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Disposition : Vide

Take a bunch of interacting classical or quantal dofs, coming in different species                               and forming a bound state

Context

M15
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i) How do these dofsarrange themselves ? (helps interpreting ground state/excitation/decay/reaction features)
ᵼCompetition between kinetic (delocalization/disorder) and potential (localization/order) energies 

Χ        Χ   

ƛƛύ Iƻǿ ŜƳŜǊƎƛƴƎ ǎǘǊǳŎǘǳǊŜǎ ŜǾƻƭǾŜ ǿƛǘƘ 9ϝΣ ¢Σ ƴǳƳōŜǊ ƻŦ ǇŀǊǘƛŎƭŜǎΣ ǎǇŜŎƛŜǎ ǳƴōŀƭŀƴŎŜΣ Χ  Κ
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Clustering 

 Clustering : an ubiquitous phenomenon

M15
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Nuclear clustering 
Nuclear clustering = nucleons clumping together into sub-groups within the nucleus 
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Intrinsic densities
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Qualitative 
understanding of the 
nuclear clustering
phenomenon2
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N-component Fermi systems

proton

neutron

BCS/BEC crossover + phases stabilized by internal dofs

How does this translate in nuclei = 4-component Fermi systems ? 
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Group theory considerations

Schematic Hamiltonian : 

proton

neutron

Correlated pair operators
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Group theory considerations

One-to-one correspondence with a system of spin-3/2 fermions with the Hamiltonian

proton

neutron

Singlet (S=0) pairing operator

Quintet (S=2) pairing operator

with
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Group theory considerations

Sp(4) ḐSO(5) symmetry without fine tuning the coupling constants 

proton

neutron

Generators of 

Bilinearsof fermions can be classified according to their behavior under SO(5)

Particle-hole channel
Particle-particle channel

C. Wu PRL 2005
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Group theory considerations

If Ὣ ὫḳὫ, singlet and quintet pairing states are degenerate and can be recast into a sextet pairing state  ᵼ SU(4) symmetry

proton

neutron

2 different superfluid orders : i) Sp(4)-singlet BCS pairing phase  :

ii) SU(4) molecular superfluid phase formed from bound states of 4 fermions: 

Competition manifested by a ᴚ2 discrete symmetry (coset between the center of SU(4) and the center of Sp(4) )

ᴚ2 needs to be spontaneously broken to stabilize the BCS quasi-long range order. 

ᴚ2 remaining unbroken ᵼǎǘǊƻƴƎ ǉǳŀƴǘǳƳ ŦƭǳŎǘǳŀǘƛƻƴǎ ƛƴ ǘƘŜ ǎǇƛƴ ŎƘŀƴƴŜƭ ǎǳǇǇǊŜǎǎƛƴƎ /ƻƻǇŜǊ ǇŀƛǊƛƴƎ όн ŦŜǊƳƛƻƴǎ ŎŀƴΩǘ 
form a ᴚ2 singlet ) ᵼ leading superfluid instability = quartetting
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Deformation & Nuclear clustering 

Role of deformation

N-dimensional anisotropic HO with commensurate frequencies enjoys dynamical 
symmetries involving multiple independent copies of SU(N) irreps

Susceptibility of nucleons in deformed nuclei to arrange into multiple spherical 
fragments  

Nazarewicz& Dobaczewski, PRL 1992
Deformation = necessary condition, but not a sufficient one
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Strength of correlations

Strength of correlations measured by dimensionless ratios

Nucleon mass

Depth of the 
confining potential

Number of 
nucleons

Mean density

Ebran, Khan, Niksic& VretenarNature 2012
Ebran, Khan, Niksic& VretenarPRC 2013
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Strength of correlations

Strength of correlations measured by dimensionless ratios

Nucleon mass

Depth of the 
confining potential

Number of 
nucleons

Mean density

Ebran, Khan, Niksic& VretenarNature 2012
Ebran, Khan, Niksic& VretenarPRC 2013

Clustering favored     ᶌ For deep confining potential
ᶌ For light nuclei
ᶌ In regions at low-density
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Disposition : Vide

Strength of correlations

Strength of correlations measured by dimensionless ratios

Nucleon mass

Depth of the 
confining potential

Number of 
nucleons

Mean density

Clustering favored     ᶌ For deep confining potential
ᶌ For light nuclei
ᶌ In regions at low-density

Formation/dissolution of clusters : Mott parameter

Size of the nucleus X

inter-nucleon average 
distance

Size of an ‌in free-space

0.9 size of an ‌in free-spaceEbran, Girod, Khan, Lasseri, Schuck, PRC 2020    
Ebran, Khan, Niksic, Vretenar, PRC 2014    
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Coupling to the continuum

Clustering as threshold effect 
Strong impact of the continuum (Ploszajczak)
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But at the same time, clustering correlations impact 
structure of compact states
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Theoretical
description of the 
nuclear clustering 
phenomenon3
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Strategies

Liquid drop 
model

Collective 
model

Empirical 
shell model

Interacting 
boson 
model

Algebraic 
model

Ab initio approaches 
(empirical NN+NNN 

interactions) 

Cluster 
model

Phenomenological 
energy density 

functional method

Era of models

QCD

Ab initio 
approaches First-principles 

energy density 
functional methodNon-

empirical 
shell method Cluster EFT

Interacting 
boson EFT

Collective 
EFT

Liquid drop 
EFT

Era of effective (field) theories

X Fullcontrol ᵼsystematicallyimprovable, no error compensation,    
ƴƻ ŘƻǳōƭŜ ŎƻǳƴǘƛƴƎΣ Ǉƻǎǎƛōƛƭƛǘȅ ƻŦ ŜǊǊƻǊ ŜǎǘƛƳŀǘƛƻƴΣ Χ

XWForce you to step back and rethink

X Gives insight about relevant scales/dofs
X Ready to be used
W Lack of control
ᵼdouble counting issues, error compensation, no error assessment

Achieve a                                                   description ?
accurate
predictive
computationallyaffordable

PhyNuBE II                                                                        J.-P. Ebran 23



Disposition : Vide

HFBHFB

Relevant dofs= inert clusters + possibly single nucleons

PhyNuBE II                                                                        J.-P. Ebran 24

2 possible viewpoints for describing nuclear clustering

Relevant dofs= nucleons
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±ƛŜǿ ǘƘŜ ƴǳŎƭŜǳǎ ŀǎ ŀ ǎȅǎǘŜƳ ƻŦ b άŜƭŜƳŜƴǘŀǊȅέ ŎƭǳǎǘŜǊǎ ƛƴ ǿƘƛŎƘ ǘƘŜ ! ƴǳŎƭŜƻƴǎ ŀǊŜ ŘƛǎǘǊƛōǳǘŜŘ ŀƴŘ  ǎƻƭǾŜ Ὄɰ Ὁɰ with
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╟
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ὠ ╡ ╡
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άƴƻƴ-ƳƛŎǊƻǎŎƻǇƛŎέ ŀǇǇǊƻŀŎƘŜǎ Υ ŜƳǇƛǊƛŎŀƭ ǇŜǊǎǇŜŎǘƛǾŜ 

Potentialsfitted on binding energiesand nucleus-nucleus phase shifts

Modelsrather simple for N=2. For N=3, hypersphericalor Faddeevmethodsare efficient techniques.

12 spin-1/2 fermions 3 spin-0 bosons

Lazauskas, Dufour (2011)

Bijker, Iachello(2002)
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Loosely bound cluster nuclei like 9Be (Borromean nucleus)
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άƴƻƴ-ƳƛŎǊƻǎŎƻǇƛŎέ ŀǇǇǊƻŀŎƘŜǎ Υ 9C¢ ǇŜǊǎǇŜŎǘƛǾŜ 

Energy needed to separate 9Be into ‌ ‌ ὲ: ~1.5 MeV

Proton separationenergyof 4He: ~19.8 MeV 

ᵼSeparation of scale calling for an EFT (cf Halo/Cluster EFT by Bira van Kolck)

Elena Filandriet al (2022)

Elena Filandriet al (2022)
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Microscopic viewpoint

Effective pseudo-Hamiltonian

Various levels of realization
Hartree-Fock-Bogoliubov(HFB)
Projected Generator Coordinate Method (PGCM)
QuasiparticuleRandom Phase Approximation (QRPA)

ᵊ
Free-space interactions

Effective in-medium 
interactions

Complicated WF Simplified 
auxiliary WF

How to improve current EDFs   
How to turn EDF in EFT ?   

Refined many-body schemes with controlled uncertainties 
CI (full space diag.) : exponential scaling
Hybrids (valence space diag.) : mixed scaling
Expansion methods (partition, expand and truncate) : polynomial scaling

How to challenge ab initio frontiers

Systematically improvable free-space Hamiltonian in …EFT

Solving Schrödinger equation
Pre-processing H

1) Nucleus: A interacting, structure-less nucleons

Strongly correlated WF

нύ     {ǘǊǳŎǘǳǊŜ ϧ ŘȅƴŀƳƛŎ ŜƴŎƻŘŜŘ ƛƴ IŀƳƛƭǘƻƴƛŀƴΣ CǳƴŎǘƛƻƴŀƭΣ Χ  

3) Solve A-nucleon  Schrödinger/Dirac equation to desired accuracy

V
e

rt
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a
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e
x
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a
n
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o

n

Horizontal 
expansion

Rationale for grasping nucleon correlations

Reference 
vacuum

Χ 1p1h exc.

Χ 

Χ
 

2p2h exc.

(q0,j0 ) (q0,j1 ) (q1,j0 )

‘ȟʎ
Ὗ‗ὌὟ ‗

ᵊ

ᵊ
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Capture clustering in a microscopic framework
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Cluster approximation : assume that A nucleons organize into N clusters
ᵼImpose a specific form for the nucleus total wavefunction 

Resonatinggroup method(Wheeler, DescouvemontΣ Χύ   Υ CƻǊ н ŎƭǳǎǘŜǊǎ 

Nucleonantisymmetrizer

A-body WF : ●ȟ●ȟȣȟ●

C-body internalWF of the 1st cluster : ●ȟ●ȟȣȟ●

(A-C)-body internalWF of the 2nd cluster : ● ȟ● ȟȣȟ●

Inter-cluster WF dependingon the relative coordinatebetweenthe coms of the clusters

12C

Phenomenological

Ab initio : Navratiln HupinΣ wƻƳŜǊƻΣ Χ
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Capture clustering in a microscopic framework
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Cluster approximation : assume that A nucleons organize into N clusters
ᵼImpose a specific form for the nucleus total wavefunction 

Resonatinggroup method(Wheeler, DescouvemontΣ Χύ

GeneratorCoordinateMethod with Bloch-Brink cluster WF (DescouvemontΣ 5ǳŦƻǳǊΣ Χύ

Written in termsof HO WF

12C

Dufour, Descouvemont(2004)
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Capture clustering in a microscopic framework
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Cluster approximation : assume that A nucleons organize into N clusters
ᵼImpose a specific form for the nucleus total wavefunction 

Resonatinggroup method(Wheeler, DescouvemontΣ Χύ   Υ CƻǊ н ŎƭǳǎǘŜǊǎ 

GeneratorCoordinateMethod with Bloch-Brink cluster WF (DescouvemontΣ 5ǳŦƻǳǊΣ Χύ

THSR WF (Tohsaki, Horiuchi, Schuck, RöpkeΣ CǳƴŀƪƛΣ ½ƘƻǳΣΧύɮ

Zhou et al (2019)
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Capture clustering in a microscopic framework
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Cluster approximation : assume that A nucleons organize into N clusters
ᵼImpose a specific form for the nucleus total wavefunction 

5ƻƴΩǘ ŀǎǎǳƳŜ ǘƘŀǘ ! ƴǳŎƭŜƻƴǎ ƻǊƎŀƴƛȊŜ ƛƴǘƻ b ŎƭǳǎǘŜǊǎ ōǳǘ ǎǘƛƭƭ ƛƳǇƻǎŜ ǎƻƳŜ ǊŜǎǘǊƛŎǘƛƻƴǎ ƻƴ ǘƘŜ ǎƘŀǇŜ ƻŦ ǘƘŜ ǿŀǾŜŦǳƴŎǘƛƻƴ Υ !MD/FMD

Kanada-9ƴΩȅƻ(2006)
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Capture clustering in a microscopic framework
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Cluster approximation : assume that A nucleons organize into N clusters
ᵼImpose a specific form for the nucleus total wavefunction 

5ƻƴΩǘ ŀǎǎǳƳŜ ǘƘŀǘ ! ƴǳŎƭŜƻƴǎ ƻǊƎŀƴƛȊŜ ƛƴǘƻ b ŎƭǳǎǘŜǊǎ ōǳǘ ǎǘƛƭƭ ƛƳǇƻǎŜ ǎƻƳŜ ǊŜǎǘǊƛŎǘƛƻƴǎ ƻƴ ǘƘŜ ǎƘŀǇŜ ƻŦ ǘƘŜ ǿŀǾŜŦǳƴŎǘƛƻƴ Υ !MD/FMD

5ƻƴΩǘ ŀǎǎǳƳŜ ǘƘŀǘ ! ƴǳŎƭŜƻƴǎ ƻǊƎŀƴƛȊŜ ƛƴǘƻ b ŎƭǳǎǘŜǊǎ ŀƴŘ ǳǎŜ ƘƻǊƛȊƻƴǘŀƭ ŜȄǇŀƴǎƛƻƴ όƭƻƻƪ ŦƻǊ ŀ ōƻǎƻƴƛŎ ƻǊŘŜǊ ǇŀǊŀƳŜǘŜǊ ǿƘƻǎŜ fluctuations cause nucleons 
to aggregate into clusters) : can be done in both ab initio and EDF

16O

Ebranet al (2020)
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HFBHFB

 HFB treatment

A-nucleon problem A 1-nucleon problems

Correlated A-

nucleon 

wavefunction

Symmetry-conserving A 

independent nucleons 

wavefunction

‘ȟʎ ‘ȟʎ

(|q 0|, j0)

Symmetry-breaking A 

independent nucleons 

wavefunction

HF(B)

,

SSB :    Efficient way for capturing so-called static correlations

Horizontal expansion
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Nuclear clustering at the SR level 

Clustering = nucleons clumping together into sub-groups within the nucleus 

A

Energy

Intrinsic densities computed within cEDF realized at the SR level (DD-ME2 parametrization)
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Quantum Mott-like phase transition

Isotropicallyinflate 16O by constraining its r.m.s. radius while imposing a global quadrupole moment to be zero

16O
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Thermal phase transition

Isotropicallyinflate 16O by constraining its r.m.s. radius while imposing a global quadrupole moment to be zero
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 HFB treatment

A-nucleon problem A 1-nucleon problems
‘ȟʎ ‘ȟʎ

(|q 0|, j0)

HF(B)

,

 Post-HFB treatment : PGCM

Symmetry-conserving (non orthogonal) mixture of symmetry-breaking HFB vacua

PGCM

=᷿ dq f( q) ▲
‘ȟʎ

HFB constrained calculations

Horizontal expansion
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