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Why care? 
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The data stream
data = +

Deterministic Probabilistic 

Probabilistic quantity  Probabilistic Models ⟺
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Signal Noise



The Whittle likelihood

• Stationary, Gaussian noise:  

•   

• Reality strikes: Data gaps, noise artefacts (glitches), 
instrumentation malfunctions, aliens etc. 

⟹ Σn( f, f′ ) =
1
2

δ( f − f′ )Sn( f′ ) .

log ℒ ∝ − ( ̂d − ĥ)†Σ−1
n ( ̂d − ĥ)†

These tamper with  and must be accounted forn(t)
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≈ − 2Δf∑
i

| ̂d( fi) − ĥ( fi; θ) |2

Sn( fi)



Modifying the noise

• Stationary case:  

• Consider: , assume  stationary, gaussian. 

•  

• Non - diagonal covariance  correlations between frequencies

Σn( f, f′ ) = ⟨ ̂n( f ) ̂n⋆( f′ )⟩ =
1
2

δ( f − f′ )Sn( f′ ) .

N(t) = w(t)n(t) n(t)

ΣN( f, f′ ) = ⟨Ñ( f )Ñ⋆( f′ )⟩

⟹

Talbot et al, arXiv:2106.13785v2 5

=
1
2 ∫

∞

0
w̃( f − u)w̃⋆( f′ − u)Sn(u) du



Noise Covariance Matrix

30 hour stationary LISA noise 30 hour stationary LISA noise  
With 15 hour gap applied6



A simple case study

• Gapped data steam:  

• Consider  

• Time series 30 hours long with 15 hour gap in the middle.  

• Likelihood:                                                                     

D(t) = w(t)h(t; θ) + w(t)n(t) = H(t; θ) + N(t)

h(t; a) = a ⋅ 10−20 sin(2π ⋅ f(t) ⋅ t), f(t) = 10−5 t

log ℒ(D |a, Σ) = − (D̂ − Ĥ)†Σ−1(D̂ − Ĥ)

Σ := ΣN

Gaps

Σ := Σn

No Gaps
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Correct modelling of the noise
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Gapped Data stream: 
 D(t) = H(t) + N(t)

log p(D |a, Σ) = − (D̂ − Ĥ)† Σ−1
N⏟

gaps

(D̂ − Ĥ)



Correct modelling of the noise

Blue Posterior :  
Correct model 

covariance 
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Gapped Data stream: 
 D(t) = H(t) + N(t)

log p(D |a, Σ) = − (D̂ − Ĥ)† Σ−1
N⏟

gaps

(D̂ − Ĥ)



Incorrect modelling of the noise

Gapped Data stream: 
 D(t) = H(t) + N(t)
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log p(D |a, Σ) = − (D̂ − Ĥ)† Σ−1
n⏟

whittle

(D̂ − Ĥ)



Incorrect modelling of the noise
Gapped Data stream: 
 D(t) = H(t) + N(t)

log p(D |a, Σ) = − (D̂ − Ĥ)† Σ−1
n⏟

whittle

(D̂ − Ĥ)

Orange Posterior :  
Incorrect model 

covariance

Grim.
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Expectation: mis-modelling
• Easily shown: .  

• What about covariance ? 

•   

•  := Model and  := consistent with noise process 

• We can predict the  statistical uncertainty when subject to 
noise mis-modelling errors. 

𝔼[Δθi
bf] = 0 ⟺ unbiased

𝔼[ΔθiΔθj]

𝔼[ΔθiΔθj] = 2(Γ−1)ikRe [∂kĤΣ−1
N ΣΣ−1

N ∂pĤ](Γ−1)pj

Σ ΣN

∼ 1σ

Edy et al, arXiv: 2101.07743v2 12



Repeated inference
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log p(D |a, Σ) = − (D̂ − Ĥ)† Σ−1
N⏟

gaps

(D̂ − Ĥ) log p(D |a, Σ) = − (D̂ − Ĥ)† Σ−1
n⏟

whittle

(D̂ − Ĥ)



Take home message

Accounting for gaps is crucial for 
LISA science
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Where next? 

• Massive black holes — nearly finished! 

• Extreme mass-ratio inspirals 

• Have a bash at the Spritz data set 
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Cheers
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Extra stuff



General Likelihood

log ℒ(N̂) ∝ −
1
2 (N̂⋆ N) (ΣN RN

RN ΣN)
−1

( N̂
N⋆)

ΣN = Covariance Matrix = 𝔼[NN†] = ⟨N̂( f )N̂⋆( f′ )⟩
RN = Relation Matrix = 𝔼[NNT] = ⟨N̂( f )N̂( f′ )⟩



General analogues

• Likelihood:   

• With (general) inner product  

•  

• Fisher Matrix:   

• Statistical fluctuation:  

p(D |θ, Σ) = −
1
2

(D − H |D − H)Σ

(a |b)Σ = a†Σ−1b + bΣ−1a† = 2Re(a†Σ−1b)

SNR : ρ2 = (H |H)Σ

Γij = (∂iH |∂jH)Σ

Δθi
bf = (Γ−1)ij(∂jH |N)Σ
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Simulating non-stationary 
realisations

• Matrix  has complex off-diagonal elements. 

• Consider  

•
Draw 

ΣN( f, f′ )

N̂( f ) = N̂1( f ) + iN̂2( f )

(N̂1

N̂2) = N [(0
0),

1
2 (Re(ΣN) Im(ΣN)

Im(ΣN) Re(ΣN))]



Repeated inference

log p(D |a, Σ) = − (D̂ − Ĥ)†Σ−1
n (D̂ − Ĥ)
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P-P Plot


