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• Two Higgs doublets carrying hypercharge y = + 1/2

obtained by taking suitable derivatives of the mass matrix, leading to concise and gauge-
invariant expressions which reveal new insights. For instance, we find an all-order expression
for the mass of the charged Higgs boson, valid for any THDM.

Let us briefly outline the paper: In order to make this work self-contained, we briefly
recall in section 2 the bilinear formalism and show how the electroweak-symmetry breaking
behaviour can be studied concisely. In section 3, we derive the scalar mass matrix to all
orders in perturbation theory in the THDM and apply these results to a general tree-level
THDM potential. Then, we derive gauge invariant expressions for the trilinear and quartic
scalar interactions, the gauge-boson-Higgs interactions, and the Yukawa interactions in the
respective sections 4–6. Finally, in section 7, we summarise our main results and draw some
conclusions. A more detailed discussion of the structure of the scalar mass matrix, extending
section 3, is presented in appendix A. A list of analytic expressions for all relevant tree-level
couplings of the general THDM in gauge-invariant form can be found in appendix B.

2 Review of the bilinear formalism

Here, we briefly review the bilinears in the THDM [20–22] in order to make this article
self contained. We will also discuss basis transformations. In the convention with both
Higgs-boson doublets carrying hypercharge y = +1/2 corresponding to upper charged com-
ponents, we write
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Explicitly we have decomposed the complex fields into their real and imaginary components.
From now on we suppress the space-time argument of the fields. We will also write the
real and imaginary upper and lower components of the two doublets in the form of one
eight-component vector:
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The most general, tree-level, gauge-invariant potential with two Higgs-boson doublets
reads [16]

V 0
THDM

('1,'2) = m2
11('

†
1'1) +m2

22('
†
2'2)�m2

12('
†
1'2)� (m2

12)
⇤('†

2'1)

+
1

2
�1('

†
1'1)

2 +
1

2
�2('

†
2'2)

2 + �3('
†
1'1)('

†
2'2)

+ �4('
†
1'2)('

†
2'1) +

1

2

h
�5('

†
1'2)

2 + �⇤
5('

†
2'1)

2
i

+
h
�6('

†
1'2) + �⇤

6('
†
2'1)

i
('†

1'1) +
h
�7('

†
1'2) + �⇤

7('
†
2'1)

i
('†

2'2).

(2.3)

– 3 –

• The most general potential (tree level, gauge invariant)

obtained by taking suitable derivatives of the mass matrix, leading to concise and gauge-
invariant expressions which reveal new insights. For instance, we find an all-order expression
for the mass of the charged Higgs boson, valid for any THDM.
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recall in section 2 the bilinear formalism and show how the electroweak-symmetry breaking
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scalar interactions, the gauge-boson-Higgs interactions, and the Yukawa interactions in the
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conclusions. A more detailed discussion of the structure of the scalar mass matrix, extending
section 3, is presented in appendix A. A list of analytic expressions for all relevant tree-level
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• 14 real parameters: , , , m2
11, m2

22 ∈ R m2
12 ∈ C λ1,2,3,4 ∈ R λ5,6,7 ∈ C
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• 4 real, gauge invariant bilinears 
 
 

• One-to-one map  (except for unphysical gauge d.o.f)φ1,2 ↔ K0,1,2,3

• Inverse relations 

• Most general tree level THDM potential in terms of bilinears

In this potential we have two real quadratic parameters m2
11, m2

22, and one complex
quadratic parameter m2

12 as well as seven quartic parameters �1, . . . ,�7, where the first
four are real and �5, �6, �7 complex. Altogether this corresponds to 14 real parameters in
the potential.

Bilinears systematically avoid unphysical gauge degrees of freedom and are defined in
the following way: First, the 2⇥ 2 matrix of the two doublets,
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is introduced. All gauge-invariant scalar products of the two doublets '1 and '2 can be
arranged in one matrix
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This by construction hermitian 2⇥ 2 matrix K can be decomposed into a basis of the
unit matrix and the Pauli matrices,
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with the usual convention to sum over repeated indices. The four real coefficients K0, Ka

are called bilinears. Building traces on both sides of this equation (also with products of
Pauli matrices) we get the four real bilinears explicitly,
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K0 � 0, K2
0 �KaKa � 0. (2.9)

As has been shown in [21] there is a one-to-one correspondence between the original doublet
fields and the bilinears apart from unphysical gauge-degrees of freedom. In terms of bilinears
we can write any tree-level THDM potential (a constant term can always be dropped) as
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Linear in K0,1,2,3 Quadratic in K0,1,2,3
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• 4 real, gauge invariant bilinears

• Most general tree level THDM potential in terms of bilinears
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• 14 real parameters: with real parameters ⇠0, ⇠a, ⌘00, ⌘a, Eab = Eba, a, b 2 {1, 2, 3}. Expressed in terms of the
conventional parameters appearing in (2.3), these new parameters read
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As has been shown in [21], we can also form Minkowski-type four-vectors from the
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, Ẽ =

 
⌘00 ⌘T

⌘ E

!
, (2.15)

the tree-level potential (2.10) can be written as

V 0
THDM

(fK) =fK
T
⇠̃ +fK

T
ẼfK. (2.16)

The conditions (2.9) for the bilinears can, with the help of

g̃ = diag(1,� 3) , (2.17)

be expressed as
K0 � 0, fK

T
g̃fK � 0 . (2.18)

We will consider unitary mixing of the two doublets,

'0
i = Uij'j , with U = (Uij), U †U = 2 . (2.19)

These basis transformations correspond in terms of bilinears to

K 0
0 = K0, K 0

a = Rab(U)Kb , (2.20)

with Rab(U) defined by
U †�aU = Rab(U)�b . (2.21)

It follows that R(U) 2 SO(3), that is, R(U) is a proper rotation in three dimensions. We
see that the potential (2.10) stays invariant under a change of basis of the bilinears (2.20)
if we simultaneously transform the parameters [21]

⇠00 = ⇠0, ⇠0a = Rab⇠b, ⌘000 = ⌘00, ⌘0a = Rab⌘b, E0
cd

= RcaEabR
T
bd
. (2.22)

– 5 –

with real parameters ⇠0, ⇠a, ⌘00, ⌘a, Eab = Eba, a, b 2 {1, 2, 3}. Expressed in terms of the
conventional parameters appearing in (2.3), these new parameters read

⇠0 =
1

2

�
m2

11 +m2
22

�
, ⇠ = (⇠↵) =

1

2

⇣
�2Re(m2

12), 2Im(m2
12), m

2
11 �m2

22

⌘T
, (2.11)

⌘00 =
1

8
(�1 + �2) +

1

4
�3, ⌘ = (⌘a) =

1

4

⇣
Re(�6 + �7), �Im(�6 + �7),

1
2(�1 � �2)

⌘T
,

(2.12)

E = (Eab) =
1

4

0

B@
�4 + Re(�5) �Im(�5) Re(�6 � �7)

�Im(�5) �4 � Re(�5) �Im(�6 � �7)

Re(�6 � �7) �Im(�6 � �7)
1
2(�1 + �2)� �3

1

CA . (2.13)

As has been shown in [21], we can also form Minkowski-type four-vectors from the
bilinears,

fK =

 
K0

K

!
, with K =

0

B@
K1

K2

K3

1

CA . (2.14)

Writing the parameters of the potential in the form

⇠̃ =

 
⇠0
⇠

!
, Ẽ =
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ẼfK. (2.16)

The conditions (2.9) for the bilinears can, with the help of

g̃ = diag(1,� 3) , (2.17)

be expressed as
K0 � 0, fK

T
g̃fK � 0 . (2.18)

We will consider unitary mixing of the two doublets,

'0
i = Uij'j , with U = (Uij), U †U = 2 . (2.19)

These basis transformations correspond in terms of bilinears to

K 0
0 = K0, K 0

a = Rab(U)Kb , (2.20)

with Rab(U) defined by
U †�aU = Rab(U)�b . (2.21)

It follows that R(U) 2 SO(3), that is, R(U) is a proper rotation in three dimensions. We
see that the potential (2.10) stays invariant under a change of basis of the bilinears (2.20)
if we simultaneously transform the parameters [21]

⇠00 = ⇠0, ⇠0a = Rab⇠b, ⌘000 = ⌘00, ⌘0a = Rab⌘b, E0
cd

= RcaEabR
T
bd
. (2.22)

– 5 –

with real parameters ⇠0, ⇠a, ⌘00, ⌘a, Eab = Eba, a, b 2 {1, 2, 3}. Expressed in terms of the
conventional parameters appearing in (2.3), these new parameters read

⇠0 =
1

2

�
m2

11 +m2
22

�
, ⇠ = (⇠↵) =

1

2

⇣
�2Re(m2

12), 2Im(m2
12), m

2
11 �m2

22

⌘T
, (2.11)

⌘00 =
1

8
(�1 + �2) +

1

4
�3, ⌘ = (⌘a) =

1

4

⇣
Re(�6 + �7), �Im(�6 + �7),

1
2(�1 � �2)

⌘T
,

(2.12)

E = (Eab) =
1

4

0

B@
�4 + Re(�5) �Im(�5) Re(�6 � �7)

�Im(�5) �4 � Re(�5) �Im(�6 � �7)

Re(�6 � �7) �Im(�6 � �7)
1
2(�1 + �2)� �3

1

CA . (2.13)

As has been shown in [21], we can also form Minkowski-type four-vectors from the
bilinears,

fK =

 
K0

K

!
, with K =

0

B@
K1

K2

K3

1

CA . (2.14)

Writing the parameters of the potential in the form

⇠̃ =

 
⇠0
⇠

!
, Ẽ =
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Bilinears:

Parameters:

Potential:

obtained by taking suitable derivatives of the mass matrix, leading to concise and gauge-
invariant expressions which reveal new insights. For instance, we find an all-order expression
for the mass of the charged Higgs boson, valid for any THDM.

Let us briefly outline the paper: In order to make this work self-contained, we briefly
recall in section 2 the bilinear formalism and show how the electroweak-symmetry breaking
behaviour can be studied concisely. In section 3, we derive the scalar mass matrix to all
orders in perturbation theory in the THDM and apply these results to a general tree-level
THDM potential. Then, we derive gauge invariant expressions for the trilinear and quartic
scalar interactions, the gauge-boson-Higgs interactions, and the Yukawa interactions in the
respective sections 4–6. Finally, in section 7, we summarise our main results and draw some
conclusions. A more detailed discussion of the structure of the scalar mass matrix, extending
section 3, is presented in appendix A. A list of analytic expressions for all relevant tree-level
couplings of the general THDM in gauge-invariant form can be found in appendix B.

2 Review of the bilinear formalism

Here, we briefly review the bilinears in the THDM [20–22] in order to make this article
self contained. We will also discuss basis transformations. In the convention with both
Higgs-boson doublets carrying hypercharge y = +1/2 corresponding to upper charged com-
ponents, we write
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Explicitly we have decomposed the complex fields into their real and imaginary components.
From now on we suppress the space-time argument of the fields. We will also write the
real and imaginary upper and lower components of the two doublets in the form of one
eight-component vector:
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The most general, tree-level, gauge-invariant potential with two Higgs-boson doublets
reads [16]
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compare to

Linear in K0,1,2,3 Quadratic in K0,1,2,3
Very simple, real structure! 
Gauge symmetry manifest
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• Domain: 


•  (obvious car )


•  (with Cauchy-Schwarz inequality)


• EW symmetry at minimum: 

• Unbroken for 


• Charge breaking for  and  

CB condition: 


• Charge conserving for  and  
CC condition:   
Lagrange multiplier , minimum at 

K0 ≥ 0 K0 = |φ1 |2 + |φ2 |2

K2
0 − K2

1 − K2
2 − K2

3 ≥ 0

K0 = 0 ⇒ V = 0

K0 > 0 K2
0 − K2

a > 0

∂μV ≡
∂V
∂Kμ

= 0

K0 > 0 K2
0 − K2

a = 0
∂μ[V − u(K2

0 − k2
a)] = 0

u K0, K1, K2, K3, K4, u
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•  , , space of the  doublets


• , grouping the two doublets together which can mix 


• , space of the 4 real, gauge-invariant bilinears


• , space of the 8 real component 
fields

φ1 ∈ C2 φ2 ∈ C2 SU(2)L

φ = (φ1, φ2)T ∈ C2

K̃ = (K0, K1, K2, K3)T ∈ R4

ϕ = (π1
1 , π2

1 , σ1
1 , σ2

1 , π1
2 , π2

2 , σ1
2 , σ2

2)T ∈ R8
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Reminder:

Spaces:
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•  , , ,



• Note that the parameters in the different spaces are linked.  
 
For example consider the mixing of two doublets:


•   with a unitary  matrix 


• The bilinears transform as ,  
with  a proper rotation matrix defined by




• The potential stays invariant under a change of basis of the bilinears 
if we simultaneously transform the parameters: 

 
(Can be used to diagonalise the symmetric matrix )

φ1 ∈ C2 φ2 ∈ C2 φ = (φ1, φ2)T ∈ C2 K̃ = (K0, K1, K2, K3)T ∈ R4
ϕ = (π1

1 , π2
1 , σ1

1 , σ2
1 , π1

2 , π2
2 , σ1

2 , σ2
2)T ∈ R8

φ′￼= Uφ 2 × 2 U

K′￼0 = Ko K′￼a = Rab(U)Kb
R ∈ SO(3)

U†σaU = Ra
b(U)σb

ξ′￼0 = ξ0, ⃗ξ ′￼= R ⃗ξ , η′￼00 = η00, ⃗η ′￼= R ⃗η , E′￼= RERT

E
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• Symmetries straightforward to study (see, e.g., [1,2])


• Example: Standard CP symmetry 
 

 with , 


• In terms of bilinears [3,4] 
 

φ1,2(x) CP→ φ*1,2(x′￼) x = (t, x)T x′￼ = (t, − x)T

K0
CP→ K0, (K1, K2, K3)T CP→ (K1, − K2, K3)T

[1] Ferreira, Maniatis, Nachtmann, Silva, JHEP08(2010); [2] Bento, Boto, Silva, Trautner, JHEP21(2020) 
[3] Maniatis, Manteuffel, Nachtmann, EPJC57(2008); [4] Ferreira, Haber, Maniatis, Nachtmann, Silva, IJMPA26(2011)



The complete THDM gauge invariantly

10

• Up to now only potential considered


• How to study gauge couplings, Yukawa couplings?


• How to study potential beyond tree level?


• Key: 


• study mass matrices gauge invariantly


• derive couplings from mass matrices

Lohan Sartore, Markos Maniatis, IS, Björn Herrmann,  
JHEP12(2022)051, arXiv:2208.13719



Mass matrices

11

• Mass matrix in terms of the 8 component fields 
 

 




• Mass matrix in terms of bilinears  
 




• How to change between  and ?

ϕ = (π1
1 , π2

1 , σ1
1 , σ2

1 , π1
2 , π2

2 , σ1
2 , σ2

2)T

(M2
s )ij =

∂2

∂ϕi∂ϕj
V , i, j ∈ {1,…,8}

Kμ = (K0, K1, K2, K3)T

ℳ = (ℳμν) =
∂2

∂Kμ∂Kν
V ≡ ∂μ∂νV , μ, ν ∈ {0,…,3}

M2
s ℳ
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• Establish first connection between component fields and 
bilinears


• Write bilinears in terms of the component fields: 
 

 

with constants  (four  matrices, depending on basis )


• Connection from (gauge-dependent) components to bilinears: 
 

 where  is a  matrix

Kμ ≡
1
2

Δμ
ijϕ

iϕ j , i, j ∈ {1,…,8}

Δμ
ij 8 × 8 R8

Γ μ
i ≡

∂Kμ

∂ϕi
= ∂iKμ = Δμ

ijϕ
j Γ 8 × 4
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• Now we can write the mass matrix in terms of bilinears: 
 




• In matrix notation: 
 

 with 


• Use a canonical basis in the space  where  is very simple 
(A rotation in  such that bilinears in  unchanged and where 
the first 4 rows in  vanish)


• Diagonalize 

(M2
s )ij = ∂i∂jV = ∂i(Γ μ

j ∂μV ) = Δμ
ij∂μV + Γ μ

i Γ ν
j ∂μ∂νV

M2
s = Δμ∂μV + ΓℳΓT ℳ = (ℳμν)

R8 Γ
R8 R4

Γ

M2
s → M̄2

s
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• In the charge conserving (CC) case, we find after some non-trivial algebra that 
the mass matrix takes a block-diagonal form:

Turning to the case of a charge-conserving breaking, we show in App. A that the mass
matrix (3.14) in a canonical basis takes a block-diagonal form,

cM2
s

CC
= 2u

�
egfK
�
µ

b�µ + b�Mb�T

= 2u

 
A55 05⇥3

03⇥5 B33

!
+

 
05⇥5 05⇥3

03⇥5 �3M�T3

!
=

 
cM2

CC 05⇥3

03⇥5
cM2

neutral

!
,

(3.22)

where cM2
CC accounts for mixed contributions between massive and Goldstone states, both

possibly charged under the new residual subgroup (here, U(1)em). The matrix �3, which
appears in (3.22) is defined to be the non-vanishing, lower 3 ⇥ 4 block of the matrix �

evaluated at a charge-conserving minimum where 1� k2 = 0:

�
CC
=
p

2K0

 
0 0T

k 3

!
⌘
 
01⇥4

�3

!
. (3.23)

The matrices A55 and B33 read explicitly

A55 = 2K0

0

B@
0 0T 0

0 kkT 0

0 0T 1

1

CA , B33 = 2K0
�

3 � kkT
�
= ��3eg�T3 . (3.24)

By a further transformation from one canonical basis to another we can completely
disentangle the electrically neutral from the electrically charged contributions,

cM2
s

CC
=

0

B@
03⇥3

cM2
charged

cM2
neutral

1

CA . (3.25)

In App. A we show in detail how we arrive at the form of the scalar mass matrix (3.25).
Similarly, we show that the charged mass matrix can be diagonalised,

M̄2
charged = diag

⇣
m2

H± , m2
H±

⌘
= diag

⇣
4uK0, 4uK0

⌘
, (3.26)

and the neutral scalar mass matrix reads

cM2
neutral = �3 (M� 2ueg) �T3 . (3.27)

Having found the scalar mass matrices for the charge-conserving minimum, we go ahead
and diagonalise the neutral part (3.27). The similarity transformation to diagonalise the
real symmetric matrix (3.27) corresponds to a change of basis of the bilinears. Let us denote
with R the corresponding rotation in the 3-dimensional bilinear field space, defined as

M̄2
neutral = RcM2

neutralR
T = diag

⇣
m2

1, m
2
2, m

2
3

⌘
. (3.28)

As shown in Sec. 2, by this basis transformation the bilinears transform as

K̄0 = K0, K̄ = RK . (3.29)
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• The charged matrix takes the final form
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• The neutral matrix takes the form with  and the  
matrix 

g̃ = diag(1, − 1, − 1, − 1) 3 × 4
γ3 = (K, I3) 2/K0
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• This can be diagonalised by a rotation in bilinear space  for any potential R4 V
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Mass matrices: What have we found?
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• Mass matrix manifestly gauge invariant 
(dependence only on bilinears )

• Potential  not specified in 

• Valid in any THDM at any perturbation order

• In particular the charged part reads 

•  and  to be determined from stationary point 
equation and the CC condition depending on the 
parameters in 

Kμ

V ℳ = ∂μ∂νV

m2
H± = 4uK0

Kμ u

V



THDM couplings
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• Compute the couplings gauge invariantly using the mass 
matrix. For instance for the scalar cubic and quartic couplings:

• Example (using the tree level potential)

3.1 Tree-level scalar mass matrix

Eventually, we would like to explicitly show our result in the case of a general THDM
tree-level potential. The charged scalar masses squared are

m2
H± = 4uK0 (3.35)

as discussed before. Furthermore, the neutral 3⇥ 3 matrix (3.27) becomes in this case

cM2
neutral = 4K0

⇥
⌘00kk

T + ⌘kT + k⌘T + E + u( 3 � kkT)
⇤
. (3.36)

which is explicitly gauge invariant. This real symmetric matrix can be diagonalised with
the rotation matrix R, (3.28). Under this change of basis, the bilinears transform as shown
in (3.29) and the parameters of the tree-level potential transform as, (2.22),

⇠̄0 = ⇠0, ⇠̄ = R⇠, ⌘̄00 = ⌘00, ⌘̄ = R⌘, Ē = RERT . (3.37)

Therefore, the neutral mass matrix becomes

M̄2
neutral = 4K0

h
⌘00k̄k̄

T
+ ⌘̄k̄

T
+ k̄⌘̄T + Ē + u( 3 � k̄k̄

T
)
i
. (3.38)

Let us note that in practical calculations we can use (3.38) and (3.35) together with the
parameters ⌘00 and ⌘̄ to fix the parameter matrix Ē of the THDM in terms of the scalar
masses. The scalar mass squared matrix for the tree level case, given in (3.38), agrees

with the known result in the Higgs basis (where k̄ =
⇣
0, 0, 1

⌘T
); see for instance [21]. In

particular we get the squared masses of the scalar sector as known from the conventional
formalism.

4 Scalar trilinear and quartic interactions

Having found the scalar squared mass matrix in terms of gauge invariants in the last section,
we can now proceed and express the scalar trilinear and quartic couplings in a gauge-
invariant way. The connection between the bilinears and the component fields (2.1) is given
in terms of the � matrices (3.3). From these � matrices we can express the cubic and quartic
couplings in terms of the squared mass matrix (3.10). We emphasise that this matrix can
be any THDM mass matrix, not restricted to the tree level THDM.

We find for the cubic and quartic interactions in any THDM

�ijk =
�
@iM

2
s

�jk
=

⇣
�µ

ij
�⌫

k
+�µ

ik
�⌫

j +�µ

jk
�⌫

i

⌘
Mµ⌫ , (4.1)

�ijkl =
�
@i@jM

2
s

�kl
=

⇣
�µ

ij
�⌫

kl
+�µ

ik
�⌫

jl
+�µ

il
�⌫

jk

⌘
Mµ⌫ . (4.2)

In the mass basis (3.32), this yields

�̄ijk =
⇣
�̄µ

ij
�̄⌫

k
+ �̄µ

ik
�̄⌫

j + �̄µ

jk
�̄⌫

i

⌘
M̄µ⌫ , (4.3)

�̄ijkl =
⇣
�̄µ

ij
�̄⌫

kl
+ �̄µ

ik
�̄⌫

jl
+ �̄µ

il
�̄⌫

jk

⌘
M̄µ⌫ . (4.4)
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h − H± − H±

 with λhaH±H± =
1
2K0

(8K0(η00ka + ηa) − kam2
a) ka = Ka/K0



How to deal with Yukawa couplings?
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• Yukawa couplings linear in Higgs doublets, bilinears not

As usual, QL denotes the left-handed quark doublets and L the left handed lepton doublets,
uR, dR are the right-handed up- and down-type quark singlets, and eR the right-handed
leptons. The corresponding Yukawa coupling matrices are denoted by yu, yd, ye, as well as
✏u, ✏d, ✏e. The conjugate doublets e'a are given, as usual, by

(e'a)
i = "ij ('⇤

a)j , with " = i�2 , (6.2)

where the indices i and j refer to the weak-isospin component of the doublets 'a (a = 1, 2).
We note that the position of the family index a is relevant, since 'a transforms under the
fundamental representation of U(2)H (the group describing unitary mixing of the two dou-
blets), while '⇤

a and e'a transform under the anti-fundamental representation of the family
symmetry group.

For each fermion species f = u, d, e, the Yukawa matrices yf and ✏f can in fact be unified
into a single object F = U ,D, E , transforming under the (anti-)fundamental representation
of the family group. Namely, we define

Ua =

 
yu
✏u

!
, U†

a =
⇣
y†u ✏†u

⌘
, (6.3a)

Da =
⇣
yd ✏d

⌘
, D†a =

 
y†
d

✏†
d

!
, (6.3b)

Ea =
⇣
ye ✏e

⌘
, E†a =

 
y†e
✏†e

!
, (6.3c)

in order to rewrite the Yukawa Lagrangian (6.1) in the more compact form

�LY =
h
QL Ua e'a uR +QL Da '

a dR + L Ea 'a eR
i
+ h.c. , (6.4)

manifestly invariant under a change of basis in the Higgs family space, that is, a unitary
transformation U of the two doublets, provided

'a ! Ua

b
'b ) Da ! Db

⇣
U †
⌘
b

a

, Ea ! Eb
⇣
U †
⌘
b

a

, Ua ! Ua

b
U b . (6.5)

While the Yukawa interactions themselves are only linear in the scalar fields (and the
Yukawa matrices), some physically relevant quantities such as the fermion mass matrix
squared, M2

F
, depend on them quadratically. For such quantities, the bilinear formalism

can be appropriately used and can in fact be extended to the basis-dependent objects D,
E and U . In analogy with the definition of the bilinear fields in (2.6) which we repeat here
for clarity,

Ka

b
= 'a'†

b
=

1

2
Kµ (�µ)

a

b
, (6.6)

we may write

UaU†
b
⌘ 1

2
Y µ

u (�µ)
a

b
, (6.7)
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We note that the position of the family index a is relevant, since 'a transforms under the
fundamental representation of U(2)H (the group describing unitary mixing of the two dou-
blets), while '⇤

a and e'a transform under the anti-fundamental representation of the family
symmetry group.

For each fermion species f = u, d, e, the Yukawa matrices yf and ✏f can in fact be unified
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While the Yukawa interactions themselves are only linear in the scalar fields (and the
Yukawa matrices), some physically relevant quantities such as the fermion mass matrix
squared, M2

F
, depend on them quadratically. For such quantities, the bilinear formalism

can be appropriately used and can in fact be extended to the basis-dependent objects D,
E and U . In analogy with the definition of the bilinear fields in (2.6) which we repeat here
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• Under a change of basis in the space  the Yukawa couplings transform asC2
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• However, Yukawa couplings are gauge invariant and hence 
expressible in terms of bilinears:
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as the definition of the bilinear up-type Yukawa coupling Yu. Similarly, the four-component
bilinear Yukawa couplings Yd and Ye can be defined through

DaD†b =
1

2
Y µ

d
(�µ)

b

a
, EaE†b =

1

2
Y µ

e (�µ)
b

a
(6.8)

with ⇣
Da(D

†)b
⌘
ik

= Dij

a (D⇤)b
kj

= (D⇤)b
kj
Dij

a . (6.9)

Contracting both sides of (6.7) with (�⌫)b
a
, and both sides of (6.8) with (�⌫)a

b
allows

to obtain the expressions of Yu,d,e:

Y ⌫

u = (�⌫)b
a
UaU†

b
, Y ⌫

d
= (�⌫)a

b
DaDb†, , Y ⌫

e = (�⌫)a
b
EaEb† . (6.10)

Explicitly, the components of Yf (f = u, d, e) are given by the hermitian matrices

Yu =

0

BBBB@

yuy
†
u + ✏u✏

†
u

yu✏
†
u + ✏uy

†
u

i
⇣
yu✏

†
u � ✏uy

†
u

⌘

yuy
†
u � ✏u✏

†
u

1

CCCCA
, Yd =

0

BBBB@

ydy
†
d
+ ✏d✏

†
d

yd✏
†
d
+ ✏dy

†
d

�i
⇣
yd✏

†
d
� ✏dy

†
d

⌘

ydy
†
d
� ✏d✏

†
d

1

CCCCA
, Ye =

0

BBBB@

yey
†
e + ✏e✏

†
e

ye✏
†
e + ✏ey

†
e

�i
⇣
ye✏

†
e � ✏ey

†
e

⌘

yey
†
e � ✏e✏

†
e

1

CCCCA
.

(6.11)
Under changes of basis, the four-component bilinear Yukawa couplings transform in the
same way as fK, namely (for f = u, d, e)

Y 0
f
! Y 0

f
, Y a

f
! R(U)ab Y b

f
, a = 1, 2, 3 (6.12)

where R(U) is an orthogonal 3⇥ 3 matrix defined in Eq. (2.21).

From these transformation properties, we may define in particular the Yukawa couplings
Ū , D̄ and Ē obtained after performing the change of basis which diagonalises the neutral
mass matrix, described in Eqs. (3.28) and (3.29). Similarly, the four-component bilinear
Yukawa couplings in such a basis are denoted

Ȳf =

 
Y 0
f

Ȳ f

!
(6.13)

for f = u, d, e.

6.2 Yukawa couplings in the mass basis

Having established a basis-independent formalism to describe the Yukawa sector of any
THDM, we are now interested in computing the tree-level Yukawa vertices involving the
physical states, i.e. in expressing such vertices in the mass basis. Having determined the
form of the scalar generators in such a basis in Sec. 5.3, one way to proceed to compute the
Yukawa vertices is to rely on the gauge-invariance of the Yukawa interaction Lagrangian.
First, let us note that the Yukawa interactions can generically be written as

� LY =
1

2
yIJi �i I J + h.c. (6.14)
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Ū , D̄ and Ē obtained after performing the change of basis which diagonalises the neutral
mass matrix, described in Eqs. (3.28) and (3.29). Similarly, the four-component bilinear
Yukawa couplings in such a basis are denoted
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Similar to 

As usual, QL denotes the left-handed quark doublets and L the left handed lepton doublets,
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• Explicitly we find 4-component bilinear Yukawa couplings:
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Under changes of basis, the four-component bilinear Yukawa couplings transform in the
same way as fK, namely (for f = u, d, e)

Y 0
f
! Y 0

f
, Y a

f
! R(U)ab Y b

f
, a = 1, 2, 3 (6.12)

where R(U) is an orthogonal 3⇥ 3 matrix defined in Eq. (2.21).

From these transformation properties, we may define in particular the Yukawa couplings
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Having established a basis-independent formalism to describe the Yukawa sector of any
THDM, we are now interested in computing the tree-level Yukawa vertices involving the
physical states, i.e. in expressing such vertices in the mass basis. Having determined the
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• They transform in the same way as  under a change of basisKμ
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• Observation: for a neutral vacuum the rank of the bilinear matrix is one 
such that it can be ‘linearized’ in terms of a vector . In the mass basis:κa

correspond to fermion mass eigenstates. The expressions of all Yukawa matrices involved
in (6.19) in terms of bilinear fields are given in App. B.4. These expressions involve the
complex two-vector ̄a, defined such that

K̄
a

b =
1

2
K̄µ (�µ)

a

b
⌘ ̄a̄⇤

b
. (6.20)

It should be noted that such a decomposition is made possible by K being of rank 1 at a
charge-conserving minimum (and, more generally, within the charge-conserving hypersur-
face). Explicitly, ̄ can be written

̄ =

r
K0

2

1p
1 + k̄3

 
1 + k̄3
k̄1 + ik̄2

!
=

r
K0

2

 p
1 + k̄3p

1� k̄3 ei⇣

!
, (6.21)

where the phase ⇣ was defined such that

k̄1 + ik̄2 =
q
k̄21 + k̄22 e

i⇣ =
q
1� k̄23 e

i⇣ . (6.22)

From (6.21), it is straightforward to check that

̄a̄⇤
b
=

K0

2

 
1 + k̄3 k̄1 � ik̄2
k̄1 + ik̄2 1� k̄3

!
(6.23)

as expected from (6.20). The complex 2-vector ̄ thus defined allows to write the various
Yukawa vertices in a very compact form. For instance, the hau†

L
uR and had†

L
dR interactions

given in (B.58a) and (B.58b) read

⇠̄ua =
1p
2K0

(�a)
↵

�
̄⇤↵Ū� , ⇠̄da =

1p
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6.3 Fermion masses
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• The Yukawa couplings can then be expressed in terms of the vector κ̄a
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• For example, the neutral Higgs coupling to up-type quarks:  can 
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• Mass matrices to all orders computed

• Complete THDM formulated gauge invariantly: 
Scalar, Yukawa, gauge boson couplings

• Program of bilinears completed!  
Sartore, Maniatis, Schienbein, Herrmann,  JHEP12(2022)051, arXiv:2208.13719

• ToDo:

• Phenomenological applications

• Further work out dictionnary between bilinear formalism and 
conventional formalism with concrete examples

• Go beyond tree level


