.,  PRC 107, 054310 (2023)

transverse

longitudinal

Impressive reproduction of the
wobbling bands without explicit 
adjustment of the MoI.
𝛾 is the only adjusted parameter.



F. Q. Chen, C. Petrache, PRC 103, 064319 (2021)

𝜋ℎ!!/%% configuration

Transverse wobbler in 136Nd

TW
FM



Transverse wobbling

Transition to flip mode
LW regime not reached yet

SCS maps



Summary
• Wobbling is a new collective mode:  precessional motion of the charged 

triaxial body à enhanced E2 transitions 
• Wobbling is specified by the corresponding classical orbits
• Transverse wobbling (TW): J revolves around  the s– or l-axis transvers to m-

axis of maximal moment of inertia, particle j approximately transverse à its 
excitation energy decreases with I.

• Longitudinal wobbling (LW): J revolves around the m-axis, particle j has 
transverse and longitudinal components à excitation energy increases with I.

• With increasing I, TW changes to LW via the Flip mode (FM), which represents  
flipping between tilted J directions, à excitation energy small, I independent

• Spin Coherent State maps display the topology of the quantum states.
• PTR well describes energies and E2, M1 transition probabilities,  however  

sensitive to MoI input,  ambiguities
• TPSM well describes energies and E2, M1 transition probabilities in both the 

valence particle + rotor type nuclei  and 𝛾 soft e-e neighbors. 
• Promising tool, further development: more instructive visualization of physics 

content, better foundation on (cranked)  mean-field theory, octupole 
correlations, shape coexistence, …


