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Old S-matrix bootstrap

before quark model: ideas developed for understanding strong interaction
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Old S-matrix bootstrap

before quark model: ideas developed for understanding strong interaction

_ P(=as))I'(=a(?)) -
A(s,t) = T (als) — ad)) > string theory

Veneziano amplitude

M? (GeV)?

0 1 2 3 4 5 6 7

Regge trajectory

S-matrix bootstrap: solve strong interaction in a self-consistent way
symmetries+analyticity+crossing+unitarity
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hindsight: too optimistic

infinitely many consistent QF Ts compatible with bootstrap principles

Modern perspective:

symmetries+analyticity+crossing+unitarity

+
convex optimization

e explore the landscape of QFTs non-perturbatively
e bound physical quantities
e extremal theories
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2-to-2 scattering
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2-t0-2 S-matrix

time |m,pa)

s = (p1+p2)? t = (p1 - p3)? u = (p1 — pa)? :
p?:m2 s+t 4+ u = 4m? i, pr)

_____________

scattering amplitude
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2-t0-2 S-matrix

________________________________________________________________________________________________________________ time  |m, p4) [, p3)
2-to-2 scattering s = (p1 + p2)? t = (p1 —p3)? u = (p1 — pa)?
lightest particle in 5 5 5 :
massive QFT p; =m stit+u=dm Im, p1) Im, p2)

_____________

scattering amplitude

CoM Ps T [s—4 [1
3+1d: Sy(s) = —/ / dcosOP;(cos)S(sT,t)
pl 0 4 S -1
P2
D4 G 5)2(1 —<os0) ot energy /5 2-particle irreps states  |p1, p2) — |p1, )

partial amplitude



Physical constraints: analyticity and crossing

singularities on-shell processes

poles: bound states
cuts: multiple particle states



Physical constraints: analyticity and crossing

singularities on-shell processes

poles: bound states
cuts: multiple particle states

crossing: S(S,t,u) = S(S,u,t) = S(u,t, 3) e.g. single flavor case



Physical constraints: unitarity
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Physical constraints: unitarity

STS =1

take a subsector [) of state space, and a state |Oz> cD <Oé’STS‘Oz> = <Oz’0¢>

l insert complete basis

> (alSTIBY{BISla) + ) (alST|B)(BIS|e) = (]a)

8)eD Sls) 9D

take [) — subsector of two particle states ‘p, ﬁ)

S;(s)Se(s) + (positive stuff) =1

o _ < ! 54(3)) -
unitarity: |S£(3)‘2 <1 s>4m?2 WY S;(s) 1 B

positive semidefinite — convex space
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1+1 d

no scatteringangle ¢ = () t = 4m2 — § one independent Mandelstam variable S S (3)

analyticity: analytic function S (s*) = S*(s)
cut s> 4m? and possible poles
_ MAAMAAAA MAAMAA
crossing: S(S) — S(t — 4m? — 3)
e.g. single flavor case

unitarity: 1S(s)] <1 s > 4m?

specialty in 1+1d:
analyticity+crossing+unitarity+factorization —— exactly solvable integrable S-matrices

test ground for developing modern S-matrix bootstrap program
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1+1d, single flavor, one bound state
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Modern S-matrix bootstrap program

1+1d, single flavor, one bound state

g g 5
S = — — S 4m? —m?  m}
() s —mj 47722—5—7712+ (5) ' b
L ARAA AR -
. analyticity S(s*) = S*(s) 0
crossing S(S) = S(4m2 — 3)

 unitarity S(s)| <1, s> 4m?



Modern S-matrix bootstrap program

1+1d, single flavor, one bound state

g g 3
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_ crossing S(S) = S(4m2 — 3)
 unitarity 1S(s)| <1, s> 4m?
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bounding the cubic coupling




Modern S-matrix bootstrap program

1+1d, single flavor, one bound state

g 9 3
S(s) = p— 4m2—s—mg+5(8)
analyticity S(s*) = S5*(s)
crossing S(S) — S(4m2 — 3)
unitarity 1S(s)] <1, s> 4m?

[ fix my, gM?* =7 ]

bounding the cubic coupling

2 2 2

once the spectrum of states is given, it may not be
possible to make a particular coupling constant too
large without introducing new “bound” states



bounding physical quantity

1.0 2.0 3.0 10 (mp/m)?



log (gm=x) _ |
Sine-Gordon breather S-matrix

— B \/E\/4m2—5+mb\/4m2—m§
VsvAm?2 — s — mp/4m? —m3

100 [

5.0 |
0.0 I obtaining extremal amplitude

bounding physical quantity can be obtained analytically
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Sine-Gordon breather S-matrix

— _VsVAmM? — s+ my\/4m? — mj
5 VsvAm?2 — s — mp/4m? —m3

obtaining extremal amplitude

bounding physical quantity can be obtained analytically

1.0 2.0 3.0 10 (mp/m)?

PHYSICAL REVIEW D VOLUME 6, NUMBER 10 15 NOVEMBER 1972

Rigorous Bounds on Coupling Constants in Two-Dimensional Field Theories*

Michael Creutz
Center for Theovetical Physics, Depavtment of Physics and Astvonomy,
University of Maryland, College Park, Maryland 20742
(Received 13 July 1972)

We show that renormalized three-particle coupling constants in a field theory with one
space and one time dimension are bounded. This bound depends on the particle spectrum and
assumes only analyticity, crossing, unitarity, and polynomial boundedness of the S matrix
at infinity.
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Bounding the space of S-matrices

analyticity+crossing+unitarity

defines

boundary

N\

max linear
functional

space of consistent

S-matrices (amplitudes)

obtain the amplitude non-perturbatively bound the physical quantities and obtain
non-perturbative amplitudes at the same time



O(N) global symmetry

tension between crossing and unitarity

P4, d) p3, )

‘p17a> ‘p27b>



O(N) global symmetry

tension between crossing and unitarity
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[unitarity: |Sa(3 + Z€)| <1, s> Am? a = singlet, sym, antisym}




O(N) global symmetry

tension between crossing and unitarity

pusd) poc)  [erossing: Sr(s) = Sr(4m? =) Sals) = Snl4m® — )

(Sa 5(?(, 6(1(?5 a G a cda ac - ada C
. {Ssmglet<s> e Ssym(s)( b ‘2“5 adbe _ 5;{? l) + Suntisgm(s) 222 . %ad% }

[unitarity: |Sa(3 + Z€)| <1, s> Am? a = singlet, sym, antisym}




three analytic functions

assume no bound states

parametrized by boundary values

numerics: discretize

Sa(SZ‘), 221,,M

O(N) S-matrix bootstrap

Sa(s)

3 MV WA

a = singlet, sym, antisym



three analytic functions

assume no bound states

parametrized by boundary values

numerics: discretize

Sa(SZ‘), 221,,M

O(N) S-matrix bootstrap

L mmmmm e e —

% M NV VAN

1 N 1 N 1 I
) N "2tz 2t3Tw
Sa(dm* — 5) = CoupSp(s)  Cw=|-2 1 11
. 1 1 1 1
crossing ~ 5 55— T
Inearconstraints

convex
space

Y
@)
)

V
W
3l.\D

R J S 4

~ _-



three analytic functions

assume no bound states

parametrized by boundary values

numerics: discretize

Sa(Si), ZZl,,M

% MV

O(N) S-matrix bootstrap

! 1 _ﬁ+l ﬂ+l_i
1 2 N 2 2 2 2 N
- Sa(4m” —8) = CapSp(s)  cuw=|-+ & Ly
! crossing % % %_%

linear constraints

convex
space

convex
optimization

linear P Db LR .
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O(N) nonlinear sigma model N scalar particles with mass M
N
1 9 . no bound states no free parameters
go asymptotic freedom

exact S-matrix obtained using integrability



NLSM @ a vertex

O(N) nonlinear sigma model N scalar particles with mass M
N !
. 1 9 . no bound states no free parameters |
E L':—Z(@an) ne =1 |
! U asymptotic freedom

NLSM @ a vertex

unitarity saturation =~ ===  boundary of the space

no free parameters ===  rigid point — vertex

numerical evidence: many functionals lead to it




—_— . =4

circles: bootstrap solution
find vertex, without integrability

line: exact solution
from integrability

ImS
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rich geometrical structure infinite dimensional space of functions Sa, (S)
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rich geometrical structure infinite dimensional space of functions Sa (S)
3-dimensional projection: <SA(30), St(s0), SR(SQ)) Sr(s0)
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Map out the space of O(N) theories

rich geometrical structure infinite dimensional space of functions Sa (S)
3-dimensional projection: <SA(30), St(s0), SR(SQ)) Sr(s0)

S

MAAMAANA : MAAAMAN > S7(50)
0 " Am? /

Sa(s0)

.7:[50,(5)} = Z NaSa(S0)

choose the vector T = (n AT, N R)

uniformly distributed on a unit sphere and scan



1+1d O(N) monolith

dic YB
|

perio

S4(3m?)

NLSM

ST(3m2)

[Cordova, YH, Kruczenski, Vieira, 2019]
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Dual S-matrix bootstrap
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Dual S-matrix bootstrap

[ parameter space S(s) Lagrangian formulation space of Lagrange multipliers K(s)}

max Fp < min Fp

{S(s)} {K(s)}
primal approach \ dual approach
solve constraints increase space of Lagrange multipliers
increase parameter space impose more and more constraints
approach the boundary from inside approach the boundary from outside

strict bounds

[Cordova, YH, Kruczenski, Vieira, 2019; Guerrieri, Homrich, Vieira, 2020; Elias, Miro, Guerrieri, 2021]



1+1d dual problem

S(s0) = — és(s) ds = —— b S(s)K (5)ds
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5 — S0 2w Je
K (s) has pole at so with residue 1



1+1d dual problem

S(s0) = — yés(s) ds = —— b S(s)K (5)ds

21 Jo 8 — 8o 2w Je

provses |

blow up contour K (s) has pole at so with residue 1
drop infinity
assume properties

m - 3/ Im [S(s)K (5)] ds
T J4
unitarity - v /

o A physical region integral



L
S0

unitarity

1+1d dual problem

S(s0) = 271m§’§ 56) gs = L & s(s) K (s)ds
|

5 — S0 2w Je
blow up contour K (s) has pole at so with residue 1
drop infinity
assume properties

2 [Tmser@)ds < 2 [CseOrElds < 2 [l
: , |

Y

physical region integral unitarity



1+1d dual problem

21 Jo 8 — 8o 2w Je

R |

blow up contour K (s) has pole at so with residue 1
drop infinity
assume properties

S(s0) = — yés(s) ds = —— b S(s)K (5)ds

2 [* 9 [ o oo
N _/ Im[S(s)K (s)}ds < —/ S(s)E (s ds < —/ K (s7)|ds
T /4 7/, )
unitarity N > Yy l |
& 4 physical region integral unitarity

optimal bound by minimizing with given properties



Primal vs Dual

Sa(2m?)

0.4

0.2

0 Xplicitly
-0.2 |

-0.4 ]

1 w5 0o e 1 St(2m?)



3+1d amplitudes

single flavor pion scattering: identical scalar particles, no bound state

m(p1) + w(p2) = m(p3) + 7(pa)

______________

interacting amplitude



3+1d amplitudes

single flavor pion scattering: identical scalar particles, no bound state

m(p1) + w(p2) = m(p3) + 7(pa)

______________

interacting amplitude

analyticity: ~ T'(s,t,u) cuts s >4m? ¢t >4m? u>4m*  recall s+it+u=4m?

analytic functions of two variables

crossing: T(S, t fu,) — T(S, u, t) — T(u, t, S)

unitarity: |S£(3)|2 <1 s> Am/? \Z4



analyticity:

crossing:

unitarity:

3+1d amplitudes

single flavor pion scattering: identical scalar particles, no bound state

m(p1) + w(p2) = m(p3) + 7(pa)

______________

interacting amplitude

T(s,t,u) cuts s>4m? t>4m? u>4m?  recall s+t+u=dm?

analytic functions of two variables
T(s,t,u) =T(s,u,t) =T (u,t,s)

more severe tension between
crossing and unitarity

1Se(s)? <1 s>4m*> W

1

/ dcos OP;(cos0)S(sT,t)
-1

s—4

Se(s) = %



3+1d primal bootstrap

[Paulos, Penedones, Toledo, van Rees, Vieira, 2017]

1, analyticity+crossing

T =poles+ >  ape)plpipl)

> 5 P

a+b+c<N
ViAm2 — 50 — Vidm? — [s — 1
Pa = \/4:2 = zz+\/4nmlz _:: Se(s) =1+ z% ciin / dcos P (cos )T (s™,t,u)
2, unitarity 5 J
Se(s)]2 < 1 s> dm? VI

3, maximize a linear functional, extrapolate the results, bounds



3+1d primal bootstrap

[Paulos, Penedones, Toledo, van Rees, Vieira, 2017]

> 5 P

s=m? s=4m? =

1, analyticity+crossing

T =poles+ >  ape)plpipl)

a+b+c<N
V4Am?2 — sy — v/4m? — s T [s—4 [1
bo = TP — 5L /I —5 Se(s) =1+ ZZ\/ / dcosOP;(cos )T (s™,t,u)
2, unitarity 5 J-1
1Su(s)2 < 1 s>4m? WL
3, maximize a linear functional, extrapolate the results, bounds
generalize to various contexts: isospin [Guerrieri, Penedones, Vieira, 2018]

spinning particles [Hebbar, Karateev, Penedones, 2020]




Semi-phenomenological pion bootstrap

pion: pseudo-Goldstone boson of chiral symmetry breaking

O(3) setup: T(O), T(1>, 7(2)



Semi-phenomenological pion bootstrap

pion: pseudo-Goldstone boson of chiral symmetry breaking

O(3) setup: T(O), T(l), 7(2)

e.g.

imposing rho resonance
from experimental data:

i) (m2) =0

P

explore the allowed space of Adler zeros:

Szgi)o(SO) =1

2
SiZs

(s2) =1

2.5

2.0

1.5

1.0

52

tree level from ChPT

Scattering lengths
with opposite signs

Scattering lengths
comparable to: experiments

S0

00 02 04 06 08 1.0 1.2 1.4




Bounding non-perturbative coupling
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Bounding non-perturbative coupling

.. . o . 4 4 4 . . . . .
analyticity+crossing+unitarity ~max/min = )\ = T<§m2, §m2, §m2> quartic coupling of single pion scattering
2
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Bounding non-perturbative coupling

analyticity+crossing+unitarity ~max/min )\

Il

T(ﬁmz, 4m2, §m2> quartic coupling of single pion scattering

\7 _2j\ T T T T T T T T T T T T T T T T T T T T T T T T T T T ‘i
L p Fe
25? i —3j 5 il
‘] [ ° ]
. . i : il frmax _4} ] 7 {max
r o 3 8 i 1 10 r 9 ] * 10
20F 5 o 2 _5[ L ]
A 3 . 12 E . ] 12
L L [ ] i °
[ 1% 6L ! ) ERY
15- 16 : : ! 1y 16
[ 18 uds ’ 1 .18
[ 20 -8 e 20
1.0*‘ ‘ [
0 5 10 15 20 6 8 10 12 14 16 18 20
Nmax Nmax

extremal amplitudes has a pole at
multiple particle threshold



Bounding non-perturbative coupling

. . . . 0 . 4 2 4 2 4
analyticity+crossing+unitarity ~max/min )\ = T<§m sgmgm
2670+
2.665
E L] [ ] L] :
2.660]
E b /max
A 2.655] . 10
2650¢ impose the pole . 12
i o 14
2.645]
2,640 -
o 2 4 6 8 10 12 14
Nmax

extremal amplitudes has a pole at
multiple particle threshold

-2F

.
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-8F
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2) quatrtic coupling of single pion scattering

/max
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12

° 14
* 16
° 18
e 20



Bounding non-perturbative coupling

- . o . 4 , 4 5,4 4 . . . . .
analyticity+crossing+unitarity ~ max/min )\ = T(gm ,3Mm, gm ) quatrtic coupling of single pion scattering
2.670:\ v K % T 3 J T T ¥ X ) T v K L T 3 J t T ¥ X J T v ‘ X \: _2j \\\\\\\\\\\\\\\\\\\\\\ |
B ] re ]
2,665 : -3F
] ° ° ° ] ° ° ° H ° :E E : E
2660 * ] -4f ' ] =
i g ] i ' 1 < 10
[ * {max r L | 4
A 2-655} * e 10 A _5: : . ] e 12
: : 1 12 -6 . ;oo
2,650} . impose the pole g SR
L e 14 L . & ]
i -7t 7 .18
2645F ; ]
i -8 g 20
26400
0 2 4 6 8 10 12 14 6 8 10 12 14 16 18 20
Nmax Nmax

explore the space of theories not
extremal amplitudes has a pole at assuming such dynamical structure
multiple particle threshold — non-constructive dual approach



3+1d dual approach

i 1 x, S
dual amplitude K(s,t) = — CEp T [1 2 /4 2 o) (i/)_ 3

(20
dual partial waves: Fy(s) + \/ (s — 4m?) /dcosHPg cos&)k:(s t)

“Lagrange multipliers”, space of constraints, parametrize the dual problem

dual partial waves encodes the
information about 2-to-2 scattering



3+1d dual approach

B / / k(z,y) ...
(S - 30 t - to 4Am?2 4m2—m S - .Z' t - y)

(2£+ 1)

dual amplitude K(s,t) =

1 3
dual partial waves: F(s) = s(s—4m2)/ dcos 0Py (cos 0)k(s,t)
~1

“Lagrange multipliers”, space of constraints, parametrize the dual problem

3+1d dual min Fp = 3 [ ds(Jhn(s)] — Rekr(s)) + Mgl |ReE|
{ke(s)} /o Jam?
ko(s -
boundary of the space Sg(s) _ E( ) dual partial waves encodes the

|ke(s)] information about 2-to-2 scattering



3+1d dual approach

dual amplitude K(s,t) = — 1 / / x,y) T
(s —s0)(t —to) A2 4m2_$ (s —x)(t —vy)
(20 +
dual partial waves: Fy(s) \/m d cos 0 Py (cos 9)]{:(5 t)

“Lagrange multipliers”, space of constraints, parametrize the dual problem

3+1d dual it 7o = 5 [ ds(Jru(s)] ~ Reke()) + Mgl [ReK|
£ { even m?
ke <3> dual partial waves encodes the
boundary of the space Se (8) B |]<; 0 ( S)| information about 2-to-2 scattering

dual partial waves are constraints free
after optimization, recover the analyticity+crossing+unitarity of physical amplitudes



S-wave: phase shift

_ 4 5,4 54 2)
max M\ = T(3 s3mgm
0o
: k() S
So(s) = eitots) = Fol®)
[Fo(s)]
dual without assuming
threshold pole
1.01
primal assuming
threshold pole
0.5}
20 40 60 80 100 120




Quartic coupling bounds — primal vs dual

max \ in
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Expanding the space of theories

1+1d higher d
quartic coupling bounds 4 4 4
— — 2 =T —m2,—m2, —m?
A= T(S = 2m ) max/min extremal amplitudes (3 3 3 )



Expanding the space of theories

1+1d higher d

quartic coupling bounds 4 4 4
A = T(S — 2m2) >\ = T(_m27_m27 _mQ)

max/min extremal amplitudes 3 3 3

A™ = lim 07'T'(s)  expansion coeff around symmetric point  m™*T'(s,t) = Y Ay m ¢t (s — dm?/3)¥(t — 4m? /3)"

2
s—2m k,l=0



A =T(s=2m?)

A™ = lim 9T

5—2m?2

051

Expanding the space of theories

1+1d

(s)

quartic coupling bounds

max/min extremal amplitudes

A

higher d
4
m2, %mz’ %m2>
3 3 3

T(—

expansion coeff around symmetric point  m* T (s, ) = > Aoy m ¥ (s — 4m?[3)(t — 4m?/3)'

k,1=0

/\2,0

. m2A
8




threshold pole

— 32m/6

AB: a,, =

min quartic coupling

no threshold pole BCDA:«,, =0

Free
1 | 1 | 1

A ¢,/(32n)

theory

/ max quartic coupling
A
.

-6

v \_/ = — ¢y/(32n)

C-D-A: Spin-O dominance

examine details of extremal amplitudes
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Connect with UV: form factor bootstrap

nonperturbative definition of QFT as RG flow from UV to IR fixed point

W) = [Dus B2 - [12) = |P1,D2)out [93) = / dze' PP O(7)|0)

local operator, connect to the UV
1 S8 F;
positive semidefinite condition: (althp) =1 S 1 Fo| =0
FaFy p

form factor:  oui(n| O(z) |0) = e P2 F,(p1, - .., Pn) spectral density

two-particle form factor:  F2(p1,p2) = Fa(s) /ddx e~ "(0|0(2)0(0)[0) = (2m)0(k°)p(—k?)

g Fy n p(s) = p1(s) + ,02:(3) +...

s—m?2 \
5(s —m?) K“'Q(s — 4m?)

analytic function in cut plane s > 4m?

Fo(s) = —



with this setup, one can ask questions relating UV and IR

1+1d, trace of stress tensor: ~ O(z,z) = 47,:(z, 2)

3
CUYV — CIR = (27T)2 4 e /dsz CC% (01©(x)O(0)|0)7 massive IR CJp =

3 [ S
cyy = (27’(’)2 X ;/ ds p@sg )
0
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with this setup, one can ask questions relating UV and IR

1+1d, trace of stress tensor: ~ O(z,2) = 4T,3(z, 2)

3
oy = cin = (20 x - [ dapah 00(E)OO[0)

massive IR cjp = 0

Cyy = (27‘(‘)2 X E/ ds P@(S)
0

g2

7

given spectrum and couplings of a IR massive QFT, m

inimal central charge in the UV?

(min)

e.g. single flavor no bound states in 1+1d o

09}
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IFT: 2d Ising model near critical point: magnetic deformation

fix cyy = 1/2 consider the regime with one stable particle with cubic self-interaction (pole)
92 J- 1@ g S 2 1 = () related to strength of magnetic field
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Explorations in Ising Field Theory

IFT: 2d Ising model near critical point: magnetic deformation

fix cyy = 1/2 consider the regime with one stable particle with cubic self-interaction (pole)
FO 9 e
_ 149 n S (m (1 — x)) = () related to strength of magnetic field
- 2 e e e
s—m

tune the location of the zero

| I I I 9-7:16
-0.010 -0.005 0.000 0.005
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Bootstrap with Hamiltonian truncation data

isolate a specific theory, instead of constructing generic bounds

massive QFT = UV CFT + relevant deformation

compute observables along the RG from truncated Hilbert space

data from Hamiltonian truncation:
spectral density 5 € [4m?, Spmax] P (8)

form factor S € [Smin, 0] : Fy Mt (s) input'“"'*.,t

S-matrix/form-factor bootstrap: (é ‘Si ) =0 S 1 L FY
e\ ‘/T"Q@ Fék@ "')p



2d ¢

maximize/minimize

m2A®

05~

m—2A
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6.1535

+ from lower bound

+ from upper bound




m~?Re(T)

——— —_ =1 = A=10
—— = —_— =3 =— A=11
— A=6 — X=12
— X=7 — X=13
— =l i1

3

b
E r
3
|
|

|
©

A=18

- =1 perturbative

==== 2d Ising deformation




1+1d:

Massless scattering

S
W m—)O

t=—-5>0

s>0

w
Il @



1+1d:

3+1d:

Allowed

Massless scattering

ANANAAAAA m — (0
4m
t=—-s5>0 s>0
@
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3
S TR , 52
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Other related approaches

e scattering from production:
Atkinson’s method to construct amplitudes satisfying

analyticity+crossing+unitarity(elastic+inelastic+multiparticle) from production input
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Other related approaches

e scattering from production: [Tourkine, Zhiboedov, 2021 & 2023]
Atkinson’s method to construct amplitudes satisfying

analyticity+crossing+unitarity(elastic+inelastic+multiparticle) from production input
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&
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EFT bootstrap: bounding Wilson coefficients with positivity — a dual approach

(Bellazini, Elias Miro, Rattazzi, Riembau, Riva, Tolley, Wang, Zhou, Caron-Huot, Van Duong,
Sinha, Zahed, Arkani-Hamed, Huang, Huang, ...... )



Thank youl



