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Reminder: Groups and Symmetries @

e Physical symmetry G < mathematical group G
°© G=({g},) a-g,c{g}

o In the Hilbert space g ——> R(g) (rotation operator)
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Reminder: Groups and Symmetries @

e Physical symmetry G < mathematical group G
°© G=({g},) a-g,c{g}

o In the Hilbert space g ——> R(g) (rotation operator)

Definition

Let H be the Hamiltonian of a system and G a group with unitary
representation R(g)

If VgeG, R(g HR " (g) = H = G is a symmetry group of H

(equivalently: Vge G, [H,R(g)]=0)
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Consequences: quantum numbers and selection rules @

e Irreducible represenstations (irreps) of G = good quantum numbers

o Let |[W.) be an eigenstate of H and A an irrep of G with dimension dy

HIW2H) = EXW2) with e [1,dr]
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Consequences: quantum numbers and selection rules @

e Irreducible represenstations (irreps) of G = good quantum numbers
o Let |[W.) be an eigenstate of H and A an irrep of G with dimension dy

HIW2H) = EXW2) with e [1,dr]

e Transformation under rotations

R(g)IW") = ZD (V)
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Consequences: quantum numbers and selection rules @

Irreducible represenstations (irreps) of G = good quantum numbers

Let |W.) be an eigenstate of H and A an irrep of G with dimension dy

HIW2H) = EXW2) with e [1,dr]

Transformation under rotations

R(g)IW") = ZD (V)

Selection rules for matrix elements of tensor operators

(\|12‘11”1|T>‘2”2|\U?33“3) _
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Symmetry group of the nuclear Hamiltonian

e In non-relativistic QM, H is invariant under

o Space-time Galilean transformations
o Fock-space transformations
o Exchange of identical particles

e G=SGal(3), x U(1)z x U(L)n x Sz x Sy
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Symmetry group of the nuclear Hamiltonian @

e In non-relativistic QM, H is invariant under

o Space-time Galilean transformations
o Fock-space transformations
o Exchange of identical particles

e G=SGal(3), x U(1)z x U(L)n x Sz x Sy

e For example:

Physical symmetry Group Quant. numb.
Fock-space rotations | U(1)z x U(1)n Z, N
Spatial rotations SU(2)a J, My
Parity 2oy T
Spatial translations R3, P
Exchange of particles Sz x Sy -1, -1
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Consequences: example of multipole operators @

o Expectation value for T* = Qx, = r*Y»,(0,6) with A e N and p € [-), \]

VK [VEDYWEDY|
(WEMT QW) 10 = { p=0
(-D)*=1
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Consequences: example of multipole operators

o Expectation value for T* = Qx, = r*Y»,(0,6) with A e N and p € [-), \]

JellJ=N,J+A]
<w€ZNJMJ7r|Q/\u|WEZNJMJ7r) 0o | u=0
(-1)*=1

e Example of J =0 states
o If Xor %0, (WEZN_/:OMJ:OTr|Q)\H|W€ZNJ:OMJ:OW> -0

o Ground states of all even-even nuclei have J =0
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Solving the Schrodinger equation @

e Nucleus: A interacting nucleons (Z protons and N neutrons)

o Schrédinger equation: H|WZMMimy - p2NJm |y 2NIMym )
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Solving the Schrodinger equation @

e Nucleus: A interacting nucleons (Z protons and N neutrons)
o Schrédinger equation: H|WZMMimy - p2NJm |y 2NIMym )

e In pratice, we have to perform approximations on H and/or |V)
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Solving the Schrodinger equation @

e Nucleus: A interacting nucleons (Z protons and N neutrons)
o Schrédinger equation: H|WZMMimy - p2NJm |y 2NIMym )

e In pratice, we have to perform approximations on H and/or |V)

Chiral Effective Field Theory

o Nowadays: QCD H with appropriate symmetry group
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Solving the Schrodinger equation @

e Nucleus: A interacting nucleons (Z protons and N neutrons)
o Schrédinger equation: H|WZMMimy - p2NJm |y 2NIMym )

e In pratice, we have to perform approximations on H and/or |V)

Chiral Effective Field Theory

o Nowadays: QCD H with appropriate symmetry group
o |WENIMmy Many-body method |7
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Solving the Schrodinger equation @

e Nucleus: A interacting nucleons (Z protons and N neutrons)
o Schrédinger equation: H|WZMMimy - p2NJm |y 2NIMym )

e In pratice, we have to perform approximations on H and/or |V)

Chiral Effective Field Th . .
o Nowadays: QCD e Treetve T MY, H with appropriate symmetry group

|\UZNJMJ7|') Many-body method |e7)

(o

o Do we want to conserve the symmetries, i.e. obtain |©%"/M™)?

= Desirable but not always possible (e.g. computational reasons)
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Solving the Schrodinger equation @

e Nucleus: A interacting nucleons (Z protons and N neutrons)
o Schrédinger equation: H|WZMMimy - p2NJm |y 2NIMym )

e In pratice, we have to perform approximations on H and/or |V)

Chiral Effective Field Th . .
o Nowadays: QCD e Treetve T MY, H with appropriate symmetry group

ZNJM 7y Many-body method
[z Manybody meshed,

©7)

<

o Do we want to conserve the symmetries, i.e. obtain |©%"/M™)?

= Desirable but not always possible (e.g. computational reasons)

o Do we want to conserve them at each step of the many-body method?
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Solving the Schrodinger equation @

e Nucleus: A interacting nucleons (Z protons and N neutrons)
o Schrédinger equation: H|WZMMimy - p2NJm |y 2NIMym )

e In pratice, we have to perform approximations on H and/or |V)

Chiral Effective Field Th . .
o Nowadays: QCD e Treetve T MY, H with appropriate symmetry group

ZNJM 7y Many-body method
[z Manybody meshed,

©7)

<

o Do we want to conserve the symmetries, i.e. obtain |©%"/M™)?

= Desirable but not always possible (e.g. computational reasons)
o Do we want to conserve them at each step of the many-body method?

o Can we identify and use additional symmetries?
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Outline of the presentation @

® Symmetry-conserving schemes
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Symmetry-conserving: Cl approach @

e Solves the problem while strictly respecting the symmetries
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Symmetry-conserving: Cl approach

e Solves the problem while strictly respecting the symmetries
e Configuration Interaction (Cl) methods in appropriate basis

|®;) = configuration

ZNIM 7\ ZNIM e .
|oF )= Z |#:) with diag(H) = CZ’VJMJW

i
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Symmetry-conserving: Cl approach

e Solves the problem while strictly respecting the symmetries
e Configuration Interaction (Cl) methods in appropriate basis

|®;) = configuration

ZNIM 7\ ZNIM e .
|oF )= Z |#:) with diag(H) = CZ’VJMJW

ZNJMm

ZNJM. ZNJM,
77{) =, JT + ...+ Cne

ZNJM
|o? N IMm

-
-
ol
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Symmetry-conserving: Cl approach @

e Solves the problem while strictly respecting the symmetries
e Configuration Interaction (Cl) methods in appropriate basis

|®;) = configuration

ZNIM 7\ ZNIM e .
|oF )= Z |#:) with diag(H) = CZ’VJMJW

ZNJM ZNJMr ZNJMn
) )= Coe

-
-
ol

: ZNJIM 2
I(“e e JMm + ... +Cne + ..
e Examples of Cl in nuclear physics:
o No-core and valence-space shell models
o Spherical Harmonic Oscillator (SHO) single-particle basis: ¢"/mmstmt
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Symmetry-conserving: expansion approach @

e Expand on top of a referance state with a wave operator

‘eEZNJMJﬂ > _ Q|¢ZNJM_]7\')
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Symmetry-conserving: expansion approach @

e Expand on top of a referance state with a wave operator

‘eEZNJMJﬂ > _ Q|¢ZNJM_]7\')

e For example: Coupled Cluster (CC) method

|eEZNJMJ7r) _ eT|¢ZNJMJ7r>

with
T=Ti+To+T3+...
T, = Z tZ{::}:nall .. alnain .ooap
ap

i...in
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Symmetry-conserving: expansion approach

e Expand on top of a referance state with a wave operator

‘eEZNJMJﬂ > _ Q|¢ZNJM_]7\')

e For example: Coupled Cluster (CC) method

|eEZNJMJ7r) _ eT|¢ZNJMJ7r>

with
T:T1+T2+T3+ ..
Th= Z t aal alap, ... a;
11

o For example: spherical Hartree-Fock reference state |pZM/=0Ms=0m=+1)

e To learn more about CC — see Pepijn Demol’s poster
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Symmetry-conserving: expansion approach

E/A [MeV]

Eeorr/A [MeV]

I I I I I I I I I I I I I I I I I I I I
4He 160 240 36(Ca 40Ca 48Ca 52Ca 54Ca 48Ni 56Ni 60ONj 66Nj 68Nj 78Nj 885y 907, 100Gy 116Gy 118g), 120G, 132G,

Tichai, Roth, Duguet, Front. in Phys. 8, 164 (2020)
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Symmetry-conserving: advantages/inconvenients @

e Advantages

¢ Respects the symmetries — good quantum numbers

o Formalism often simpler
¢ Numerical implementation can exploit symmetries
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Symmetry-conserving: advantages/inconvenients

e Advantages

¢ Respects the symmetries — good quantum numbers
o Formalism often simpler

¢ Numerical implementation can exploit symmetries

e Problems:
o Collective phenomena — many-particle many-hole excitations
— high-order in expansion (expensive)
o Formal problems (degeneracy of single-particle exc.)
MBPT(2) o< 3,45 ea"”fi"’b

+ep—ei—e;
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Symmetry-conserving: advantages/inconvenients @

e Advantages

¢ Respects the symmetries — good quantum numbers
o Formalism often simpler

¢ Numerical implementation can exploit symmetries

e Problems:
o Collective phenomena — many-particle many-hole excitations
— high-order in expansion (expensive)
o Formal problems (degeneracy of single-particle exc.)
MBPT(2) o< 3,45 P Yabij Vish

+ep—ei—e;

e Application often limited to regions/types of nuclei (e.g. doubly-magic)
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Outline of the presentation @

©® Symmetry-guided schemes
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Principles

o l|dentify approximate emergent symmetries = use extra symmetries
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Principles @

o l|dentify approximate emergent symmetries = use extra symmetries

e Nuclear models provide great insights — see Piet’s talk

o SU(3) — see Frédéric's talk N
Symmetry of the Harmonic Oscillator
Quadrupole operators @, are part of the generators!
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Principles @

o l|dentify approximate emergent symmetries = use extra symmetries

e Nuclear models provide great insights — see Piet’s talk

o SU(3) — see Frédéric’s talk N

Symmetry of the Harmonic Oscillator N=
Quadrupole operators @, are part of the generators! NIjTZ
o Sympletic Sp(3,R) > SU(3)
Transformations that preserve [Xja, pkg] = ihdjdas N=4
(with j,k=1,...,A and a, 8 =x,y,Z2) N=3
N=2
N=1
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Principles @

o l|dentify approximate emergent symmetries = use extra symmetries

e Nuclear models provide great insights — see Piet’s talk

o SU(3) — see Frédéric’s talk N

Symmetry of the Harmonic Oscillator N=
Quadrupole operators @, are part of the generators! NIjTZ
o Sympletic Sp(3,R) > SU(3)
Transformations that preserve [Xja, pkg] = ihdjdas N=4
(with j,k=1,...,A and a, 8 =x,y,Z2) N=3
N=2

o SU(4)
Spin-isospin invariance
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Principles @

o |dentify approximate emergent symmetries = use extra symmetries

e Nuclear models provide great insights — see Piet's talk

o SU(3) — see Frédéric's talk N
Symmetry of the Harmonic Oscillator
Quadrupole operators @, are part of the generators!

o Sympletic Sp(3,R) > SU(3)
Transformations that preserve [Xja, pkg] = ihdjdas N
(with j,k=1,...,A and a, 8 =x,y,Z2) N

o 5U(4) N=1

Spin-isospin invariance

e Contrary to nuclear models, these symmetries are not an end but a means to
an end = ultimately, broken by H
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Symmetry-Adapted No-Core Shell Model (SA-NCSM) @

e Ab initio Cl approach guided by Sp(3,R)

Launey et al., PPNP 89, 101 (2016)
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Symmetry-Adapted No-Core Shell Model (SA-NCSM) @

e Ab initio Cl approach guided by Sp(3,R)

Launey et al., PPNP 89, 101 (2016)

e In usual NCSM all configurations taken up to N = Ny« = dimension grows
rapidly
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Symmetry-Adapted No-Core Shell Model (SA-NCSM) @

e Ab initio Cl approach guided by Sp(3,R)

Launey et al., PPNP 89, 101 (2016)

e In usual NCSM all configurations taken up to N = Ny« = dimension grows
rapidly

e In SA-NCSM:

All configurations taken up to N < Nmax

<

Selected configurations from N + 1 to Nmax according to importance in
Sp(3,R)

o Dimensionality is greatly reduced

<
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Symmetry-Adapted No-Core Shell Model (SA-NCSM) @

e Ab initio Cl approach guided by Sp(3,R)

Launey et al., PPNP 89, 101 (2016)

e In usual NCSM all configurations taken up to N = Ny« = dimension grows
rapidly

e In SA-NCSM:

o All configurations taken up to N < Nmax

o Selected configurations from N + 1 to Nmax according to importance in
Sp(3,R)

o Dimensionality is greatly reduced

e Diagonalization of H will induce a breaking of Sp(3,R)
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SA-NCSM: example

Ex [MeV]

@ oLi P ) ‘He -+- Complete (e) 70=20Mev ~*~ Complete
. N —s— Selected
| S —=— Selected —
_o0b . “‘E 12 .
\ | £ BE2;1{—31)
\ * O -
. R = 3 -
. .
-26 . - Q6 e BERL LD
_ -~ 0t & i e
> e Bpe S e e
—32 E—xplgs ol -t
10(‘0) oLi d) 6pe IH(f)  #0=20 MeV
N . 0 to—to—ee s Qi
8 e
6 -—-—:—‘.;qd_‘_lz
4 =2
P EEEE chi ~—3t = ) S + “*\“N
2y e Exp ! A AT T e
0 2 4 6 8§ 10 12 2 4 6 § 10 12 2 4 6 8§ 10 12
Nmax Nmax Nmax

Launey et al., PPNP 89, 101 (2016)
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SA-NCSM: example @

12
g 1077 = ()] ~e-3 0p-0n " (b)
7 101k - { -©--all Op-Oh [ B
g E - NCSM H —a—dominant | g NCSM _]
g 8L E|d Op-Oh+2p-2h
= 107 . 1| = NCSM =
O 10% (12 u Symplectic 4116 =
é E C . J=0,2,4 + (0) Symplectic
@ 10% A= . J=0
T_) 2: : A A - -
; 10 3 E N g _____ o OeezQen=O

0 E Ol
10 0 2 4 6 8 10 12 8 2 4 6 8 10 12
Nmax Nmax

Launey et al., PPNP 89, 101 (2016)
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Nuclear Lattice Effective Field Theory with SU(4) @

e Ab initio Quantum Monte Carlo approach guided by SU(4)
Epelbaum et al., EPJA 45, 335 (2016)
— see Shihang's talk
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Nuclear Lattice Effective Field Theory with SU(4) @

e Ab initio Quantum Monte Carlo approach guided by SU(4)
Epelbaum et al., EPJA 45, 335 (2016)
— see Shihang's talk

e Use SU(4) to reduce the sign problem
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Nuclear Lattice Effective Field Theory with SU(4)

e Ab initio Quantum Monte Carlo approach guided by SU(4)
Epelbaum et al., EPJA 45, 335 (2016)
— see Shihang's talk

e Use SU(4) to reduce the sign problem

e Deficiencies have to be corrected

o Wave function matching
Elhatisari et al., arXiv:2210.17488 (2022)

o Perturbation theory
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Outline of the presentation @

@ Symmetry-breaking and -restoration schemes
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Symmetry-breaking /restoration: principle @

e Do we really have to conserve the symmetries at each step of the method?
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Symmetry-breaking /restoration: principle @

e Do we really have to conserve the symmetries at each step of the method?

e Symmetry-breaking and -restoration approach

o Break symmetries in a first step = include correlations in reference states

¢ Restore symmetries in a second step = good quantum numbers (and more
correlations)
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Symmetry-breaking /restoration: principle @

e Do we really have to conserve the symmetries at each step of the method?

e Symmetry-breaking and -restoration approach

o Break symmetries in a first step = include correlations in reference states

¢ Restore symmetries in a second step = good quantum numbers (and more
correlations)

e Widespread in nuclear physics

o Used for a long time in Energy Density Functional
— see Antoine Roux’s poster

o Used also in valence space with phenomenological interactions

o Gaining popularity in ab initio methods
— see Andrea Porro’s poster

o Quantum computing
Lacroix et al., EPJA 59, 3 (2023)
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Symmetry-breaking solutions at the mean-field level @

o Mean-field (MF) solution: min({®|H|®),|®P) = product states)
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Symmetry-breaking solutions at the mean-field level

o Mean-field (MF) solution: min({®|H|®),|®P) = product states)
e Symmetry-unrestricted MF calculations favor “deformed” solutions

e Examples: pairing, quadrupole and octupole deformations, ...

24

E (MeV) Mg
ﬁ: . hw=20,e,,=8
-146.9
-148.9
1509 04
-152.9

S

%4

O3

0.0 0.1 02 03 04 05 0.6

B
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Deformation is (almost) ubiquitous

Deformation of the HFB minimum
with Gogny DIM energy functional

Proton number Z (up to 118)

-0.05

-0.15

Data taken from

Neutron number N (up to 258) .
S. Goriely et al.. EPJA 52,202 (2016)
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Symmetry dilemma

e Problem: deformed solutions break the symmetries of H

|¢> _ Z ZCENZJMJﬂ'|e£\IZJMJ7r)
NZIM;m €

= unphysical in nuclei
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Symmetry dilemma

e Problem: deformed solutions break the symmetries of H

|¢> _ CNZJMJTA’|@NZJMJ7T)
NZ;AJT( ; ‘ ‘

= unphysical in nuclei

e “Symmetry dilemma"” of Lowdin
Lykos and Pratt, Rev. Mod. Phys. 35, 496 (1963)

o MF ansatz respects the symmetries of H but is variationally limited

o MF ansatz is variationally general but breaks the symmetries of H

28Mes Rencontres PhyNuBE - Aussois - 29



Symmetry dilemma @

e Problem: deformed solutions break the symmetries of H

|¢> _ Z ZCE/\/ZJMJﬁ|ei\/ZJMJW)

NZIM;m €

= unphysical in nuclei

e “Symmetry dilemma"” of Lowdin
Lykos and Pratt, Rev. Mod. Phys. 35, 496 (1963)
o MF ansatz respects the symmetries of H but is variationally limited

o MF ansatz is variationally general but breaks the symmetries of H

e Dilemma can be bypassed by restoring the symmetries at the beyond MF level
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Symmetry breaking: order parameter @

o Order parameter: g = |q|e™®(®
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Symmetry breaking: order parameter

o Order parameter: g = |q|e™®(®

o Example: |q| = (®(q)|Qx0|®(q)), arg(q) = Euler angle 8

Energy (MeV)

2\ g
hw=20, e,,,,=8

92 134

%0 -136

94 hw=20, e,,,,=8 —~ -138

% -140

-96 = 142
=

o -l44

-98 o0 146
[}

S -148

-100 M 150

-152

-102 -15

0.0 0.1 0.2 0.3
Bao

a0
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Symmetry restoration: ansatz @

e Approximate wave function

0" = [ daf'(a)®(a))
SONACHLICH)

Energy
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Symmetry restoration: ansatz

e Approximate wave function

0" = [ daf'(a)®(a))
SONACHLICH)

Real(q)

e The weights f(q) are determined minimizing the energy of |©")

5 (<e“|H|e“>) 0

oft(q)\ (O"eM)
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Symmetry restoration: ansatz

e Approximate wave function

0" = [ daf'(a)®(a))
SONACHLICH)

Real(q)

e The weights f(q) are determined minimizing the energy of |©")

5 (<e“|H|e“>) 0

oft(q)\ (O"eM)

e This the (discretized) Projected Generator Coordinate Method (PGCM)!

|eZNJMJ7\'> = Z fNZJMJW(q’_)PNZJMjﬂ'lq)(qi))

qi
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PGCM: example of 2°Ne with YEFT interaction

(e) Experiment

(c) PGCM-2D (d) IM-NCSM
o ST
=] - 51—
6, == 213(8) 65
S — 3
104(5) S 64(10) 1611(26)
o 179(6) e
Jo Ly
4f i |28 4 4
S 5 1 =3
109(5) ] 71(6)
2f L 4 2 - 21 1
81(4) 28(1) e
of _L o 1 0

Frosini, Duguet, Ebran, Bally, Mongelli, Rodriguez, Roth, Soma, EPJA 58, 63 (2022)

e Collective degrees of freedom: [0, (822), B30

e Symmetry projections: Z,N,J, M, 7
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PGCM: example of 2°Ne with YEFT interaction @

y [fm]

50 (0.7,0.0) (i) (07,009) (i) (12,12) |00
25 -0.16

-0.08
-25

-0.04

-5 0 5 -5 0 5 -5 -0.00
X [fm] X [fm] X [fm]

Frosini, Duguet, Ebran, Bally, Mongelli, Rodriguez, Roth, Soma, EPJA 58, 63 (2022)

e One-body density p(x,y, z) for reference states with deformations (20, 330)
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Symmetry-breaking /restoration: expansion approach @

e Recent developments of expansion schemes using the concept
o Symmetry-broken reference state - Expansion — Symmetry restoration

o Symmetry-broken reference state — Symmetry restoration — Expansion
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Symmetry-breaking /restoration: expansion approach @

e Recent developments of expansion schemes using the concept
o Symmetry-broken reference state - Expansion — Symmetry restoration

o Symmetry-broken reference state — Symmetry restoration — Expansion
PGCM + Perturbation Theory Frosini et al., EPJA 58, 62 (2022)
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Symmetry-breaking /restoration: expansion approach @

e Recent developments of expansion schemes using the concept
o Symmetry-broken reference state - Expansion — Symmetry restoration
o Symmetry-broken reference state — Symmetry restoration — Expansion
PGCM + Perturbation Theory Frosini et al., EPJA 58, 62 (2022)

e Deformation lifts the degenerescence = expansion well behaved
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Symmetry-breaking /restoration: expansion approach

e Recent developments of expansion schemes using the concept

o Symmetry-broken reference state - Expansion — Symmetry restoration

o Symmetry-broken reference state — Symmetry restoration — Expansion
PGCM + Perturbation Theory Frosini et al., EPJA 58, 62 (2022)

e Deformation lifts the degenerescence = expansion well behaved

e Projected Coupled Cluster
Duguet, JPG 42, 025107 (2015)
Duguet et al., JPG 44, 015103 (2017)
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Summary

e Different approaches to symmetries exist with their advantages/inconvenients

o Conserve the exact symmetries
o Exploit extra approximate symmetries
o Break and restore (selected) symmetries
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Summary

e Different approaches to symmetries exist with their advantages/inconvenients

o Conserve the exact symmetries
o Exploit extra approximate symmetries
o Break and restore (selected) symmetries

o Ideally, you would like states with good quantum numbers: |[©%M/M/™)

(but not always possible)
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Summary @

e Different approaches to symmetries exist with their advantages/inconvenients

o Conserve the exact symmetries
o Exploit extra approximate symmetries
o Break and restore (selected) symmetries

o ldeally, you would like states with good quantum numbers: |@"/Ms)

(but not always possible)

e Symmetry-breaking and restoration schemes are nice!

o Applied in EDF context for a long time
o Also applications in valence space with phenomenological interactions

o Gaining popularity in ab initio context
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