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Outline

1 XYZ photoproduction:

Exclusive photoproduction [JPAC Collab., PR,D102,114010(’20)]

Inclusive photoproduction [JPAC Collab., 2209.05882 (accepted PRD)]

2 Khuri-Treiman equations and V → 3π decays:

ω → 3π and ω → γ∗π0 [JPAC Collab., EPJ,C80,1107(’20)]

J/ψ → 3π [Work in progress. . . ]



XYZ excl. photoproduction XYZ incl. photoproduction Introduction to KT ω → 3π, γ∗π0 J/ψ → 3π Summary

XYZ states and photoproduction

Taken from [Guo et al., 2203.07141]

A new method to confirm or discard
these new XYZ states

In principle, photoproduction is free of
triangle-singularities that can give rise
to resonance-like effects

Photoproduction framework has been
used before
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XYZ excl. photoproduction XYZ incl. photoproduction Introduction to KT ω → 3π, γ∗π0 J/ψ → 3π Summary

Exclusive XYZ photoproduction amplitude JPAC Collab., PR,D102,114010(’20)

H(q′)γ(q)

N(p) N′(p′)

V(q)

E(k)
〈
λHλ
′
N
∣∣T∣∣λγλN〉 =

∑
V, E

efV
mV︸︷︷︸
VMD

VHE vertex︷ ︸︸ ︷
T α1···αjλV=λγ ,λQ

Pα1···αj ;β1···βj︸ ︷︷ ︸
propagator

NNE vertex︷ ︸︸ ︷
Bβ1···βj
λNλ
′
N

VMD couples V(= J/ψ,Υ(nS)) to photon Γ(V → e+e−) = 4πα2
f 2V
3mV

Top vertex VHE Γ(H → V E) =
1

2 JH + 1
p

8πm2H

∑
pol.

∣∣∣T α1···αjλVλH
ε∗α1···αj (k, λE)

∣∣∣2
Bottom vertex NNE Taken from standard phenomenology (e.g. NNπ → gNNπ )
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XYZ excl. photoproduction XYZ incl. photoproduction Introduction to KT ω → 3π, γ∗π0 J/ψ → 3π Summary

Zc,b exclusive photoproduction JPAC Collab., PR,D102,114010(’20)

Z+(q′)γ(q)

p(p) n(p′)

V(q)

π−(k)

Z mZ (MeV) ΓZ (MeV) gγZπ (×10−2) V B(Z → Vπ) (%) gVZπ

Zc(3900)+ 3888.4(2.5) 28.3(2.5) 5.17 J/ψ 10.5± 3.5 1.91

Υ(1S) 0.54+0.19
−0.15 0.49

Zb(10610)+ 10607.2(2.0) 18.4(2.4) 5.80 Υ(2S) 3.6+1.1
−0.8 3.30

Υ(3S) 2.1+0.8
−0.6 9.22

Υ(1S) 0.17+0.08
−0.06 0.21

Z′b(10650)+ 10652.2(1.5) 11.5(2.2) 2.90 Υ(2S) 1.4+0.6
−0.4 1.47

Υ(3S) 1.6+0.7
−0.5 4.80

Top vertex Z → Vπ: Sizeable branching fractions

TλVλZ =
gVZπ
mZ

εµ(q, λV ) ε∗ν(q′, λZ )
[
(q · k) gµν − kµ qν

] [
gγZπ =

∑
V

efV
mV
gVZπ

]

Bottom vertex NNπ:

BλNλ′N
=
√
2 gπNN β(t) ū(p′, λ′N) γ5 u(p, λN)

g2πNN/(4π) ' 13.81(0.12) and β(t) = exp
(
t′/Λ2π

)
with Λπ = 0.9 GeV

Propagator:
Fixed spin up to Wγp . Eth + 10 GeV

Reggeized pions: α(t) = α′(t − m2π) with α′ = 0.7 GeV−2
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XYZ excl. photoproduction XYZ incl. photoproduction Introduction to KT ω → 3π, γ∗π0 J/ψ → 3π Summary

χc1(1P) and X(3872) photoproduction JPAC Collab., PR,D102,114010(’20)

χc1(q′)γ(q)

p(p) p(p′)

J/ψ(q)

V′(k)

X mX (MeV) ΓX (MeV) V′ B(X → γ V′) (%) gγXV′ (·10
−3)

ρ 2.16(0.17) · 10−4 0.92
ω 6.8(0.8) · 10−5 0.52
φ 2.4(0.5) · 10−5 0.42

χc1(1P) 3510.67(0.05) 0.84(0.04)

J/ψ 34.3(1.0) 1.0 · 103

B(X → J/ψ E) (%) gψXE gγXE (·10−3)
ρ 4.1+1.9

−1.1 0.13 3.6
X(3872) 3871.69(0.17) 1.19(0.19)

ω 4.4+2.3
−1.3 0.30 8.2

4 5 6 7
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10−1

100

101

102

Wγp (GeV)

σ
[γ
p
→
χ
c1
p]
(n
b)

χc1(1P)

X(3872)
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XYZ excl. photoproduction XYZ incl. photoproduction Introduction to KT ω → 3π, γ∗π0 J/ψ → 3π Summary

Inclusive Zc,b photoproduction (I) JPAC Collab., 2209.05882 (accepted PRD)

Z(q′)γ(q)

p(p)
N′(p′)

EZ
d3σ

d3qf
= K

∑
[λ]

∑
Q

∫ ∏
n

d3pn
(2π)3 2En

∣∣∣AγN→Z Q
[λ]

∣∣∣2 (2π)4 δ4
(
q + p− q′ − PQ

)

= 2K
∑
[λ]

Disc AγNZ̄
[λ]

'
1

16π3
λ1/2(M2Q, t,m

2
N)

2Eγ
√
s

|Tπ(t)Pπ(t, s)|2 σπ
∗N(t,M2Q)

Generalized optical theorem to relate γ N → Z Q with
γ NZ̄ amplitude

Pion-exchange model (as in exclusive) to write
σγ N→Z Q in terms of σπ

∗N(t,M2Q)

1

t − m2π

Pπ (t,s)
←→ −α′ Γ(−α(t))

1 + e−iπα(t)

2

 s

M2Q

α(t)

Model benchmarked in b1(1235) inclusive
photoproduction [right plot]

0.7 0.8 0.9 1
0

1

2

high-x bin
well reproduced

x

dσ
/
dx

(µ
b)

Inclusive b1(1235)+ at Wγp = 8.7 GeV

Omega Photon [NP,B245,189(’84)]
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Inclusive Zc,b photoproduction (II) JPAC Collab., 2209.05882 (accepted PRD)

Near threshold:
Relevant contribution from inelastic for Z+ prod. [left plot]
Dominant contribution from ∆++ in Z− prod. [right plot]

5 10 15 20
10−1

100

101

102

Wγp (GeV)

σ
[γ
p
→

Z+
Q
0

]
(n
b) Zc(3900)+

Zb(10610)+

Zb(10650)+

γp → Z+n

5 10 15 20
10−1

100

101

102

Wγp (GeV)
σ

[γ
p
→

Z−
Q

+
+

]
(n
b) Zc(3900)−
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High energy:
σ(γp→ H± Q) [pb] σ(γp→ H+n) [pb]

H 30 GeV 60 GeV 90 GeV 30 GeV 60 GeV 90 GeV

b1(1235) 60 · 103 60 · 103 61 · 103 43 2.3 < 10−8

Zc(3900) 187 146 140 19 1.0 < 10−8

Zb(10610) 163 15 5 150 10 < 10−8

Zb(10650) 40 4 1 37 2.4 < 10−8
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XYZ excl. photoproduction XYZ incl. photoproduction Introduction to KT ω → 3π, γ∗π0 J/ψ → 3π Summary

Introduction: Khuri-Treiman equations in a nutshell

a

b

c

d

tj(s)

Partial wave expansion in the s-channel:

T(s, t, u) =
∞∑
`=0

(2`+ 1)P`(zs)t`(s)

Two main (connected) problems:
Infinite number of PW
PW have RHC and LHC

Only RHC: BS equation, K-matrix, DR,. . .

Problem with “truncation”: t`(s) only depends on s, so
singularities in the t-, u-channel can only appear suming
an infinite number of PW.

t

u
sa

b

c

d

T(s, t, u)
In many decay processes one wants to take into account
unitarity/FSI interactions in the three possible channels.

9 / 19



XYZ excl. photoproduction XYZ incl. photoproduction Introduction to KT ω → 3π, γ∗π0 J/ψ → 3π Summary

Introduction: Khuri-Treiman equations in a nutshell

Khuri-Treiman equations are a tool to achieve this two-body unitarity in the three channels
[N. Khuri, S. Treiman, Phys. Rev. 119, 1115 (1960)]

Consider three (s-, t-, u-channels) truncated “isobar” expansions.

Isobars f (s)
` (s) have only RHC: amenable for dispersion relations.

T(s, t, u) =
∞∑
`=0

(2`+ 1)P`(zs) t`(s)

=

ns∑
`=0

(2`+ 1)P`(zs)f
(s)
` (s) +

nt∑
`=0

(2`+ 1)P`(zt)f
(t)
` (t) +

nu∑
`=0

(2`+ 1)P`(zu)f
(u)
` (u)

s-channel singularities appear in the s-channel isobar, t(s)` (s).

Singularities in the t-, u-channel are recovered!

The LHC of the partial waves are given by the RHC of the crossed channel isobars

t`(s) =
1
2

∫
dz P`(z)T(s, t′, u′) = f (s)

` (s) +
1
2

∫
dz Q``′ (s, t′)f

(t)
`′ (t′) .

10 / 19
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ω → 3π amplitude. Phenomenology JPAC Collab., EPJ,C80,1107(’20)

Amplitude:

M+(s, t, u) =

√
φ(s, t, u)

2
F(s, t, u) .

(
φ(s, t, u) = 4sp2(s)q2(s) sin2 θs

)
Decay width: d2Γ ∼ φ(s, t, u) |F(s, t, u)|2

Dalitz plot parameters (α, β, γ) “equivalent” to bins. . . (X, Y)↔ (Z, ϕ)↔ (s, t, u)

|F(s, t, u)|2 = |N |2
(
1+ 2αZ + 2βZ

3
2 sin 3ϕ+ 2γZ2 + · · ·

)
Why revisit ω → 3π?

Bonn (2012) JPAC (2015) BESIII (2018)
Eur. Phys. J., C72, 2014 (2012) Phys. Rev., D91, 094029 (2015) Phys. Rev., D98, 112007 (2018)
w/o KT w KT w/o KT w KT Exp.

α 130± 5 79± 5 125 84 120.2± 7.1± 3.8
β 31± 2 26± 2 30 28 29.5± 8.0± 5.3

One (or more) out of three is wrong. . .
1) Experiment?
2) KT eqs., in general?
3) Something particular?
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XYZ excl. photoproduction XYZ incl. photoproduction Introduction to KT ω → 3π, γ∗π0 J/ψ → 3π Summary

KT equations: DR, subtractions, solutions, and all that. . .

PW decomposition: F(s, t, u) =
∑
jodd

P′j (cos θs)[p(s)q(s)]j−1fj(s) = f1(s) + · · ·

KT/isobar decomposition: consider only j = 1 (ρ) isobar, F(s):

F(s, t, u) = F(s) + F(t) + F(u)

PW projection of the KT decomposition:
f1(s) = F(s) + F̂(s) , F̂(s) =

3
2

∫ 1

−1
dzs(1− z2s )F(t(s, zs))

Discontinuity:
∆F(s) = ∆f1(s) = ρ(s)t∗11(s)f1(s) = ρ(s)t∗11(s)

(
F(s) + F̂(s)

)
Unsubtracted DR

F(s) = a F0(s)

F0(s) = Ω(s)

[
1 +

s
π

∫ ∞
4m2π

ds′

s′
sin δ(s′)F̂0(s′)
|Ω(s′)|(s′ − s)

]
Once-subctracted DR

F(s) = a
(
F′a(s) + b Fb(s)

)
F′a(s) = Ω(s)

[
1 +

s2

π

∫ ∞
4m2π

ds′

s′2
sin δ(s′)F̂′a(s

′)

|Ω(s′)|(s′ − s)

]

Fb(s) = Ω(s)

[
s +

s2

π

∫ ∞
4m2π

ds′

s′2
sin δ(s′)F̂b(s′)
|Ω(s′)|(s′ − s)

]
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KT equations: DR, subtractions, solutions, and all that. . .
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ω → π0 transition form factor

The decays ω(→ π0γ∗)→ π0l+l− and ω → π0γ governed by the TFF fωπ0 (s).

M(ω → π0`+`−) = fωπ0 (s) εµναβεµ(pω , λ)pνqα
ie2

s
ū(p−)γβv(p+) ,

Γ(ω → π0γ) =
∣∣fωπ0 (0)

∣∣2 e2(m2ω − m2π0 )3

96πm3ω
,

Dispersive representation:

ω
π0

π+ π−

γ∗

fωπ0 (s) = fωπ0 (0) +
s

12π2

∫ ∞
4m2π

ds′
qπ(s′)3

s′
3
2 (s′ − s)

(
F(s′) + F̂(s′)

)
FVπ(s′)

∗

fωπ0 (0) =
∣∣fωπ0 (0)

∣∣ eiφωπ0 (0)

Experimental information: Fωπ0 (s) =
f
ωπ0 (s)
f
ωπ0 (0)

Only the relative phase a
f
ωπ0 (0)

= |a|∣∣∣f
ωπ0 (0)

∣∣∣ 1

e
i(φ
ωπ0

(0)−φa) .
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Summary of amplitudes/free parameters/exp. input

ω → 3π amplitude [F(s, t, u)]

Free parameters: |a|, |b|, φb

Experimental input:
Γ3π

Dalitz plot parameters

ω → γ(∗)π0 TFF [fωπ0 (s)]

Free parameters:
∣∣fωπ0 (0)

∣∣, φωπ0 (0)
(
⊕
|a|, |b|, φb)

Experimental input:
Γ
γπ0∣∣F
ωπ0 (s)

∣∣2
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First analysis in three steps JPAC Collab., EPJ,C80,1107(’20)

1 Fix |b| ' 2.9, φb ' 1.9 with the DP parameters.
2 Fix |a| ' 280 GeV−3, |fωπ0 (0)| ' 2.3 GeV−1 from

Γω→3π , Γω→γπ .
3 You are left with φωπ0 (0) and the TFF Data.

1 χ2DP =

(
α(t)−α(e)

σα

)2
+ · · ·

2 χ2Γ =

(
Γ

(t)
3π−Γ

(e)
3π

σΓ3π

)2

+

(
Γ

(t)
γπ−Γ

(e)
γπ

σΓγπ

)2

3 χ2A2,NA60 =
∑

i

 |Fωπ (si )|2−
∣∣∣∣F(i)
ωπ

∣∣∣∣2
σ
F(i)
ωπ

2

−π −
π

2
0 π

2

π
0

2

4

6

φ
ωπ0 (0)

√ χ
2 N
A6
0,
A2

N
N
A6
0,
A2

√
χ2NA60
NNA60√
χ2A2
NA2

Two different minima (low and high
φωπ0 (0)) are found.

Both have similar χ2 of the TFF.

Make a global, simultaneous
analysis

χ2 = N

(
χ2DP
NDP

+
χ2Γ
NΓ

+
χ2NA60
NNA60

+
χ2A2
NA2

)
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Results JPAC Collab., EPJ,C80,1107(’20)

0 0.2 0.4 0.6

1

10

100

√
s (GeV)

∣ ∣ F ωπ
0
(s

)∣ ∣2

high φ
ωπ0 (0)

low φ
ωπ0 (0)

MAMI(’17) [PR,C95,035208]

NA60(‘16) [PL,B757,437]

NA60(‘09) [PL,B677,260]

VMD

α β γ
BESIII 111(18) 25(10) 22(29)
low 112(15) 23(6) 29(6)
high 109(14) 26(6) 19(5)

Using once-subtracted DR for KT:
Agreement is restored with DP

parameters by BESIII
One can also describe the ωπ0 TFF
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J/ψ → 3π decays

Completely analogous formalism (V )

BESIII data [PL,B710(’12)]

The decay is dominated by ρ, even if there is a larger phase space

0-sub (prediction) get the basic features

1-sub (fit) improves the description

1-sub + F-wave [ρ3(1690)] describes better the movements above & 1.5 GeV.
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J/ψ → 3π decays

Dalitz plot distribution similar to exp. one

More statistics will allow to unveil other effects
(resonances, interferences,. . . )

Predictions can be done for angular [z = cos θs]
distributions, specially restricted to ρ-mass
region.
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Summary

JPAC very active in several hadron physics topics

XYZ photoproduction JPAC Collab., PR,D102,114010(’20)

JPAC Collab., 2209.05882 (accepted PRD)

Photoproduction of XYZ offers the opportunity of investigating these enigmatic states in a
new, perhaps cleaner, way.
Exclusive photoproduction studied with quite general formalisms for both for low (fixed-spin)
and high (reggeized) γ N energy
Vertices extracted as much as possible from known experimental information and
phenomenology.
Inclusive reactions improves perspective (role of ∆)
Code can be found at https://github.com/dwinney/jpacPhoto

KT equations and V → 3π:
KT equations are a powerful tool to study 3-body decays
They allow to implement two-body unitarity in all the three channels (s, t, u).
For ω → 3π decays: JPAC Collab., EPJ,C80,1107(’20)

Using once-subtracted DRs, we are able to reproduce the ω → 3π DP parameters,

and the ω → π0γ∗ transition form factor data.

For J/ψ → 3π decays, good agreement with the data is found assuming elastic (P- and
F-waves).
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