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Two particle correlations

Motivation: Ridge structure

• correlations between particles over large intervals
of rapidity peaking at zero and π relative azimuthal
angle.

• observed first at RHIC in Au-Au collisions.

• observed at LHC for high multiplicity pp and pA
collisions.

[ATLAS Collaboration - arXiv:1609.06213]
The ridge:

 3

● Two-particle correlations in 
pp and pPb at the LHC show 
features that in AA are 
attributed to final state 
interactions describable by 
viscous relativistic 
hydrodynamics and interpreted 
as a signal of equilibration.
● EKT and AdS/CFT: hydro 
works even for large 
momentum anisotropies.
● What about a non-hydro 
initial-state explanation? 
(anyway long range rapidity 
correlations must come from 
the very early times…).

1609.06213

N. Armesto, 18.04.2018 - Multi gluon correlations in the CGC: 1. Introduction.
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Correlations within the CGC framework

Ridge in HICs ↔ collective flow due to strong final state interactions

(good description of the data in the framework of relativistic viscous hydrodynamics)

Ridge in small size systems: similar reasoning looks tenuous but hydro describes the data very well.

Can it be initial state effect?

idea: final state particles carry the imprint of the partonic correlations that exist in the initial state.

Several mechanisms have been suggested to explain the ridge correlations in the CGC framework:

(i) Local anisotropy of the target fields → rotational symmetry is broken.

[Kovner, Lublinsky - arXiv:1012.3398 / arXiv:1109.0347 / arXiv:1211.1928 ]

How big is the effect?

To be correlated two gluons have to be in the same incoming color state and have to
scatter of the same target field

Qs
−1

E

Transverse correlation length in the hadron L = 1/Qs (”mean density”)

The correlated production ∝ 1/(Qmax
s )2,

while the total multiplicity ∝ Smin
A

[
d2N

d2pd2k
− dN

d2k

dN

d2p

]
/
dN

d2k

dN

d2p
∝ 1

(Qmax
s )2 Smin

A

.

Qs grows with energy. Hence correlations should disappear with increasing energy. Less
correlations at the LHC than at RHIC? Not obvious, because we fully ignored the flow.

particles correlated in the incoming w.f.

transverse separation � 1/Qs

scatter through the same domain.

initial state correlations → final state correlations

Numerical studies based on local anisotropy of the target:

[Dumitru, Skokov - arXiv:1411.6030] / [Dumitru, McLerran, Skokov - arXiv:1410.4844]
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Correlations within the CGC framework -II

(ii) Glasma graph approach to two gluon production:

[Dumitru, Gelis, McLerran, Venugopalan - arXiv:0804.3858]

[Dumitru, Dusling, Gelis, Jalilian-Marian, Lappi, Venugopalan - arXiv:1009.5295]Correlations within the CGC - II
(k2 � q2)

k2

q2

(k1 � q1)

q1

k1

(k1 � q1)

k1

q1

(k2 � q2)

k2

q2

1

Glasma graph calculation contains two physical e↵ects:

Bose enhancement of the gluons in the projectile wave function.
T.A., N. Armesto, G. Beuf, A. Kovner, M. Lublinsky, Phys.Lett. B751 (2015) 448-452

� /
h
�(2)(k1 � q1 � k2 + q2) + �(2)(k1 � q1 + k2 � q2)

i

Hanbury-Brown-Twiss (HBT) correlations between gluons far separated in rapidity.

� /
h
�(2)(k1 � k2) + �(2)(k1 + k2)

i

kT -factorized approach
Y. V. Kovchegov, D. E. Wertepny, Nucl. Phys. A 906 (2013) 50
Y. V. Kovchegov, D. E. Wertepny, Nucl. Phys. A 925 (2014) 254
Glasma graph approach:
T.A., N. Armesto, G. Beuf, A. Kovner, M. Lublinsky, Phys.Lett. B752 (2016) 113-121

Glasma graph approach dilute-dense collisions: kT -factorized approach
T.A., N. Armesto, D. E. Wertepny, arXiv:1804.02910 [hep-ph]

Tolga Altinoluk Quantum interference in pA collisions 3/25

What is the physics behind the glasma graph approximation?

? Glasma graph calculation contains two physical effects:

Bose enhancement of the gluons in projectile/target wave function

[TA, Armesto, Beuf, Kovner, Lublinsky - arXiv:1503.07126]

σ|BE ,P ∝
{
δ(2)
[
(k1 − q1)− (k2 − q2)

]
+ δ(2)

[
(k1 − q1) + (k2 − q2)

]}

σ|BE ,T ∝
{
δ(2)
(
q1 − q2

)
+ δ(2)

(
q1 + q2

)}

Hanbury-Brown-Twiss (HBT) correlations between gluons far separated in rapidity.

σ|HBT ∝
{
δ(2)(k1 − k2) + δ(2)(k1 + k2)

}

[TA, Armesto, Beuf, Kovner, Lublinsky - arXiv:1509.03223]
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Correlations within the CGC framework -III

Two particle correlations beyond the glasma graph approach: 2 gluon production in pA collisions

[TA, Armesto, Wertepny - arXiv:1804.02910] → k⊥-factorized approach

[TA, Armesto, Kovner, Lublinsky - arXiv:1805.07739] → Glasma graph approach .

scattering on a dense target → dipole and quadrupole operators.

Factorization assumption (Area enhancement (AE) model):

Target Averaging in double inclusive production

Using these physical assumptions

hQ(x , y , z , v)iT ! d(x , y)d(z , v) + d(x , v)d(z , y) +
1

N2
c � 1

d(x , z)d(y , v)

hD(x , y)D(z , v)iT ! d(x , y)d(z , v) +
1

(N2
c � 1)2

[d(x , v)d(y , z) + d(x , z)d(v , y)]

should be plugged in the double inclusive gluon production cross section

d�

d2k1d⌘1d2k2d⌘2
= ↵2

s (4⇡)2
Z

z1z̄1z2z̄2

e ik1·(z1�z̄1)+ik2·(z2�z̄2)

Z

x1x2y1y2

Ai (x1 � z1)A
i (z̄1 � y1)A

j(x2 � z2)A
j(z̄2 � y2)

⇥
(

µ2(x1, x2) µ2(y1, y2)

⌧
tr
n⇥

U(z1) � U(x1)
⇤⇥

U†(z̄1) � U†(y1)
⇤⇥

U(z̄2) � U(y2)
⇤⇥

U†(z2) � U†(x2)
⇤o�

T

+µ2(x1, y1) µ2(x2, y2)

⌧
tr
n⇥

U(z1) � U(x1)
⇤⇥

U†(z̄1) � U†(y1)
⇤o

tr
n⇥

U(z2) � U(x2)
⇤⇥

U†(z̄2) � U†(y2)
⇤o�

T

+µ2(x1, y2) µ2(x2, y1)

⌧
tr
n⇥

U(z1) � U(x1)
⇤⇥

U†(z̄1) � U†(y1)
⇤⇥

U(z2) � U(x2)
⇤⇥

U†(z̄2) � U†(y2)
⇤o�

T

)
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[Agostini, TA, Armesto - arXiv:2103.08485]

Comparison of the AE model and MV model for fundamental operators:

Target average:

16N. Armesto, 25.05.2022Correlations from the initial stage: 3. Up to four particle correlations.

● For the (fundamental) 
double dipole, comparing to 
MV results (0812.3878).

● For the (fundamental) 
quadrupole, comparing to 
MV results (1101.0715).

● See also Skokov and Li.

Adjoint

with Bp being the transverse area of the projectile.
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Correlations within the CGC framework -IV

[TA, Armesto, Kovner, Lublinsky - arXiv:1805.07739]

double inclusive X-section within the AE model:

dσ

d3k1d3k2
∝
∫

q1q2

{
d(q1)d(q2)

[
I0 +

1

N2
c − 1

I1 +
1

(N2
c − 1)2

I2

]
+ (k2 → −k2)

}
+ O

(
1

QsS⊥

)

symmetry under (k2 → −k2) : ”accidental symmetry of the CGC”

I0 ∝ δ(2)(0)→ uncorrelated contribution.

I1 ∝
{
f1δ

(2)
[
(k1 − q1)− (k2 − q2)

]
︸ ︷︷ ︸+ f2δ

(2)(k1 − k2)︸ ︷︷ ︸
}

BE. proj. HBT

I2 ∝
{
g1δ

(2)(q1 − q2)︸ ︷︷ ︸+ g2δ
(2)
[
(k1 − q1)− (k2 − q2)

]
︸ ︷︷ ︸

}

BE. target BE. proj.

Convenient way to study the two particle correlations: Fourier decomposition into harmonics in ∆φ

∆φ ≡ azimuthal angle between the produced gluons with transverse momenta k1 and k2

[T. Lappi, B. Schenke, S. Schlichting, R. Venugopalan - arXiv: 1509.03499]

2Vn∆(k1, k2) =
an(k1, k2)

a0(k1, k2)
= 2

∫ π
0 N(k1, k2,∆φ) cos(n∆φ) d∆φ∫ π

0 N(k1, k2,∆φ) d∆φ

• set k1 = prefT and k2 = pT . Then, the azimuthal harmonics are defined as

vn(pT ) =
Vn∆(pT , p

ref
T )√

Vn∆(prefT , prefT )

Tolga Altinoluk (NCBJ) Collectivity in small systems from the small-x perspective 6/17



Correlations within the CGC framework -V

[TA, Armesto, Kovner, Lublinsky, Skokov - arXiv:2012.01810]

Correlations between total multiplicity and v2 from CGC:

v2 and correlations

[TA, Armesto, Kovner, Lublinsky, Skokov - arXiv:2012.01810]

Can we compute the correlation of v2 with total multiplicity?

ON,v2 =

R
d�2d�3 e i2(�2��3)

R
d2k1

dN(3)

d2k1d2k2d2k3

��
XR

d�2d�3 e i2(�2��3) dN(2)

d2k2d2k3

��
Q

R
d2k1

dN(1)

d2k1

Disclaimer:

MV model: µ2(k , q) = (2⇡)2 µ2 �(2)(k + q) & GBW model: d(q) = 4⇡
Q2

s
e�q2/Q2

s

assume k2
2 ⇠ k2

3 � Q2
s and neglect the terms that exponentially suppressed.

assume large Nc .

Total multiplicity:

dN(1)

d2k1
/

Z

q1

d(q1) µ2(k1 � q1, q1 � k1) Li (k1, q1)L
i (k1, q1)

Integration over q1:

dN(1)

d2k1
= ↵s(4⇡)(N2

c � 1) µ2 S?e�k2
1/Q2

s

⇢
2

k2
1

� 1

k2
1

ek2
1/Q2

s +
1

Q2
s


Ei

✓
k2
1

Q2
s

◆
� Ei

✓
k2
1�

Q2
s

◆��

S? ⌘ transverse area of the projectile & � ⇠ 1/(S?Q2
s ) IR cuto↵

In pA: Qs ⇠ 1 GeV and S? ⇠ 1/⇤2
QCD ! � ⇠ 1/(S?Q2

s ) ⇠ 1/25 is used in the numerical
computations.
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Correlated 3-gluon spectrum

3-gluon spectrum: upon integration over k1, q1, q2 and q3, again two types of terms arise:
Bose enhancement type of contributions: (X1, X3 and X4)

9

In our case however the calculation of the Pearson coe�cient would involve the calculation of the four gluon inclusive
production (i.e. h(v2

2)i) which is relatively complicated. In addition, we are not interested to compare the correlation
with the autocorrelations of v2 and N , but rather in comparing to to the average value of the observables themselves.
We will therefore not calculate the Pearson coe�cient, but rather define the normalized correlator as

ON,v2
=

Z
d�2 d�3 ei2(�2��3)

Z
d2k1

dN (3)

d2k1 d2k2 d2k3

� Z
d�2 d�3 ei2(�2��3)

dN (2)

d2k2d2k3

Z
d2k1

dN (1)

d2k1

=

Z
d�2 d�3 ei2(�2��3)

Z
d2k1

dN (3)

d2k1 d2k2 d2k3

����
X

� Z
d�2 d�3 ei2(�2��3)

dN (2)

d2k2d2k3

����
Q

Z
d2k1

dN (1)

d2k1
, (47)

where the second equality follows since only the fully correlated part of three (two) gluon inclusive production con-
tributes to the numerator (denominator). The numerator in this definition is precisely the same as the numerator in
Eq. (46) with X = v2

2 and Y = N , but it is normalized to the product hXihY i rather than to the square root of the
product of variances of X and Y .

The correlation between v2 and the total multiplicity of produced particles (per unit rapidity) is related to the
inclusive three gluon production cross section (13). Starting from Eq. (28), and integrating over k1, the result can be
split similarly as in Eq. (28):

Z
d2k1

dN (3)

d2k1d2k2d2k3

����
X

= X1 + X2 + X3 + X4 + X5 . (48)

We are able to perform the k1 integration analytically, while the remaining angular integrations are performed nu-
merically.

Recall that we are only considering large transverse momenta of the observed particles, |k2(3)| � Qs. This large
transverse momentum can be achieved in two distinct ways: either A) the incoming projectile gluons already have large
transverse momentum and the momentum transfer in the scattering is relatively small, or B) most of the final state
momentum is transferred to a projectile gluon in the scattering. The two contributions have very di�erent behaviors.
On the one hand, large transfer momentum is exponentially suppressed in the GBW model as exp{�k2/Q2

s}, which
favors contribution A. On the other hand, the number of gluons in the projectile wave function is strongly peaked at
small momentum, so that Np(p)/Np(q) ⇠ q2/p2. Thus the number of incoming gluons at high transverse momentum
is suppressed roughly by a factor 1/(S�k2). For very large transverse area this suppression may be significant enough
so that contribution B can become comparable or even larger than contribution A. However for a proton projectile
this factor is very unlikely to compete with the exponential suppression due to high momentum transfer. In our
calculations, therefore, we only keep the contribution due to small (⇠ O(Qs)) momentum transfer from the target.

The calculation is fairly lengthy and the details are given in the Appendix A. The results are presented below. In
general we find two types of terms. The one type gives a correlation which in momentum space has width of order
Qs. This arises from Bose correlations between the incoming gluons 2 and 3 in conjunction with either HBT or Bose
correlations of any one of these gluons with gluon 1. These terms are:
• X1:

X1 =
1

2
↵3

s(4⇡)6(N2
c � 1) µ6 S� e�(k2�k3)

2/2Q2
s

1

k4
2

⇥
⇢�
���1

2
+ Q2

s


1

k2
2

+
22

(k2 + k3)2

�
+ Q4

s


3

k4
2

+
2!

k2
2

22

(k2 + k3)2
+

24

(k2 + k3)4

��
��� 1

k2
2k

2
3

(k2 � k3)
4

(k2 + k3)4

+ Q4
s

26

(k2 + k3)8


1 + (ki

2 � ki
3)

✓
ki
2

k2
2

� ki
3

k2
3

◆��
. (49)

As explained in the previous section, X1 contributes largely to the forward correlation of the produced gluons. Indeed,
as seen from its final expression, X1 is enhanced in the forward region k2 = k3, where the exponential pre factor is
equal to unity,

X1(k2 = k3) = ↵3
s(4⇡)6(N2

c � 1) µ6 S�
1

8

Q4
s

k12
2

. (50)

The width of the forward region is clearly |k2 � k3| ⇠ Qs , and away from this region this expression is exponentially
suppressed.

HBT type of contributions: (X2 and X5)

10

• X3: Comparing Eqs. (75) and (116), one notes that X3 = X1(k2 $ k3):

X3 =
1

2
↵3

s(4⇡)6(N2
c � 1) µ6 S� e�(k2�k3)

2/2Q2
s

1

k4
3

⇥
⇢�
���1

2
+ Q2

s


1

k2
3

+
22

(k2 + k3)2

�
+ Q4

s


3

k4
3

+
2!

k2
3

22

(k2 + k3)2
+

24

(k2 + k3)4

��
��� 1

k2
2k

2
3

(k2 � k3)
4

(k2 + k3)4

+ Q4
s

26

(k2 + k3)8


1 + (ki

2 � ki
3)

✓
ki
2

k2
2

� ki
3

k2
3

◆��
. (51)

• X4:

X4 = ↵3
s(4⇡)6(N2

c � 1) µ6 S� e�(k2�k3)
2/2Q2

s

⇢
1 + 8

22 Q2
s

(k2 + k3)2
+ 76

24 Q4
s

(k2 + k3)4

�
23

k2
2k

2
3

(k2 � k3)
4

(k2 + k3)8

+
24 Q4

s

(k2 + k3)4
22

(k2 + k3)2


5

2

26

(k2 + k3)6
� 9

4

22

k2
2k

2
3(k2 + k3)2

��
. (52)

We again notice that X4 is enhanced In the limit k2 = k3:

X4(k2 = k3) ⇡ ↵3
s(4⇡)6(N2

c � 1) µ6 S�
1

4

Q4
s

k12
2

. (53)

The second type of terms is due to HBT correlations between gluons 2 and 3. These correlations in the translationally
invariant approximation lead to � functional terms, contributing when k2 = ±k3. Accounting for a finite projectile
area would regulate the delta functions smearing them on the scale of order 1/S�. Nevertheless, the correlation due
to these terms is very narrow. We will come back to this point in the next section when analyzing our numerical
results. The terms of this type are:
• X2:

X2 = ↵3
s

1

2
(4⇡)7(N2

c � 1) µ6 S�
⇥
�(2)(k2 + k3) + �(2)(k2 � k3)

⇤ 1

4

Q6
s

k12
2

(54)

• X5:

X5 = ↵3
s

1

2
(4⇡)7(N2

c � 1) µ6 S�
h
�(2)(k2 + k3) + �(2)(k2 � k3)

i 1

8

Q6
s

k12
2

(55)

In the next section we present the results of the numerical evaluation of the angular integral of these expressions
as defined in Eq. (47).

C. v2 vs mean transverse momentum

The second observable we consider is the correlation between mean transverse momentum and v2 defined as

Ok,v2
=

Z
d�2 d�3 ein(�2��3)

Z
d2k1 k2

1

dN (3)

d2k1 d2k2 d2k3

����
X

� Z
d�2 d�3 ein(�2��3)

dN (2)

d2k2d2k3

����
Q

Q2
s

Z
d2k1

dN (1)

d2k1
.(56)

In accordance to our discussion earlier, we have substituted Q2
s for the average transverse momentum in the ”normal-

ization” in the denominator.
The computation of this observable proceeds very similarly to the one considered in the previous subsection. Details

are given in Appendix B. Here we present the results:
Z

d2k1 k2
1

dN (3)

d2k1 d2k2 d2k3

����
X

= X̄1 + X̄2 + X̄3 + X̄4 + X̄5 , (57)

with
• X̄1:

X̄1 =
1

2
↵3

s(4⇡)6(N2
c � 1) µ6 S� e�(k2�k3)

2/2Q2
s

1

k2
2

⇥
⇢�
���1

2
+ Q2

s


1

k2
2

+
22

(k2 + k3)2

�
+ Q4

s


3

k4
2

+
2!

k2
2

22

(k2 + k3)2
+

24

(k2 + k3)4

��
��� 1

k2
2k

2
3

(k2 � k3)
4

(k2 + k3)4

+ Q4
s

26

(k2 + k3)8


1 + (ki

2 � ki
3)

✓
ki
2

k2
2

� ki
3

k2
3

◆��
+ (k3 ! �k3), (58)

ON,v2 : these terms are ready to be plugged in
R

d�2d�3 e i2(�2��3)
R

d2k1
dN(3)

d2k1d2k2d2k3

��
X
.

in addition to the angular integrations, we also integrate over bins of width � for the two momenta k2

and k3:

12

FIG. 1: Left panel: The second flow harmonic, v2
2 as a function of the momentum. The calculation of v2

2 is performed for two
cases: a) the same momentum of the pair, b) the momentum of the pair is o�set by the saturation momentum of the target in
order to avoid the gluon HBT e�ect. The bin width in both cases is � = Qs/2.
Right panel: The second flow harmonic, v2

2 as a function of the bin width. The centers of the two bins are chosen at k = 4.5Qs,
k� = 5Qs.

We find it interesting to explore the interplay between the relative position of the centers of the two bins, k and k�

and the width of a bin �. As discussed above, v2
2 receives contributions form two types of correlations: the Bose and

the HBT correlations. While the width of the Bose correlation in momentum space is naturally of order Qs, the HBT
correlations have much shorter range (in our expressions they are formally represented by a delta function). Thus we
expect that when |k�k�| < � both, the HBT and Bose e�ects will contribute to v2

2 , however when there is no overlap
between the two bins, the HBT correlation should disappear. We thus expect a characteristic dependence of v2

2 on �
(at fixed k � k�) such that v2

2 should vary steeply when k � k� ⇡ �.
Fig. 1 shows our results for v2

2 . In the left panel we see that the dependence of v2
2 on the transverse momentum is

rather di�erent for overlapping and non overlapping momentum bins. In the right panel we observe, as expected, a
sharp change in v2

2 at the point when the width of the interval equals the distance between the interval midpoints.
Interestingly we learn from Fig. 1 that the contribution of the HBT correlations to v2

2 is overwhelmingly large: it is
by about a factor of ⇠ 50 dominates over the contribution of Bose enhancement (right panel of Fig. 1).

Next up is the correlation of v2
2 with multiplicity, Eq. (47). Again we integrate over bins of width � for the two

momenta,

dN (3)

d2k1d2k2d2k3

����
X

!
Z k+�/2

k��/2

k2dk2

Z k�+�/2

k���/2

k3dk3
dN (3)

d2k1d2k2d2k3

����
X

. (67)

Our numerical results for the correlation function between v2
2 and the total multiplicity are presented in Fig. 2. We

first take coinciding bins, that is k = k� and the bin width � = Qs/2. In this kinematics v2
2 is dominated by HBT.

The result is the solid (blue) curve in Fig. 2. The dashed curve in Fig. 2 displays the situation when the momenta
are o�set by Qs, that is k� = k + Qs. This choice eliminates the HBT contribution to the azimuthal anisotropy v2

2 .
Fig. 2 shows that the normalized correlation function is strongly suppressed for values of bin width for which v2

2 is
sizable, which is when the HBT e�ect in v2

2 is dominant.
The same e�ect is also demonstrated in Fig. 2, where we show the correlation function as a function of the bin

width �. For illustration, we chose the centers of the bins at k = 4.5Qs and k� = 5Qs. When �/Qs is small, the bins
are not overlapping and no HBT contribution is present in v2

2 . At these values of bin width the correlation between
v2
2 and multiplicity is sizable. However for � > 1

2Qs = |k � k�| there is a steep decrease of the correlation and it very
sharply drops to negligible values.

We observe a similar behavior for the correlation of v2
2 with transverse momentum. Fig. 3 shows this correlation as

a function of transverse momentum and the same quantity as a function of the bin width.
Finally, Fig. 4 shows the ratio R ⌘ Ok,v2/ON,v2 as a function of transverse momentum. The correlation with

transverse momentum clearly drops with k slower than the correlation with multiplicity.
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FIG. 2: Left panel: The three particle correlation function ON,v2 defined by the normalized correlations between v2
2 and the

total multiplicity of produced particles. The calculation of v2
2 is performed for two cases: a) the same momentum of the pair,

b) the momentum of the pair is o�set by the saturation momentum of the target in order to avoid the gluon HBT e�ect. The
bin width in both cases is � = Qs/2.
Right panel: The three particle correlation function ON,v2 as a function of the bin width.

FIG. 3: Left panel: The three particle correlation function Ok,v2 . Kinematics is the same as in Fig. 2.
Right panel: The three particle correlation Ok,v2 as a function of bin width.

FIG. 4: The ratio R � Ok,v2/ON,v2 as a function of transverse momentum.

non-overlapping bins: (no HBT contribution to v2)
overlapping bins: (v2 is dominated by HBT)

ON,v2 |HBT is much weaker than ON,v2 |BE .

• ON,v2 is a decreasing funct. of k .
(N is dominated by soft gluons, correlations we are
looking has large k already in the incoming w.f.)
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2 and the

total multiplicity of produced particles. The calculation of v2
2 is performed for two cases: a) the same momentum of the pair,

b) the momentum of the pair is o�set by the saturation momentum of the target in order to avoid the gluon HBT e�ect. The
bin width in both cases is � = Qs/2.
Right panel: The three particle correlation function ON,v2 as a function of the bin width.

FIG. 3: Left panel: The three particle correlation function Ok,v2 . Kinematics is the same as in Fig. 2.
Right panel: The three particle correlation Ok,v2 as a function of bin width.

FIG. 4: The ratio R � Ok,v2/ON,v2 as a function of transverse momentum.

sharp transition of ON,v2 as a function of �.

�/Qs < 0.5 ! BE dominated regime:
correlation is sizable.

�/Qs ⇠ 0.5 ! HBT starts contributing.

�/Qs > 0.5 ! BE+HBT regime:
correlation drops by factor of 30 to 50!

The transition behavior in ON,v2 is opposite to that of v2.
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4 gluon production and correlations
• negative 4-particle cumulant, c2{4}, at high multiplicity

• positive 4-particle cumulant, c2{4}, at low multiplicity

[CMS - arXiv:1606.06198]
[ALICE - arXiv:1406.2474]

previous CGC calculations to study 4-particle correlations:

• positive 4-particle cumulant in the dilute-dilute regime
[Dumitru, McLerran , Skokov - arXiv:1410.4844]

• negative 4-particle cumulant in the dilute-dense regime
(quarks only)

[Dusling, Mace, Venugopalan - arXiv:1706.06260]

Pedro Agostini Instituto Galego de Física de Altas Enerxías (IGFAE) 05/11/2021

Altinoluk and Armesto: arXiv:2004.08185

Motivation

To study collectivity behavior in small systems (pp and pA collisions) from initial stage models 
(CGC)

To explore the properties of 4-particle correlation:

Negative 4-particle cumulant, , at high multiplicity!2{4}
CMS: arXiv:1606.06198
ALICE: arXiv:1406.2474 

Previous calculations in the CGC:

Negative in the dilute-dense regime (only quarks)
Dumitru, McLerran and Skokov: arXiv:1410.4844

Dusling, Mace and Venugopalan: arXiv:1706.06260

Positive 4-particle cumulant in the dilute-dilute regime

? cumulants:

Pedro Agostini Instituto Galego de Física de Altas Enerxías (IGFAE) 05/11/2021

Evaluating multi-particle correlation

The cumulant method:

Cumulants:

Event average:

Azimuthal harmonics:

Analogous expressions for the differential cumulants, i.e. with dependence.!" 

? azimuthal harmonics:
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Evaluating multi-particle correlation

The cumulant method:

Cumulants:

Event average:

Azimuthal harmonics:

Analogous expressions for the differential cumulants, i.e. with dependence.!" ? event average:
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Evaluating multi-particle correlation

The cumulant method:

Cumulants:

Event average:

Azimuthal harmonics:

Analogous expressions for the differential cumulants, i.e. with dependence.!" 
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Multi-particle production: technical aspects (i)

[Agostini, TA, Armesto - arXiv:2103.08485]
multi-gluon spectra in dilute-dense regime at LO:

Pedro Agostini Instituto Galego de Física de Altas Enerxías (IGFAE) 05/11/2021

Technical aspects

Multi-gluon spectra in the dilute-dense regime at LO:

Contribution from the projectile 
sources

Contribution from the strong field of the 
target

Lipatov vertex

Wilson line

Reduced matrix amplitude:
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Multi-particle production: technical aspects (ii)
[Agostini, TA, Armesto - arXiv:2103.08485]

Models for the projectile and target averaging, and for the Lipatov vertex:
• Gaussian (MV-like) model for an extended projectile (with area Bp):

Setup:

14N. Armesto, 25.05.2022Correlations from the initial stage: 3. Up to four particle correlations.

● Models for the projectile and target averages, and for treating the Lipatov vertex.

● Gaussian (MV-like) model for an extended projectile (with area Bp):

• AE model for target averaging and GBW model for the dipole operators:

Target average:

15N. Armesto, 25.05.2022Correlations from the initial stage: 3. Up to four particle correlations.

● Area enhancement argument (aka Kovner’s model) (1707.06985): legs sitting pairwise in the 
same domain.

Suppressed by 
 in the FT.BpQ2

s

● It leads to a expansion a la Wick.

• Lipatov vertex contains IR divergences: use a Gaussian instead.

The Wigner function approach:

17N. Armesto, 25.05.2022Correlations from the initial stage: 3. Up to four particle correlations.

● The Lipatov vertex contains IR divergencies: use a Gaussian instead (collinear limit).

● It connects with the Wigner function approach (1501.05505):

● But it contains correlations beyond factorisation:

it connects with the Wigner function approach but includes correlations:

The Wigner function approach:

17N. Armesto, 25.05.2022Correlations from the initial stage: 3. Up to four particle correlations.

● The Lipatov vertex contains IR divergencies: use a Gaussian instead (collinear limit).

● It connects with the Wigner function approach (1501.05505):

● But it contains correlations beyond factorisation:
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4 gluon production: numerical results

• Large number of terms for 4 gluon production (∼11000), reduced by using the symmetries

n = 4

Results:

18N. Armesto, 25.05.2022Correlations from the initial stage: 3. Up to four particle correlations.

● Large number of terms (11025 for 
n=4), reduced using symmetries.

● n=2.

● n=4: 
correlations 
in projectile 
essential.

? negative 4-particle cumulants ⇒ well-defined azimuthal harmonics
? numerical values lie in the bulk of the experimental data
? if we do not include the correlations in the projectile the cumulants are positive
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Accidental symmetry in the CGC

”accidental symmetry in CGC” ⇒ vanishing odd harmonics

•breaking the accidental symmetry with nonlinear Gaussian approximation for dipole-dipole correlator:

[Lappi, Schenke, Schlichting, Venugopalan - arXiv:1509.03499]

Accidental symmetry in the CGC

• ”accidental symmetry in CGC:” double inclusive X-section is symmetric under k2 ! �k2

+

vanishing odd harmonics

• breaking the accidental symmetry with nonlinear Gaussian approximation for dipole-dipole correlator:
[Lappi, Schenke, Schlichting, Venugopalan - arXiv:1509.03499]

• breaking the accidental symmetry with the density corrections to the projectile:
[A. Kovner, M. Lublinsky, V. Skokov - 2017 / Y. Kovchegov, V. Skokov 2018 ]

hD(x , y)D(u, v)i = d1 +
1

N2
c


ln(d3/d2)

ln(d1/d2)

�2⇢
d1 + d2

⇥
ln(d1/d2) � 1

⇤�

d1 ⌘ D(x � y)D(u � v)

d2 ⌘ D(x � v)D(u � y)

d3 ⌘ D(x � u)D(y � v)
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• breaking the accidental symmetry with the density corrections to the projectile:

[Kovner, Lublinsky, Skokov - arXiv:1612.07790] / [Kovchegov, Skokov - arXiv:1802.08166]
[Kendi, Marquet, Vila] (in prepration)

Open problems:

 6

● CGC calculations for the central rapidity region resum terms in 
which each source emits one gluon, !(gρ)

✗
➜ Odd harmonics require additional terms 
(1611.09870, 1612.07790, 1802.08166, see Mark 
Mace’s talk),

✓
● Glasma graph calculations are valid for a dilute target (pp) and 
usually performed for two particles (up to 4 in 1409.6347, 1712.05571):

➜ Extension to dilute-dense (pA) numerically (1509.03499, 1705.00745, 
1706.06260) or analytically (1804.02910, 1808.04896): this work.
➜ Three gluons in pA: this work.

● Correlations are subleading in Nc in the MV model: new ones 
including anisotropies (Dumitru-Skokov).

N. Armesto, 18.04.2018 - Multi gluon correlations in the CGC: 1. Introduction.

!(g2ρ)
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• breaking the accidental symmetry with the density corrections to the projectile:
[Kovner, Lublinsky, Skokov - arXiv:1612.07790] / [Kovchegov, Skokov - arXiv:1802.08166]
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FIG. 1. Examples of color charge densities determined from Glauber sampling with the IP-Sat model [26, 27] for a single event
for p, d, and 3He from high multiplicity events which contribute to the 0-5% centrality class.

dN even,odd(k⊥)
d2kdy

= 1

2
�dN(k⊥)

d2kdy
�⇢p, ⇢t� ± dN(−k⊥)

d2kdy
�⇢p, ⇢t�� . (1)

Analytical computations [14, 28–31] provide the compact result [17, 22]

dN even(k⊥)
d2kdy

�⇢p, ⇢t� = 2(2⇡)3 �ij�lm + �ij�lm
k2

�a
ij(k⊥) [�a

lm(k⊥)]� , (2)

dNodd(k⊥)
d2kdy

�⇢p, ⇢t� = 2(2⇡)3 Im

�������
g

k⊥2 �
d2l(2⇡)2 Sign(k⊥ × l⊥)

l2�k⊥ − l⊥�2 fabc�a
ij(l⊥)�b

mn(k⊥ − l⊥) ��c
rp(k⊥)�� (3)

× ��k⊥2�ij�mn − l⊥ ⋅ (k⊥ − l⊥)(�ij�mn + �ij�mn)� �rp + 2k⊥ ⋅ (k⊥ − l⊥)�ij�mn�rp�������� ,

where �a
ij(k⊥) = g ∫ d2p(2�)2 pi(k−p)j

p2 ⇢b
p(p⊥)Uab(k⊥ − p⊥)

and �ij(�ij) denotes the Levi-Civita symbol (Kronecker
delta). The adjoint Wilson line Uab is a functional of
the target charge density and is the two-dimensional
Fourier transform of its coordinate space counterpart:

Ũ(x⊥) = P exp �ig2 ∫ dx+ 1∇⊥2 ⇢̃a
t (x+,x⊥)Ta� .

Comparing the even and odd contributions in Eqs. (2)

and (3) respectively, one observes that the odd contri-
bution is suppressed in the CGC EFT by ↵S⇢p, where
↵S = g2�4⇡ is the QCD coupling. This factor arises from
the first saturation correction in the interactions with the
dilute projectile [17, 22]. This systematic suppression
in the power counting is what naturally explains in this
framework the relative magnitude of v2

3{2} compared to
v2
2{2} observed in the experimental data on small sys-

tems.

The m-particle momentum distribution is obtained after performing an ensemble average over the color charge
distributions with the weight functionals, W [⇢̃p,t],

dmN

d2k1dy1�d2kmdym
= � D⇢pD⇢t W [⇢p]W [⇢t] dN

d2k1dy1
�⇢p, ⇢t�� dN

d2kmdym
�⇢p, ⇢t� . (4)

These have the form described by the McLerran-Venugopalan (MV) model [32, 33]

W [⇢̃p,t] = N exp �−� dx−,+d2x
⇢̃a

p,t(x−,+,x⊥)⇢̃a
p,t(x−,+,x⊥)

2µ2
p,t

� , (5)

but are in fact more general because, as a consequence of renormalization group evolution of the color sources in

) non-vanishing odd harmonics.

Open problems:

 6

● CGC calculations for the central rapidity region resum terms in 
which each source emits one gluon, �(g�)

✗
➜ Odd harmonics require additional terms 
(1611.09870, 1612.07790, 1802.08166, see Mark 
Mace’s talk),

✓
● Glasma graph calculations are valid for a dilute target (pp) and 
usually performed for two particles (up to 4 in 1409.6347, 1712.05571):

➜ Extension to dilute-dense (pA) numerically (1509.03499, 1705.00745, 
1706.06260) or analytically (1804.02910, 1808.04896): this work.
➜ Three gluons in pA: this work.

● Correlations are subleading in Nc in the MV model: new ones 
including anisotropies (Dumitru-Skokov).
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�(g2�)
• numerical studies:
[Mace, Skokov, Tribedy, Venugopalan - arXiv:1805.09342 / arXiv:1807.00825 / arXiv:1901.10506]

see talk by Mace
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Subeikonal corrections in the CGC

Eikonal approximation amounts dropping the energy suppressed terms!

For realistic values of energy one should go beyond eikonal approximation.

• dense target is defined by Aµ(x) and eikonal approximation amounts to:

Corrections beyond eikonal accuracy

At the level of the background field, the eikonal approximation amounts to

1 Aµ
a (x) ' �µ�A�

a (x)

2 Aµ
a (x) ' Aµ

a (x+, x)

3 Aµ
a (x) / �(x+)

Relaxing any of these approximations will give correction to the strict eikonal limit! Three sources of
corrections to eikonal approximation:

1 other components of the target background field Aµ
a (x)

2 dynamics of the target : x� dependence of Aµ
a (x)

3 Finite width L+ of the target along x+

When the target is a large nucleus, the dominant contribution beyond the eikonal accuracy is
obtained by relaxing the 3rd approximation because of the A1/3 nuclear enhancement of the finite
width target!

Aµ = �µ��(x+)A�(x) ! Aµ = �µ�A�(x+, x)

Tolga Altinoluk E↵ect of non-eikonal corrections on two particle correlations 5/35
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(1) Other components of the background field (quark production):

[TA, Beuf, Czajka, Tymowska - arXiv:2012.03886]

(2) Dynamics of the target (scalar and quark propogators):

[TA, Beuf - arXiv:2109.01620]

(3) Finite width corrections in single inclusive gluon production:

[TA, Armesto, Beuf, Mart́ınez, Salgado - arXiv:1404.2219]
[TA, Armesto, Beuf, Moscoso - arXiv:1505.01400]
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direct relation with jet quenching (BDMPS-Z formulation)!
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Subeikonal corrections in the CGC - II

[TA, Armesto, Beuf, Moscoso - arXiv:1505.01400]

Finite width target: relaxing the eikonal approximation

[ T.A., N. Armesto, G. Beuf, M. Martinez, C.A. Salgado - 2014 ]
[ T.A., N. Armesto, G. Beuf, A. Moscoso - 2015 ]

Consider a finite width target :

0 L+

j+
a (x)

x?

x+

B? k+,k? The target ! Aµ(x) ⌘ �µ�A�
a (x+, x)

The projectile ! jµa (x) / �µ+�(x�) ⇢b(x � B)

The single inclusive gluon cross section for pA:

(2⇡)3 (2k+)
d�

dk+ d2k
=

Z
d2B

X

� phys.

⌧D
|Ma

�(k ,B)|2
E

p

�

A

&
gluon production amplitude
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Prod. Amp. M ∝ scalar background propagator → eikonal expansion (in powers of L+/k+)

eikonal order: standard Wilson line / higher orders: new operators (decorated Wilson lines)

[TA, Dumitru - arXiv:1512.00279] → corrections to the Lipatov vertex.

from pA to pp: expand the standard & decorated Wilson lines to first order in the background field.

Dilute target limit and the modified Lipatov vertex

[ T.A., A. Dumitru - 2015 ]

• summing up all the NEik and NNEik terms in the dilute target limit, one gets

M /


(k � q)i

(k � q)2
� k i

k2

�⇢
1 + i

k2

2k+
x+ � 1

2

✓
k2

2k+
x+

◆2�

• O(1) term ! eikonal Lipatov vertex.

k � q

Li(k, q)

q

k

1

Li (k , q) =
(k � q)i

(k � q)2
� k i

k2

• we get NEik and NNEik corrections to the Lipatov vertex.

• the form suggests exponentiation. However, we do not know the corrections beyond NNEik accuracy!
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O(1) term eikonal Lipatov vertex.

Dilute target limit and the modified Lipatov vertex

[ T.A., A. Dumitru - 2015 ]

• summing up all the NEik and NNEik terms in the dilute target limit, one gets

M /


(k � q)i

(k � q)2
� k i

k2

�⇢
1 + i

k2

2k+
x+ � 1

2

✓
k2

2k+
x+

◆2�

• O(1) term ! eikonal Lipatov vertex.

k � q

Li(k, q)

q

k

1

Li (k , q) =
(k � q)i

(k � q)2
� k i

k2

• we get NEik and NNEik corrections to the Lipatov vertex.

• the form suggests exponentiation. However, we do not know the corrections beyond NNEik accuracy!
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the form of the corrections suggests exponentiation.
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Subeikonal corrections in the CGC - III

[Agostini, TA, Armesto - arXiv:1902.04483]

Dilute target limit and the modified Lipatov vertex

[ P. Agostini, T.A., N. Armesto - 2019 ]

• calculate the diagrams by keeping the phase e ik�x+
which is taken to be 1 in the eikonal limit.

2

II. DERIVATION OF THE NON-EIKONAL LIPATOV VERTEX

As usually done in the CGC, we describe a high energy p-A collision by a right moving dilute projectile which
interacts with a left moving dense target described by a random and intense (O(1/g)) classical gluon field Aµ(x).
The simplest setup to derive the non-eikonal Lipatov vertex is considering the emission of a gluon from a projectile
massless quark in the process of a single scattering with the target (an analogous calculation leading to the same

conclusions on the non-eikonal corrections holds for a projectile gluon). In light cone coordinates a± = (a0 ± a3)/
p

2
and in the light cone gauge (n · A = A+ = 0, n = (0, 1, 0?) in (+,�,�) coordinates), this field can be written as

Aµ(x) ⇡ �µ��(x+)A�(x?), (1)

since the transverse component of the gluon field is not altered by the large Lorentz � factor, the x� dependence
disappears due to the time dilatation and the target is shrinked to x+ = 0 forming a shock-wave. However, in some
applications these suppressed terms may be sizeable. For this reason, in this note we will relax the infinite boost
approximation, in order to calculate the corresponding non-eikonal corrections to the usual Lipatov vertex computed
at O(g2).

To proceed, we analyze gluon production in p-A collisions in the quark initiated channel and compute the Lipatov
vertex, which is an e�ective vertex that takes into account all the real contributions to gluon production. For that
one needs to sum the amplitudes where the gluon is emitted before, during and after the interaction with the field as
shown in Fig. 1.

A B C

FIG. 1: Diagrams that contribute to the computation of the Lipatov vertex. The black dot represents the Lipatov vertex which
is the sum of all real diagrams for gluon production shown on the right hand side of the equation.

Our setup is such that the right moving quark with momentum p+k�q is generated by some function J(p+k�q) =
J(p+ + k+ � q+) at x+

0 = �1 and (x�
0 , x0?) = 0, and then interacts with the classical gluon field Aµ(x) generated

by one scattering source located at x1, picking up a momentum q. However, since we are interested in non-eikonal
corrections, we consider Aµ(x) with an x+ dependence which has a finite support instead of treating it as a shockwave
at x+ = 0, but we still assume that there is no dependence on x�. That is, the new form of Eq. (1) is

Aµ(x) ⇡ �µ�Aµ(x+, x?), (2)

or, in momentum space,

Aµ(q) ⇡ �µ� 2⇡�(q+)A�(q�, q?). (3)

Furthermore, we assume that the outgoing quark has a large momentum p+ compared to all other momenta in the
process. The general strategy in this case is to keep the leading terms in +-momenta in the numerator algebra, while
taking the full phase corrections coming from the integration of the denominators, see below, as done in the Furry
approximation and its non-abelian generalization [75].

We start by computing diagram A where the gluon is emitted with momentum k before the quark interaction with
the target field as shown in Fig. 2. Using the Feynman rules, we find that the amplitude for fixed gluon and final
quark momenta is

iMA =ū(p)(�ig�µta)

Z
d4q

(2⇡)4
Aa

µ(q)eiqx1
i(/p � /q)

(p � q)2 + i✏
(�ig��tb)✏b�� (k)

⇥ i(/p + /k � /q)

(p + k � q)2 + i✏
ei(p+k�q)x0J(p + k � q), (4)

with ta the SU(Nc) generators in the fundamental representation.
Since p+ is the largest momentum in our problem, we approximate /p � /q ⇡ /p and /p + /k � /q ⇡ /p and write

iMA ⇡ ū(p)ei(p+k)x0g2tatb
Z

d4q

(2⇡)4

/A
a
(q)/p/✏

b�(k)/p

[(p � q)2 + i✏][(p + k � q)2 + i✏]
eiq(x1�x0)J(p+ + k+ � q+). (5)

The total amplitude reads

i(MA + MB + MC ) /
Z

d2q

(2⇡)2
Li (k , q)e ik�x+

1 A�
a (k�, q)e�iq·x1

with Li (k , q) is the standard Lipatov vertex

Li (k , q) =
(k � q)i

(k � q)2
� k i

k2

and the non-eikonal Lipatov vertex being

Li
NE(k , q; x+) =


(k � q)i

(k � q)2
� k i

k2

�
e ik�x+

k� = k2

2k+

[ U. A. Wiedemann - 2000 / Y. Mehtar-Tani, C. A. Salgado, K. Tywoniuk - 2011]
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Dilute target limit and the modified Lipatov vertex

[ P. Agostini, T.A., N. Armesto - 2019 ]

• calculate the diagrams by keeping the phase e ik�x+
which is taken to be 1 in the eikonal limit.

2

II. DERIVATION OF THE NON-EIKONAL LIPATOV VERTEX

As usually done in the CGC, we describe a high energy p-A collision by a right moving dilute projectile which
interacts with a left moving dense target described by a random and intense (O(1/g)) classical gluon field Aµ(x).
The simplest setup to derive the non-eikonal Lipatov vertex is considering the emission of a gluon from a projectile
massless quark in the process of a single scattering with the target (an analogous calculation leading to the same

conclusions on the non-eikonal corrections holds for a projectile gluon). In light cone coordinates a± = (a0 ± a3)/
p

2
and in the light cone gauge (n · A = A+ = 0, n = (0, 1, 0?) in (+,�,�) coordinates), this field can be written as

Aµ(x) ⇡ �µ��(x+)A�(x?), (1)

since the transverse component of the gluon field is not altered by the large Lorentz � factor, the x� dependence
disappears due to the time dilatation and the target is shrinked to x+ = 0 forming a shock-wave. However, in some
applications these suppressed terms may be sizeable. For this reason, in this note we will relax the infinite boost
approximation, in order to calculate the corresponding non-eikonal corrections to the usual Lipatov vertex computed
at O(g2).

To proceed, we analyze gluon production in p-A collisions in the quark initiated channel and compute the Lipatov
vertex, which is an e�ective vertex that takes into account all the real contributions to gluon production. For that
one needs to sum the amplitudes where the gluon is emitted before, during and after the interaction with the field as
shown in Fig. 1.

A B C

FIG. 1: Diagrams that contribute to the computation of the Lipatov vertex. The black dot represents the Lipatov vertex which
is the sum of all real diagrams for gluon production shown on the right hand side of the equation.

Our setup is such that the right moving quark with momentum p+k�q is generated by some function J(p+k�q) =
J(p+ + k+ � q+) at x+

0 = �1 and (x�
0 , x0?) = 0, and then interacts with the classical gluon field Aµ(x) generated

by one scattering source located at x1, picking up a momentum q. However, since we are interested in non-eikonal
corrections, we consider Aµ(x) with an x+ dependence which has a finite support instead of treating it as a shockwave
at x+ = 0, but we still assume that there is no dependence on x�. That is, the new form of Eq. (1) is

Aµ(x) ⇡ �µ�Aµ(x+, x?), (2)

or, in momentum space,

Aµ(q) ⇡ �µ� 2⇡�(q+)A�(q�, q?). (3)

Furthermore, we assume that the outgoing quark has a large momentum p+ compared to all other momenta in the
process. The general strategy in this case is to keep the leading terms in +-momenta in the numerator algebra, while
taking the full phase corrections coming from the integration of the denominators, see below, as done in the Furry
approximation and its non-abelian generalization [75].

We start by computing diagram A where the gluon is emitted with momentum k before the quark interaction with
the target field as shown in Fig. 2. Using the Feynman rules, we find that the amplitude for fixed gluon and final
quark momenta is

iMA =ū(p)(�ig�µta)

Z
d4q

(2⇡)4
Aa

µ(q)eiqx1
i(/p � /q)

(p � q)2 + i✏
(�ig��tb)✏b�� (k)

⇥ i(/p + /k � /q)

(p + k � q)2 + i✏
ei(p+k�q)x0J(p + k � q), (4)

with ta the SU(Nc) generators in the fundamental representation.
Since p+ is the largest momentum in our problem, we approximate /p � /q ⇡ /p and /p + /k � /q ⇡ /p and write

iMA ⇡ ū(p)ei(p+k)x0g2tatb
Z

d4q

(2⇡)4

/A
a
(q)/p/✏

b�(k)/p

[(p � q)2 + i✏][(p + k � q)2 + i✏]
eiq(x1�x0)J(p+ + k+ � q+). (5)

The total amplitude reads

i(MA + MB + MC ) /
Z

d2q

(2⇡)2
Li (k , q)e ik�x+

1 A�
a (k�, q)e�iq·x1

with Li (k , q) is the standard Lipatov vertex

Li (k , q) =
(k � q)i

(k � q)2
� k i

k2

and the non-eikonal Lipatov vertex being

Li
NE(k , q; x+) =


(k � q)i

(k � q)2
� k i

k2

�
e ik�x+

k� = k2

2k+

[ U. A. Wiedemann - 2000 / Y. Mehtar-Tani, C. A. Salgado, K. Tywoniuk - 2011]
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k ≡ (k+, k)

k− = k2/2k+

Double inclusive cross section with Non-Eik Lipatov vertex

dσ

d2k1dη1d2k2η2

∣∣∣∣
NE

dilute

∝
∫

q1q2

{[
f (k1, q1, k2, q2) + GNE

2 (k−1 , k
−
2 ; L+) g(k1, q1, k2, q2)

]
+ (k2 → −k2)

}

all non-eikonal effects are encoded in

GNE
2 (k−1 , k

−
2 ; L+) =

{
2(

k−1 − k−2
)
L+

sin

[(
k−1 − k−2

)

2
L+

]}2

GNE
2 (k−1 , k

−
2 ; L+) is not symmetric under (k2 → −k2)

⇒non-eikonal corrections seem to be breaking the accidental symmetry!!
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odd-harmonics from the non-eikonal corrections in pp?

[Agostini, TA, Armesto - arXiv:1907.03668]

Non-eikonal corrections do generate odd harmonics.
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Figure 2: Two particle azimuthal harmonics generated in the non-eikonal Glasma graph approximation, using the definition eq. (19).

The values were calculated using µT = 0.4 GeV, µP = 0.2 GeV and pref
T = 1 GeV at di↵erent center of mass energies and gluon

pseudorapidities. The symbols without lines indicate the HBT contributions.

where we have used µT = 0.4 GeV, µP = 0.2 GeV and ⌘1 = ⌘2 = 1.5. The dashed lines are our results for a Dirac
delta in µ2(k1,k2), and we observe that the shape of vn(pT ) is very abrupt and unrealistic for small pT . This is
what we should expect since µ2(k1,k2) / (2⇡)2�(2)(k1 � k2) comes from assuming translational invariance and this
is only valid for large |k1 � k2| or Bp, but in our case we are using small values for both |k1 � k2| and Bp. In order

to deal with this problem we make the substitution (2⇡)2�(2)(k1 � k2) ! 2⇡Bp exp
�
� Bp

2 (k1 � k2)
2
�

in the HBT
term eq. (A.10) since this is the dominant contribution. The corresponding results can be seen in the continuous
lines of fig. 4 and fig. 5 and they are smoother.

Writing eq. (22) as

C2(k
�
1 , k�

2 ) =

2
4
p

2e⌘1 sin
⇣

k1�k2e�⌘
p

2
e�⌘1L+

⌘

(k1 � k2e�⌘) L+

3
5

2

, (23)

we can study the dependence of the cross section with respect to the di↵erence in rapidity between the produced

7

Vn∆(k1, k2) =

∫ π
0 N(k1, k2,∆φ) cos(n∆φ) d∆φ∫ π

0 N(k1, k2,∆φ) d∆φ

vn(pT ) =
Vn∆(pT , p

ref
T )√

Vn∆(prefT , prefT )

• L+ = 6 fm in the rest frame and we scale it with
the γ factor for different energies.
• µT = 0.4 GeV and µP = 0.2 GeV (these are the
values that maximize v3).
• η1 = η2 & preft = 1 GeV.

Non-eikonal effects alone can not explain the odd-harmonics HOWEVER there is a contribution
originating from these effects for certain kinematic region.

Tolga Altinoluk (NCBJ) Collectivity in small systems from the small-x perspective 16/17



odd-harmonics from the non-eikonal corrections in pA?

[ Agostini, TA, Armesto, Dominguez, Milhano - arXiv:2207.10472]

• NonEik. double inclusive spectrum
(all order finite width effects) with operators like:

the eikonal dipole function which is usually evaluated by using some model like McLerran-

Venugopalan (MV) [65, 66] or Golec-Biernat–Wüstho↵ (GBW) [67, 68]. However, for two

or more gluons multipole functions such as quadrupoles, sextuples, etc., appear. In order

to easily compute the target averaging of these multipole functions, the Area Enhancement

(AE) model3 is introduced in Refs. [57–59]. This model is based on the following ansatz:

Any multipole can be written in terms of dipole functions through a Wick expansion for

those configurations of multipole functions that maximize the phase space integration, up

to terms that are suppressed by the collision area4. In other words, in the AE model, after

the integration over the phase space, the Wilson lines can approximately be described by a

Gaussian distribution up to the corrections that are of the order of the inverse of the phase

space area. In this section, we will generalize the target averaging of eikonal two point

functions (eikonal dipole functions) to compute the non-eikonal two point functions (i.e.,

non-eikonal dipole functions) that appear in the single inclusive gluon production when

one includes the target finite longitudinal width e↵ects. Then, these results will be used

together with the AE argument to study the non-eikonal multigluon spectra.

Non-eikonal single inclusive gluon spectrum is given by setting n = 1 in Eq. (2.7),

which requires the evaluation of the following three objects:

1

N2
c � 1

D
Tr
h
Uy(x+, y+)U †

ȳ(x+, y+)
i E

T
⌘ d(0)(x+, y+|y, ȳ), (3.1)

1

N2
c � 1

D
Tr
h
Gk+(x+,x; y+,y)U †

ȳ(x+, y+)
i E

T
⌘ d(1)(x+, y+|x,y, k+; ȳ), (3.2)

1

N2
c � 1

D
Tr
h
Gk+

1
(x+,x; y+,y)G†

k+
2

(x+, x̄; y+, ȳ)
i E

T
⌘ d(2)(x+, y+|x,y, k+

1 ; x̄, ȳ, k+
2 ),

(3.3)

where we have written Ux(x+, y+) ⌘ U(x+, y+;x) for simplicity. It is straightforward to

note that d(0)(x+, y+|y, ȳ) given in Eq. (3.1) can be identified with the eikonal dipole func-

tion evaluated over a finite longitudinal extent z+ 2 [y+, x+] of the target. The functions

defined in Eqs. (3.2) and (3.3) are non-eikonal generalizations of the dipole function.

For simplicity, we assume that the eikonal dipole function is described by the GBW

model which is valid as long as the dipole size is much smaller than ⇤�1
QCD. In this case,

the eikonal dipole function reads

d(0)(x+, y+|y, ȳ) = exp

⇢
�q2

s(x
+, y+)

4
(x � y)2

�
, (3.4)

where qs(x
+, y+) can be identified as the e↵ective saturation momentum in a longitudinal

slice [y+, x+] of the target. Within the MV model, saturation momentum can be defined

3This model has been called dipole approximation in [21], where its validity is also discussed.
4See Appendix A of Ref. [56] for a detailed discussion of the validity of the AE model and its numerical

comparison with the MV model for double dipole and quadrupole operators in the fundamental represen-

tation. Specifically, the di↵erence between the Fourier transform for the double dipole in both models is

just a few % and clearly decreasing with increasing collision area. But for the Fourier transform of the

quadrupole such di↵erence is considerably larger, up to 30 %, and the convergence with increasing collision

area much slower than for the double dipole. Further numerical checks and discussions can be found in [21].

– 7 –

• √sNN = 100 GeV, η1 = η2 = 0.2, |k1| = |k2| = 1 GeV

• near-side %4 and away-side %8

the treatment in the single inclusive case, the infrared divergences that appear in the limit

qi ! 0 in Eq. (5.9) are regulated by introducing a mass term m2 in the denominators, i.e.,

we perform the change 1/q2
i ! 1/(q2

i + m2), where the value of the regulator is fixed to

m = 0.4 GeV. We also fix in the numerical evaluations Nc = 3, A1/3 = 6, Bp = 6 GeV�2

and Q2
s = 2 GeV2.

The results are presented in Fig. 6, where we plot the solution of Eq. (5.11) and its

respective eikonal limit as a function of the azimuthal angle �� = arccos k1·k3
|k1||k3| . In this

plot, we used
p

sNN = 100 GeV, ⌘1 = ⌘3 = 0.2 and |k1| = |k3| = 1 GeV. As discussed

above, a clear asymmetry between the near- and away-side peaks appears in the non-eikonal

double gluon spectrum. This observation confirms the breaking of the accidental symmetry

of the CGC by introducing the non-eikonal corrections that here we check in the dilute-

dense (pA) situation. Moreover, Fig. 6 shows that the non-eikonal spectrum di↵ers from

the eikonal one by 4% in the near-side and 8% in the away-side peak. In this kinematics,

this is a slightly larger correction than the one in the single inclusive spectrum discussed

in Section 4.2.

Figure 6. The double inclusive gluon spectrum given in Eq. (5.11) and its eikonal limit as a

function of the azimuthal angle ��. In this plot, we have fixed
p

sNN = 100 GeV, ⌘1 = ⌘3 = 0.2

and |k1| = |k3| = 1 GeV.

These results clearly indicate that non-eikonal corrections provide non-vanishing odd

harmonics since the accidental symmetry of the CGC is broken by their inclusion. We

leave a detailed analysis of the azimuthal harmonics for a future work.

6 Conclusions and Outlook

In this work we generalized to proton-nucleus collisions the framework proposed in Refs. [28,

29] for proton-proton collisions. We computed multigluon spectra including the non-eikonal

corrections that stem from the finite longitudinal width of the target. We use the Area

Enhancement model that allows for an expansion of multipoles in terms of dipoles by

neglecting contributions suppressed by powers of the overlap area of projectile and target.

– 26 –

[ Agostini, TA, Armesto - arXiv:2212.XXXXX]
• Harmonics from NNEik spectrum: non-eikonal parameter εi = Q2

s L
+/(2k+

i )

k+
i = |ki |eηi/

√
2

L+ = 2rA/(γ
√

2)
with
nuclear-radius rA ∼ 5A1/3 GeV−1

Lorentz factor γ =
√
s/(2mN)

nucleon mass, mN ∼ 1 GeV

Before evaluating eq. (7), we have to deal with the infrared (IR) divergences that appear in the factors of
eq. (A.6). In order to do so we introduce an IR regulator, mg = 0.4 GeV, in the denominators by making the change
1/q2

i ! 1/(q2
i + m2

g) in eq. (A.6). We have checked that the result does not depend strongly under small variations
of the parameter mg.

In fig. 3 we plot the azimuthal harmonics v2 and v3 computed from eq. (7) within a range 0.5 GeV < p? < 2 GeV
for three values of

p
s and at fixed pseudorapidities ⌘1 = 0.1 and ⌘2 = 0.5. We have chosen a nucleus with Qs = 1

GeV and A1/3 = 6. We also compare the result with the one that we get in the eikonal approximation (✏1 = ✏2 = 0)
where, because of the accidental symmetry, v3 = 0. We see that, in the non-eikonal case, we obtain a non vanishing
odd azimuthal harmonic v3 whose value becomes smaller at higher CoM energies as we should expect since we
asymptotically approach the eikonal approximation. However, we should note that the result when

p
s = 50 GeV

has to be taken with care around the region with p? ⇠ 0.5 GeV since, in this case, the expansion parameter is not
very small.

Figure 3: Dependence of the azimuthal harmonics, v2 and v3 with the transverse momentum at three values of the CoM energy. The
bands indicate the estimated numerical error of the integration. For this plot we have fixed ⌘1 = 0.1, ⌘1 = 0.5, Qs = 1 GeV and A1/3 = 6.
We also compare the result with the one obtained in the eikonal approximation. In contrast to the eikonal case, we obtain a non vanishing
v3 that decreases as we increase the CoM energy of the collision.

In fig. 4 we plot the dependence of the azimuthal harmonics with the CoM energy at fixed ⌘1 = 0.2 and ⌘2 = 0.5,
and the dependence with the pseudorapidity of one of the gluons at fixed

p
s = 100 GeV and ⌘2 = 0.1. Both plots

were computed with at a fixed value of p? = 1 GeV and compared with the eikonal result. We see that as we increase
the value of the pseudorapidity or the CoM energy, i.e., as we asymptotically approach the eikonal limit the value

of v3 decreases and v2 approaches v
(eik)
2 . We see an unexpected behavior of v2 in the leftest region of both figures.

However, we attribute this behavior to the large value of ✏i which spoils the NNE expansion in this kinematic regime.

4. Conclusions and outlook

[1] Apart from the typical summary and conclusions of our results I think that we should discuss the following
points and see if we should mention them here:

• The numerical analysis has been performed for pA collisions and therefore should be applicable to the low
energy regime of RHIC. However it should be interesting to expand this analysis for eA collisions in order to
check that we get similar results in DIS. Correct me if I’m wrong but we shouldn’t expect hydrodynamics to

5

In the plot:
η1 = 0.1, η2 = 0.5
Qs = 1 GeV, A1/3 = 6
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Back up slides

Tolga Altinoluk (NCBJ) Collectivity in small systems from the small-x perspective 18/17



Noneikonal single inclusive gluon production

Single inclusive gluon production in pA collisions (eikonal accuracy):

dσ

d2kdη
∝
∫

zxz̄y
e ik(z−z̄) Ai (x − z)Aj(z̄ − y)

〈
ρa(x)ρb(y)

〉
P

〈
[Uz − Ux ]ac [U†z̄ − U†y ]cb

〉
T

• projectile averaging: in x-space → 〈ρa(x)ρb(y)〉P = δabµ2(x , y)

in p-space → 〈ρa(k)ρb(p)〉P = δabµ2(k , p) = δabT
(
k−p

2

)
F
[
(k + p)R

]

T → transverse momentum dependent distribution of the color charge densities
F → soft form factor which is peaked when its argument vanihes

Single inclusive gluon production in pp collisions (eikonal accuracy):

• dilute target limit → Uab(x) ≈ 1 + igT c
ab

∫
x+q e

iqx A−c (x+, q)

dσ

d2kdη

∣∣∣∣
dilute

∝
∫

x+
1 x+

2 q1q2

Li (k , q1) Li (k , q2) µ2
[
k − q1, k − q2

]〈
A−c (x+

1 , q1)A−c̄ (x+
2 , q2)

〉
T

• go from eikonal to non-eikonal: Li (k , q)→ LiNE(k , q; x+)

k ≡ (k+, k)
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Noneikonal single inclusive gluon production

target averaging:

• Adopt a modified expression for the correlator of two target fields:

Since the target has finite longitudinal length, the target fields can be located at two different longitudinal
positions. We consider a generalization of the MV model in which the two color fields are located at
different longitudinal positions.

〈
A−c (x+

1 , q1)A−c̄ (x+
2 , q2)

〉
T

= δcc̄n(x+
1 )

1

2λ+
Θ
(
λ+ − |x+

1 − x+
2 |
)
(2π)2δ(2)(q1 − q2)|a(q1)|2

• λ+ ≡ color correlation length in the target (λ+ � L+)

• n(x+) ≡ 1-d target density along longitudinal direction

(n(x+) = n0 for 0 ≤ x+ ≤ L+ and 0 elsewhere)

• a(q) ≡ functional form of the potential in p-space

It is Yukawa type → |a(q)|2 =
µ2
T

(q2+µ2
T )2 with µT is Debye screening mass.

In the limit λ+ → 0 together with a constant potential |a(q)|2 and constant 1-target density, the
correlator goes to standard MV model one.
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Noneikonal single inclusive gluon production

When we plug this back in the X-section we get

dσ

d2kdη

∣∣∣∣∣

NE

dilute

∝
∫

q

∣∣a(q)|2 µ2
[
k − q, q − k

]
Li (k, q)Li (k , q) n0

1

2λ+

∫ L+

0
dx+

1

∫ x+
1 −λ+

x+
1 −λ+

dx+
2 e i

k2

2k+ (x+
1 −x+

2 )

• The NE Lipatov vertex is incorporated in the phase.

• The θ-function in the correlator provides the integration limits.

• The 1-d target density is taken to be constant for 0 ≤ x+
1 ≤ L+.

• integration over x+
1 gives a factor of (n0L

+) which corresponds to number of scattering centers in
inside the finite length L+. Since in the dilute target limit we only take into account a single scattering
in the amplitude and c.c. amplitude, this factor can be set to 1.
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Dilute-dense multi gluon spectrumDilute-dense situation:

24N. Armesto, 25.05.2022Correlations from the initial stage: 4. Non-eikonal corrections.

● We need to go beyond the glasma graphs:

++
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Target averages

The scalar retarded background propagator

Target averages:

25N. Armesto, 25.05.2022Correlations from the initial stage: 4. Non-eikonal corrections.

● The scalar retarded gluon propagator can be written as a 
2D path integral (Zakharov):

● We discretise the path integral and assume that the target average 
is local (and with a GBW form leading to the harmonic oscillator): 
here I show the example of the trace of a  with an .! U
• discretize the path integral and assume that the target average is local (and with a GBW form
leading to the harmonic oscillator):

Target averages:

25N. Armesto, 25.05.2022Correlations from the initial stage: 4. Non-eikonal corrections.

● The scalar retarded gluon propagator can be written as a 
2D path integral (Zakharov):

● We discretise the path integral and assume that the target average 
is local (and with a GBW form leading to the harmonic oscillator): 
here I show the example of the trace of a  with an .! U
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Target averages - (II)

One gets the HO result:

Target averages:

26N. Armesto, 25.05.2022Correlations from the initial stage: 4. Non-eikonal corrections.

● One gets the known harmonic oscillator results (with some adds):

● For going beyond single inclusive, we must compute averages of more than two Wilson lines: 
we will assume that the area enhacement argument holds for the averages of Green functions 
(i.e. globally, in the whole + direction of the target: domains where colour is neutralised do not 
vary locally in the longitudinal direction). 

AE is adopted for local two Wilson line correlators.
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