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Outline

•MBHB signals in LISA

• Parameter space degeneracies

• Tools for Bayesian parameter estimation

• LISA Data Challenge: Sangria

• MBHB results for Sangria
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� *OUSPEVDUJPO

ćF HSPVOECSFBLJOH EJTDPWFSZ PG (SBWJUBUJPOBM 8BWFT
	(8T
 CZ HSPVOE�CBTFE MBTFS JOUFSGFSPNFUSJD EFUFD�
UPST JO ���� JT DIBOHJOH BTUSPOPNZ <�> CZ PQFOJOH
UIF IJHI�GSFRVFODZ HSBWJUBUJPOBM XBWF XJOEPX UP PC�
TFSWF MPX NBTT TPVSDFT BU MPX SFETIJę� ćF 4FOJPS
4VSWFZ $PNNJUUFF 	44$
 <�> TFMFDUFE UIF -� TDJFODF
UIFNF ćF (SBWJUBUJPOBM 6OJWFSTF <�> UP PQFO UIF ���
UP ���N)[ (SBWJUBUJPOBM 8BWF XJOEPX UP UIF 6OJ�
WFSTF� ćJT MPX�GSFRVFODZ XJOEPX JT SJDI JO B WBSJFUZ
PG TPVSDFT UIBU XJMM MFU VT TVSWFZ UIF 6OJWFSTF JO B OFX
BOE VOJRVF XBZ ZJFMEJOH OFX JOTJHIUT JO B CSPBE SBOHF
PG UIFNFT JO BTUSPQIZTJDT BOE DPTNPMPHZ BOE FOBCMJOH
VT JO QBSUJDVMBS UP TIFE MJHIU PO UXP LFZ RVFTUJPOT� 	�

)PX XIFO BOE XIFSF EP UIF ĕSTU NBTTJWF CMBDL IPMFT
GPSN HSPX BOE BTTFNCMF BOE XIBU JT UIF DPOOFDUJPO
XJUI HBMBYZ GPSNBUJPO 	�
 8IBU JT UIF OBUVSF PG HSBW�
JUZ OFBS UIF IPSJ[POT PG CMBDL IPMFT BOE PO DPTNPMPHJ�
DBM TDBMFT 
8F QSPQPTF UIF -*4" NJTTJPO JO PSEFS UP SFTQPOE UP
UIJT TDJFODF UIFNF JO UIF CSPBEFTU XBZ QPTTJCMF XJUIJO
UIF DPOTUSBJOFE CVEHFU BOE HJWFO TDIFEVMF� -*4" FO�
BCMFT UIF EFUFDUJPO PG (8T GSPN NBTTJWF CMBDL IPMF
DPBMFTDFODFT XJUIJO B WBTU DPTNJD WPMVNF FODPNQBTT�
JOH BMM BHFT GSPN DPTNJD EBXO UP UIF QSFTFOU BDSPTT
UIF FQPDIT PG UIF FBSMJFTU RVBTBST BOE PG UIF SJTF PG
HBMBYZ TUSVDUVSF� ćF NFSHFS�SJOHEPXO TJHOBM PG UIFTF
MPVE TPVSDFT FOBCMFT UFTUT PG &JOTUFJO�T (FOFSBM ćFPSZ
PG 3FMBUJWJUZ 	(3
 JO UIF EZOBNJDBM TFDUPS BOE TUSPOH�
ĕFME SFHJNF XJUI VOQSFDFEFOUFE QSFDJTJPO� -*4" XJMM
NBQ UIF TUSVDUVSF PG TQBDFUJNF BSPVOE UIF NBTTJWF
CMBDL IPMFT UIBU QPQVMBUF UIF DFOUSFT PG HBMBYJFT VTJOH
TUFMMBS DPNQBDU PCKFDUT BT UFTU QBSUJDMF�MJLF QSPCFT� ćF
TBNF TJHOBMT XJMM BMTP BMMPX VT UP QSPCF UIF QPQVMBUJPO
PG UIFTF NBTTJWF CMBDL IPMFT BT XFMM BT BOZ DPNQBDU PC�
KFDUT JO UIFJS WJDJOJUZ� " TUPDIBTUJD (8 CBDLHSPVOE PS
FYPUJD TPVSDFT NBZ QSPCF OFX QIZTJDT JO UIF FBSMZ 6OJ�
WFSTF� "EEFE UP UIJT MJTU PG TPVSDFT BSF UIF OFXMZ EJTDPW�
FSFE -*(0�7JSHP IFBWZ TUFMMBS�PSJHJO CMBDL IPMF NFSH�
FST XIJDIXJMM FNJU(8T JO UIF -*4"CBOE GSPN TFWFSBM
ZFBST VQ UP B XFFL QSJPS UP UIFJS NFSHFS FOBCMJOH DPPS�
EJOBUFE PCTFSWBUJPOT XJUI HSPVOE�CBTFE JOUFSGFSPNF�
UFST BOE FMFDUSPNBHOFUJD UFMFTDPQFT� ćF WBTU NBKPSJUZ
PG TJHOBMT XJMM DPNF GSPN DPNQBDU HBMBDUJD CJOBSZ TZT�
UFNT XIJDI BMMPX VT UP NBQ UIFJS EJTUSJCVUJPO JO UIF
.JMLZ 8BZ BOE JMMVNJOBUF TUFMMBS BOE CJOBSZ FWPMVUJPO�
-*4" CVJMET PO UIF TVDDFTT PG -*4" 1BUIĕOEFS
	-1'
 <�> UXFOUZ ZFBST PG UFDIOPMPHZ EFWFMPQNFOU
BOE UIF (SBWJUBUJPOBM 0CTFSWBUPSZ "EWJTPSZ 5FBN
	(0"5
 SFDPNNFOEBUJPOT� -*4" XJMM VTF UISFF BSNT

BOE UISFF JEFOUJDBM TQBDFDSBę 	4�$
 JO B USJBOHVMBS GPS�
NBUJPO JO B IFMJPDFOUSJD PSCJU USBJMJOH UIF &BSUI CZ
BCPVU ��○� ćF FYQFDUFE TFOTJUJWJUZ BOE TPNF QPUFO�
UJBM TJHOBMT BSF TIPXO JO 'JHVSF ��

'JHVSF �� &YBNQMFT PG (8 TPVSDFT JO UIF GSF�
RVFODZ SBOHF PG -*4" DPNQBSFE XJUI JUT TFOTJ�
UJWJUZ GPS B ��BSNDPOĕHVSBUJPO� ćFEBUB BSF QMPU�
UFE JO UFSNT PG EJNFOTJPOMFTT ADIBSBDUFSJTUJD TUSBJO
BNQMJUVEF� <�>� ćF USBDLT PG UISFF FRVBMNBTT CMBDL
IPMF CJOBSJFT MPDBUFE BU z = 3 XJUI UPUBM JOUSJO�
TJD NBTTFT 107 106 BOE 105M⊙ BSF TIPXO� ćF
TPVSDF GSFRVFODZ 	BOE 4/3
 JODSFBTFT XJUI UJNF
BOE UIF SFNBJOJOH UJNF CFGPSF UIF QMVOHF JT JOEJ�
DBUFE PO UIF USBDLT� ćF � TJNVMUBOFPVTMZ FWPMW�
JOH IBSNPOJDT PG BO &YUSFNF .BTT 3BUJP *OTQJSBM
TPVSDF BU z = 1.2 BSF BMTP TIPXO BT BSF UIF USBDLT PG
B OVNCFS PG TUFMMBS PSJHJO CMBDL IPMF CJOBSJFT PG UIF
UZQF EJTDPWFSFE CZ -*(0� 4FWFSBM UIPVTBOE HBMBD�
UJD CJOBSJFT XJMM CF SFTPMWFE BęFS B ZFBS PG PCTFS�
WBUJPO� 4PNF CJOBSZ TZTUFNT BSF BMSFBEZ LOPXO
BOE XJMM TFSWF BT WFSJĕDBUJPO TJHOBMT� .JMMJPOT PG
PUIFS CJOBSJFT SFTVMU JO B ADPOGVTJPO TJHOBM� XJUI B
EFUFDUFE BNQMJUVEF UIBU JT NPEVMBUFE CZ UIF NP�
UJPO PG UIF DPOTUFMMBUJPO PWFS UIF ZFBS� UIF BWFSBHF
MFWFM JT SFQSFTFOUFE BT UIF HSFZ TIBEFE BSFB�

"O PCTFSWBUPSZ UIBU DBO EFMJWFS UIJT TDJFODF JT EF�
TDSJCFE CZ B TFOTJUJWJUZ DVSWF XIJDI CFMPX �N)[ XJMM
CF MJNJUFE CZ BDDFMFSBUJPO OPJTF BU UIF MFWFM EFNPO�
TUSBUFE CZ -1'� *OUFSGFSPNFUSZ OPJTF EPNJOBUFT BCPWF
�N)[ XJUI SPVHIMZ FRVBM BMMPDBUJPOT GPS QIPUPO TIPU
OPJTF BOE UFDIOJDBM OPJTF TPVSDFT� 4VDI B TFOTJUJWJUZ
DBO CF BDIJFWFE XJUI B ���NJMMJPO LN BSN�MFOHUI DPO�
TUFMMBUJPO XJUI �� DN UFMFTDPQFT BOE �8 MBTFS TZTUFNT�
ćJT JT DPOTJTUFOU XJUI UIF (0"5 SFDPNNFOEBUJPOT
BOE CBTFE PO UFDIOJDBM SFBEJOFTT BMPOF B MBVODINJHIU
CF GFBTJCMF BSPVOE ����� 8F QSPQPTF BNJTTJPO MJGFUJNF
PG � ZFBST FYUFOEBCMF UP �� ZFBST GPS -*4"�

1BHF � -*4" o �� */530%6$5*0/

Massive black hole binaries

• Primary sources for LISA: very loud signals, 
signal dominated regime

• Precision GW science: details matter, waveform 
systematics important

• Primary candidates for EM counterparts, crucial 
for astrophysics and cosmology

• Primary candidates for TGR (with EMRIs): 
controlling biases and residuals crucial, need 
tools for extended waveform models

The LISA sources and MBHBs

LISA sources

Not fully explored yet:
• IMR waveforms with precession, eccentricity
• Realistic instrument (gaps&glitches), global fit
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LISA instrumental response

XJUI B NFBO JOUFS�4�$ TFQBSBUJPO EJTUBODF PG ��� NJM�
MJPO LN� " SFGFSFODF PSCJU IBT CFFO QSPEVDFE PQUJ�
NJTFE UPNJOJNJTF UIF LFZ WBSJBCMF QBSBNFUFST PG JOUFS�
4�$ CSFBUIJOH BOHMFT 	ĘVDUVBUJPOT PG WFSUFY BOHMFT
 BOE
UIF SBOHF SBUF PG UIF 4�$ BT CPUI PG UIFTF ESJWF UIF DPN�
QMFYJUZ PG UIF QBZMPBE EFTJHO XIJMF BU UIF TBNF UJNF FO�
TVSJOH UIF SBOHF UP UIF DPOTUFMMBUJPO JT TVďDJFOUMZ DMPTF
GPS DPNNVOJDBUJPO QVSQPTFT�

Earth

Sun
1 AU (150 million km)

19 – 23°
60°

2.5 million km

1 AU
Sun

'JHVSF �� %FQJDUJPO PG UIF -*4" 0SCJU�

ćF PSCJUBM DPOĕHVSBUJPO JT EFQJDUFE JO 'JHVSF �� ćFTF
PSCJUT XJMM MFBE UP CSFBUIJOH BOHMFT PG ±� EFH BOE
%PQQMFS TIJęT CFUXFFO UIF 4�$ PG XJUIJO ±�.)[�
ćF MBVODI BOE USBOTGFS BSF PQUJNJ[FE GPS B EFEJDBUFE
"SJBOF ��� MBVODI BOE DBSSZ UIF GPMMPXJOH CBTJD GFB�
UVSFT�
t UPUBM USBOTGFS UJNF PG BCPVU ��� EBZT�
t EJSFDU FTDBQF MBVODI XJUI V∞ = 260N�T�
t UISFF TFUT PGNBOPFVWSFT GPS ĕOBM USBOTGFS PSCJU JOKFD�

UJPO QFSGPSNFE CZ UIF QSPQVMTJPO BOE 4�$ DPNQPTJUF
NPEVMFT� 4FF 4FDUJPO ����� GPS EFUBJMT�

��� -BVODIFS

ćF SFDPNNFOEFE PQUJPO GPS -*4" JT UP VTF POF PG
UIF "SJBOF � GBNJMZ PG MBVODI WFIJDMFT XJUI B EFE�
JDBUFE "SJBOF ��� MBVODI CFJOH UIF QSFGFSSFE PQUJPO�
8JUI B MBVODI DBQBDJUZ EJSFDUMZ JOUP BO FTDBQF USBKFD�
UPSZ PG ���� LH UIF "SJBOF ��� JT WFSZ XFMM TVJUFE UP
UIF -*4" MBVODI SFRVJSFNFOUT BOE UIF SFGFSFODF PSCJU
EFTDSJCFE JO 4FDUJPO ��� JT CBTFE PO UIF DBQBCJMJUJFT PG
UIJT MBVODIFS� ćF DBQBDJUZ PG "SJBOF ��� JT MJNJUFE BOE
JU JT FYUSFNFMZ MJLFMZ UIBU BOZ NJTTJPO TJ[FE UP ĕU XJUIJO
JU XPVME CF TJHOJĕDBOUMZ DPNQSPNJTFE JO UFSNT PG DB�
QBCJMJUZ� 4JNJMBSMZ JU JT MJLFMZ UIBU UIF DPOTUSBJOUT BOE
DPNQMFYJUZ PG B MBVODI UP (FPTUBUJPOBSZ 5SBOTGFS 0S�
CJU DPNCJOFE XJUI UIF OFFE UP ĕOE B TVJUBCMF QBSUOFS
NBLF B TIBSFE "SJBOF ��� MBVODI VOBUUSBDUJWF�

��� $PODFQU PG 0QFSBUJPOT

&BDI 4�$ JT FRVJQQFE XJUI JUT PXO QSPQVMTJPO NPEVMF
UP SFBDI UIF EFTJSFE PSCJU� %VSJOH UIJT DSVJTF QIBTF
DIFDLPVU BOE UFTUJOH PG TPNF FRVJQNFOU DPVME BMSFBEZ
CFHJO� 0ODF UIF 4�$ IBWF CFFO JOTFSUFE JOUP UIFJS DPS�
SFDU PSCJUT BOE UIF QSPQVMTJPO NPEVMFT KFUUJTPOFE UIF
UISFF 4�$ NVTU CF QSFQBSFE UP GPSN B TJOHMF XPSL�
JOH PCTFSWBUPSZ CFGPSF TDJFODF PQFSBUJPOT DBO CF FT�
UBCMJTIFE� ćJT JODMVEFT UIF SFMFBTF PG UIF UFTU NBTTFT
BOE FOHBHJOH UIF %SBH�'SFF "UUJUVEF $POUSPM 4ZTUFN
	%'"$4
� ćJT QSPDFTT DPOTUFMMBUJPO BDRVJTJUJPO BOE
DBMJCSBUJPO JT EFTDSJCFE JO 4FDUJPO ������ 'PMMPXJOH
BDRVJTJUJPO BOE DBMJCSBUJPO -*4" XPVME FOUFS UIF QSJ�
NBSZ TDJFODF NPEF� "U UIJT UJNF BMM UFTU NBTTFT JOTJEF
UIF UISFF 4�$ XJMM CF JO GSFF GBMM BMPOH UIF MJOFT PG TJHIU
CFUXFFO UIF 4�$� $BQBDJUJWF TFOTPST TVSSPVOEJOH FBDI
UFTU NBTT XJMM NPOJUPS UIFJS QPTJUJPO BOE PSJFOUBUJPO
XJUI SFTQFDU UP UIF 4�$� %'"$4 XJMM VTF NJDSP�/FXUPO
UISVTUFST UP TUFFS UIF 4�$ UP GPMMPX UIF UFTUNBTTFT BMPOH
UIF UISFF USBOTMBUJPOBM EFHSFFT�PG�GSFFEPN VTJOH JO�
UFSGFSPNFUSJD SFBEPVU XIFSF BWBJMBCMF BOE DBQBDJUJWF
TFOTJOH GPS UIF SFNBJOJOH EFHSFFT�PG�GSFFEPN� &MFD�
USPTUBUJD BDUVBUPST BSF VTFE UP BQQMZ UIF SFRVJSFE GPSDFT
BOE UPSRVFT JO BMM PUIFS EFHSFFT PG GSFFEPN UP UIF UFTU
NBTTFT� -BTFS JOUFSGFSPNFUSZ JT VTFE UP NPOJUPS UIF
EJTUBODF DIBOHFT CFUXFFO UIF UFTU NBTTFT BOE UIF PQ�
UJDBM CFODI 	0#
 JOTJEF FBDI 4�$� ćFTF UFDIOPMPHJFT
IBWF CFFO EFNPOTUSBUFE CZ UIF -*4" 1BUIĕOEFS NJT�
TJPO�
ćF MPOH�CBTFMJOF MBTFS JOUFSGFSPNFUFS PS TDJFODF JO�
UFSGFSPNFUFS JT VTFE UP NFBTVSF DIBOHFT JO UIF EJT�
UBODF CFUXFFO UIF PQUJDBM CFODIFT XIJMF B UIJSE JO�
UFSGFSPNFUFS TJHOBM NPOJUPST UIF EJČFSFOUJBM MBTFS GSF�
RVFODZ OPJTF CFUXFFO UIF UXP MPDBM MBTFS TZTUFNT� "MM
JOUFSGFSPNFUFS TJHOBMT BSF DPNCJOFE PO HSPVOE UP EF�
UFSNJOF UIF EJČFSFOUJBM EJTUBODF DIBOHFT CFUXFFO UXP
QBJST PG XJEFMZ TFQBSBUFE UFTU NBTTFT� 4DJFODF .PEF
XPVME GFBUVSF OFBS�DPOUJOVPVT PQFSBUJPO PG UIF TZTUFN
BU UIF EFTJHO TFOTJUJWJUZ� ćF TZTUFN EFTJHO TIPVME CF
TVDI UIBU JO TDJFODF NPEF FYUFSOBM QFSUVSCBUJPOT UP
UIF TZTUFN BSFNJOJNJTFE BOE JO QBSUJDVMBS UIF CBTFMJOF
EFTJHO EPFT OPU SFRVJSF TUBUJPO LFFQJOH PS PSCJU DPS�
SFDUJPO NBOPFVWSFT� *O MJOF XJUI UIF TDJFODF SFRVJSF�
NFOUT PO EBUB MBUFODZ DPNNVOJDBUJPOT XPVME PDDVS
PODF QFS EBZ GPS B EVSBUJPO PG BQQSPYJNBUFMZ � IPVST�
ćFSF BSF UXP QSJODJQBM FWFOUT XIJDI XJMM DBVTF TPNF
EJTSVQUJPO UP UIF TDJFODF NPEF PG PQFSBUJPOT� UIFTF
BSF SF�QPJOUJOH PG UIF BOUFOOBT BOE SF�DPOĕHVSBUJPO
PG UIF MBTFS MPDLJOH UP NBJOUBJO UIF CFBU OPUFT XJUIJO
UIF QIBTFNFUFS CBOEXJEUI UIFTF BSF DPWFSFE JO NPSF
EFUBJM JO 4FDUJPOT ��� BOE ��� SFTQFDUJWFMZ� *O BEEJUJPO
UP UIF NBJO TDJFODF NPEF B TQFDJBM QSPUFDUFE QFSJPE

-*4" o �� .*44*0/ 130'*-& 1BHF ��

LISA orbits

Low-f approximation: two 
LIGO-type detectors 
in motion [Cutler 1997]
High-f: more complicated
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 + Time-delay 
interferometry (TDI)

yslr “ 1

2

1

1 ´ k̂ ¨ nl

nl ¨ phptsq ´ hptrqq ¨ nl

From spacecraft s to spacecraft r 
through link s: y “ �⌫{⌫

Response

Fourier-domain (separation of timescales [Marsat-Baker 2018])

Tslr =
i⇡fL

2
sinc [⇡fL (1� k · nl)] exp [i⇡f (L+ k · (pr + ps))]nl · P · nl(tf )
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Time and frequency-dependency
Time: motion of LISA on its orbit
Frequency: departure from long-wavelength
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Short-lived signals: 
use frame based on 
LISA plane at merger

LISA frame

True

ReflectedAntipodal

Degeneracy pattern
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MBHB SNR contours post-merger

Massive black hole binaries
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Noise Sc

Ticks:
• SNR/64 (40h)
• SNR/16 (2.5h)
• SNR/4 (7min)
• merger

Example MBHB GW signal with higher harmonics

Higher harmonics strong 
at merger (break 

degeneracies)

Data analysis simulations 
still missing precession, 

eccentricity
extremely loud signals…
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MBHB signals are merger-dominated in SNR
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Most of the SNR accumulates in the 
last hours before coalescence

MBHB SNR contours pre-merger and post-merger
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MBHB catalogs
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Astrophysical models [Barausse 2012]:
• Heavy seeds - delay (Q3d)
• Heavy seeds - no delay (Q3nd)
• PopIII seeds - delay (Pop3)

LISA detection rates from 90 yrs simulated:
• Q3d: 30 / 4yrs
• Q3nd: 471 / 4 yrs
• Pop3: 129 / 4yrs
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MBHBs: SNR of higher harmonics
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PhenomHM, q=5, averaging over spins and orientations

Cross-terms not negligible

‘Mode SNR’:p
(s`m|s`m)
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X

(`m) 6=(`0m0)

(s`m|s`0m0)

<latexit sha1_base64="uXXdVR5X9lJWbOTOIZhsaU3dKHU=">AAACI3icbVBNSwMxEM36WetX1aOXYBHbS9mtgsVTwYvHCrYVumXJplMNJtk1yQpl3f/ixb/ixYNSvHjwv5i2e9Dqg8Cb92aYzAtjzrRx3U9nYXFpeWW1sFZc39jc2i7t7HZ0lCgKbRrxSF2HRANnEtqGGQ7XsQIiQg7d8O584ncfQGkWySsziqEvyI1kQ0aJsVJQOvN1IoK04gPnWFSxL+EeT6sjLI6qWUUH6czL8CPOi4mVVYNS2a25U+C/xMtJGeVoBaWxP4hoIkAayonWPc+NTT8lyjDKISv6iYaY0DtyAz1LJRGg++n0xgwfWmWAh5GyTxo8VX9OpERoPRKh7RTE3Op5byL+5/USM2z0UybjxICks0XDhGMT4UlgeMAUUMNHlhCqmP0rprdEEWpsrEUbgjd/8l/Sqde841r98qTcbORxFNA+OkAV5KFT1EQXqIXaiKIn9ILe0Lvz7Lw6Y+dj1rrg5DN76Becr29+C6JI</latexit>
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Outline

• MBHB signals in LISA

•Parameter space degeneracies

• Tools for Bayesian parameter estimation

• LISA Data Challenge: Sangria

• MBHB results for Sangria
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MBHBs: importance of higher modes in parameter estimation

injection
ptmcmc 22
ptmcmc HM

Sky position

Distance-inclination

Higher harmonics crucial 
in breaking degeneracies

Fiducial system:
M = 5 · 105M�

q = 3

z = 4

◆ = ⇡/3
<latexit sha1_base64="Ncg/Pqu5p1NTy0QIWkM2QSw1nCw="></latexit>

Degenerate sky 
localization possible

even with HM

 [Marsat&al 2020]

(HM weaker premerger
and at low-mass)
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MBHB catalogs: sky multimodality
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FIG. 12. Examples of multi-modal posterior distributions in the sky localization: from left to right, 1mode, 2modes and 8modes
binary systems. The blue contours represent the MCMC results while the black ellipses correspond to the Fisher estimates for
1�, 2� and 3� errors. The black square indicates the true binary position in the sky. The presence of 2modes and 8modes
events, and the relative probability weight of the modes, can be recovered only with a Bayesian analysis.

FIG. 13. Distribution of the 1mode, 2modes and 8modes EMcps in the z � M plane in the maximising case for the three
astrophysical scenarios. The grey solid curved lines in background correspond to constant redshifted chirp mass values.

days, so the e↵ect of LISA motion is insu�cient to elim-
inate the reflected sky position, which remains degener-
ate. At lower chirp mass and redshift, on the other hand,
the combination of the high-frequency response with the
motion of the detector fully eliminates the degeneracy
and the events are unimodal. However, even if it is pos-
sible to identify a general trend, the two sub-populations
of 1mode and 2modes events do overlap in the z � M
plane, because redshift and Mz are not the only quan-
tities a↵ecting the parameter estimation, and there is a
large dispersion according to the orientation angles. Re-
gardless of the astrophysical model, the 8modes systems
are high chirp mass MBHBs, for which LISA will be able
to observe only the merger and ringdown, gathering little
information from the constellation orbital motion; fur-
thermore, their GW signal will not reach high enough
frequencies for the frequency-dependence of the detector
response to help.

Although 2modes systems seem to constitute a signif-

icant portion of the total EMcps, especially for the mas-
sive astrophysical models Q3d and Q3nd, this is partly
caused by the fact that, to identify an event as bimodal,
we impose a relatively low threshold to the probability
of the secondary mode, i.e. 5%. In this regard, it is in-
structive to look at the probability weight of each mode.
In Fig. 14 we present the number of bimodal EMcps as
a function of the probability in the primary and sec-
ondary modes, for all astrophysical models. It is clear
that the primary mode is always more probable than the
secondary one, which mitigates the risk, for a substan-
tial fraction of the EMcps, of missing the counterpart if
telescopes are pointed only at the primary mode.

In Fig. 15 we show the number of 8modes EMcps in
each octant of the sky, as a function of the probability
of the sky position mode. While the primary mode re-
mains always more probable, the seven spurious modes
are rather equiprobable, with probability that can be as
large as 10%. This is likely to constitute a serious issue

Threshold: 5% 
probability in 
the sky mode

• Bayesian PE required to explore 
multimodal posteriors

• Simulation of 90yrs catalogs
• Custom proposals for degeneracies

Multimodality in the sky 
present, but rare for 

counterpart candidates 
post-merger
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Localization of ‘golden’ MBHB sources: degeneracies

Bayesian sky localization 
cutting at different times

• Wide range of 
multimodalities dep. on 
parameters

• Post-merger localization 
unimodal for ‘golden’ 
MBHBs

• ‘Gold’: M3e6, z=1
• ‘Heavy’: M1e7, z=1
• ‘Platinum’: M3e5, z=0.3

[Piro&al, in prep]
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Outline

• MBHB signals in LISA

• Parameter space degeneracies

•Tools for Bayesian parameter estimation

• LISA Data Challenge: Sangria

• MBHB results for Sangria
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Parameter estimation tool: lisabeta

14

• Science prospective

• Prototyping real analysis (LDC)

• Source types: MBHBs, SBHBs for now — GBs soon

• Consortium-available (full members, public soon)

• MBHB waveforms: PhenomD, PhenomHM, aligned spins with HM
• Fast Fourier-domain response
• SNR computations
• Fisher matrices
• MCMC: ensemble sampler with parallel tempering (ptemcee, 

[Vousden&al 2015])
• Informed proposals to deal with sky degeneracies
• Accelerated likelihoods (few ms)

• Fisher matrix: local Gaussian approx. for lnL for high 
may work in high SNR limit, but misses degeneracies

• Simplified PE: MCMC initialized from Fisher, 0-noise

• Full simulation with unknown signal, noise (LDC)

• Superposition of sources, unknown noise, noise 
artifacts…

https://gitlab.in2p3.fr/marsat/lisabeta_release

ph1|h2q “ 4Re

ª
df

h̃1pfqh̃˚
2 pfq

Snpfq
Bayesian analysis

lnL(d|✓) = �
X

channels

1

2
(h(✓)� d|h(✓)� d)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

p(✓|d) = L(d|✓)p0(✓)
p(d)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Posterior:

Likelihood:

Data: signal+noise d = s+ n
<latexit sha1_base64="EIsHJxRgDfpudGxp1g2THuhTqMg=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBEMpuFexFKHjxWMF+SLuUbDbbhibZJckKZemv8OJBEa/+HG/+G9N2D9r6YODx3gwz84KEM21c99sprK1vbG4Vt0s7u3v7B+XDo7aOU0Voi8Q8Vt0Aa8qZpC3DDKfdRFEsAk47wfh25neeqNIslg9mklBf4KFkESPYWOkxRDdIowskB+WKW3XnQKvEy0kFcjQH5a9+GJNUUGkIx1r3PDcxfoaVYYTTaamfappgMsZD2rNUYkG1n80PnqIzq4QoipUtadBc/T2RYaH1RAS2U2Az0sveTPzP66UmqvsZk0lqqCSLRVHKkYnR7HsUMkWJ4RNLMFHM3orICCtMjM2oZEPwll9eJe1a1bus1u6vKo16HkcRTuAUzsGDa2jAHTShBQQEPMMrvDnKeXHenY9Fa8HJZ47hD5zPH6sdjvs=</latexit>

Producing samples from the posterior takes 
millions of evaluations of lnL !

Approximation levels

lisabeta package Features

https://gitlab.in2p3.fr/marsat/lisabeta_release
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4

FIG. 4: Comparison of the dynamic frequency spacing for
the black hole binaries GW150914 and GW151012, and the
binary neutron star binary GW170817. The heterodyne used
second order Legendre polynomials with a linear fit tolerance
of 0.01 and a chi-squared of (�h|�h) = 50.

FIG. 5: Di↵erence between the full and heterodyned likeli-
hood for neutron star binary GW170817. In both cases the
heterodyne used second order Legendre polynomials with a
linear fit tolerance of 0.01 and a chi-squared of (�h|�h) = 50.

and heterodyned likelihood calculation and a function of
the likelihood for the samples collected during a Markov
Chain Monte Carlo (MCMC) run on the GW170817 data.
The absolute value of the error never exceeds 0.1, and the
average absolute error is just 1.6⇥ 10�2.

Smaller linear error tolerances result in more frequency
samples in the heterodyne and a reduction in error in the
likelihood. Figure 6 shows how the error in the likelihood
and the number of samples in the heterodyne scale with
the linear error tolerance. The error in the likelihood
is measured by the average of the absolute value of the
di↵erence between the full and heterodyned likelihood,
|�lnL|, for accepted samples in a MCMC run. The error
decreases as the tolerance is reduced from 0.1 to 0.001,
but then asymptotes or even increases. The reason for
this behavior can be traced to the error introduced in es-
timating the Legendre expansion of the slow terms using
(8). As the error tolerance is decreased, the number of
frequency bands grows as the error tolerance to the power

FIG. 6: The upper panel shows average of the absolute value
of the di↵erence between the full likelihood and the hetero-
dyned likelihood as a function of the linear error tolerance for
GW150914 at linear, quadratic and cubic order. The lower
panel shows the number of frequency sample used in the het-
erodyne as a function of the linear error tolerance.

⇠ �0.35, leading to an increase in the number of error
contributions. The errors in (8) grow with polynomial
order, as does the overall cost of computing the hetero-
dyned likelihood. The sweet spot is to use a quadratic
(J = 2) fit with an error tolerance between 0.01 and
0.001. While illustrated here for just one system, similar
behavior was found to hold across the mass spectrum.

FIG. 7: Di↵erence between the full and heterodyned like-
lihood for GW150914 for proposed and accepted parameter
values. The heterodyne used second order Legendre polyno-
mials with a linear fit tolerance of 0.001 and a chi-squared of
(�h|�h) = 50.

If greater accuracy is desired, the number of samples in
each frequency band used in the fit (10) can be increased
while keeping the polynomial order fixed, with the solu-
tion for the coe�cients found using a singular value de-
composition rather than the simple matrix inverse (8). In
considering what an acceptable error tolerance for �lnL
might be, recall that one standard deviation in the like-
lihood is �lnL ' (D/2)1/2. For the IMRPhenomD wave-
form model [25] used here, D = 11 and �lnL ' 2.3. The
finite sampling that occurs in any numerical approach to

Usage in practice

• Small reduced grid (N~100): cost <~ ms
• Different interpolation methods (linear, 

polynomial)
• Requires reference waveform (first guess for 

signal parameters) — can be updated on the 
way

• Distinguish burn-in from actual sampling, the 
latter happens close to the true signal

Overview
• Structure of the likelihood

[Cornish 2021]

<latexit sha1_base64="cAUCp+UC46lYxLHZkWgAwDF7J4g=">AAACF3icbVDNS8MwHE3n15xfU49egkOYh412DPUiDLx48DDBfcBaRpqmW1ialiQVRu1/4cV/xYsHRbzqzf/GtNtBNx+EPN77/UjecyNGpTLNb6Owsrq2vlHcLG1t7+zulfcPujKMBSYdHLJQ9F0kCaOcdBRVjPQjQVDgMtJzJ1eZ37snQtKQ36lpRJwAjTj1KUZKS8Ny3WYc2gFSY4xYcpPCS1izfYFwYqVJI4XVMaxBDz7A/D4dlitm3cwBl4k1JxUwR3tY/rK9EMcB4QozJOXAMiPlJEgoihlJS3YsSYTwBI3IQFOOAiKdJM+VwhOteNAPhT5cwVz9vZGgQMpp4OrJLIFc9DLxP28QK//CSSiPYkU4nj3kxwyqEGYlQY8KghWbaoKwoPqvEI+RbkXpKku6BGsx8jLpNurWWb1526y0zHkdRXAEjkEVWOActMA1aIMOwOARPINX8GY8GS/Gu/ExGy0Y851D8AfG5w9hNpzS</latexit>

lnL = �1

2
(h� d|h� d)

<latexit sha1_base64="gApjJImuN0i5eWw+lmpqOxVrjiY="></latexit>

(a|b) = 4Re

Z
df

ã(f)b̃⇤(f)

Sn(f)
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h = Aei�
<latexit sha1_base64="jf262tneDwUARtmw8+mj8YX5OKg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJu3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBVcG9f9dgobm1vbO8Xd0t7+weFR+fikrZNMMWyxRCSqG1CNgktsGW4EdlOFNA4EdoLx3dzvPKHSPJEPZpKiH9Oh5BFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/TBhWYzSMEG17nluavwpVYYzgbNSP9OYUjamQ+xZKmmM2p8uDp2RC6uEJEqULWnIQv09MaWx1pM4sJ0xNSO96s3F/7xeZqJbf8plmhmUbLkoygQxCZl/TUKukBkxsYQyxe2thI2ooszYbEo2BG/15XXSvqp619Vas1apu3kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBxW2M3w==</latexit>

d

• Introduce a reference waveform

smooth amp/phase numerical data

• Separate integrand in slowly and rapidly 
variable parts
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h(f)
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⇣(f) ⌘ h(f)/h(f) now slowly variable

in the vicinity of reference parameters

<latexit sha1_base64="VOWVn17fGawGofmirBZeLNGm22I="></latexit>

(h|d) ⇠
Z

df
hd⇤

Sn
⇥ ⇣
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(h|h) ⇠
Z

df
hh⇤
Sn

⇥ ⇣⇣⇤

• Interpolate and precompute
interpolated on a coarse, reduced grid
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⇣

on coarse grid, then sum weights and coeffs
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Sn
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2)

• Evaluate
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h

[Cornish 2010, Cornish 2021]

[Zackay+ 2018] (relative binning)

Accelerating likelihoods: heterodyning
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Decomposing the likelihood:
<latexit sha1_base64="rkV1iXrxrnRBRMl9CAXhJixBnl8="></latexit>

lnL = �1

2
(s� d|s� d)

= �1

2
(s� s0|s� s0) + (s� s0|d� s0)�

1

2
(s0 � d|s0 � d)

Residuals from reference waveform:

Implementation:
<latexit sha1_base64="NsQ/9OY9BDDv6mYivI5blRbaxsY="></latexit>

(s� s0|s� s0) =
X

`m

X

`0m0

(r`mr⇤`0m0 |ei(�
0
`0m0��0

`m))

(s� s0|d� s0) =
X

`m

(r`m|e�i�0
`m(d� s0))

• Fix a sparse frequency grid (~128)
• Linear interpolation of the residuals, 

mode-by-mode
• Precompute 0-th and 1st polynomial 

inner products against phase and data 
terms, with a fine resolution

(2,2)
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f (Hz)

<latexit sha1_base64="Dusa3ZjuX2zGqzESfrUG6Ldvv1Y=">AAAB/HicbVDLSgMxFM3UV62v0S7dBItQN2VGihbcFNx0WcE+oFNKJs20oUlmSDLCONRfceNCEbd+iDv/xkw7C209EDiccy/35PgRo0o7zrdV2Njc2t4p7pb29g8Oj+zjk64KY4lJB4cslH0fKcKoIB1NNSP9SBLEfUZ6/uw283sPRCoainudRGTI0UTQgGKkjTSyywH0bmAVehzpqeRp63F+MbIrTs1ZAK4TNycVkKM9sr+8cYhjToTGDCk1cJ1ID1MkNcWMzEterEiE8AxNyMBQgThRw3QRfg7PjTKGQSjNExou1N8bKeJKJdw3k1lGtepl4n/eINZBY5hSEcWaCLw8FMQM6hBmTcAxlQRrlhiCsKQmK8RTJBHWpq+SKcFd/fI66V7W3Kta/a5eaTbyOorgFJyBKnDBNWiCFmiDDsAgAc/gFbxZT9aL9W59LEcLVr5TBn9gff4AAgmTtQ==</latexit>

f (Hz)

<latexit sha1_base64="Dusa3ZjuX2zGqzESfrUG6Ldvv1Y=">AAAB/HicbVDLSgMxFM3UV62v0S7dBItQN2VGihbcFNx0WcE+oFNKJs20oUlmSDLCONRfceNCEbd+iDv/xkw7C209EDiccy/35PgRo0o7zrdV2Njc2t4p7pb29g8Oj+zjk64KY4lJB4cslH0fKcKoIB1NNSP9SBLEfUZ6/uw283sPRCoainudRGTI0UTQgGKkjTSyywH0bmAVehzpqeRp63F+MbIrTs1ZAK4TNycVkKM9sr+8cYhjToTGDCk1cJ1ID1MkNcWMzEterEiE8AxNyMBQgThRw3QRfg7PjTKGQSjNExou1N8bKeJKJdw3k1lGtepl4n/eINZBY5hSEcWaCLw8FMQM6hBmTcAxlQRrlhiCsKQmK8RTJBHWpq+SKcFd/fI66V7W3Kta/a5eaTbyOorgFJyBKnDBNWiCFmiDDsAgAc/gFbxZT9aL9W59LEcLVr5TBn9gff4AAgmTtQ==</latexit>

f (Hz)

<latexit sha1_base64="Dusa3ZjuX2zGqzESfrUG6Ldvv1Y=">AAAB/HicbVDLSgMxFM3UV62v0S7dBItQN2VGihbcFNx0WcE+oFNKJs20oUlmSDLCONRfceNCEbd+iDv/xkw7C209EDiccy/35PgRo0o7zrdV2Njc2t4p7pb29g8Oj+zjk64KY4lJB4cslH0fKcKoIB1NNSP9SBLEfUZ6/uw283sPRCoainudRGTI0UTQgGKkjTSyywH0bmAVehzpqeRp63F+MbIrTs1ZAK4TNycVkKM9sr+8cYhjToTGDCk1cJ1ID1MkNcWMzEterEiE8AxNyMBQgThRw3QRfg7PjTKGQSjNExou1N8bKeJKJdw3k1lGtepl4n/eINZBY5hSEcWaCLw8FMQM6hBmTcAxlQRrlhiCsKQmK8RTJBHWpq+SKcFd/fI66V7W3Kta/a5eaTbyOorgFJyBKnDBNWiCFmiDDsAgAc/gFbxZT9aL9W59LEcLVr5TBn9gff4AAgmTtQ==</latexit>

f (Hz)

<latexit sha1_base64="Dusa3ZjuX2zGqzESfrUG6Ldvv1Y=">AAAB/HicbVDLSgMxFM3UV62v0S7dBItQN2VGihbcFNx0WcE+oFNKJs20oUlmSDLCONRfceNCEbd+iDv/xkw7C209EDiccy/35PgRo0o7zrdV2Njc2t4p7pb29g8Oj+zjk64KY4lJB4cslH0fKcKoIB1NNSP9SBLEfUZ6/uw283sPRCoainudRGTI0UTQgGKkjTSyywH0bmAVehzpqeRp63F+MbIrTs1ZAK4TNycVkKM9sr+8cYhjToTGDCk1cJ1ID1MkNcWMzEterEiE8AxNyMBQgThRw3QRfg7PjTKGQSjNExou1N8bKeJKJdw3k1lGtepl4n/eINZBY5hSEcWaCLw8FMQM6hBmTcAxlQRrlhiCsKQmK8RTJBHWpq+SKcFd/fI66V7W3Kta/a5eaTbyOorgFJyBKnDBNWiCFmiDDsAgAc/gFbxZT9aL9W59LEcLVr5TBn9gff4AAgmTtQ==</latexit>

f (Hz)

<latexit sha1_base64="Dusa3ZjuX2zGqzESfrUG6Ldvv1Y=">AAAB/HicbVDLSgMxFM3UV62v0S7dBItQN2VGihbcFNx0WcE+oFNKJs20oUlmSDLCONRfceNCEbd+iDv/xkw7C209EDiccy/35PgRo0o7zrdV2Njc2t4p7pb29g8Oj+zjk64KY4lJB4cslH0fKcKoIB1NNSP9SBLEfUZ6/uw283sPRCoainudRGTI0UTQgGKkjTSyywH0bmAVehzpqeRp63F+MbIrTs1ZAK4TNycVkKM9sr+8cYhjToTGDCk1cJ1ID1MkNcWMzEterEiE8AxNyMBQgThRw3QRfg7PjTKGQSjNExou1N8bKeJKJdw3k1lGtepl4n/eINZBY5hSEcWaCLw8FMQM6hBmTcAxlQRrlhiCsKQmK8RTJBHWpq+SKcFd/fI66V7W3Kta/a5eaTbyOorgFJyBKnDBNWiCFmiDDsAgAc/gFbxZT9aL9W59LEcLVr5TBn9gff4AAgmTtQ==</latexit>

f (Hz)

(2,1)

(3,3)

(3,2)

(4,4)

(4,3)

<latexit sha1_base64="Vnde6zARannAEZKiT9y33dYX/1A=">AAACJXicbVDLSgMxFM34rPVVdekmWAQ3lhkp2oVCwY3LCvYBfQyZ9E4bmswMSUYoQ3/Gjb/ixoVFBFf+imk70Np6IHDuOfdyc48Xcaa0bX9ba+sbm1vbmZ3s7t7+wWHu6LimwlhSqNKQh7LhEQWcBVDVTHNoRBKI8DjUvcH9xK8/g1QsDJ70MIK2IL2A+YwSbSQ3d6vcpAWcYzHCl1h17Hl5h+W8gE7CcKvSZwsdIzeXtwv2FHiVOCnJoxQVNzdudUMaCwg05USppmNHup0QqRnlMMq2YgURoQPSg6ahARGg2sn0yhE+N0oX+6E0L9B4qi5OJEQoNRSe6RRE99WyNxH/85qx9kvthAVRrCGgs0V+zLEO8SQy3GUSqOZDQwiVzPwV0z6RhGoTbNaE4CyfvEpqVwXnulB8LObLpTSODDpFZ+gCOegGldEDqqAqougFvaEPNLZerXfr0/qata5Z6cwJ+gPr5xfHi6Q1</latexit>

s`m � s0`m = r`mei�
0
`m

Accelerating likelihoods: heterodyning example for MBHB
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Parallel tempering

Tailored jump proposals

• Introduce parallel chains with 
temperatures, posterior:

• Propose swaps with acceptance:

• Crucial for robustness, avoids being 
stuck in a local maximum 

<latexit sha1_base64="bga/TL5dPQdqi0eA3sC0NFyx6UI=">AAAB/nicbVDLSsNAFJ3UV62vqLhyEyxC3ZREinZZcOOygn1AE8NkOmmHTiZh5kYoIeCvuHGhiFu/w51/47TNQlsPXO7hnHuZOydIOFNg299GaW19Y3OrvF3Z2d3bPzAPj7oqTiWhHRLzWPYDrChngnaAAaf9RFIcBZz2gsnNzO89UqlYLO5hmlAvwiPBQkYwaMk3T5KaC2MK+OIhcwPd/YzluW9W7bo9h7VKnIJUUYG2b365w5ikERVAOFZq4NgJeBmWwAinecVNFU0wmeARHWgqcESVl83Pz61zrQytMJa6BFhz9fdGhiOlplGgJyMMY7XszcT/vEEKYdPLmEhSoIIsHgpTbkFszbKwhkxSAnyqCSaS6VstMsYSE9CJVXQIzvKXV0n3su5c1Rt3jWqrWcRRRqfoDNWQg65RC92iNuoggjL0jF7Rm/FkvBjvxsditGQUO8foD4zPH120lb0=</latexit>

p(✓)�i

<latexit sha1_base64="LHmseZ2HhVCPt/rRTeYWnR4SsFc=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XwVBMp2otQ8OKxQr+gDWGz3bRLN5uwO1FK7E/x4kERr/4Sb/4bt20O2vpg4PHeDDPzgkRwDY7zba2tb2xubRd2irt7+weHdumoreNUUdaisYhVNyCaCS5ZCzgI1k0UI1EgWCcY3878zgNTmseyCZOEeREZSh5ySsBIvl3qBwyIn/EpvsHuRdPnvl12Ks4ceJW4OSmjHA3f/uoPYppGTAIVROue6yTgZUQBp4JNi/1Us4TQMRmynqGSREx72fz0KT4zygCHsTIlAc/V3xMZibSeRIHpjAiM9LI3E//zeimENS/jMkmBSbpYFKYCQ4xnOeABV4yCmBhCqOLmVkxHRBEKJq2iCcFdfnmVtC8r7lWlel8t12t5HAV0gk7ROXLRNaqjO9RALUTRI3pGr+jNerJerHfrY9G6ZuUzx+gPrM8fyYeTBQ==</latexit>

�i = 1/Ti

<latexit sha1_base64="jnrmLigzmqi4MXDKOin2BVonHG0="></latexit>

pswap = min

"
1,

✓
p(✓i)

p(✓j)

◆�j��i
#

• In presence of known degeneracies, 
include jumps in proposal

• Very efficient for very disconnected 
multimodal posteriors

True

ReflectedAntipodal

LISA MBHB sky degeneracy pattern

[Earlab 2005]

Dealing with degeneracies

Ensemble sampling

• Evolve a population of walker in parallel

• Self-tuning proposal based on the other 
walkers

Tailored parameter map

• Transform to new variables (close to 
observables) in which the posterior is 
close to a Gaussian 

• Easy to implement if transformation and 
Jacobian analytic
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Toy problem, completely degenerate extrinsic 22 likelihood without motion and high-f effects

Blue: no param map
Red: parameter map, iterations/10

Dealing with degeneracies: maximally degenerate case
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• Use variables as close as possible to what we really 
observe (essentially pattern functions), to make the 
posterior look Gaussian

• Sampling can be done in any set of parameters, with 
Jacobian of the transformation analytic here

Response variables: 2 complex pattern functions
Amplitude and phase

+ 2 sky angles

<latexit sha1_base64="Xs95V7QOy6CQtpKomK+DvtFLp/w=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeKF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7dRvPaHSPJaPZpygH9GB5CFn1Fjp4aZ33iuV3Yo7A1kmXk7KkKPeK311+zFLI5SGCap1x3MT42dUGc4ETordVGNC2YgOsGOppBFqP5udOiGnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhNd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHpFG0I3uLLy6R5UfEuK9X7arnm5nEU4BhO4Aw8uIIa3EEdGsBgAM/wCm+OcF6cd+dj3rri5DNH8AfO5w+sQ41a</latexit>

A+
<latexit sha1_base64="1iUkpxOuJgRtssZyl/yqDzEbbS0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPFi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0cNM775XKbsWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n81OnZBTq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwms/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0ijYEb/HlZdK8qHiXlep9tVxz8zgKcAwncAYeXEEN7qAODWAwgGd4hTdHOC/Ou/Mxb11x8pkj+APn8wevS41c</latexit>

A�
<latexit sha1_base64="ziV6T5V0qlNEsroXeKqYbz2Hrcs=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIsgCGVXinosePFYwX5Au5Rsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sZ73jQpr6xubW8Xt0s7u3v5B+fCoZVSqKWtSJZTuhMQwwSVrWm4F6ySakTgUrB2Ob2d++4lpw5V8sJOEBTEZSh5xSqyTWr3GiPcv+uWKV/XmwKvEz0kFcjT65a/eQNE0ZtJSQYzp+l5ig4xoy6lg01IvNSwhdEyGrOuoJDEzQTa/dorPnDLAkdKupMVz9fdERmJjJnHoOmNiR2bZm4n/ed3URjdBxmWSWibpYlGUCmwVnr2OB1wzasXEEUI1d7diOiKaUOsCKrkQ/OWXV0nrsupfVWv3tUrdy+Mowgmcwjn4cA11uIMGNIHCIzzDK7whhV7QO/pYtBZQPnMMf4A+fwD+o460</latexit>

�+
<latexit sha1_base64="xS6/MAARHOudbrMBZz1LudtXcP4=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgxbIrRT0WvHisYD+gXUo2zbax2WRJskJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8MBHcWM/7RoW19Y3NreJ2aWd3b/+gfHjUMirVlDWpEkp3QmKY4JI1LbeCdRLNSBwK1g7HtzO//cS04Uo+2EnCgpgMJY84JdZJrV5jxPsX/XLFq3pz4FXi56QCORr98ldvoGgaM2mpIMZ0fS+xQUa05VSwaamXGpYQOiZD1nVUkpiZIJtfO8VnThngSGlX0uK5+nsiI7Exkzh0nTGxI7PszcT/vG5qo5sg4zJJLZN0sShKBbYKz17HA64ZtWLiCKGau1sxHRFNqHUBlVwI/vLLq6R1WfWvqrX7WqXu5XEU4QRO4Rx8uIY63EEDmkDhEZ7hFd6QQi/oHX0sWgsonzmGP0CfPwG6jrY=</latexit>

��
<latexit sha1_base64="npFSlBCXecCr3UvKor0tWlNd9Gg=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiRS1GXBjcsK9gFtKJPJTTt0MgkzE6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkAqujet+O6WNza3tnfJuZW//4PCoenzS0UmmGLZZIhLVC6hGwSW2DTcCe6lCGgcCu8Hkbu53n1BpnshHM03Rj+lI8ogzaqzUHQgbDemwWnPr7gJknXgFqUGB1rD6NQgTlsUoDRNU677npsbPqTKcCZxVBpnGlLIJHWHfUklj1H6+WHdGLqwSkihR9klDFurviZzGWk/jwCZjasZ61ZuL/3n9zES3fs5lmhmUbPlRlAliEjK/nYRcITNiagllittdCRtTRZmxDVVsCd7qyeukc1X3ruuNh0at6RZ1lOEMzuESPLiBJtxDC9rAYALP8ApvTuq8OO/OxzJacoqZU/gD5/MHOkmPdA==</latexit>

�
<latexit sha1_base64="ZVkk4H8du77d3YVItPpB3oWCmQM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3w850kG15tbdBcg68QpSgwKtQfWrP0xYFnOFTFJjep6bYpBTjYJJPqv0M8NTyiZ0xHuWKhpzE+SLY2fkwipDEiXalkKyUH9P5DQ2ZhqHtjOmODar3lz8z+tlGN0GuVBphlyx5aIokwQTMv+cDIXmDOXUEsq0sLcSNqaaMrT5VGwI3urL66R9Vfeu642HRq3pFnGU4QzO4RI8uIEm3EMLfGAg4Ble4c1Rzovz7nwsW0tOMXMKf+B8/gDBWo6b</latexit>

�

<latexit sha1_base64="1iUkpxOuJgRtssZyl/yqDzEbbS0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPFi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0cNM775XKbsWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n81OnZBTq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwms/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0ijYEb/HlZdK8qHiXlep9tVxz8zgKcAwncAYeXEEN7qAODWAwgGd4hTdHOC/Ou/Mxb11x8pkj+APn8wevS41c</latexit>

A�

<latexit sha1_base64="ziV6T5V0qlNEsroXeKqYbz2Hrcs=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIsgCGVXinosePFYwX5Au5Rsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sZ73jQpr6xubW8Xt0s7u3v5B+fCoZVSqKWtSJZTuhMQwwSVrWm4F6ySakTgUrB2Ob2d++4lpw5V8sJOEBTEZSh5xSqyTWr3GiPcv+uWKV/XmwKvEz0kFcjT65a/eQNE0ZtJSQYzp+l5ig4xoy6lg01IvNSwhdEyGrOuoJDEzQTa/dorPnDLAkdKupMVz9fdERmJjJnHoOmNiR2bZm4n/ed3URjdBxmWSWibpYlGUCmwVnr2OB1wzasXEEUI1d7diOiKaUOsCKrkQ/OWXV0nrsupfVWv3tUrdy+Mowgmcwjn4cA11uIMGNIHCIzzDK7whhV7QO/pYtBZQPnMMf4A+fwD+o460</latexit>

�+

<latexit sha1_base64="xS6/MAARHOudbrMBZz1LudtXcP4=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgxbIrRT0WvHisYD+gXUo2zbax2WRJskJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8MBHcWM/7RoW19Y3NreJ2aWd3b/+gfHjUMirVlDWpEkp3QmKY4JI1LbeCdRLNSBwK1g7HtzO//cS04Uo+2EnCgpgMJY84JdZJrV5jxPsX/XLFq3pz4FXi56QCORr98ldvoGgaM2mpIMZ0fS+xQUa05VSwaamXGpYQOiZD1nVUkpiZIJtfO8VnThngSGlX0uK5+nsiI7Exkzh0nTGxI7PszcT/vG5qo5sg4zJJLZN0sShKBbYKz17HA64ZtWLiCKGau1sxHRFNqHUBlVwI/vLLq6R1WfWvqrX7WqXu5XEU4QRO4Rx8uIY63EEDmkDhEZ7hFd6QQi/oHX0sWgsonzmGP0CfPwG6jrY=</latexit>

��

<latexit sha1_base64="npFSlBCXecCr3UvKor0tWlNd9Gg=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiRS1GXBjcsK9gFtKJPJTTt0MgkzE6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkAqujet+O6WNza3tnfJuZW//4PCoenzS0UmmGLZZIhLVC6hGwSW2DTcCe6lCGgcCu8Hkbu53n1BpnshHM03Rj+lI8ogzaqzUHQgbDemwWnPr7gJknXgFqUGB1rD6NQgTlsUoDRNU677npsbPqTKcCZxVBpnGlLIJHWHfUklj1H6+WHdGLqwSkihR9klDFurviZzGWk/jwCZjasZ61ZuL/3n9zES3fs5lmhmUbPlRlAliEjK/nYRcITNiagllittdCRtTRZmxDVVsCd7qyeukc1X3ruuNh0at6RZ1lOEMzuESPLiBJtxDC9rAYALP8ApvTuq8OO/OxzJacoqZU/gD5/MHOkmPdA==</latexit>

�

<latexit sha1_base64="ZVkk4H8du77d3YVItPpB3oWCmQM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3w850kG15tbdBcg68QpSgwKtQfWrP0xYFnOFTFJjep6bYpBTjYJJPqv0M8NTyiZ0xHuWKhpzE+SLY2fkwipDEiXalkKyUH9P5DQ2ZhqHtjOmODar3lz8z+tlGN0GuVBphlyx5aIokwQTMv+cDIXmDOXUEsq0sLcSNqaaMrT5VGwI3urL66R9Vfeu642HRq3pFnGU4QzO4RI8uIEm3EMLfGAg4Ble4c1Rzovz7nwsW0tOMXMKf+B8/gDBWo6b</latexit>

�

<latexit sha1_base64="Xs95V7QOy6CQtpKomK+DvtFLp/w=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeKF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7dRvPaHSPJaPZpygH9GB5CFn1Fjp4aZ33iuV3Yo7A1kmXk7KkKPeK311+zFLI5SGCap1x3MT42dUGc4ETordVGNC2YgOsGOppBFqP5udOiGnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhNd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHpFG0I3uLLy6R5UfEuK9X7arnm5nEU4BhO4Aw8uIIa3EEdGsBgAM/wCm+OcF6cd+dj3rri5DNH8AfO5w+sQ41a</latexit>

A+
<latexit sha1_base64="1iUkpxOuJgRtssZyl/yqDzEbbS0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPFi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0cNM775XKbsWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n81OnZBTq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwms/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0ijYEb/HlZdK8qHiXlep9tVxz8zgKcAwncAYeXEEN7qAODWAwgGd4hTdHOC/Ou/Mxb11x8pkj+APn8wevS41c</latexit>

A�
<latexit sha1_base64="ziV6T5V0qlNEsroXeKqYbz2Hrcs=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIsgCGVXinosePFYwX5Au5Rsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sZ73jQpr6xubW8Xt0s7u3v5B+fCoZVSqKWtSJZTuhMQwwSVrWm4F6ySakTgUrB2Ob2d++4lpw5V8sJOEBTEZSh5xSqyTWr3GiPcv+uWKV/XmwKvEz0kFcjT65a/eQNE0ZtJSQYzp+l5ig4xoy6lg01IvNSwhdEyGrOuoJDEzQTa/dorPnDLAkdKupMVz9fdERmJjJnHoOmNiR2bZm4n/ed3URjdBxmWSWibpYlGUCmwVnr2OB1wzasXEEUI1d7diOiKaUOsCKrkQ/OWXV0nrsupfVWv3tUrdy+Mowgmcwjn4cA11uIMGNIHCIzzDK7whhV7QO/pYtBZQPnMMf4A+fwD+o460</latexit>

�+
<latexit sha1_base64="xS6/MAARHOudbrMBZz1LudtXcP4=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgxbIrRT0WvHisYD+gXUo2zbax2WRJskJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8MBHcWM/7RoW19Y3NreJ2aWd3b/+gfHjUMirVlDWpEkp3QmKY4JI1LbeCdRLNSBwK1g7HtzO//cS04Uo+2EnCgpgMJY84JdZJrV5jxPsX/XLFq3pz4FXi56QCORr98ldvoGgaM2mpIMZ0fS+xQUa05VSwaamXGpYQOiZD1nVUkpiZIJtfO8VnThngSGlX0uK5+nsiI7Exkzh0nTGxI7PszcT/vG5qo5sg4zJJLZN0sShKBbYKz17HA64ZtWLiCKGau1sxHRFNqHUBlVwI/vLLq6R1WfWvqrX7WqXu5XEU4QRO4Rx8uIY63EEDmkDhEZ7hFd6QQi/oHX0sWgsonzmGP0CfPwG6jrY=</latexit>

��
<latexit sha1_base64="npFSlBCXecCr3UvKor0tWlNd9Gg=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiRS1GXBjcsK9gFtKJPJTTt0MgkzE6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkAqujet+O6WNza3tnfJuZW//4PCoenzS0UmmGLZZIhLVC6hGwSW2DTcCe6lCGgcCu8Hkbu53n1BpnshHM03Rj+lI8ogzaqzUHQgbDemwWnPr7gJknXgFqUGB1rD6NQgTlsUoDRNU677npsbPqTKcCZxVBpnGlLIJHWHfUklj1H6+WHdGLqwSkihR9klDFurviZzGWk/jwCZjasZ61ZuL/3n9zES3fs5lmhmUbPlRlAliEjK/nYRcITNiagllittdCRtTRZmxDVVsCd7qyeukc1X3ruuNh0at6RZ1lOEMzuESPLiBJtxDC9rAYALP8ApvTuq8OO/OxzJacoqZU/gD5/MHOkmPdA==</latexit>

�
<latexit sha1_base64="ZVkk4H8du77d3YVItPpB3oWCmQM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3w850kG15tbdBcg68QpSgwKtQfWrP0xYFnOFTFJjep6bYpBTjYJJPqv0M8NTyiZ0xHuWKhpzE+SLY2fkwipDEiXalkKyUH9P5DQ2ZhqHtjOmODar3lz8z+tlGN0GuVBphlyx5aIokwQTMv+cDIXmDOXUEsq0sLcSNqaaMrT5VGwI3urL66R9Vfeu642HRq3pFnGU4QzO4RI8uIEm3EMLfGAg4Ble4c1Rzovz7nwsW0tOMXMKf+B8/gDBWo6b</latexit>

�

Analytical transformation, 
no extra cost

Dealing with degeneracies: parameter map
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Sampling (not moving much in likelihood)

Burn-in (here struggling to find the signal !)

Scale of likelihood with completely wrong signal:
<latexit sha1_base64="xqau14OIQBFVF7XmRrSxRYJVoEM=">AAACGHicbVDLSgMxFM34rPU16tJNsAhurDOlaJcFNy5E6qMP6Iwlk6ZtaJIZkoxQhvkMN/6KGxeKuO3OvzHTdqGtBy4czrmXe+8JIkaVdpxva2l5ZXVtPbeR39za3tm19/YbKowlJnUcslC2AqQIo4LUNdWMtCJJEA8YaQbDy8xvPhGpaCge9CgiPkd9QXsUI22kjn3mMQE9jvQAI5Zcp53EkxwGqJtCT1EOT6em5Mn9zV36WOrYBafoTAAXiTsjBTBDrWOPvW6IY06Exgwp1XadSPsJkppiRtK8FysSITxEfdI2VCBOlJ9MHkvhsVG6sBdKU0LDifp7IkFcqREPTGd2pZr3MvE/rx3rXsVPqIhiTQSeLurFDOoQZinBLpUEazYyBGFJza0QD5BEWJss8yYEd/7lRdIoFd3zYvm2XKhWZnHkwCE4AifABRegCq5ADdQBBs/gFbyDD+vFerM+ra9p65I1mzkAf2CNfwAHeZ+7</latexit>

lnLbad ⇠ �SNR2

• Sampling algorithm can be inefficient to 
search for a signal

• First guess of the signal’s parameters allows 
to accelerate likelihoods with heterodyning

Techniques for burn-in 
(search) or sampling can 

differ !

Accelerating PE: burn-in vs sampling

Search and burn-in are different:

• Simulating realistic PE: start from prior

• Prospective parameter estimation, only 
interested in final result: cheat with 
initialization

Different use cases for PE:
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• Select short data segment
• F-statistic as pseudo-likelihood
• Sampling easier for a lower dimensionality
• Get a first guess of intrinsic parameters + 

time

M
<latexit sha1_base64="TZF+eVNlk4JMpAyP9a1j7y4iBTo=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUwS4LbtwIFewDpkPJpJk2NJMMSUYoQz/DjQtF3Po17vwbM+0stPVA4HDOveTcEyacaeO6305pY3Nre6e8W9nbPzg8qh6fdLVMFaEdIrlU/RBrypmgHcMMp/1EURyHnPbC6W3u956o0kyKRzNLaBDjsWARI9hYyR/E2EwI5tn9fFituXV3AbROvILUoEB7WP0ajCRJYyoM4Vhr33MTE2RYGUY4nVcGqaYJJlM8pr6lAsdUB9ki8hxdWGWEIqnsEwYt1N8bGY61nsWhncwj6lUvF//z/NREzSBjIkkNFWT5UZRyZCTK70cjpigxfGYJJorZrIhMsMLE2JYqtgRv9eR10m3Uvat64+G61moWdZThDM7hEjy4gRbcQRs6QEDCM7zCm2OcF+fd+ViOlpxi5xT+wPn8AYDWkV0=</latexit>

q
<latexit sha1_base64="AMBmwAoSicxAmUKUOA6H5Z/OJAc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI4kXjxCIo8ENmR26IWR2dl1ZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj27nffkKleSzvzSRBP6JDyUPOqLFS47FfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1Y9adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd1WuNK5LtWoWRx7O4BwuwYMbqMEd1KEJDBCe4RXenAfnxXl3PpatOSebOYU/cD5/ANnpjO8=</latexit>

�+
<latexit sha1_base64="yKIyo2bxrN+M5xszeHt6e4iTd9M=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIsgCGW3CvZY8OKxgq2FdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzwkRwYz3vGxXW1jc2t4rbpZ3dvf2D8uFR26hUU9aiSijdCYlhgkvWstwK1kk0I3Eo2EM4vpn5D09MG67kvZ0kLIjJUPKIU2Kd1O7REe9f9MsVr+rNgVeJn5MK5Gj2y1+9gaJpzKSlghjT9b3EBhnRllPBpqVealhC6JgMWddRSWJmgmx+7RSfOWWAI6VdSYvn6u+JjMTGTOLQdcbEjsyyNxP/87qpjepBxmWSWibpYlGUCmwVnr2OB1wzasXEEUI1d7diOiKaUOsCKrkQ/OWXV0m7VvUvq7W7q0qjnsdRhBM4hXPw4RoacAtNaAGFR3iGV3hDCr2gd/SxaC2gfOYY/gB9/gAcko7K</latexit>

��
<latexit sha1_base64="fAgRR2cbz7txvmF7EwUE/T2ZGr0=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgxbJbBXssePFYwdZCu5Rsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sZ73jQpr6xubW8Xt0s7u3v5B+fCobVSqKWtRJZTuhMQwwSVrWW4F6ySakTgU7CEc38z8hyemDVfy3k4SFsRkKHnEKbFOavfoiPcv+uWKV/XmwKvEz0kFcjT75a/eQNE0ZtJSQYzp+l5ig4xoy6lg01IvNSwhdEyGrOuoJDEzQTa/dorPnDLAkdKupMVz9fdERmJjJnHoOmNiR2bZm4n/ed3URvUg4zJJLZN0sShKBbYKz17HA64ZtWLiCKGau1sxHRFNqHUBlVwI/vLLq6Rdq/qX1drdVaVRz+Mowgmcwjn4cA0NuIUmtIDCIzzDK7whhV7QO/pYtBZQPnMMf4A+fwAfmo7M</latexit>

<latexit sha1_base64="g4XHFy8yfMHfk98rujWPJF17FX4=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCHjxWsB/QhrLZbtqlm03cnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38z89hPXRsTqAScJ9yM6VCIUjKKVOr1bLpES7JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/d0rOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6KYc3PhEpS5IotFoWpJBiT2fNkIDRnKCeWUKaFvZWwEdWUoY2oZEPwll9eJa2LqndVvby/rNRreRxFOIFTOAcPrqEOd9CAJjCQ8Ayv8OY8Oi/Ou/OxaC04+cwx/IHz+QOPYY+j</latexit>

�t

q
<latexit sha1_base64="AMBmwAoSicxAmUKUOA6H5Z/OJAc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI4kXjxCIo8ENmR26IWR2dl1ZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj27nffkKleSzvzSRBP6JDyUPOqLFS47FfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1Y9adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd1WuNK5LtWoWRx7O4BwuwYMbqMEd1KEJDBCe4RXenAfnxXl3PpatOSebOYU/cD5/ANnpjO8=</latexit>

�+
<latexit sha1_base64="yKIyo2bxrN+M5xszeHt6e4iTd9M=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIsgCGW3CvZY8OKxgq2FdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzwkRwYz3vGxXW1jc2t4rbpZ3dvf2D8uFR26hUU9aiSijdCYlhgkvWstwK1kk0I3Eo2EM4vpn5D09MG67kvZ0kLIjJUPKIU2Kd1O7REe9f9MsVr+rNgVeJn5MK5Gj2y1+9gaJpzKSlghjT9b3EBhnRllPBpqVealhC6JgMWddRSWJmgmx+7RSfOWWAI6VdSYvn6u+JjMTGTOLQdcbEjsyyNxP/87qpjepBxmWSWibpYlGUCmwVnr2OB1wzasXEEUI1d7diOiKaUOsCKrkQ/OWXV0m7VvUvq7W7q0qjnsdRhBM4hXPw4RoacAtNaAGFR3iGV3hDCr2gd/SxaC2gfOYY/gB9/gAcko7K</latexit>

��
<latexit sha1_base64="fAgRR2cbz7txvmF7EwUE/T2ZGr0=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgxbJbBXssePFYwdZCu5Rsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sZ73jQpr6xubW8Xt0s7u3v5B+fCobVSqKWtRJZTuhMQwwSVrWW4F6ySakTgU7CEc38z8hyemDVfy3k4SFsRkKHnEKbFOavfoiPcv+uWKV/XmwKvEz0kFcjT75a/eQNE0ZtJSQYzp+l5ig4xoy6lg01IvNSwhdEyGrOuoJDEzQTa/dorPnDLAkdKupMVz9fdERmJjJnHoOmNiR2bZm4n/ed3URvUg4zJJLZN0sShKBbYKz17HA64ZtWLiCKGau1sxHRFNqHUBlVwI/vLLq6Rdq/qX1drdVaVRz+Mowgmcwjn4cA0NuIUmtIDCIzzDK7whhV7QO/pYtBZQPnMMf4A+fwAfmo7M</latexit>

<latexit sha1_base64="g4XHFy8yfMHfk98rujWPJF17FX4=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCHjxWsB/QhrLZbtqlm03cnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38z89hPXRsTqAScJ9yM6VCIUjKKVOr1bLpES7JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/d0rOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6KYc3PhEpS5IotFoWpJBiT2fNkIDRnKCeWUKaFvZWwEdWUoY2oZEPwll9eJa2LqndVvby/rNRreRxFOIFTOAcPrqEOd9CAJjCQ8Ayv8OY8Oi/Ou/OxaC04+cwx/IHz+QOPYY+j</latexit>

�t

MBHB example: I) F-statistic search on small data segments

<latexit sha1_base64="MmEIQjEZqPhaT3aySEdFLAqsWv4="></latexit>

F = max� lnL(✓,�)

F-statistic: approximate response (low-frequency, no motion, 22 mode), 
optimize analytically over distance, inclination, phase, polarization, sky
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• Initialize from F-statistic samples, draw 
randomly extrinsic parameters

• Heterodyne using best guess from previous 
result

• Restrict to low frequencies
• Sample and get a first guess of all params

MBHB example: II) initial PE with low frequencies
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• Initialize from samples obtained with low-
frequencies only

• Heterodyne using best guess from previous 
result

• Include all frequencies
• Sample and get final posterior

MBHB example: III) sampling with all frequencies
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Outline

• MBHB signals in LISA

• Parameter space degeneracies

• Tools for Bayesian parameter estimation

•LISA Data Challenge: Sangria

• MBHB results for Sangria
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• MBHBs: loud and merger-dominated, localized in time but extended in frequency 
• GBs: continuous signals very local in frequency, both individually resolvable and building up a 

background  

LISA Data Challenge: Sangria
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LISA Data Challenge: Sangria

• MBHBs: loud and merger-dominated, localized in time but extended in frequency 
• GBs: continuous signals very local in frequency, both individually resolvable and building up a 

background  
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T
D
I
A

<latexit sha1_base64="H4VF/FXNgWbsKxglVxvLtkz34QI=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAIrkpSBQtuKrrQXYW+oAllMp20Q2cmYWYilBA3/oobF4q49S/c+TdO2gjaemDgzDn3cu89fkSJVLb9ZRSWlldW14rrpY3Nre0dc3evLcNYINxCIQ1F14cSU8JxSxFFcTcSGDKf4o4/vsr8zj0WkoS8qSYR9hgcchIQBJWW+uaBy6AaCZY0r29T9+Lnd5n2zbJdsaewFomTkzLI0eibn+4gRDHDXCEKpew5dqS8BApFEMVpyY0ljiAawyHuacohw9JLphek1rFWBlYQCv24sqbq744EMiknzNeV2YZy3svE/7xerIKalxAexQpzNBsUxNRSoZXFYQ2IwEjRiSYQCaJ3tdAICoiUDq2kQ3DmT14k7WrFOa1U787K9VoeRxEcgiNwAhxwDurgBjRACyDwAJ7AC3g1Ho1n4814n5UWjLxnH/yB8fENuVmXCA==</latexit>

Whitened, band-passed data

t (s)
<latexit sha1_base64="743QFFwfPIFjEERR/dk13wop1rM=">AAAB+nicbVBNS8NAFNzUr1q/Uj16WSxCvZSkCha8FLx4rGBboQlls920SzebsPuilNif4sWDIl79Jd78N27bHLR1YGGYeY83O0EiuAbH+bYKa+sbm1vF7dLO7t7+gV0+7Og4VZS1aSxidR8QzQSXrA0cBLtPFCNRIFg3GF/P/O4DU5rH8g4mCfMjMpQ85JSAkfp2GbB3hateRGCkokxPz/p2xak5c+BV4uakgnK0+vaXN4hpGjEJVBCte66TgJ8RBZwKNi15qWYJoWMyZD1DJYmY9rN59Ck+NcoAh7EyTwKeq783MhJpPYkCMzmLqJe9mfif10shbPgZl0kKTNLFoTAVGGI86wEPuGIUxMQQQhU3WTEdEUUomLZKpgR3+curpFOvuee1+u1FpdnI6yiiY3SCqshFl6iJblALtRFFj+gZvaI368l6sd6tj8Vowcp3jtAfWJ8/G16TOw==</latexit>

LISA data - band-passed, whitened in time domain
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LISA data - band-passed, whitened in time domain

T
D
I
A

<latexit sha1_base64="H4VF/FXNgWbsKxglVxvLtkz34QI=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAIrkpSBQtuKrrQXYW+oAllMp20Q2cmYWYilBA3/oobF4q49S/c+TdO2gjaemDgzDn3cu89fkSJVLb9ZRSWlldW14rrpY3Nre0dc3evLcNYINxCIQ1F14cSU8JxSxFFcTcSGDKf4o4/vsr8zj0WkoS8qSYR9hgcchIQBJWW+uaBy6AaCZY0r29T9+Lnd5n2zbJdsaewFomTkzLI0eibn+4gRDHDXCEKpew5dqS8BApFEMVpyY0ljiAawyHuacohw9JLphek1rFWBlYQCv24sqbq744EMiknzNeV2YZy3svE/7xerIKalxAexQpzNBsUxNRSoZXFYQ2IwEjRiSYQCaJ3tdAICoiUDq2kQ3DmT14k7WrFOa1U787K9VoeRxEcgiNwAhxwDurgBjRACyDwAJ7AC3g1Ho1n4814n5UWjLxnH/yB8fENuVmXCA==</latexit>

Whitened, band-passed data

t (s)
<latexit sha1_base64="743QFFwfPIFjEERR/dk13wop1rM=">AAAB+nicbVBNS8NAFNzUr1q/Uj16WSxCvZSkCha8FLx4rGBboQlls920SzebsPuilNif4sWDIl79Jd78N27bHLR1YGGYeY83O0EiuAbH+bYKa+sbm1vF7dLO7t7+gV0+7Og4VZS1aSxidR8QzQSXrA0cBLtPFCNRIFg3GF/P/O4DU5rH8g4mCfMjMpQ85JSAkfp2GbB3hateRGCkokxPz/p2xak5c+BV4uakgnK0+vaXN4hpGjEJVBCte66TgJ8RBZwKNi15qWYJoWMyZD1DJYmY9rN59Ck+NcoAh7EyTwKeq783MhJpPYkCMzmLqJe9mfif10shbPgZl0kKTNLFoTAVGGI86wEPuGIUxMQQQhU3WTEdEUUomLZKpgR3+curpFOvuee1+u1FpdnI6yiiY3SCqshFl6iJblALtRFFj+gZvaI368l6sd6tj8Vowcp3jtAfWJ8/G16TOw==</latexit>

sigma-thresholding for detection

Detecting these MBHBs
and getting tc is simple

Might be different at low 
masses

MBHB 2 MBHB 3 MBHB 4
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Outline

• MBHB signals in LISA

• Parameter space degeneracies

• Tools for Bayesian parameter estimation

• LISA Data Challenge: Sangria

•MBHB results for Sangria [Preliminary]
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LDC Sangria: first steps of a global fit

 [Cornish]

• MBHB analysis with full galaxy / GB analysis with full MBHBs 
are typically biased

• Some form of signal subtraction seems to be required

Chicken-and-egg problem

Global fit: a first approach

• First detection of MBHB

• Signal subtraction for MBHBs (no PE yet)

• First analysis of GBs, and noise estimation

• First PE (3-stage search/PE) for MBHBs

• Second analysis of GBs and noise ongoing…

• …

16

FIG. 13. The UCB search as one component of a global
fit. The residuals from each source analysis block are passed
along to the next analysis in a sequence of Gibbs updates.
New data is incorporated into the fit during the mission. The
noise model and instrument models are updated on a regular
basis.

We will extend the waveform model to allow for more
complicated signals including eccentric white dwarf bina-
ries, hierarchical systems and stellar mass binary black
holes which are the progenitors of the merging systems
observed by ground-based interferometers [57], and de-
velop infrastructure to jointly analyze multimessenger
sources simultaneously observable by both LISA and EM
observatories [1, 13, 14, 18].
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Côte d’Azur, for being a wonderful sabattical host.

[1] V. Korol, E. M. Rossi, P. J. Groot, G. Nelemans, S. Too-
nen, and A. G. A. Brown, Mon. Not. Roy. Astron. Soc.
470, 1894 (2017), 1703.02555.

[2] P. Amaro-Seoane, H. Audley, S. Babak, J. Baker, E. Ba-
rausse, P. Bender, E. Berti, P. Binetruy, M. Born, D. Bor-
toluzzi, et al., arXiv e-prints arXiv:1702.00786 (2017),
1702.00786.

[3] N. Cornish and T. Robson, J. Phys. Conf. Ser. 840,
012024 (2017).

[4] R. E. Taam, B. P. Flannery, and J. Faulkner, Astrophys.
J. 239, 1017 (1980).

[5] G. J. Savonije, M. de Kool, and E. P. J. van den Heuvel,
AA 155, 51 (1986).

[6] B. Willems, A. Vecchio, and V. Kalogera, Phys. Rev.
Lett. 100, 041102 (2008), URL https://link.aps.org/
doi/10.1103/PhysRevLett.100.041102.

[7] G. Nelemans, L. R. Yungelson, M. V. van der Sluys, and
C. A. Tout, MNRAS 401, 1347 (2010), 0909.3376.

[8] T. B. Littenberg and N. Yunes, Classical and Quantum
Gravity 36, 095017 (2019), URL https://doi.org/10.
1088%2F1361-6382%2Fab0a3d.

[9] A. L. Piro, The Astrophysical Journal 885, L2 (2019).
[10] R. F. Webbink, Astrophys. J. 277, 355 (1984).
[11] M. R. Adams, N. J. Cornish, and T. B. Littenberg, Phys.

Rev. D86, 124032 (2012), 1209.6286.
[12] V. Korol, E. M. Rossi, and E. Barausse, ArXiv e-prints

(2018), 1806.03306.
[13] T. Kupfer, V. Korol, S. Shah, G. Nelemans, T. R.

Marsh, G. Ramsay, P. J. Groot, D. T. H. Steeghs,

and E. M. Rossi, Monthly Notices of the Royal
Astronomical Society 480, 302 (2018), ISSN 0035-
8711, https://academic.oup.com/mnras/article-
pdf/480/1/302/25244351/sty1545.pdf, URL https:
//doi.org/10.1093/mnras/sty1545.

[14] K. B. Burdge, M. W. Coughlin, J. Fuller, T. Kupfer, E. C.
Bellm, L. Bildsten, M. J. Graham, D. L. Kaplan, J. v.
Roestel, R. G. Dekany, et al., Nature 571, 528 (2019),
URL https://doi.org/10.1038/s41586-019-1403-0.

[15] K. B. Burdge, J. Fuller, E. S. Phinney, J. van Roes-
tel, A. Claret, E. Cukanovaite, N. P. G. Fusillo, M. W.
Coughlin, D. L. Kaplan, T. Kupfer, et al., The Astro-
physical Journal 886, L12 (2019), URL https://doi.
org/10.3847%2F2041-8213%2Fab53e5.

[16] W. R. Brown, M. Kilic, A. Bédard, A. Kosakowski,
and P. Bergeron, The Astrophysical Journal 892, L35
(2020), URL https://doi.org/10.3847%2F2041-8213%
2Fab8228.

[17] S. Shah and G. Nelemans, Astrophys. J. 790, 161 (2014),
1406.3599.

[18] T. B. Littenberg and N. J. Cornish, The Astrophysi-
cal Journal 881, L43 (2019), URL https://doi.org/10.
3847%2F2041-8213%2Fab385f.

[19] S. Babak, J. G. Baker, M. J. Benacquista, N. J. Cor-
nish, J. Crowder, S. L. Larson, E. Plagnol, E. K. Porter,
M. Vallisneri, A. Vecchio, et al., Classical and Quantum
Gravity 25, 184026 (2008), URL https://doi.org/10.
1088%2F0264-9381%2F25%2F18%2F184026.

No unique approach ! See low-latency analysis of [Cornish 2021]
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LDC Sangria: a first subtraction of MBHBs

Analysis by [Senwen Deng, Stas Babak]

• Vegas: grid-based method with adaptive mesh refinement [Lepage 79]

• Restrict to low dimensions: masses+primary spin

• Produces best-fit estimate for MBHB signal subtraction
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LDC Sangria: first steps of a global fit

Instr. noise

MBHBs

GBs
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LDC Sangria: first steps of a global fit

Instr. noise

MBHBs

GBs

MBHBs
1st subtraction 

resid.
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LDC Sangria: first steps of a global fit

Instr. noise

MBHBs

GBs

MBHBs
1st subtraction 

resid.

GBs
1st PE resid.
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LDC Sangria: first steps of a global fit

Instr. noise

MBHBs

GBs

MBHBs
1st subtraction 

resid.

GBs
1st PE resid.

MBHBs
1st PE resid.
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LDC Sangria: individual MBHB posteriors

MBHB 0
<latexit sha1_base64="2z/E3pe3GOJPXaaqojaY/Fq6IcE="></latexit>

Mc = 0.8⇥ 106M�

z = 2.2

SNR = 2720
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LDC Sangria: individual MBHB posteriors

MBHB 14
<latexit sha1_base64="E9YVbb1osTJwtPQ9jbmhw9V9if0="></latexit>

Mc = 3.9⇥ 106M�

z = 8.1

SNR = 164
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LDC Sangria: individual MBHB posteriors

MBHB 2 MBHB 3

<latexit sha1_base64="aEVvLlxGQ/PtyESEe3iiPYzqAWU="></latexit>

Mc = 2.2⇥ 106M�

z = 6.0

SNR = 360

<latexit sha1_base64="7+AJAyVdgcll+q9+0ev9XEmDGAE="></latexit>

Mc = 0.7⇥ 106M�

z = 1.1

SNR = 2130
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LDC Sangria: work in progress

• Resolve outstanding issues: biases in coalescence time (data generation ?), 
biases in intrinsic parameters for one source

• 2nd analysis of GBs (ongoing…) and noise

• 2nd analysis of MBHBs

• Confusion problem: do we have to analyze MBHBs jointly if they are 
correlated ?

• Multiple Gibbs iterations
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LDC Sangria: work in progress

• Resolve outstanding issues: biases in coalescence time (data generation ?), 
biases in intrinsic parameters for one source

• 2nd analysis of GBs (ongoing…) and noise

• 2nd analysis of MBHBs

• Confusion problem: do we have to analyze MBHBs jointly if they are 
correlated ?

• Multiple Gibbs iterations

Thank you for your 
attention
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