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Classifying CP-violating SMEFT operators
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CP violation in SM
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• CP violations in SM are too small to describe  
the baryon asymmetry in the universe

‣ Physics beyond the SM should have more CP violations 
 
  CPVs in SM Effective Field Theory (SMEFT) 

• Measurement of CPV is very sensitive

‣ Even high-dimensional operators in SMEFT can be 
probed experimentally

⇒
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CP violation by a single SMEFT operator

If  is invariant under , 
 

 has a CP phase in , in addition to  and  . 
 

     is a CP-violating operator

𝒪(n)
CP−odd U(1)B, U(1)Li

(i = 1,2,3)
ℒ c δCKM θQCD

def 𝒪(n)
CP−odd
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ℒ = ℒSM +
c

Λn−4
𝒪(n)

CP−odd
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ℒ = ℒSM +
c
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CP−odd

How can we list these operators systematically?
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Hilbert series
• A series of singlets under given group(s)

‣ Suitable to construct EFT operators 
 
  
   

  

H0({ϕi}, D)

= ∫ dμSO(4)dμgauge
1

P(D) ∏
i

PE(ϕi, D)

8

[B. Henning, X. Lu, T. Melia & H. Murayama, 2017]

Fields Covariant derivative
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Hilbert series
• A series of singlets under given group(s)

‣ Suitable to construct EFT operators 
 

     

H0({ϕi}, D)

= ∫ dμSO(4)dμgauge
1

P(D) ∏
i

PE(ϕi, D)

9

[B. Henning, X. Lu, T. Melia & H. Murayama, 2017]

Pick up only singlets



/ nRisshin Okabe (Kavli IPMU, U Tokyo) Classification of CPV operators 29 Mar 2023

Introduction Method Results Summary

/ 23Risshin Okabe (Kavli IPMU, U. Tokyo) Classification of CP-violating operators in SMEFT

Hilbert series
• A series of singlets under given group(s)

‣ Suitable to construct EFT operators 
 

     

H0({ϕi}, D)

= ∫ dμSO(4)dμgauge
1

P(D) ∏
i

PE(ϕi, D)

10

[B. Henning, X. Lu, T. Melia & H. Murayama, 2017]

Remove IBP redundancy
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Hilbert series
• A series of singlets under given group(s)

‣ Suitable to construct EFT operators 
 

     

H0({ϕi}, D)

= ∫ dμSO(4)dμgauge
1

P(D) ∏
i

PE(ϕi, D)

11

[B. Henning, X. Lu, T. Melia & H. Murayama, 2017]

Remove EOM redundancy & 
Implement bosonic/fermionic statistics
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Hilbert series
• Coefficients of HS = # independent singlets

‣ e.g.) HS for SMEFT 
 
       
 
                

H0(SMEFT) ⊃ 2HH†QQ†D

12

i[H†(DμH) − (DμH†)H]Q̄γμQ,

i[H†σa(DμH) − (DμH†)σaH]Q̄γμσaQ
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CP transformation of operators 
 

I.     

II.             

III.          

𝒪I
CP 𝒪†

I ( ≠ ± 𝒪I)

𝒪II
CP 𝒪II

𝒪III
CP − 𝒪III

13

CP-odd operator

⇒ 𝒪I − 𝒪†
I

⇒ X

⇒ 𝒪III
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Hilbert series for CP-odd operators
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Singlets under
Lorentz 

& 
gauge

Lorentz 
& 

gauge  
& 

CP

HCP−odd({ϕi}, D) =
1
2

[H+({ϕi}, D) − H−({ϕi}, D)]
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Hilbert series for CP-odd operators
        

15

HCP−odd({ϕi}, D) =
1
2

[H+({ϕi}, D) − H−({ϕi}, D)]

2(𝒪I ⊕ 𝒪†
I ) , 𝒪II , 𝒪III 𝒪II , − 𝒪III

∪ ∪

⊃ 𝒪I ⊕ 𝒪†
I , 𝒪III

𝒪I − 𝒪†
I

~
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Hilbert series for CP-violating operators
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Singlets under
Lorentz 

& 
gauge  

& 
U(1)B , U(1)Li

Lorentz 
& 

gauge  
& 

CP 
& 

U(1)B , U(1)Li

HCP−violating({ϕi}, D) =
1
2

[H+({ϕi}, D) − H−({ϕi}, D)]
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# CP-odd/violating operators

• The numbers for dim 6 are consistent with previous results.

‣ Dim-6 CP-odd operators by R. Alonso et al. (2014)

‣ Dim-6 CP-violating operators by Q. Bonnefoy et al. (2022)

18

Mass dim. 5 6 7 8 9 10 11 12

CP-odd ops. 6 1422 771 22016 45228 1042942 1736133 37761366

CP-violating ops. 0 705 0 11777 0 437331 0 13891774

Time [s] 0.01 0.10 0.15 0.50 2.86 9.14 24.10 326.21
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# CP-odd/violating operators

• Dim 8: classification of 

‣ Remmen and Rodd (2020) claim that there are 3 CP-odd operators.

‣ Our Hilbert series tells that there are only 2. 

H2W2D2

19

Mass dim. 5 6 7 8 9 10 11 12

CP-odd ops. 6 1422 771 22016 45228 1042942 1736133 37761366

CP-violating ops. 0 705 0 11777 0 437331 0 13891774

Time [s] 0.01 0.10 0.15 0.50 2.86 9.14 24.10 326.21

This is correct!
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Dimension-6 CP-odd operators
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Dimension-8 CP-odd operators
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Summary
• CPV is the key for BSM.

• We have developed an algorithm to classify SMEFT operators based on 
their CP properties.

‣ Hilbert series technique

• Results

‣ Our Hilbert series reproduced and corrected previous results.

‣ High-dimensional operators can be obtained in a few seconds.

• Our method can be easily applied to other EFTs.

‣ The FORM codes are now available!
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Hilbert series

　　

P(D, x) =
1

(1 − Dx1)(1 − Dx−1
1 )(1 − Dx2)(1 − Dx−1

2 )

PE(ϕi, D, x, y) = exp [
∞

∑
n=1

(±1)n+1 1
n ( ϕi

DΔi )
n

χi(Dn, xn, yn)]

H0 = ∫ dμSO(4)(x)dμgauge(y)
1

P(D, x) ∏
i

PE(ϕi, D, x, y)

 for bosonic / fermionic ±1 ϕi Character of   
(trace of representation)

ϕiDimension of  ϕi
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Hilbert series

　　H0 = ∫ dμSO(4)(x)dμgauge(y)
1

P(D, x) ∏
i

PE(ϕi, D, x, y)

∫ dμ(x) χ*R (x)χR′￼
(x) = δRR′￼

Pick up only singlets by orthogonality of characters

 for SMEFT′￼′￼gauge′￼′￼ = SU(3) × SU(2) × U(1)
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Hilbert series for CP-odd operators

HCP−odd({ϕi}, D) =
1
2

[H+({ϕi}, D) − H−({ϕi}, D)]

H+({ϕi}, D) = ∫ dμSO(4)(x)dμgauge(y)
1

P(D, x) ∏
i

PE(ϕi, D, x, y)

H−({ϕi}, D) = ∫ dμSp(2)(x̃)dμg̃auge(ỹ)
1

P−(D, x̃) ∏
i

PE−(ϕi, D, x̃, ỹ)

P−(D, x̃) =
1 − D2

(1 − Dx̃)(1 − Dx̃−1)
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Hilbert series for CP-odd operators

H−({ϕi}, D) = ∫ dμSp(2)(x̃)dμg̃auge(ỹ)
1

P−(D, x̃) ∏
i

PE−(ϕi, D, x̃, ỹ)

The integrated groups are different from the original groups.

   “folding’’ of Dynkin diagrams

 

⇒

SO(4) P Sp(2)

gauge C g̃auge = Sp(2) × SU(2)
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The operator 
• According to Remmen and Rodd (2020),

is CP-odd.

• However, this is CP-even:

H2W2D2

iϵIJK(𝒟μH†σI𝒟νH)(WJ
μρW̃Kρ

ν + W̃J
μρWKρ

ν )

iϵIJK[𝒟μH†i(σI)i
j𝒟νHj](WJ

μρW̃Kρ
ν + W̃J

μρWKρ
ν )

CP iϵIJK[−𝒟νH†i(σI)i
j𝒟μHj][WJ

μρ(− W̃Kρ
ν ) + (− W̃J

μρ)WKρ
ν ]

= + iϵIJK[𝒟μH†i(σI)i
j𝒟νHj](WJ

μρW̃Kρ
ν + W̃J

μρWKρ
ν )


