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Neutron stars: laboratories for dense matter
Formed in gravitational core-collapse supernova explosions, neutron
stars are the most compact stars in the Universe.

Nuclear physics:

M � 1� 2M�
R � 10 km
) � � 1015 g cm�3

Energy scale: MeV

“cold” . 1010 K . “hot”

Neutron stars are initially very hot (� 1012 K) but cool down to
� 109 K within days by releasing neutrinos.

Their dense matter is thus expected to undergo various phase
transitions, as observed in terrestrial materials at low-temperatures.



Superstars
The huge gravity of neutron stars produces the highest-Tc and largest
superfluids and superconductors known in the Universe!

Neutron stars ∼ 1010∼ 1010∼ 1010 K
...

...
CH8S 288 K
Cuprates 1 − 130 K
Electrons
in ordinary metals 1 − 25 K
Helium-4 2:17 K
Helium-3 2:491 × 10−3 K
Bosonic condensates ∼ 10−6 K
Fermionic condensates ∼ 10−8 K

Predicted long ago, these quantum phases may be probed through
astrophysical observations.



Pulsar frequency glitches and superfluidity
Pulsars are spinning very rapidly with extremely stable periods
_P & 10�21, outperforming the best atomic clocks.

Milner et al., Phys. Rev. Lett. 123, 173201 (2019)

Still, some pulsars have been found to suddenly
spin up (in less than a minute).

670 glitches have been detected in 208 pulsars.
http://www.jb.man.ac.uk/pulsar/glitches.html

Recent review: Zhou et al.,Universe 8(12), 641(2022)

The first glitch was detected in Vela in 1969.
Radhakrishnan&Manchester, Nature 222, 228 (1969)
Reichley&Downs, ibid. 229

Pulsar glitches provide strong evidence for neutron superfluidity in
neutron star-crusts.

http://www.jb.man.ac.uk/pulsar/glitches.html


Time-dependent Hartree-Fock-Bogoliubov theory
The dynamics of nuclear superfluids (q = n;p) is described by the
time-dependent Hartree-Fock-Bogoliubov equations:�
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with mean fields defined via the particle and pair density matrices
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Superfluid velocities are not true velocities
The superfluid velocity defined through the phase of the pairing field
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Chamel & Allard, PRC100, 065801 (2019); Allard & Chamel, PRC103, 025804 (2021)



Neutron superfluidity in neutron-star crusts
The breaking of translational symmetry leads to the existence of a
normal-fluid component even at zero temperature.

In the presence of a superflow with velocity VnVnVn, the average neutron
mass current in the rest frame of the neutron-star crust is
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Treating the crust as a polycrystal ��n��n��n = �s �Vn
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The superfluid density �s < �n (m?
n > mn) is a

current-current response function.

�s“is a derived concept and is not the density of
anything”.

Feynman, Statistical Mechanics: A Set of Lectures.

Review: Chamel, J. Low Temp. Phys. 189, 328 (2017)



Neutron superfluidity in neutron-star crusts

In the absence of superflow Vn = 0:

Floquet-Bloch theorem:
 1�kkk (rrr + ‘‘‘) = ei kkk�‘‘‘ 1�kkk (rrr)

 2�kkk (rrr + ‘‘‘) = ei kkk�‘‘‘ 2�kkk (rrr)

for any lattice vector ‘‘‘.

band index �: rotational symmetry
wave vector kkk : translational symmetry.

The HFB equations need to be solved only in the Wigner Seitz cell
with kkk restricted to the first Brillouin zone.

3D HFB computations remain expensive:
Lattice spacing can be large � 100 fm
Huge number of neutrons in the Wigner-Seitz cell (� 102 � 103)



From HFB to multi-band BCS theory

Due to proximity effects, �(rrr) varies smoothly:  1�kkk � U�kkk’�kkk ,
 2�kkk � V�kkk’�kkk , where h(rrr)’�kkk (rrr) = "�kkk’�kkk (rrr).

The HFB equations reduce to the multiband BCS gap equations:
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Chamel et al., Phys.Rev.C81,045804 (2010)



Multi-band BCS superconductors
Multi-band superconductors were first studied in 1959 but clear
evidence were found only in 2001 with the discovery of MgB2.

Electrons in different bands feel different pairing interactions leading
to different pairing gaps:

X. X. Xi, Rep. Prog. Phys.71, 116501 (2008)

In the crust of a neutron star, the number of bands involved is
� 102 � 103 due to strong attractive nuclear pairing interactions!



Multi-band BCS neutron superfluid
Wigner-Seitz cell with Z = 40, N = 1220 (body-centered cubic lattice)
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Both bound and unbound neutrons contribute to superfluidity
Superfluidity permeates clusters (loosely bound Cooper pairs)
The superfluid becomes homogeneous as T approaches Tc

Nuclear clusters lower the gap by � 10� 20%



Neutron superfluid fraction

In the limit of small currents, the neutron superfluid density is given by
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�s is fully determined by the shape of the Fermi surface
independently of pairing
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Carter,Chamel,Haensel,Nucl.Phys.A748,675 (2005); Nucl.Phys.A759,441(2005)



Neutron superfluid fraction in shallow region

Neutron band structure (s.p. energy in MeV vs kkk ) in a body-centered
cubic (bcc) lattice at �n = 0:0003 fm�3 (Z = 50;A = 200):

First Brillouin zone:

Chamel,Phys.Rev.C85,035801(2012)

with clusters without

The spectrum is similar that of free neutrons: �s=�n = 83%.



Neutron super�uid fraction in deep region
Neutron band structure (s.p. energy in MeV vs kkk) in a body-centered
cubic (bcc) lattice at �n = 0:03 fm� 3 (Z = 40; A = 1590):

First Brillouin zone:

Chamel,Phys.Rev.C85,035801(2012)

with clusters without

The spectrum is very different: � s=� n = 7%. Neutron super�uidity is
almost entirely suppressed!



Band structure and Fermi surface

Bragg scattering leads to strong
distortions of the Fermi surface.

Avoided band crossings where

jrrr kkk " � kkk j � 0

translate into necks and holes
reducing the Fermi surface area.

Both effects suppress the
super�uid density

� s =
m2

n

12� 3~2

X

�

Z

F
jrrr kkk " � kkk jdS(� )

Picture made with XCrySDen


