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Overview

• The seniority concept and its implications

• Seniority in the neutron-rich Pb istopes beyond N=126

• Do Sn istopes present a seniority scheme? Caveat! 

• The N=50 isotones and the Z=28 isotopes: Valence 

Mirror Symmetry Partners -- g9/2
• Manifestation of the Berry phase in the mid-shell g9/2

nucleus: 213Pb

• Summary 

• Future perspectives 



What is seniority? 

Seniority u is the number of unpaired identical nucleons to J=0  in a 
|jn〉 configuration à Lecture by P. Van Isacker.

Id est à g9/2
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What is seniority? 

Seniority u is the number of unpaired identical nucleons to J=0  in a 
|jn〉 configuration à Lecture by P. Van Isacker.

Id est for g9/2

Is J=8 the largest 
angular momentum g9/2 
u=2 configuration?



The seniority concept 

• It leads to many simple poweful results under very general conditions. 
Matrix elements can be classified in terms of whether or not they 
conserve seniority 

• Many realistic residual interactions seem to conserve seniority. So this 
scheme gives reaonable predictions for actual nuclei
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Let’s get the main points of it



Seniority conservation

• Seniority is conserved by any two-body interaction in the jn configuration
for  j ≤ 7/2

• Theorem: any two-body interaction in the jn configuration is diagonal in the 
seniority scheme, provided it is diagonal in the j3 configuration, that is, if 
there are no finite matrix elements connecting u = 3 with u = 1 states.

• two-body interactions only connect states of the same J (only states of 
equal J can mix). This condition is automatically satisfied for any J value 
that is not common to both the | j3 u=3 〉 | j3 u=1 〉 states.

• For j = 1/2 and 3/2 it is trivial: they have no u = 3 states since they become 
maximally filled (midshell) at n = 1 and n = 2, respectively.

• Can you derive the rule for j = 5/2 and 7/2? 

• For j >7/2 seniority is not necessarily conserved. Concept of partial seniority 
conservation à P. Van Isacker PRL 100, 052501 (2008). 



Nucleons in a valence jn configuration behave according to a 
seniority scheme: the states can be labelled by their seniority u

In a pure seniority scheme, the relative level energies do not 
depend on the number of particles in the shell j  

The 8+ state will be an isomer due to the small energy separation
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Why such energy level separation? 

pp or nn

pn

• The interaction should be small for  theta q= 90 for both T = 0 and T = 1, since the particles are orbiting 
in nearly perpendicular planes and are seldom close enough to interact.

• For T =1, the interaction is strong when the two nucleons orbit in opposite directions (J = 0 q = 180). It 
vanishes when they orbit in the same direction (Jmax, q = 0) two particles have identical quantum 
numbers and the spatial wave function is required to be antisymmetric.

• For the T= 0, particles are distinct and, for both the small and large / extremes, the orbits are nearly 
coplanar. Since we need not worry about antisymmetry.



The seniority scheme: B(EL), B(ML)

for j=11/2



Where u is to be conserved? 

Pb – ng9/2

Sn – ng7/2d5/2d3/2s1/2h11/2

N=50 – pg9/2

Ni – pg9/2

At 
P. Van Isacker



Example: neutron-rich lead isotopes – the g9/2 orbital



The Z=82 and beyond N=126 

208Pb

218Pb

g9/2i13/2

h11/2

f7/2



212,214,216Pb: 8+ isomer 



Reduced transition prob. B(E2)
B(E2) calculated considering internal conversion coefficients, and a 20-90 keV

energy interval for unknown transitions.

B(E2) ~ Eγ
-5 (1+α)-1τ-1

B(E2;8+
ν = 2à6+

ν = 2)

213Pb

n=2 n=4 n=6 n=8 Filling of the g9/2 



Shell Model calculations Kuo-Herling

Calculations with Antoine and Nathan codes and K-H interaction

E.K. Warburton and B.A. Brown PRC43, 602 (1991).



B(E2) calculated considering internal conversion coefficients, and a 20-
90 keV energy interval for unknown transitions.

Reduced transition prob. B(E2)
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Effective three body forces
A. Gottardo et al., PRL 109, 

162502 (2012)
P. Van Isacker presenattion 2-

body operators

210Pb 212Pb 214Pb 216Pb
Isomer t1/2 (μs) 0.20 (2) 6.0 (8) 6.2 (3) 0.40 (4)

B(E2) e2fm4 Exp. 47(4) 1.8(3) 1.4-1.9 24.7-30.5
B(E2) e2fm4 KH 41 8 0.26 16.4

Upper limit 90 keV based on 
Kα X rays intensity (K 

electrons bound ~88 keV)

B(E2) ~ Eγ
-5 (1+α)-1τ-1



Caveat: neutron-deficient Sn isotopes



Light Sn isotopes

g7/2, d5/2, d3/2, s1/2, h11/2
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Excitation energies in Sn isotopes

R. Kumar et al., PRC 81, 024306 (2010) 

g7/2d5/2



Generalized seniority scheme

Schematic variation of reduced transition probabilities for electric and magnetic transitions in both a 
single-j shell and a multi-j shell, respectively, by using the electromagnetic and seniority selection rules.



Many worldwide measurements

C. Vaman et al. PRL 99, 162501 (2007)

MSU (2007)

GSI (2005)

A. Banu et al., PRC 72, 061305(R) (2005)

P. Doornenbal et al., PRC90, 061302(R) (2014)

RIKEN (2013)

ISOLDE (2008)

A.Ekstrom et al., PRL  101 (2008) 012502.

ISOLDE (2007)

J. Cederkall et al., PRL 98 (2007) 172501.

G. Guastalla et al., PRL 110 (2013) 172501.

GSI (2013)

GANIL (2020)

M. Siciliano et al., PLB806, 135474 (2020)

…

Coulomb excitation measurements 
(safe or relativistic)



B(E2) transition probabilities in Sn

LSSM gds truncated space

<jn,v,J|OL|jn,v-2,J´>2 ~ f(1-f)
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Proton excitations in Sn isotopes 



Caveat: seniority seeming like

Even if energies seem rather constant 2+

Even if B(E2: 2+ à 0+) transition probabilities seem to follow u
à we have protons and neutrons and these nuclei seem deformed so 
seniority can not be applied.  



The N=50 isotones and the Z=28 isotopes
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The first g9/2 orbital

Valence Mirror Symmetry Partners



Seniority scheme in the g9/2 shell

R. Pérez-Vidal et al., PRL 129, 112501 (2022)

Δ𝝊≈2 Δ𝝊≈0 Δ𝝊≈0 Δ𝝊≈0 

Δ𝝊≈ 2 Δ𝝊≈0,2? Δ𝝊≈0,2
? 

Δ𝝊≈0 

Z=
28

N
=5
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2+→0+ 4+→2+ 6+→4+ 8+→6+

Valence Mirror Symmetry Partners

Shell model icalculations for the Z=28 isotopes (N=50 isotones) performed in the 0f5/2, 
1p3/2, 1p1/2, and 0g9/2 neutron (proton) model space and with the neutron (proton) 
effective charge derived from microscopic calculations. A. Gargano and G. di Gregorio  
Private communcation.

N=50 isotones R.M. Pérez-Vidal et al. Submitted to PRL
Z=28 isotopes[6] T. Marchi et al PRL 2014,  K. Kolos et al PRL 2016,  
C.J. Chiara et al PRC 2015, A.I. Morales et al. PRL 2018, M. Sawicka et 
al PRC 2003, A.I. Morales et al. PRC 2016 

isomers



Seniority Mixing

Calculations by 
P. Van Isacker

ν=2
ν=4



In the middle of the 2g9/2 shell: 213Pb 

The conservation of seniority is a consequence of a geometric phase 
associated with particle-hole conjugation, which becomes observable 

in semi-magic nuclei where nucleons half-fill the valence shell. 



The Z=82 and beyond N=126 

208Pb

218Pb

g9/2i13/2

h11/2

f7/2



Berry phase  

Hamiltonian depends on a set of parameters z, then the phase change of 
an eigenstate of H(z) over a closed path in the parameter space is a 
gauge invariant quantity, and as such observable.

Optics, condensed matter, q
uantum 

electrodynamics, …
 



The Berry phase  

An intuitive classic example of transport 
B. Goss Levi, Phys. Today 46, 17 (1993)

Displacement of a vector along a loop (closed path) drawn on a sphere

long vector points "South" and the 
short one points "East" all the time

the vectors rotate
• here 90 degrees, but
• it will depend on the path

Geometric phase affects all
areas of physics



Gamma spectrum of 213Pb
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Lifetime of 
the isomer
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80%20%

The g9/2 orbital is half-filled for 213Pb with 5 
neutrons à Two decay branches – rather

different to the even cases
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Reduced transition probabilities 213Pb
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SM calculations 213Pb

SM calculations: valence spaceAlthough the g9/2 shell is not isolated in 
energy, it is found to carry the dominant

component of the wave function



Particle-hole symmetry plane

p

Berry phase  

In the middle of the g9/2 shell à a particle-hole transformation transforms 
the nucleus in itself but with a phase

R. D. Lawson, Theory of the Nuclear Shell Model
(Clarendon Press, Oxford, 1980).

Original and transformed state is
the same besides a phase (-)p



For any two-body interaction, of all possible g9/25 states only two can mix,
namely those with J = 9/2+ and seniorities u = 1 and u = 5.

Manifestation of the Berry phase 



Manifestation of the Berry phase
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• The E2 transitions satisfy the selection 
rule Du = +/- 2

• The purity of seniority in the 17/2+ states 
follows from the self-conjugate character 
of 213Pb

• The particle-hole symmetry prevents        
Du = 2 mixing as a consequence of an 
observable Berry phase.

The Berry phase gives us a link between seniority 
conservation and universal quantum mechanical features. 

Particle-hole symmetry plane

p



• Seniority is conserved by any two-body interaction in the jn
configuration for  j ≤ 7/2

• For j >7/2 seniority is not necessarily conserved.

• Seniority can be a good description of actual nuclei when we have 
no proton-neutron interaction à deformed nuclei. Caveat Sn 
isotopes. 

• Examples in neutron-rich Pb and Ni and N=50 isotones

• Apperance of a geometrical phase associated to particle hole 
conjugation à understanding of seniority selection rules. The Berry 
phase gives us a link between seniority conservation and universal 
quantum mechanical features. 

Summary



Future perspectives 

• Need accurate measurements of the transitions probabilities of the 
states below the isomers. We need systematics.

• Lifetimes (RDDS or fast timing) 
• Coulex

• Going beyond j=9/2 shell, e.g. j=11/2, …

• Other mid-shell cases to look into the Berry phase: 
• 73Ni with five neutrons in 0g9/2
• 95Rh N=50 mid-shell in 0g9/2
• 213Fr with five protons in 0h9/2

• How to further look into seniority: Transfer reactions: complications with 
the reaction dynamics …
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