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. 

1) Heavy fermions, massive gauge 
fields and triangle diagramsgle dia

The decoupling theorem (Appelquist-Carrazzone) :

Heavy particles affect low-energy physics only through renormalization effects 
(running of couplings, etc)  

Subtleties:

- Hierarchy problem (sensitivity of Higgs/scalar mass to heavy particles)

- Quantum anomalies (ex. top quark does not decouple in the Standard Model) 

Obs:  Other aspects of heavy particles (ex: heavy Higgs in SM) are not related to 
decoupling 
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Consider (abelian for simplicity) spontaneously broken gauge theory,
chiral fermions:

- A set of light fermions 
- A set of heavy chiral fermions, anomaly-free      

<latexit sha1_base64="vSoHJ+QGyAvSo0yaJ5h4L+sxXYA="></latexit>
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Is there an effect of heavy fermions on low-energy physics (in addition to
renormalization effects) ?
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Some notations: 

<latexit sha1_base64="JudKZyY53UANc8qd2oSmG3Al50w="></latexit>

Dµ L,R = (@µ � igiXi
L,RA

i
µ) L,R

where

<latexit sha1_base64="urFPMFWlWDPt+wm9/IsXv174xtA="></latexit>
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Gauge transf: 
<latexit sha1_base64="64egvDF72lJSj8/UoJWR+pxEIrQ="></latexit>

�Ai
µ = @µ↵i , �aI = giXi

IvI↵i

The gauge-invariant Stueckelberg combination is 

<latexit sha1_base64="fRcvHCi79ZDnMyICD419PzSBXbc="></latexit>
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heavy fermions

Since heavy fermions are anomaly-free, one could think that one only generate
operators suppressed by the mass                                     of the heavy fermions 

<latexit sha1_base64="GYFT0FzhC3PDQXalSE/s9VxgLcY="></latexit>

M = �IvI
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Not true ! One does generate gauge-invariant operators 
(called Stueckelberg-Chern-Simons, SCS in what follows) 

<latexit sha1_base64="Ty8w1YcFKxSyWTPEA3K+9fFmltk="></latexit>

LSCS = Eij,k ✏µ⌫⇢�(Ai,µ � P I
i @µaI)(Aj,⌫ � P I

j @⌫aI)Fk,⇢�

(ABDK,2006)
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Figure 1: The first diagram is one of the twelve diagrams which contribute to the GCS terms.
The second is one of the six diagrams which contribute to the axionic couplings. Both are obtained
by integrating out heavy fermions.

to GCS terms. By expanding to linear order we obtain

Γνρµ
ijk (p, ki, a) ! Γνρµ

ijk (p, 0, 0) + kα
i

∂

∂kα
i

Γνρµ
ijk (p, ki, 0)|ki0 + aα ∂

∂aα
Γνρµ

ijk (p, 0, a)|a=0 , (5.8)

the shift vector is parameterized as

aα
ijk = Aijkk

α
1 + Bijkk

α
2 , (5.9)

A straightforward computation indicates that the term in the effective action, originating

from the second term in the r.h.s. of (5.8) is proportional to

t(H)
ijk,L−R

∫

(Ai ∧ Aj ∧ F k + Ai ∧ Ak ∧ F j) (5.10)

where

t(H)
ijk,L−R = (Xi

LXj
LXk

L)(H) − (Xi
RXj

RXk
R)(H) . (5.11)

It vanishes identically, since t(H)
ijk,L−R is symmetric in all indices, whereas the GCS terms

are antisymmetric in two indices. On the other hand, the last term in the r.h.s. of (5.8)

gives a surface contribution in the loop momentum p. The surface integral is evaluated to

be
∫

d4p ∂σ
p2pε

(p2 − M2
H)3

= −π2

4
ησε . (5.12)

The contribution to the effective action therefore is

S(1)
GCS =

1

48π2

∑

H

t(H)
ijk,L−R

∫

(AijkA
i ∧ Ak ∧ F j − BijkA

i ∧ Aj ∧ F k) . (5.13)

We observe from (5.13) that the contribution to the GCS terms coming from diagrams

without mass insertions are zero in the natural scheme in which the anomaly is split

democratically between the different external currents (the symmetric scheme).

The new interesting ingredients in the massive fermion case appear due to the mass

insertions in the propagators SLR(p). Mass insertions on two of the three fermionic prop-

agators produce new contributions which are UV finite and easily evaluated. There are

twelve new diagrams corresponding to the three possible ways of distributing the mass

insertions, to the symmetrization of the external bosonic lines and to the two types of
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<latexit sha1_base64="6avEH2lTsGWrHTNFuiTJOK6Ovcg="></latexit>

LSCS = Eij,k ✏µ⌫⇢�Ai,µAj,⌫Fk,⇢� +

(Eij,k � Eji,k)P
I
i ✏µ⌫⇢�aIFj,µ⌫Fk,⇢�

The gauge-invariant SCS terms can also be written as

Remarks:
- Since heavy fermions are anomaly-free, there is no ambiguity 
in the triangle computation, no regularization needed. One finds  (ABDK)

- Standard folklore: GCS terms are ambiguous and axionic couplings are related to 
anomalies. Both statements are wrong.  

See also Quevillon and Smith, 2019 and Bonnefoy, Di Luzio, Grojean, Paul and Rossia, 2020

<latexit sha1_base64="bDUb7+2YiMVlzgTvbRPjsSm90OE="></latexit>
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The first line above are called generalized Chern-Simons terms (GCS), the second
line are axionic couplings 
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More general case :    heavy + light chiral fermions. 
Gauge anomalies cancel non-trivially between heavy and light fermions.

Considering heavy and light fermions separately, there are ambiguities in 
distributing anomaly among various currents. However, ambiguities are mass-
independent and cancel in the full theory.  

Integrating-out heavy fermions lead to the effective terms
<latexit sha1_base64="F6FGLAepdl33H00S5bOetM+RcPw="></latexit>
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✏µ⌫⇢�(Ai,µ � P I

i @µaI)(Aj,⌫ � P I
j @⌫aI)Fk,⇢� +

DI
ij

24⇡2
aI✏
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2) PQ symmetries, axions and anomalies 

Until now I only talked about gauge symmetries and axions=goldstone bosons.

We can define the usual Peccei-Quinn (PQ) symmetry in the following way:

- Gauge PQ and take the gauge coupling to zero at the end

global PQ symmetry

- We want a spontaneously broken anomalous symmetry, in order to solve
the strong CP problem.  In the gauged PQ case, one adds spectator 
(‘t Hooft-like) massless fermions to cancel PQ anomalies, with 
no couplings to scalars/axions. 

For N = N-1 + 1 PQ gauge fields and N complex scalars, in the unitary gauge

N-1 massive gauge fields + 1 PQ axion
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Notations:     
<latexit sha1_base64="KYZHY+f3NlhLkgxy9IA0z5FPcDk="></latexit>

Xi=1···N�1 ⌘ Qi , XN ⌘ XPQ

PQ breaking scale is 

<latexit sha1_base64="jiGwrjX7ikj3+EBS2CJ11rnrC90="></latexit>

f2
PQ =

PN
I=1(X

I
PQ)

2v2I

The gauge fields + axion low-energy lagrangian is 
<latexit sha1_base64="8BGl8jNJxF8UmF4koC/7nunOxCU="></latexit>

L = �1

4
(F i

µ⌫)
2 +

1

2
(@µaPQ)

2 +
gigjgkEij,k
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24⇡2fPQ
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<latexit sha1_base64="unTr+PhvBbVPunogDHlegiTdaM0="></latexit>
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and 

anomalous axion couplings

total axion couplings

These general formulae agree with the particular examples discussed in
Quevillon,Smith and Bonnefoy et al
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§ Some couplings of the axion to SM gauge bosons are not related to anomalies:

Potential applications ? a
Only brief comments, taken from   

Q. Bonnefoy, L. Di Luzio, C. Grojean, A. Paul and A.N.Rossia, 
[arXiv:2011.10025 [hep-ph]].

<latexit sha1_base64="BoP8HEdZk7LekLbUcY5l2UhxXxI="></latexit>

aFµ⌫Z̃µ⌫ , aZµ⌫Z̃µ⌫ , aW+
µ⌫W̃

�µ⌫

(nonabelian extension: Brivio, Gavela et al, 2017; Bonnefoy et al.,2020)
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are present, things are different, due to the constraining form of the mixed PQ anomalies
with any non-abelian factor. For instance there is no U(1)PQ × SU(2)L ×U(1)Y anomaly.
What we show in this section is that, unlike the abelian case, there are differences in the non-
abelian case between the phenomenological predictions of anomalous and non-anomalous
EFT operators.

Let us start by displaying the operators analog to (3.1) that couple an axion to SM
electroweak gauge fields,

L ⊃ −
g
2
CWW

16⇡2

a

f
W

a
W̃

a
−
g
′2
CBB

16⇡2

a

f
BB̃ . (4.4)

We only included two coefficients to respect the SU(2)L × U(1)Y gauge symmetry. This
is consistent with the constraining form of the mixed PQ anomalies with the SU(2) non-
abelian factor of the SM gauge group.

If those operators were the whole story, they would induce correlations between the
different EFT operators when written in terms of the vector massive eigenstates. Indeed,
using the latter, (4.4) becomes

−
16⇡2

e2
L ⊃ C��

a

f
F F̃ + 2

CZ�

cW sW

a

f
F Z̃ +

CZZ

c
2

W
s
2

W

a

f
ZZ̃ +

2CWW

s
2

W

W
+
W̃
−
, (4.5)

where the coefficients read

C�� = CWW +CBB , CZ� = c
2

WCWW − s
2

WCBB , CZZ = c
4

WCWW + s
4

WCBB , (4.6)

and where cW , sW , tW = cos(✓W ), sin(✓W ), tan(✓W ) with ✓W the Weinberg angle, and we
called F and Z the photon and Z boson field strengths, respectively. The four coefficients
in (4.5) being determined by CBB and CWW only, there must be correlations between the
processes involving one axion and two electroweak gauge fields. This is different from the
abelian case, that would allow independent coefficients for each gauge field pair. Such
correlations can take the form of sum rules between EFT coefficients,13 for instance

C�� + s
−2
W (1 − t

2

W )CZ� −
1

s
2

W
c
2

W

CZZ = 0 , C�� + s
−2
WCZ� − (1 + t

−2
W )CWW = 0 . (4.7)

Sum rules can also be written at the level of observable quantities such as partial decay
rates of the axion, see section 5.3.

However, (4.4) does not capture all the possible processes, since there also exist non-
abelian analogs of (3.17). Indeed, setting A

PQ
= 0 to focus on physical fields, notice first

that we can rewrite (3.17) as follows,

i

2gf
@µaD⌫UU

†
F̃

µ⌫
+ h.c. , (4.8)

13 The sum-rules are understood to hold at energy scales where the W and Z bosons are dynamical
degrees of freedom.
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Heavy fermions chiral under SM and PQ do violate such sum rules.

• If kinematically allowed, new processes are also possible.   

<latexit sha1_base64="xyHoUhS5WnPwBCmBX5uELGEjG38="></latexit>

Z ! a�
<latexit sha1_base64="I5j0i4k3ZUsj4aSweAcmiwXI8mw="></latexit>

Z 0 ! Za , Z 0 ! �a
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Conclusions and Perspectives

• PQ axion couplings to massive gauge fields are 
not determined by anomalies 

(clearly stated by Quevillon-Smith for the PQ  axion). 

• Axion couplings to photons and gluons are still governed
by anomalies

• Phenomenological consequences for ALP’s,  difficult to test 
for  the PQ axion solving the strong CP problem. 



Thank You !
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