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Tansfermium nuclei（Z ≥ 100）： the heaviest system 
accessible in present in-beam experiment.

Way to get structure information about very
heavy nuclear system：

ü α-decays: life time, spin, parity … …
ü Spectroscopy of collective rotation: spin, parity, 

configurations, deformations, single-particle 
orbital … …

p Study of the spectroscopy of the nuclei with Z ∼ 100 
provide an indirect way to access the single particle 
states of the next closed spherical shells.
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1.2 Known dataà Rotational spectroscopy

Zhang Zhenhua, Wen Kai, HXT, Zeng Jinyan, Zhao Enguang, Zhou Shangui, 
Nuclear Physics Review 30 (2013) 268.
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section  3, while spherical regions and multi-particle shell-
model isomers will be discussed in section  4. These will 
include the trans-lead nuclei (section 4.1) where coupling 
to octupole vibrations is important, and the mass-150 region 
where similar high-spin multi-particle con"gurations occur, 
but where shape changes may play a more signi"cant role 
(section 4.2).

Dynamic and static shape changes are related to the forma-
tion of competing minima in the nuclear potential that leads 
to shape coexistence. The high-spin superdeformation, that 
was discovered several decades ago, falls into this category. 
Low-spin superdeformation was already well-known in heavy 
nuclei to lead to "ssion isomers. Implications for the exist-
ence and properties of either bandhead or K-isomers in the 
second well will be covered in section 5. The status of stud-
ies on superheavy nuclei will also be included in this section. 
These studies hark back to the role played earlier by isomers 
in identifying key orbitals near the Fermi surface (section 
5.4) with the present hope of discriminating between mean-
"eld theories that aim to predict the existence and stability of 
superheavy nuclei.

The possibilities to exploit isomer targets and isomer beams 
are discussed in sections 6 and 7, respectively. In parallel with 
these (predominantly) nuclear structure studies, the expanding 
role of isomers in inter-disciplinary research, including oppor-
tunities for direct applications such as induced deexcitation 
for energy release, or for probing subtle effects at the nuclear/
atomic interface, will be outlined in section 8, together with 
astrophysical applications. Medical applications are discussed 
in section 9.

Selected additional aspects of experimental development 
will be covered in section 10, including recoil methods for the 
study of neutron-de"cient nuclei; the use of deep-inelastic and 
fragmentation reactions, particularly for studies in neutron-
rich nuclei, including direct mass measurements with storage 
rings; fast-timing with LaBr3 detectors; and isomer separation 
techniques.

Taken together, these topics constitute too broad a canvas 
to be covered in detail, but hopefully we can provide some of 
the signposts to developments of current interest, as well as 
prospects for the future. In this context, a detailed analysis 
and review of the structure of high-spin states including iso-
mers was given by de Voigt et al three decades ago [36]. More 
recent reviews of isomers include a study of deformed nuclei 
in the mass-180 region [37], a comprehensive review of shape 
coexistence where isomers play a role [38], as well as vari-
ous popular commentaries (see for example [17, 23, 39, 40]).  
An extensive data review covering the decay properties and 
con"gurations of high-K isomers in deformed nuclei with 
A  >  100 has also recently been completed [41]. The present 
work draws both on those results and on the Nobel sympo-
sium report by Dracoulis [42]. In addition, theoretical aspects 
of high-K isomers have been discussed recently by Walker and 
Xu [43]. On the purely experimental side, the recent compila-
tion associated with the 2012 NUBASE evaluation of Audi 
et  al [44] includes excited isomeric states with half-lives 
greater than 100 ns, as well the nuclear ground states; iso-
mers with half-lives greater than 10 ns are tabulated by Jain 

et al [45]; and electromagnetic moments have been compiled 
by Stone [46]. Furthermore, data for isomers and their decay 
properties are regularly published in the journal Nuclear Data 
Sheets and are included in the nuclear structure databases 
evaluated nuclear structure data "le (ENSDF) and unevalu-
ated nuclear data list (XUNDL) [47].

In "gure 1, a prespective is given of the occurrence of iso-
mers throughout the nuclear chart, with data from [44]. From 
this "gure, it is clear that the occurrence of isomers is not ran-
dom, with concentrations both at closed shells and away from 
closed shells. It is the underlying physics associated with this 
non-random distribution that forms the basis of this review.

A contemporary issue is to what extent isomers might,  
at the limits of nuclear binding, provide extra stability, in the 
sense that their half-lives can exceed those of their corresp-
onding ground states. There is discussion of this aspect in 
section 5.

2. Background to isomer formation

While much is known of the nuclear structure that controls 
the excitation energies and decay rates of nuclear states, it is 
essentially impossible to predict precisely their likely occur-
rence, and especially their lifetimes. This is because small 
energy differences between the initial state and possible "nal 
states can have a large effect on transition rates. In the extreme 
case a small change in energy might result in the reversal of 
the disposition of close-lying states, so where a decay path 
may have been predicted, in reality, no path exists, or vice 
versa. Furthermore, since the transitions which do occur may 
be ones which are, in principle, forbidden, they must only 
occur through miniscule wave-function admixtures which 
are impossible to predict accurately. Hence, there is an inevi-
table reliance on phenomenology driven by experiment and 
discovery.

The traditional areas where such states are found, and indeed 
where more are expected, are in medium-heavy to heavy nuclei 
close to closed shells, where the valence  particles can occupy 
orbits with high spin. This occurs near the closed neutron and 

Figure 1. Nuclear chart illustrating the distribution of isomers 
with excitation energies greater than 600 keV, with data from Audi 
et al [44]. The "lled red circles correspond to 200 ns  <  T1/2  <  100 
µs, the open red circles correspond to 100 µs  <  T1/2  <  1 h, and the 
"lled blue diamonds are for T1/2  >  1 h.

Rep. Prog. Phys. 79 (2016) 076301

G D Dracoulis, et al.,
Rep. Prog. Phys. 

79 (2016) 076301.

Audi G, et al.,
Chin. Phys. C 

36 (2012) 1157.
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1.2 Known dataà High-K isomer
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Cranked Shell Model (CSM) Hamiltonian:

1. h0(ω) = hξ - ωjx is diagonalized in        to obtain the cranked 
Nilsson levels and cranked deformed signature basis        .

2. Construct the Cranked Many-Particle Configuration (CMPC) space 
3. HCSM is diagonalized in a CMPC space to get eigenstates of CSM 

Hamiltonian：

Ci is the corresponding probability amplitude.

2

I. INTRODUCTION

Neutron rich side of the stability valley is among the most unknown territory in the nuclear landscape. The nuclear
shell e↵ects of these neutron rich nuclei is one of the most fantastic topics in current nuclear structure physics.

Researching on neutron-rich nuclei is an attractive topic in nuclear physics currently. While the experimental
information was limited for the di�culties of experimental means. In rare-earth region, within the data tables for
experimental discovery of Sm (Z = 62) to Yb (Z = 70) isotopes[1, 2], the neutron number of Sm isotopes have
only reached to N = 100[3]. More recently, 164Sm (N = 102) was discovered[4]. In the early experiment by Zhu
et al [5], the yrast bands of 156,158,160Sm were obtained, besides, K⇡ = 5� isomers in 156,158Sm were observed. The
two-quasiparticle (two-qp) isomeric states of 154,156Nd, 156,158,160Sm[? ], 160Sm[? ], and 164Sm, 166Gd[4] have been
reported recently. The information of isomers in other deformed nuclei with A > 100 are involved in Ref.[6] and
references therein, within which the lightest nucleus with a known four-quasiparticle (4-qp) K⇡ = 12+ isomeric state
was 164Er[7]. Most recently, a 4-qp isomeric state in neuron-rich 160Sm has been newly observed at RIBF, RIKEN[8].
These high-K isomers (K is the projection of the nuclear angular momentum on the symmetry axis) can provide

significant information on the understanding of nuclear properties. Often, the low-lying high-K isomeric states are
interpreted as multi-quasiparticle (qp) excitation state[9–12], which are connected with the Nilsson single particle
state near the Fermi surface, given that the band head quantum number K and ⇡ are known and there are only a
few possible configurations for choices. The rotational bands build on the high-K isomeric state have usually two
sequences with di↵erent signature, while the signature splitting is almost absence. The properties of rotational band
build on the high-K isomeric state are much di↵erent with these of GSBs, for instance, the rotational frequency
!-dependence of moment of inertia(MOIs) and angular momentum alignments. Furthermore, the electromagnetic
properties of high-K isomers are important, for instance, gK-factor can provide a argument for choosing the multi-qp
configuration.
Theoretically, the structure of neutron rich even-even Sm isotopes around N = 100 have been studied using

three self-consistent mean-field models, namely a deformed Hartree-Fock model, Skyrme Hartree-Fock model with
BCS method, and relativistic mean field model, while only the GSBs and no high-K isomers are investigated[13].
The experimental excited energies of isomeric state in 152,154,156Nd and 156,158Sm are compared with calculations
by a Hartree-Fock-Bogoliubov (HFB) theory with the finite range and density dependent Gogny force D1S, but no
rotational bands based on these isomers were calculated[14]. The isomeric rotational bands of several Nd isotopes and
Sm isotopes have been studied by a quasiparticle rotor model (QPRM)[? ] and a projected shell-model (PSM)[15],
with no "6(�6) deformation in either calculations. Möller el al [16] has noted that in this mass region the "6(�6)
deformation is significant, and has markable e↵ects on nuclear structure[4, 8]. The potential energy surface (PES)
calculations, including �6 deformation, were applied to assign the newly found isomeric states in the 164Sm[4] and
160Sm[8].

The aim of this work is to give an insight on the high-K isomeric bands in neutron-rich Sm even-even isotopes
reported most recently, using a CSM with the pairing correlations treated by a particle number conserving (PNC)
method[17, 18], instead of the conventional Bardeen-Cooper-Schrie↵er (BCS) or Hartree-Fock-Bogolyubov (HFB)
approach. In the PNC method, the Hamiltonian is solved directly in a truncated Fock-space[19], namely a multi
particle configuration (MPC) space. So the particle-number is conserved and the Pauli blocking e↵ects are taken into
account exactly. The high-spin states and high-K isomeric bands in the rare-earth region are well described with the
PNC-CSM calculations[20–23], while it is the first time that PNC-CSM method being used to study the neutron-rich
nuclei.

A brief introduction of the PNC-CSM and its applications are presentd in Sec. II. The calculation details and
results of high-K isomers’ properties are discussed in Sec. III, A summary is in Sec. IV.

II. PNC METHOD

The details of the PNC-CSM method can be found in refs.[18, 19, 24? ]. For convenience, the related formalism
are briefly introduced here. The CSM Hamiltonian with inclusion of both the monopole- and quadrupole-paring
correlations in the rotating frame reads,

HCSM = HSP � !Jx +HP(0) +HP(2) (1)

=
X

⇠

h⇠ � !Jx �G0

X

⇠⌘

a
†
⇠a

†
⇠
a⌘a⌘ �G2

X

⇠⌘

q2(⇠)q2(⌘)a
†
⇠a

†
⇠
a⌘a⌘ ,

where h⇠ is the single-particle Hamiltonian with an one-body potential (here the Nilsson Hamiltonian is accepted),
�!Jx is the Coriolis interaction with the cranking frequency ! about the x axis (perpendicular to the nuclear
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symmetry z axis). ⇠ (⌘) is the eigen state of the single-particle Hamiltonian h⇠, and ⇠̄ (⌘̄) index its time-reversed

state. a†⇠a
†
⇠
⌘ s

†
⇠(a⌘̄a⌘ ⌘ s⌘) is the time reversal pair creation (annihilation) operator with a

†
�⇠ = (�1)⌦�1/2

a
†
⇠
and ⌦

being z component of the single-particle angular moment. q2(⇠) =
p
16⇡/5h⇠|r2Y20|⇠i is the diagonal element of the

stretched quadrupole operator.
In the rotating frame, the symmetry of the time reversal is broken. Constructing the simultaneous eigenstates of

{h0(!) = h⇠ � !jx, j
2
z , Rx(⇡) = e

�i⇡↵}, |⇠↵i = 1p
2
[1� e

�i⇡↵
Rx(⇡)]|⇠i, the time reversal representation transform to

the signature basis with signature ↵ = ±1/2 being the eigenvalues of Rx(⇡). In the signature representation,

HP = �G

X

⇠⌘>0

(�1)⌦⇠�⌦⌘�
†
⇠+�

†
⇠��⌘��⌘+, (2)

where �†
⇠↵=±1/2 = 1p

2

h
a
†
⇠ ± (�1)N⇠a

†
�⇠

i
is the real single-particle creation operator of |⇠↵i. The eigenstates of the

cranked single-particle Hamiltonian h0(!) = h⇠ � !jx is obtained by diagonalizing h0 in the signature |⇠↵i space,

|µ↵i =
X

⇠

Cµ⇠(↵)|⇠↵i, [Cµ⇠(↵) is real], (3)

which is characterized by the cranked single-particle energy ✏µ↵, parity ⇡ and signature ↵ = ±1/2. Correspondingly,
a cranked many-particle configuration (CMPC), |ii, of a n-particle system is expressed as,

|µ1µ2 · · ·µni = b
†
µ1
b
†
µ2

· · · b†µn
|0i (4)

where b
†
µ± =

P
⇠ Cµ⇠(±)�†

⇠± is the real single-particle creation operator of a cranked state |µ↵i. Note that |µ↵i is
simplified as |µi in Eq. 4. Each configuration |ii is characterized by the particle-number n, parity ⇡, signature ↵ and
seniority ⌫ (number of unpaired particles).

In the cranked basis, the one-body part of HCSM is,

H0 =
X

µ↵

✏µ↵b
†
µ↵bµ↵, (5)

and the paring reads,

HP (0) = �G0

X

µµ0⌫⌫0
f
⇤
µµ0f⌫0⌫b

†
µ+b

†
µ0�b⌫�b⌫0+, (6)

f
⇤
µµ0 =

X

⇠>0

(�)⌦⇠Cµ⇠(+)Cµ0⇠(�),

f⌫0⌫ =
X

⌘>0

(�)⌦⌘C⌫0⌘(+)C⌫⌘(�).

similarly,

HP (2) = �G2

X

µµ0⌫⌫0
g
⇤
µµ0g⌫0⌫b

†
µ+b

†
µ0�b⌫�b⌫0+, (7)

g
⇤
µµ0 =

X

⇠>0

(�)⌦⇠Cµ⇠(+)Cµ0⇠(�)q2(⇠),

g⌫0⌫ =
X

⌘>0

(�)⌦⌘C⌫0⌘(+)C⌫⌘(�)q2(⌘).

The total cranked shell model Hamiltonian, HCSM, is diagonalized in a su�ciently large cranked many-particle
configuration (CMPC) space which is constructed by including the configurations with energies Ei�E0  Ec with E0

being the energy of the lowest configuration and Ec being the cuto↵ energy. The eigenstate of HCSM can be expressed
as,

| i =
P

i Ci|ii, Ci is real,

| i =
X

i

Ci|ii, Ci is real, (8)

xa
µa

2.1 Theoretical framework of PNC-CSM
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Nilsson Hamiltonian：

hξ =
1
2
hω0[−∇ρ

2 +
1
3
ε2(2

∂2

∂ζ 2
−
∂2

∂ξ 2
−
∂2

∂η2
)

+ρ2 −
2
3
ε2ρ

2P2(cosθt )+ 2ε4ρ
2P4(cosθt )]

−2κ!ω00[lt
"#
⋅
#s −µ(lt

"#2
− 〈lt
"#2
〉N )]

2
6 62 (cos )tPe r q+

S.G. Nilsson, et al.,
Nucl. Phys. A 1,131 (1969) .

xjw-

+ 2ε3ρ
2P3(cosθt )

2.1 Theoretical framework of PNC-CSM
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Cranked Shell Model (CSM) Hamiltonian:

1. h0(ω) = hξ - ωjx is diagonalized in        to obtain the cranked 
Nilsson levels and cranked deformed signature basis        .

2. Construct the Cranked Many-Particle Configuration (CMPC) space 
3. HCSM is diagonalized in a CMPC space to get eigenstates of CSM 

Hamiltonian：

Ci is the corresponding probability amplitude.
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a
†
⇠a

†
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q2(⇠)q2(⌘)a
†
⇠a

†
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†
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†
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2
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a
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⇠
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†
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b
†
µ2
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|0i (4)

where b
†
µ± =

P
⇠ Cµ⇠(±)�†

⇠± is the real single-particle creation operator of a cranked state |µ↵i. Note that |µ↵i is
simplified as |µi in Eq. 4. Each configuration |ii is characterized by the particle-number n, parity ⇡, signature ↵ and
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In the cranked basis, the one-body part of HCSM is,

H0 =
X

µ↵

✏µ↵b
†
µ↵bµ↵, (5)

and the paring reads,

HP (0) = �G0

X

µµ0⌫⌫0
f
⇤
µµ0f⌫0⌫b

†
µ+b

†
µ0�b⌫�b⌫0+, (6)
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⇤
µµ0 =

X

⇠>0

(�)⌦⇠Cµ⇠(+)Cµ0⇠(�),
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X
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similarly,
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X

µµ0⌫⌫0
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⇤
µµ0g⌫0⌫b

†
µ+b

†
µ0�b⌫�b⌫0+, (7)
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⇤
µµ0 =

X

⇠>0

(�)⌦⇠Cµ⇠(+)Cµ0⇠(�)q2(⇠),

g⌫0⌫ =
X
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(�)⌦⌘C⌫0⌘(+)C⌫⌘(�)q2(⌘).

The total cranked shell model Hamiltonian, HCSM, is diagonalized in a su�ciently large cranked many-particle
configuration (CMPC) space which is constructed by including the configurations with energies Ei�E0  Ec with E0

being the energy of the lowest configuration and Ec being the cuto↵ energy. The eigenstate of HCSM can be expressed
as,

| i =
P

i Ci|ii, Ci is real,

| i =
X

i

Ci|ii, Ci is real, (8)
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Cranked Shell Model (CSM) Hamiltonian:

1. h0(ω) = hξ - ωjx is diagonalized in        to obtain the cranked 
Nilsson levels and cranked deformed signature basis        .

2. Construct the Cranked Many-Particle Configuration (CMPC) space 
3. HCSM is diagonalized in a CMPC space to get eigenstates of CSM 

Hamiltonian：

Ci is the corresponding probability amplitude.

2

I. INTRODUCTION

Neutron rich side of the stability valley is among the most unknown territory in the nuclear landscape. The nuclear
shell e↵ects of these neutron rich nuclei is one of the most fantastic topics in current nuclear structure physics.

Researching on neutron-rich nuclei is an attractive topic in nuclear physics currently. While the experimental
information was limited for the di�culties of experimental means. In rare-earth region, within the data tables for
experimental discovery of Sm (Z = 62) to Yb (Z = 70) isotopes[1, 2], the neutron number of Sm isotopes have
only reached to N = 100[3]. More recently, 164Sm (N = 102) was discovered[4]. In the early experiment by Zhu
et al [5], the yrast bands of 156,158,160Sm were obtained, besides, K⇡ = 5� isomers in 156,158Sm were observed. The
two-quasiparticle (two-qp) isomeric states of 154,156Nd, 156,158,160Sm[? ], 160Sm[? ], and 164Sm, 166Gd[4] have been
reported recently. The information of isomers in other deformed nuclei with A > 100 are involved in Ref.[6] and
references therein, within which the lightest nucleus with a known four-quasiparticle (4-qp) K⇡ = 12+ isomeric state
was 164Er[7]. Most recently, a 4-qp isomeric state in neuron-rich 160Sm has been newly observed at RIBF, RIKEN[8].
These high-K isomers (K is the projection of the nuclear angular momentum on the symmetry axis) can provide

significant information on the understanding of nuclear properties. Often, the low-lying high-K isomeric states are
interpreted as multi-quasiparticle (qp) excitation state[9–12], which are connected with the Nilsson single particle
state near the Fermi surface, given that the band head quantum number K and ⇡ are known and there are only a
few possible configurations for choices. The rotational bands build on the high-K isomeric state have usually two
sequences with di↵erent signature, while the signature splitting is almost absence. The properties of rotational band
build on the high-K isomeric state are much di↵erent with these of GSBs, for instance, the rotational frequency
!-dependence of moment of inertia(MOIs) and angular momentum alignments. Furthermore, the electromagnetic
properties of high-K isomers are important, for instance, gK-factor can provide a argument for choosing the multi-qp
configuration.
Theoretically, the structure of neutron rich even-even Sm isotopes around N = 100 have been studied using

three self-consistent mean-field models, namely a deformed Hartree-Fock model, Skyrme Hartree-Fock model with
BCS method, and relativistic mean field model, while only the GSBs and no high-K isomers are investigated[13].
The experimental excited energies of isomeric state in 152,154,156Nd and 156,158Sm are compared with calculations
by a Hartree-Fock-Bogoliubov (HFB) theory with the finite range and density dependent Gogny force D1S, but no
rotational bands based on these isomers were calculated[14]. The isomeric rotational bands of several Nd isotopes and
Sm isotopes have been studied by a quasiparticle rotor model (QPRM)[? ] and a projected shell-model (PSM)[15],
with no "6(�6) deformation in either calculations. Möller el al [16] has noted that in this mass region the "6(�6)
deformation is significant, and has markable e↵ects on nuclear structure[4, 8]. The potential energy surface (PES)
calculations, including �6 deformation, were applied to assign the newly found isomeric states in the 164Sm[4] and
160Sm[8].

The aim of this work is to give an insight on the high-K isomeric bands in neutron-rich Sm even-even isotopes
reported most recently, using a CSM with the pairing correlations treated by a particle number conserving (PNC)
method[17, 18], instead of the conventional Bardeen-Cooper-Schrie↵er (BCS) or Hartree-Fock-Bogolyubov (HFB)
approach. In the PNC method, the Hamiltonian is solved directly in a truncated Fock-space[19], namely a multi
particle configuration (MPC) space. So the particle-number is conserved and the Pauli blocking e↵ects are taken into
account exactly. The high-spin states and high-K isomeric bands in the rare-earth region are well described with the
PNC-CSM calculations[20–23], while it is the first time that PNC-CSM method being used to study the neutron-rich
nuclei.

A brief introduction of the PNC-CSM and its applications are presentd in Sec. II. The calculation details and
results of high-K isomers’ properties are discussed in Sec. III, A summary is in Sec. IV.

II. PNC METHOD

The details of the PNC-CSM method can be found in refs.[18, 19, 24? ]. For convenience, the related formalism
are briefly introduced here. The CSM Hamiltonian with inclusion of both the monopole- and quadrupole-paring
correlations in the rotating frame reads,

HCSM = HSP � !Jx +HP(0) +HP(2) (1)

=
X
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where h⇠ is the single-particle Hamiltonian with an one-body potential (here the Nilsson Hamiltonian is accepted),
�!Jx is the Coriolis interaction with the cranking frequency ! about the x axis (perpendicular to the nuclear
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symmetry z axis). ⇠ (⌘) is the eigen state of the single-particle Hamiltonian h⇠, and ⇠̄ (⌘̄) index its time-reversed
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16⇡/5h⇠|r2Y20|⇠i is the diagonal element of the

stretched quadrupole operator.
In the rotating frame, the symmetry of the time reversal is broken. Constructing the simultaneous eigenstates of
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is the real single-particle creation operator of |⇠↵i. The eigenstates of the

cranked single-particle Hamiltonian h0(!) = h⇠ � !jx is obtained by diagonalizing h0 in the signature |⇠↵i space,

|µ↵i =
X

⇠

Cµ⇠(↵)|⇠↵i, [Cµ⇠(↵) is real], (3)

which is characterized by the cranked single-particle energy ✏µ↵, parity ⇡ and signature ↵ = ±1/2. Correspondingly,
a cranked many-particle configuration (CMPC), |ii, of a n-particle system is expressed as,
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†
µ1
b
†
µ2

· · · b†µn
|0i (4)
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†
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P
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⇠± is the real single-particle creation operator of a cranked state |µ↵i. Note that |µ↵i is
simplified as |µi in Eq. 4. Each configuration |ii is characterized by the particle-number n, parity ⇡, signature ↵ and
seniority ⌫ (number of unpaired particles).

In the cranked basis, the one-body part of HCSM is,
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and the paring reads,
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The total cranked shell model Hamiltonian, HCSM, is diagonalized in a su�ciently large cranked many-particle
configuration (CMPC) space which is constructed by including the configurations with energies Ei�E0  Ec with E0

being the energy of the lowest configuration and Ec being the cuto↵ energy. The eigenstate of HCSM can be expressed
as,

| i =
P

i Ci|ii, Ci is real,

| i =
X

i

Ci|ii, Ci is real, (8)
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• A CMPC of a n-particle system reads:

denotes an occupation of particles in cranked orbitals.
• For each     ,

How to construct CMPC space 

i

All possible CMPCs satisfied                      construct the CMPC space.  
EC : the truncation (cutoff) energy； E0 : the lowest CMPC energy.

CMPC truncation :

4

This converged solution can always be obtained even for a pair-broken state. By this way, the Pauli blocking e↵ect
is treated spontaneously while it does not in the BCS or HFB quasi-particle (qp) formalism. For the seniority ⌫ = 0
ground state (K⇡ = 0+) of an even-even nucleus (qp vacuum in the BCS formalism), each |ii in Eq.8 is of the form[25],

|µ1µ̄1 · · ·µkµ̄ki = b
†
µ1
b
†
µ̄1

· · · b†µk
b
†
µ̄k
|0i (9)

where k = n/2. For the seniority ⌫ = 1 state in an odd-even nucleus, |ii is of the form,
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†
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b
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b
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· · · b†µk
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†
µ̄k
|0i, (� 6= µ), (10)

where �1 is the blocked single-particle state. The angular momentum projection along nuclear symmetry z-axis
K = ⌦�1 , ⇡ = (�)N�1 . For the seniority ⌫ = 2 state in an even-even nucleus, |ii is of the form,

|�1�2µ1µ̄1 · · ·µkµ̄ki = b
†
�1
b
†
�2
b
†
µ1
b
†
µ̄1

· · · b†µk
b
†
µ̄k
|0i, (� 6= µ), (11)

where �1, �2 are two blocked single-particle states. Note that for two given blocked levels, di↵erent occupation of
(�1�̄2), (�̄1�2) and (�̄1�̄2) are also considered, which leads to four sequences, i.e. K = |⌦�1 ± ⌦�2 | and ↵ = 0, 1.
The parity of these configuration is ⇡ = (�)N�1+N�2 . The configurations of higher-seniority ⌫ > 2 state are similarly
constructed, and the diagonalisation remains the same.

As a matter of fact, when ! 6= 0, ⌫ and K are not exactly conserved due to the Coriolis interaction. Some forms of
K-mixing exist to enable theK-forbidden transition observed in a lot of low-lying rotational bands of axially symmetric
nuclei [26]. Nevertheless, at the low-! region, ⌫ and K may be served as useful quantum numbers characterizing a
low-lying excited rotational band.

III. RESULTS AND DISCUSSIONS

A. Nilsson single-particle levels

The single-particle levels are particular important to the low-lying K-isomers. In the present calculations, Nilsson
single-particle states are calculated within the valence single-particle space of protonN = 0 ⇠ 5 and neutronN = 0 ⇠ 6
major shells. The Nilsson parameters (, µ) are taken from the Lund systematics [27]. The deformation parameters "2,
"4 and "6 are taken as that given by Möller et al. in Ref [16]. Potential energy surface calculations show a nontrivial
"6 e↵ects on the two-quasiparticle energies, which are altered by 50�250 keV (compared to "6 = 0 calculations) [4, 8].
Figure 1 displays the "6 e↵ects of the single-particle energy levels, taking the Nilsson orbitals near the Fermi surface
of 160Sm as an example.

Both the Nilsson levels with "6 = 0 and "6 6= 0 (keep "2 and "4 the same) at rotational frequency ! = 0 are displayed
at the left parts of Figure 1 (a) and (b). As for proton, comparing to the "6 = 0 case, including of nonzero "6 leads
to a less pronounced energy gap at proton Z = 60. And at the meanwhile a new energy gap at Z = 62 appears and
at Z = 66 disappears somehow. Then we will expect a higher two-proton excitation energy for Sm isotopies and a
lower two-proton excitation energy for Gd. As for neutron, by including the nonzero "6, the energy gap at N = 98
is depressed and the one at N = 102 comes out. The upward moving of the 5/2[512] and 7/2[514] levels and the
downward shift of the 5/2[642] level would result in a higher relevant multi-particle excitation energies, while the
band head energies would become lower due to the downward moving of 7/2[633] level. Neutron single-particle level
density is higher than the proton one, and its structure is more complicate. Therefore, the e↵ect to the K-isomeric
state could be intricate, which will be discussed in detail later.

The right parts of Figure 1 (a) and (b) show the cranked Nilssion particle levels. The signature ↵ = +1/2(�1/2)
levels are denoted by solid (dashed) lines. The Nilsson levels of 158,162,164Sm and 160,162,164,166Gd are similar to these
of 160Sm, so they are not shown here. Note that according to the tables of Möller et al. in Ref. [16], a maximized
"6 = 0.053 value is indicated for 164Sm. Then the e↵ect of "6 on the Nilsson levels, and on the K-isomer subsequently,
would be larger. Nevertheless, the di↵erence of the e↵ect of "6 on the Nilsson levels for 164Sm and for 160Sm is
quantitive and not very big. The main structure of the single-particle levels keeps almost the same. Therefore it will
not be shown here.

B. Pairing parameters

The e↵ective pairing strengths G0 and G2 can be determined by the odd-even di↵erences in nuclear binding energies
in principle. Their values connect with the dimensions of the truncated CMPC space as well. In the present calcu-
lations, the CMPC space for all the nuclei involved is constructed in the proton N = 3, 4, 5 and neutron N = 4, 5, 6
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"4 and "6 are taken as that given by Möller et al. in Ref [16]. Potential energy surface calculations show a nontrivial
"6 e↵ects on the two-quasiparticle energies, which are altered by 50�250 keV (compared to "6 = 0 calculations) [4, 8].
Figure 1 displays the "6 e↵ects of the single-particle energy levels, taking the Nilsson orbitals near the Fermi surface
of 160Sm as an example.

Both the Nilsson levels with "6 = 0 and "6 6= 0 (keep "2 and "4 the same) at rotational frequency ! = 0 are displayed
at the left parts of Figure 1 (a) and (b). As for proton, comparing to the "6 = 0 case, including of nonzero "6 leads
to a less pronounced energy gap at proton Z = 60. And at the meanwhile a new energy gap at Z = 62 appears and
at Z = 66 disappears somehow. Then we will expect a higher two-proton excitation energy for Sm isotopies and a
lower two-proton excitation energy for Gd. As for neutron, by including the nonzero "6, the energy gap at N = 98
is depressed and the one at N = 102 comes out. The upward moving of the 5/2[512] and 7/2[514] levels and the
downward shift of the 5/2[642] level would result in a higher relevant multi-particle excitation energies, while the
band head energies would become lower due to the downward moving of 7/2[633] level. Neutron single-particle level
density is higher than the proton one, and its structure is more complicate. Therefore, the e↵ect to the K-isomeric
state could be intricate, which will be discussed in detail later.

The right parts of Figure 1 (a) and (b) show the cranked Nilssion particle levels. The signature ↵ = +1/2(�1/2)
levels are denoted by solid (dashed) lines. The Nilsson levels of 158,162,164Sm and 160,162,164,166Gd are similar to these
of 160Sm, so they are not shown here. Note that according to the tables of Möller et al. in Ref. [16], a maximized
"6 = 0.053 value is indicated for 164Sm. Then the e↵ect of "6 on the Nilsson levels, and on the K-isomer subsequently,
would be larger. Nevertheless, the di↵erence of the e↵ect of "6 on the Nilsson levels for 164Sm and for 160Sm is
quantitive and not very big. The main structure of the single-particle levels keeps almost the same. Therefore it will
not be shown here.
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The e↵ective pairing strengths G0 and G2 can be determined by the odd-even di↵erences in nuclear binding energies
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Cranked Shell Model (CSM) Hamiltonian:

1. h0(ω) = hξ - ωjx is diagonalized in        to obtain the cranked 
Nilsson levels and cranked deformed signature basis        .

2. Construct the Cranked Many-Particle Configuration (CMPC) space 
3. HCSM is diagonalized in a CMPC space to get eigenstates of CSM 

Hamiltonian：

Ci is the corresponding probability amplitude.

2

I. INTRODUCTION

Neutron rich side of the stability valley is among the most unknown territory in the nuclear landscape. The nuclear
shell e↵ects of these neutron rich nuclei is one of the most fantastic topics in current nuclear structure physics.

Researching on neutron-rich nuclei is an attractive topic in nuclear physics currently. While the experimental
information was limited for the di�culties of experimental means. In rare-earth region, within the data tables for
experimental discovery of Sm (Z = 62) to Yb (Z = 70) isotopes[1, 2], the neutron number of Sm isotopes have
only reached to N = 100[3]. More recently, 164Sm (N = 102) was discovered[4]. In the early experiment by Zhu
et al [5], the yrast bands of 156,158,160Sm were obtained, besides, K⇡ = 5� isomers in 156,158Sm were observed. The
two-quasiparticle (two-qp) isomeric states of 154,156Nd, 156,158,160Sm[? ], 160Sm[? ], and 164Sm, 166Gd[4] have been
reported recently. The information of isomers in other deformed nuclei with A > 100 are involved in Ref.[6] and
references therein, within which the lightest nucleus with a known four-quasiparticle (4-qp) K⇡ = 12+ isomeric state
was 164Er[7]. Most recently, a 4-qp isomeric state in neuron-rich 160Sm has been newly observed at RIBF, RIKEN[8].
These high-K isomers (K is the projection of the nuclear angular momentum on the symmetry axis) can provide

significant information on the understanding of nuclear properties. Often, the low-lying high-K isomeric states are
interpreted as multi-quasiparticle (qp) excitation state[9–12], which are connected with the Nilsson single particle
state near the Fermi surface, given that the band head quantum number K and ⇡ are known and there are only a
few possible configurations for choices. The rotational bands build on the high-K isomeric state have usually two
sequences with di↵erent signature, while the signature splitting is almost absence. The properties of rotational band
build on the high-K isomeric state are much di↵erent with these of GSBs, for instance, the rotational frequency
!-dependence of moment of inertia(MOIs) and angular momentum alignments. Furthermore, the electromagnetic
properties of high-K isomers are important, for instance, gK-factor can provide a argument for choosing the multi-qp
configuration.
Theoretically, the structure of neutron rich even-even Sm isotopes around N = 100 have been studied using

three self-consistent mean-field models, namely a deformed Hartree-Fock model, Skyrme Hartree-Fock model with
BCS method, and relativistic mean field model, while only the GSBs and no high-K isomers are investigated[13].
The experimental excited energies of isomeric state in 152,154,156Nd and 156,158Sm are compared with calculations
by a Hartree-Fock-Bogoliubov (HFB) theory with the finite range and density dependent Gogny force D1S, but no
rotational bands based on these isomers were calculated[14]. The isomeric rotational bands of several Nd isotopes and
Sm isotopes have been studied by a quasiparticle rotor model (QPRM)[? ] and a projected shell-model (PSM)[15],
with no "6(�6) deformation in either calculations. Möller el al [16] has noted that in this mass region the "6(�6)
deformation is significant, and has markable e↵ects on nuclear structure[4, 8]. The potential energy surface (PES)
calculations, including �6 deformation, were applied to assign the newly found isomeric states in the 164Sm[4] and
160Sm[8].

The aim of this work is to give an insight on the high-K isomeric bands in neutron-rich Sm even-even isotopes
reported most recently, using a CSM with the pairing correlations treated by a particle number conserving (PNC)
method[17, 18], instead of the conventional Bardeen-Cooper-Schrie↵er (BCS) or Hartree-Fock-Bogolyubov (HFB)
approach. In the PNC method, the Hamiltonian is solved directly in a truncated Fock-space[19], namely a multi
particle configuration (MPC) space. So the particle-number is conserved and the Pauli blocking e↵ects are taken into
account exactly. The high-spin states and high-K isomeric bands in the rare-earth region are well described with the
PNC-CSM calculations[20–23], while it is the first time that PNC-CSM method being used to study the neutron-rich
nuclei.

A brief introduction of the PNC-CSM and its applications are presentd in Sec. II. The calculation details and
results of high-K isomers’ properties are discussed in Sec. III, A summary is in Sec. IV.

II. PNC METHOD

The details of the PNC-CSM method can be found in refs.[18, 19, 24? ]. For convenience, the related formalism
are briefly introduced here. The CSM Hamiltonian with inclusion of both the monopole- and quadrupole-paring
correlations in the rotating frame reads,

HCSM = HSP � !Jx +HP(0) +HP(2) (1)
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where h⇠ is the single-particle Hamiltonian with an one-body potential (here the Nilsson Hamiltonian is accepted),
�!Jx is the Coriolis interaction with the cranking frequency ! about the x axis (perpendicular to the nuclear
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which is characterized by the cranked single-particle energy ✏µ↵, parity ⇡ and signature ↵ = ±1/2. Correspondingly,
a cranked many-particle configuration (CMPC), |ii, of a n-particle system is expressed as,
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where b
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⇠± is the real single-particle creation operator of a cranked state |µ↵i. Note that |µ↵i is
simplified as |µi in Eq. 4. Each configuration |ii is characterized by the particle-number n, parity ⇡, signature ↵ and
seniority ⌫ (number of unpaired particles).

In the cranked basis, the one-body part of HCSM is,
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The total cranked shell model Hamiltonian, HCSM, is diagonalized in a su�ciently large cranked many-particle
configuration (CMPC) space which is constructed by including the configurations with energies Ei�E0  Ec with E0

being the energy of the lowest configuration and Ec being the cuto↵ energy. The eigenstate of HCSM can be expressed
as,
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Cranked Shell Model (CSM) Hamiltonian:

1. h0(ω) = hξ - ωjx is diagonalized in        to obtain the cranked 
Nilsson levels and cranked deformed signature basis        .

2. Construct the Cranked Many-Particle Configuration (CMPC) space 
3. HCSM is diagonalized in a CMPC (truncated Fock) space to get 

eigenstates of CSM Hamiltonian：

Ci is the corresponding probability amplitude.

2

I. INTRODUCTION

Neutron rich side of the stability valley is among the most unknown territory in the nuclear landscape. The nuclear
shell e↵ects of these neutron rich nuclei is one of the most fantastic topics in current nuclear structure physics.
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information was limited for the di�culties of experimental means. In rare-earth region, within the data tables for
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two-quasiparticle (two-qp) isomeric states of 154,156Nd, 156,158,160Sm[? ], 160Sm[? ], and 164Sm, 166Gd[4] have been
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significant information on the understanding of nuclear properties. Often, the low-lying high-K isomeric states are
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results of high-K isomers’ properties are discussed in Sec. III, A summary is in Sec. IV.
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The total cranked shell model Hamiltonian, HCSM, is diagonalized in a su�ciently large cranked many-particle
configuration (CMPC) space which is constructed by including the configurations with energies Ei�E0  Ec with E0
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For the seniority ν = 0 ground state (Kπ = 0+):

For the seniority ν = 1 state:

For the seniority ν = 2 state:

are considered too, then:

For higher seniority ν > 2 state:  ……  similarly

4

This converged solution can always be obtained even for a pair-broken state. By this way, the Pauli blocking e↵ect
is treated spontaneously while it does not in the BCS or HFB quasi-particle (qp) formalism. For the seniority ⌫ = 0
ground state (K⇡ = 0+) of an even-even nucleus (qp vacuum in the BCS formalism), each |ii in Eq.8 is of the form[25],

|ii = |µ1µ̄1 · · ·µkµ̄ki = b
†
µ1
b
†
µ̄1

· · · b†µk
b
†
µ̄k
|0i (9)

where k = n/2. For the seniority ⌫ = 1 state in an odd-even nucleus, |ii is of the form,
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· · · b†µk
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†
µ̄k
|0i, (� 6= µ), (10)

where �1 is the blocked single-particle state. The angular momentum projection along nuclear symmetry z-axis
K = ⌦�1 , ⇡ = (�)N�1 . For the seniority ⌫ = 2 state in an even-even nucleus, |ii is of the form,

|ii = |�1�2µ1µ̄1 · · ·µkµ̄ki = b
†
�1
b
†
�2
b
†
µ1
b
†
µ̄1

· · · b†µk
b
†
µ̄k
|0i, (� 6= µ), (11)

where �1, �2 are two blocked single-particle states. Note that for two given blocked levels, di↵erent occupation of
(�1�̄2), (�̄1�2) and (�̄1�̄2) are also considered, which leads to four sequences, i.e. K = |⌦�1 ± ⌦�2 | and ↵ = 0, 1.
The parity of these configuration is ⇡ = (�)N�1+N�2 . The configurations of higher-seniority ⌫ > 2 state are similarly
constructed, and the diagonalisation remains the same.

As a matter of fact, when ! 6= 0, ⌫ and K are not exactly conserved due to the Coriolis interaction. Some forms of
K-mixing exist to enable theK-forbidden transition observed in a lot of low-lying rotational bands of axially symmetric
nuclei [26]. Nevertheless, at the low-! region, ⌫ and K may be served as useful quantum numbers characterizing a
low-lying excited rotational band.

III. RESULTS AND DISCUSSIONS

A. Nilsson single-particle levels

The single-particle levels are particular important to the low-lying K-isomers. In the present calculations, Nilsson
single-particle states are calculated within the valence single-particle space of protonN = 0 ⇠ 5 and neutronN = 0 ⇠ 6
major shells. The Nilsson parameters (, µ) are taken from the Lund systematics [27]. The deformation parameters "2,
"4 and "6 are taken as that given by Möller et al. in Ref [16]. Potential energy surface calculations show a nontrivial
"6 e↵ects on the two-quasiparticle energies, which are altered by 50�250 keV (compared to "6 = 0 calculations) [4, 8].
Figure 1 displays the "6 e↵ects of the single-particle energy levels, taking the Nilsson orbitals near the Fermi surface
of 160Sm as an example.

Both the Nilsson levels with "6 = 0 and "6 6= 0 (keep "2 and "4 the same) at rotational frequency ! = 0 are displayed
at the left parts of Figure 1 (a) and (b). As for proton, comparing to the "6 = 0 case, including of nonzero "6 leads
to a less pronounced energy gap at proton Z = 60. And at the meanwhile a new energy gap at Z = 62 appears and
at Z = 66 disappears somehow. Then we will expect a higher two-proton excitation energy for Sm isotopies and a
lower two-proton excitation energy for Gd. As for neutron, by including the nonzero "6, the energy gap at N = 98
is depressed and the one at N = 102 comes out. The upward moving of the 5/2[512] and 7/2[514] levels and the
downward shift of the 5/2[642] level would result in a higher relevant multi-particle excitation energies, while the
band head energies would become lower due to the downward moving of 7/2[633] level. Neutron single-particle level
density is higher than the proton one, and its structure is more complicate. Therefore, the e↵ect to the K-isomeric
state could be intricate, which will be discussed in detail later.

The right parts of Figure 1 (a) and (b) show the cranked Nilssion particle levels. The signature ↵ = +1/2(�1/2)
levels are denoted by solid (dashed) lines. The Nilsson levels of 158,162,164Sm and 160,162,164,166Gd are similar to these
of 160Sm, so they are not shown here. Note that according to the tables of Möller et al. in Ref. [16], a maximized
"6 = 0.053 value is indicated for 164Sm. Then the e↵ect of "6 on the Nilsson levels, and on the K-isomer subsequently,
would be larger. Nevertheless, the di↵erence of the e↵ect of "6 on the Nilsson levels for 164Sm and for 160Sm is
quantitive and not very big. The main structure of the single-particle levels keeps almost the same. Therefore it will
not be shown here.

B. Pairing parameters

The e↵ective pairing strengths G0 and G2 can be determined by the odd-even di↵erences in nuclear binding energies
in principle. Their values connect with the dimensions of the truncated CMPC space as well. In the present calcu-
lations, the CMPC space for all the nuclei involved is constructed in the proton N = 3, 4, 5 and neutron N = 4, 5, 6
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ü The converged solution can always be obtained even for a pair-broken state.
ü The Pauli blocking effects is treated spontaneously.
ü Provide a reliable way to assign the configuration of a multi-particle state. 
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2.2 Application of PNC-CSM



3. Results and discussions
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We include the proton N = 7 shell to 
construct the CMPC space and find 
that the 1 j15/2(1/2 [770]) orbital  
plays an important role in the 
rotational  properties of 251Md

XTH, Z. Z Ren, S. X. Liu, E. G Zhao, 
Nucl. Phys. A 817, 45 (2009).
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3.1 High-j intruder proton orbitals



The bandhead spins are assigned:
196.6(5) keV transition : 13/2− → 9/2−
189(1) keV transition : 11/2− → 7/2−

Yu-Chun Li, XTH
Sci. China-Phys. Mech. 

Astron. 59, 672011  (2016). 

3.1 High-j intruder proton orbitals

We include the proton N = 7 shell to 
construct the CMPC space and find 
that the 1 j15/2(1/2 [770]) orbital  
plays an important role in the 
rotational  properties of 255Lr
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Nilsson parameters (κ, μ) : By fitting the experimental single-
particle levels in the odd-A nuclei with Z=96-103 (A=240-255) 
(more than 30 nuclei), a new set of Nilsson parameters (κ, μ)
are obtained, which are dependent on the main oscillator 
quantum number N as well as the orbital angular momentum l.

Z. H. Zhang, XTH, J. Y. Zeng, E. G. Zhao and S. G. Zhou, Phys. Rev. C 85, 014324 (2012).
Z.-H. Zhang, J.-Y. Zeng, E.-G. Zhao, and S.-G. Zhou, Phys. Rev. C 83, 011304(R) (2011).

3.2 Systematic study of the GSB
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Nilsson parameters (κ, μ) : By fitting the experimental single-
particle levels in the odd-A nuclei with Z=96-103 (A=240-255) 
(more than 30 nuclei), a new set of Nilsson parameters (κ, μ)
are obtained, which are dependent on the main oscillator 
quantum number N as well as the orbital angular momentum l.

Z. H. Zhang, XTH, J. Y. Zeng, E. G. Zhao and S. G. Zhou, Phys. Rev. C 85, 014324 (2012).
Z.-H. Zhang, J.-Y. Zeng, E.-G. Zhao, and S.-G. Zhou, Phys. Rev. C 83, 011304(R) (2011).

The root-mean-square deviation of theoretical 1-qp band-head 
energies from the experimental values for Z=96-103(A=240-
255) nuclei is about 270 keV (200 keV by using the Woods-
Saxon potential) for neutrons by this new set of (κ, μ).

3.2 Systematic study of the GSB
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I. Muntian et al., 
Phys. Lett. B 500, 241 (2001).

Macroscopic-microscopic approach: The 
inclusion of β6 deformation can give extra 
binding energy in excess of 1 MeV.

254Nog.s. 16+

H.L. Liu et al., Eur. Phys. J. A. 47, 135 (2011).
H.L. Liu et al., Phys. Rev. C 83, 011303(R) (2011).

——: Cal. with β6
------: Cal. without β6

254No

Configuration-constrained potential-energy-
surface (PES) calculationsà The isomers gain 
extra binding energy from the β6 deformation, 
implying enhanced stability against fission.

Equilibrium deformations 

3.3 High-order deformation 𝜺6
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254No

28

β6 deformation leads to 
an enlarged Z = 100 
and N = 152 deformed 
shell gap. 

XTH, S. Y. Zhao, Z. H. Zhang and Z. Z. Ren 
CPC44, 034106 (2020).

3.3 High-order deformation 𝜺6

Zhen-Hua Zhang, Jie Meng,  En-Guang Zhao and
Shan-Gui Zhou, PRC 87, 054308 (2013)
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Reverse of  the single-proton levels in Lr isotopes

XTH et al., in preparation
T Huang, D. Seweryniak,…, XTH et al.,
Phys. Rev. C, 106, L061301 (2022). 

3.3 High-order deformation 𝜺6
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Reverse of  the single-proton levels in Lr isotopes

XTH et al., in preparation

With 𝜺6 Without 𝜺6

3.3 High-order deformation 𝜺6
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Nilsson parameters (κ, μ) : By fitting the low-lying high-K
multi-particle state energy and rotational band in the 
transfermium nuclei with 100 ⩽ Z ⩽ 105. A improved new set 
of Nilsson parameters (κ, μ) are obtained, where 𝜺2 𝜺4 𝜺6 are 
considered. 

XTH & Jun Zhang, in preparation

3.3 High-K isomers

The root-mean-square deviation of theoretical 1-qp and multi-
qp band-head energies from the experimental values for Z=100-
105(A=246-261) nuclei is about 370 keV by this new set of (κ, 
μ).



A. P. Robinson et al., 
Phys. Rev. C 78, 034308 (2008)
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Kπ = 8− isomers 
in N = 150 shell-stabilized isotones
8- υ2 {[734]9/2Ä[624]7/2}

PNC-CSM calculations

3.4 High-K isomers
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PNC-CSM calculations

HFB calculation from 
B. Sulignano et al.,PRC 86, 044318 (2012)

CCTRS calculationfrom F. R.Xu et al.

CCTRS calculationfrom F. R.Xu et al.

3.4 High-K isomers
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Moments of inertia of the multi-quasiparticle bands 
in 254No 

A 20% ∼ 25% increase in J(1)

can be seen for the high−K 
bands at low frequency. 

XTH, Shu-Yong Zhao, Zhen-hua Zhang, Zhng-Zhou Ren Chin. Phys. C 44 (2020) 034106.

? Configuration of Kp=8-:2p or 2n

3.4 High-K isomers-Pairing
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Pairing reduction of the multi-quasiparticle bands in 
254No 

where h | Jx | i is the angular momentum alignment,

h | Jx | i =
X

i

|Ci|2 hi| Jx |ii+ 2
X

i<j

C
⇤
i Cj hi| Jx |ji . (13)

The nuclear pairing gap[12, 13] in the PNC formalism is defined as,

�̃ = G0


� 1

G0
h |HP | i

�1/2
. (14)

For the quasi-particle vacuum band, �̃ is reduced to the usual definition of the nuclear

pairing gap � [13].

III. PARAMETERS

The Nilsson parameters (, µ), which optimized to reproduce the experimental level

schemes for heavy nuclei around A ⇠ 250 mass region in Refs. [14, 15] are used in this

work. The values of proton 5, µ5 and neutron 6, µ6 are modified slightly to reproduce

the correct single-particle level sequence when "6 is included. The deformation parameters

"2 = 0.026, "4 = 0.02 are taken from ref. [15] and "6 = 0.042 is taken from ref. [16]. The ef-

fective pairing strengths G0 and G2 can be determined by the odd-even differences in nuclear

binding energies. They are connected with the dimension of the truncated CMPC space.

The CMPC space for 254No is constructed in the proton N = 4, 5, 6 shells and the neutron

N = 6, 7 shells. The dimensions of the CMPC space are about 1000 and the corresponding

effective monopole and quadrupole pairing strengths are G0 = 0.25 MeV andG2 = 0.02

MeV for both of proton and neutron. As we are only interested in the yrast and low-lying

excited states, the number of the important CMPC’s involved (weight > 1%) is not very

large (usually < 20) and almost all the CMPC’s with weight > 0.1% are included in.

In Fig. 1, the multi-particle states in 254No calculated with and without high-order de-

formation "6 are compared with experimental deduced data, which are taken from the most

recent experimental work by R.M. Clark et al. in Ref. [5]. In general, the theoretical results

with non-zero high-order deformation "6 show a better reproduction of the experimental

data. This indicates that including of the "6 would present a more reasonable single-particle

structure in this mass region. The comparison of the Nilsson levels at rotational frequency

~! = 0 MeV between "6 = 0.042 and "6 = 0 are displayed in Fig. 2. The effect of "6 leads to

enlarged Z = 100 and N = 152 deformed shell gaps, which is consistent with prediction by

6

The nuclear pairing gaps calculated by Eq. 14 are shown in Fig. 6. To avoid the effect

brought from the effective pairing strength parameters, we used the same values for neutron

and proton. Then the difference of the pairing gaps between the neutron and proton would

come solely from the wave functions of the different states | i in Eq. 14. In general, as shown

in Fig. 6, the pairing gap (and also the pairing gap reduction) of neutron is larger than of

proton. We examine the rotational frequency ! and seniority ⌫ (number of the unpaired

particles) dependences of the paring gap in detail quantitively by definiting the following

relative pairing gap reduction factor,

R⌧ (!) =
�̃⌧ (!)� �̃⌧ (! = 0)

�̃⌧ (! = 0)
,

R⌧ (⌫) =
�̃⌧ (⌫)� �̃⌧ (⌫ = 0)

�̃⌧ (⌫ = 0)
, ⌧ = p or n (15)

In the following studies, the seniority dependence of pairing gap R⌧ (⌫) is calculated at the

bandhead ~! = 0, and the ⌫ = 0 band is adopted as the GSB.

GSB :Rp(! = 0.3MeV/~) ⇡ 18.1%,

⇡
23+ :Rp(! = 0.3MeV/~) ⇡ 5.7%, Rp(⌫ = 2) ⇡ 4.5%

⇡
28� :Rp(! = 0.3MeV/~) ⇡ 5.4%, Rp(⌫ = 2) ⇡ 4.4%

GSB :Rn(! = 0.3MeV/~) ⇡ 22.3%, (16)

⌫
28�1 :Rn(! = 0.3MeV/~) ⇡ 8.0%, Rn(⌫ = 2) ⇡ 4.2%

⌫
210+ :Rn(! = 0.3MeV/~) ⇡ 8.0%, Rn(⌫ = 2) ⇡ 4.8%.

From the results given by Eq. 16, we can explain the different behaviors of the observed

GSB and high�K bands in 254No in Fig. 3. At the bandhead ~! = 0, the seniority depen-

dence of relative pairing gap reduction is around 4.5% which contributes to the 20% ⇠ 25%

increases in MOI for the seniority ⌫ = 2 high�K bands. The frequency dependences of

the relative pairing gap reduction at ~! = 0.3 MeV are about 20% for the GSB while they

are just about 5% for two-proton and 8% for two-neutron high�K bands. Accordingly, the

alignments of the high�K bands with the orbitals blocked by the unpaired particles will rise

faster with frequency than that of the GSB, for which all particles are paired. Therefore,

due to the decrease of the pairing reduction and the increase of the alignment of the high�K

bands, MOI’s of high�K bands display a flat or even decreasing variation while the GSB

rises smoothly with frequency.
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The relative pairing gap reduction factor 
is defined as, 

The nuclear pairing gap in the PNC-CSM,

The effective pairing interaction strengths: G0p=0.25,  G2p=0.02, 
G0n=0.25,  G2n=0.02 

XTH, Shu-Yong Zhao, Zhen-hua Zhang, Zhng-Zhou Ren Chin. Phys. C 44 (2020) 034106.

3.4 High-K isomers-Pairing
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Identical band in Lr and Md

XTH et al., in preparation

R. Briselet,et al.,
Phys. Rev. C 102, 014307 (Jul 2020).

3.5 Identical band in 255Lr and 251Md
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Identical band in Lr and Md

XTH et al., in preparation 

3.5 Identical band in Lr and Md isotopes
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The limit of static 
octupole deformation:

The limit of aligned 
octupole phonon :

XTH and Yu-Chun Li, Physical Review C 102 (2020)_064328

3.6 Octupole deformation 𝜺3
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XTH and Yu-Chun Li, Physcial Review C 102 (2020)_064328

hNil =
1
2
!ω0[−∇ρ

2 +
1
3
ε2(2

∂2

∂ζ 2
−
∂2

∂ξ 2
−
∂2

∂η2
)

+ρ2 −
2
3
ε2ρ

2P2(cosθt )+ 2ε4ρ
2P4(cosθt )]

−2κ!ω00[lt
"#
⋅
#s −µ(lt

"#2
− 〈lt
"#2
〉N )]

+ 2ε3ρ
2P3(cosθt )

3.6 Octupole deformation 𝜺3
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The off-diagonal 
contributions of 
each sinlge particle 
levels jx(μν) to the 
angular momentum 
alignment.

The alignment for 
nucleons occupying 
the octupole-deformed 
pairs of neutron 
ν2j15/2g9/2 and of 
proton π2i13/2f7/2 
orbitals give a very 
important contribution 
to the upbendings. 

XTH and Yu-Chun Li, PRC 102 (2020)_064328

3.6 Octupole deformation 𝜺3



• 237U 在0.25MeV处有明显上弯，239Pu转动带比较平缓;

• 237U和239Pu的s=+i和s=-i转动带之间都存在明显的劈裂(simplex splittings).
Jun Zhang, XTH*, Yu-Chun Li and Hai-Qian Zhang, PRC, 107, 024305 (2023). 

3.6 Octupole deformation 𝜺3

Parity doublet bands in odd-A nuclei:



• 237U顺排的非对角部分导致上弯，且八极关联 较强，对上弯有明显贡献；

• 239Pu顺排的对角和非对角部分都比较平缓，八极关联 贡献小。

3.6 Octupole deformation 𝜺3

Parity doublet bands in odd-A nuclei:

Jun Zhang, XTH*, Yu-Chun Li and Hai-Qian Zhang, PRC, 107, 024305 (2023). 



• 237U 和239Pu为奇中子isotones (N=145),simplex splittings存在于中子体系中;

• simplex splitting主要由中子顺排的对角部分产生，主要产生于ν1/2 (d5/2)轨道；

3.6 Octupole deformation 𝜺3

Parity doublet bands in odd-A nuclei:

Jun Zhang, XTH*, Yu-Chun Li and Hai-Qian Zhang, PRC, 107, 024305 (2023). 



4. Summary 
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ØA new set of Nilsson parameters are proposed. 
ØA improved new set of Nilsson parameters are 

proposed. 

ØThe experimental kinematic MoIs in even-even, 
odd-A, and odd-odd nuclei are all well reproduced 
by PNC-CSM. 

ØThe proton N=7 shell (like the high-j intruder 
orbital 1j15/2) start to play an important role in the 
rotational properties.

4.1 summary
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ØHigh-order deformation 𝜺6 is important.
ØReverse of the single-particle levels occur at 

N=153 in Lr isotopes which is due to the effect of 
the high-order deformation.

ØHigh-K isomers (both of the excitation energies 
and the rotational bands build on it) can be 
described well.

ØPairing play an important role.
Ø 𝜺3 has been included in the PNC-CSM method.
ØOctupole correlation influence strongly the 

rotational properties of U and Pu isotopes.   

4.1 summary
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Thank you !Thank you !
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3.7 Octupole deformation 𝜺3

ε2 = 0.32, ε3 = 0.003 

Octupole correlation in 120Ba 

B. F. Lv, C. M. Petrache, K. K. Zheng, Z. H. Zhang, W. Sun, Z. P. Li, X. T. He, J. Zhang et al., 
Phys. Rev. C 105, 044319 (2022) 


