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Introduction

• Bayesian parameter estimation:

<latexit sha1_base64="csb1FqVoIMd9raFsYk1QOQDcWwo=">AAACG3icbVDLSgMxFM34rPU16tJNsAjtpsyUot0IBTcuK9gHtKVkMpk2NPMguSOU6fyHG3/FjQtFXAku/BszbQVtPRA4nHMuN/c4keAKLOvLWFvf2Nzazu3kd/f2Dw7No+OWCmNJWZOGIpQdhygmeMCawEGwTiQZ8R3B2s74OvPb90wqHgZ3MIlY3yfDgHucEtDSwKxExR6MGBA8xW4JX+GeJwlNoqI7nesl/JMopZlcSgdmwSpbM+BVYi9IAS3QGJgfPTeksc8CoIIo1bWtCPoJkcCpYGm+FysWETomQ9bVNCA+U/1kdluKz7XiYi+U+gWAZ+rviYT4Sk18Ryd9AiO17GXif143Bq/WT3gQxcACOl/kxQJDiLOisMsloyAmmhAquf4rpiOiywFdZ16XYC+fvEpalbJ9Ua7eVgv12qKOHDpFZ6iIbHSJ6ugGNVATUfSAntALejUejWfjzXifR9eMxcwJ+gPj8xuQG5/h</latexit>

p(✓|d) = p(d|✓)p(✓)
p(d)

• Performance of likelihood function is crucial (millions of evals) - performance of PE 
algorithm is also crucial, time to converge can be unreasonable

• Standard likelihood for stationary Gaussian noise:

• Ingredients: fast waveforms, fast likelihoods, fast PE algorithms

• Acceleration of likelihoods go beyond simply using a fast waveform — important for 
data interface

<latexit sha1_base64="cAUCp+UC46lYxLHZkWgAwDF7J4g=">AAACF3icbVDNS8MwHE3n15xfU49egkOYh412DPUiDLx48DDBfcBaRpqmW1ialiQVRu1/4cV/xYsHRbzqzf/GtNtBNx+EPN77/UjecyNGpTLNb6Owsrq2vlHcLG1t7+zulfcPujKMBSYdHLJQ9F0kCaOcdBRVjPQjQVDgMtJzJ1eZ37snQtKQ36lpRJwAjTj1KUZKS8Ny3WYc2gFSY4xYcpPCS1izfYFwYqVJI4XVMaxBDz7A/D4dlitm3cwBl4k1JxUwR3tY/rK9EMcB4QozJOXAMiPlJEgoihlJS3YsSYTwBI3IQFOOAiKdJM+VwhOteNAPhT5cwVz9vZGgQMpp4OrJLIFc9DLxP28QK//CSSiPYkU4nj3kxwyqEGYlQY8KghWbaoKwoPqvEI+RbkXpKku6BGsx8jLpNurWWb1526y0zHkdRXAEjkEVWOActMA1aIMOwOARPINX8GY8GS/Gu/ExGy0Y851D8AfG5w9hNpzS</latexit>

lnL = �1

2
(h� d|h� d)

<latexit sha1_base64="gApjJImuN0i5eWw+lmpqOxVrjiY="></latexit>

(a|b) = 4Re

Z
df

ã(f)b̃⇤(f)

Sn(f)

<latexit sha1_base64="NqOZ7QvIxVzIdSLfgWMpi4S9nYk="></latexit>

(a|b) = 4Re�f
X

i

ã(fi)b̃⇤(fi)

Sn(fi)

<latexit sha1_base64="i7vlQp4awjoy1kMYZtDB83GQ4LI=">AAAB+XicbVDLSgNBEOyNrxhfqx69DAbBU9iVoLkIAT14jGAekCxhdtKbDJl9MDMbCEv+xIsHRbz6J978GyfJHjSxoKGo6qa7y08EV9pxvq3CxubW9k5xt7S3f3B4ZB+ftFScSoZNFotYdnyqUPAIm5prgZ1EIg19gW1/fDf32xOUisfRk54m6IV0GPGAM6qN1LftoM/JLeGkd49CUxL07bJTcRYg68TNSRlyNPr2V28QszTESDNBleq6TqK9jErNmcBZqZcqTCgb0yF2DY1oiMrLFpfPyIVRBiSIpalIk4X6eyKjoVLT0DedIdUjterNxf+8bqqDmpfxKEk1Rmy5KEgF0TGZx0AGXCLTYmoIZZKbWwkbUUmZNmGVTAju6svrpHVVca8r1cdquV7L4yjCGZzDJbhwA3V4gAY0gcEEnuEV3qzMerHerY9la8HKZ07hD6zPH4txkko=</latexit>

fi = i�f

• Accelerating waveforms: Reduced Order Models (ROMs), Surrogates — crucial for NR 
and EOB
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Outline

• How long are GW signals ? Ground-based detectors and 
LISA

• Accelerating the likelihood: multibanding, heterodyning, 
Reduced Order Quadratures

• Accelerating PE: burn-in vs sampling, marginalization/
extremization, fast/slow parameters

• Dealing with degeneracies: example of MBHBs for LISA
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How long are GW signals ?
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<latexit sha1_base64="kk9cbF0i4DO0GzHi4WT/QxeItls=">AAACF3icbVDLSsNAFJ3Ud31FXboZLIILCUnxUZCC4MaNUMG2QlPCZDrRwXmEmYlQQ//Cjb/ixoUibnXn3zhps/B14MLhnHu59544ZVQb3/90KlPTM7Nz8wvVxaXllVV3bb2jZaYwaWPJpLqMkSaMCtI21DBymSqCeMxIN745KfzuLVGaSnFhhinpc3QlaEIxMlaKXO+sebB/FoVyIM0uDI9gEuWh4pBTMYJNWPetFnJkrhXPT+9GkVvzPX8M+JcEJamBEq3I/QgHEmecCIMZ0roX+Knp50gZihkZVcNMkxThG3RFepYKxInu5+O/RnDbKgOYSGVLGDhWv0/kiGs95LHtLE7Uv71C/M/rZSZp9HMq0swQgSeLkoxBI2EREhxQRbBhQ0sQVtTeCvE1UggbG2XVhhD8fvkv6dS94MDbO9+rHTfKOObBJtgCOyAAh+AYnIIWaAMM7sEjeAYvzoPz5Lw6b5PWilPObIAfcN6/AJ/anb0=</latexit>

M = 65M�, fmin = 20 Hz

<latexit sha1_base64="v9dtnLloX0sy4ExuYG+j7+V5B2Q=">AAACGHicbVDLSsNAFJ34rPVVdelmsAgupCalaEEKBTfdCAq2FZoQJtNJO3QeYWYi1NDPcOOvuHGhiFt3/o3TmoVWD1w4nHMv994TJYxq47qfzsLi0vLKamGtuL6xubVd2tntaJkqTNpYMqluI6QJo4K0DTWM3CaKIB4x0o1GF1O/e0eUplLcmHFCAo4GgsYUI2OlsHRy2ahW6pehL/vSHEP/HMZh5isOORUT2IBV12o+R2aoeNa6n4SlsltxZ4B/iZeTMshxFZY+/L7EKSfCYIa07nluYoIMKUMxI5Oin2qSIDxCA9KzVCBOdJDNHpvAQ6v0YSyVLWHgTP05kSGu9ZhHtnN6op73puJ/Xi81cT3IqEhSQwT+XhSnDBoJpynBPlUEGza2BGFF7a0QD5FC2NgsizYEb/7lv6RTrXinldp1rdys53EUwD44AEfAA2egCVrgCrQBBg/gCbyAV+fReXbenPfv1gUnn9kDv+B8fAERwp30</latexit>

M = 2.8M�, fmin = 20 Hz

BBH waveform from 20Hz

BNS waveform from 20Hz

Time-frequency relation

With                          the 
total mass in seconds
(                           ):

<latexit sha1_base64="P7BSxKVNRJJtCfL/xrOi5jQ7jf8=">AAAB83icbVBNS8NAEJ3Ur1q/oh69LBbBU020aC9CwYNeChXsB7SxbLabdulmE3Y3Qgn9G148KOLVP+PNf+O2zUFbHww83pthZp4fc6a043xbuZXVtfWN/GZha3tnd8/eP2iqKJGENkjEI9n2saKcCdrQTHPajiXFoc9pyx/dTP3WE5WKReJBj2PqhXggWMAI1kbq1noKXaPb2hl5vOjZRafkzICWiZuRImSo9+yvbj8iSUiFJhwr1XGdWHsplpoRTieFbqJojMkID2jHUIFDqrx0dvMEnRilj4JImhIazdTfEykOlRqHvukMsR6qRW8q/ud1Eh1UvJSJONFUkPmiIOFIR2gaAOozSYnmY0MwkczcisgQS0y0ialgQnAXX14mzfOSe1kq35eL1UoWRx6O4BhOwYUrqMId1KEBBGJ4hld4sxLrxXq3PuatOSubOYQ/sD5/AONokEQ=</latexit>

Ms = GM/c3

<latexit sha1_base64="J7YcoZihhZDPwoPCyLayQVCXX6w=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZpBoNgY9iVGNMIARsbIYJ5QHYNs5NJMmR2Z5m5K4QlhY2/YmOhiK0fYeffOHkUmnjgwuGce7n3niAWXIPjfFuZldW19Y3sZm5re2d3z94/aGiZKMrqVAqpWgHRTPCI1YGDYK1YMRIGgjWD4dXEbz4wpbmM7mAUMz8k/Yj3OCVgpI6dv+l4sisBX+JzD3jINHad+/S0PMa6YxecojMFXibunBTQHLWO/eV1JU1CFgEVROu268Tgp0QBp4KNc16iWUzokPRZ29CImHV+On1ijI+N0sU9qUxFgKfq74mUhFqPwsB0hgQGetGbiP957QR6FT/lUZwAi+hsUS8RGCSeJIK7XDEKYmQIoYqbWzEdEEUomNxyJgR38eVl0jgruuVi6bZUqFbmcWRRHh2hE+SiC1RF16iG6oiiR/SMXtGb9WS9WO/Wx6w1Y81nDtEfWJ8/HC6Wcw==</latexit>

M� = 5⇥ 10�6s

at leading order, for a 
circularized binary

<latexit sha1_base64="WDuefx31N8SCqF6j+ngr7rKFPDU="></latexit>

f =
1

⇡Ms


256⌫

5

�T

Ms

��3/8

<latexit sha1_base64="Y09Qld83uDOkJ/80qtg1vGPM6+4="></latexit>

�T = Ms
5

256⌫
[⇡Msf ]

�8/3

Nyquist sampling
<latexit sha1_base64="DPzBfC7TfP7dNtYQ7ACj7DwflS4=">AAAB+XicbVDLSgNBEOyNrxhfqx69DAbBU9yVoLkIAT14jGAekCxhdjKbDJl9MNMbCEv+xIsHRbz6J978GyfJHjRa0FBUddPd5SdSaHScL6uwtr6xuVXcLu3s7u0f2IdHLR2nivEmi2WsOj7VXIqIN1Gg5J1EcRr6krf98e3cb0+40iKOHnGacC+kw0gEglE0Ut+2e3dcIiVIboh7EfR13y47FWcB8pe4OSlDjkbf/uwNYpaGPEImqdZd10nQy6hCwSSflXqp5gllYzrkXUMjGnLtZYvLZ+TMKAMSxMpUhGSh/pzIaKj1NPRNZ0hxpFe9ufif100xqHmZiJIUecSWi4JUEozJPAYyEIozlFNDKFPC3ErYiCrK0IRVMiG4qy//Ja3LintVqT5Uy/VaHkcRTuAUzsGFa6jDPTSgCQwm8AQv8Gpl1rP1Zr0vWwtWPnMMv2B9fANzVpI5</latexit>

�t = 1/fs
<latexit sha1_base64="ec69kkjYheKJTmFAvyu8oVp2iL8=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXJWkFO1GKLhxJRXsA9oQJtNJO3RmEmcmQgjZ+CtuXCji1s9w5984bbPQ1gMXDufcy733BDGjSjvOt7Wyura+sVnaKm/v7O7t2weHHRUlEpM2jlgkewFShFFB2ppqRnqxJIgHjHSDyfXU7z4SqWgk7nUaE4+jkaAhxUgbybePQ1/BK1iDoZ8NJIe36UNitua+XXGqzgxwmbgFqYACLd/+GgwjnHAiNGZIqb7rxNrLkNQUM5KXB4kiMcITNCJ9QwXiRHnZ7IEcnhllCMNImhIaztTfExniSqU8MJ0c6bFa9Kbif14/0WHDy6iIE00Eni8KEwZ1BKdpwCGVBGuWGoKwpOZWiMdIIqxNZmUTgrv48jLp1KruRbV+V680G0UcJXACTsE5cMElaIIb0AJtgEEOnsEreLOerBfr3fqYt65YxcwR+APr8wdyC5Ws</latexit>

fs = 2fNyquist
<latexit sha1_base64="sdT04jipQJKS2PknpRerxPaPRvo=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5KIaJcFN66kgn1AG8JkOmmHzkziPIQY+iVuXCji1k9x5984bbPQ1gMXDufcy733RCmjSnvet1NaW9/Y3CpvV3Z29/ar7sFhRyVGYtLGCUtkL0KKMCpIW1PNSC+VBPGIkW40uZ753UciFU3Evc5SEnA0EjSmGGkrhW41DvOB5PA2ezB22zR0a17dmwOuEr8gNVCgFbpfg2GCDSdCY4aU6vteqoMcSU0xI9PKwCiSIjxBI9K3VCBOVJDPD5/CU6sMYZxIW0LDufp7IkdcqYxHtpMjPVbL3kz8z+sbHTeCnIrUaCLwYlFsGNQJnKUAh1QSrFlmCcKS2lshHiOJsLZZVWwI/vLLq6RzXvcv6xd3F7Vmo4ijDI7BCTgDPrgCTXADWqANMDDgGbyCN+fJeXHenY9Fa8kpZo7AHzifPw6uk1U=</latexit>

fNyquist highest frequency 
present in the signal
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How long are signals for ground-based detectors ?

<latexit sha1_base64="13MRNwI206QxJpvkySBriAwF/RE=">AAAB+nicbVDLSgMxFM3UV62vqS7dBIvgqsyUogU3BTddVrAP6Awlk2ba0CQzJBmljv0UNy4UceuXuPNvzLSz0NYDgcM593JPThAzqrTjfFuFjc2t7Z3ibmlv/+DwyC4fd1WUSEw6OGKR7AdIEUYF6WiqGenHkiAeMNILpjeZ37snUtFI3OlZTHyOxoKGFCNtpKFdrjnQu4YeR3oiedp6nA/tilN1FoDrxM1JBeRoD+0vbxThhBOhMUNKDVwn1n6KpKaYkXnJSxSJEZ6iMRkYKhAnyk8X0efw3CgjGEbSPKHhQv29kSKu1IwHZjKLqFa9TPzPGyQ6bPgpFXGiicDLQ2HCoI5g1gMcUUmwZjNDEJbUZIV4giTC2rRVMiW4q19eJ91a1b2s1m/rlWYjr6MITsEZuAAuuAJN0AJt0AEYPIBn8ArerCfrxXq3PpajBSvfOQF/YH3+APpnkyw=</latexit> 2
0
H
z

<latexit sha1_base64="7AB2LIx5+yO1qrwmrASGbS2Pm+0=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlEtOCm4KbLCvYBbSiT6aQdOpOEmYlSYz/FjQtF3Pol7vwbJ20W2npg4HDOvdwzx485U9pxvq3C2vrG5lZxu7Szu7d/YJcP2ypKJKEtEvFIdn2sKGchbWmmOe3GkmLhc9rxJzeZ37mnUrEovNPTmHoCj0IWMIK1kQZ22XVQ/xr1BdZjKdLG42xgV5yqMwdaJW5OKpCjObC/+sOIJIKGmnCsVM91Yu2lWGpGOJ2V+omiMSYTPKI9Q0MsqPLSefQZOjXKEAWRNC/UaK7+3kixUGoqfDOZRVTLXib+5/USHdS8lIVxomlIFoeChCMdoawHNGSSEs2nhmAimcmKyBhLTLRpq2RKcJe/vEra51X3snpxe1Gp1/I6inAMJ3AGLlxBHRrQhBYQeIBneIU368l6sd6tj8Vowcp3juAPrM8f+NOTKw==</latexit> 1
0
H
z

<latexit sha1_base64="3Iv8YokQccjtfjpzofYEQkbvcUQ=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRSteCm4KbLCvYBTSiT6bQdOpOEmUmhhv6JGxeKuPVP3Pk3TtostPXAwOGce7lnThBzprTjfFuFjc2t7Z3ibmlv/+DwyD4+aasokYS2SMQj2Q2wopyFtKWZ5rQbS4pFwGknmNxnfmdKpWJR+KhnMfUFHoVsyAjWRurb9jXy7pAnsB5LkTae5n277FScBdA6cXNShhzNvv3lDSKSCBpqwrFSPdeJtZ9iqRnhdF7yEkVjTCZ4RHuGhlhQ5aeL5HN0YZQBGkbSvFCjhfp7I8VCqZkIzGQWUa16mfif10v0sOanLIwTTUOyPDRMONIRympAAyYp0XxmCCaSmayIjLHERJuySqYEd/XL66R9VXFvKtWHarley+sowhmcwyW4cAt1aEATWkBgCs/wCm9War1Y79bHcrRg5Tun8AfW5w+OPZL1</latexit> 5
H
z

0.8 s 3.5e3 14

5.5 s 2.3e4 44

35 s 1.4e5 140

<latexit sha1_base64="7f7KPa0iWFmc9Zx1nYyk9YnsesU=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqeyKVi9CwYuXQgX7Ae1astlsG5pNlmRWKaX/w4sHRbz6X7z5b0zbPWjrg4HHezPMzAsSwQ247reTW1ldW9/Ibxa2tnd294r7B02jUk1ZgyqhdDsghgkuWQM4CNZONCNxIFgrGN5M/dYj04YreQ+jhPkx6UsecUrASg81fI0rF7jW66pQQa9YcsvuDHiZeBkpoQz1XvGrGyqaxkwCFcSYjucm4I+JBk4FmxS6qWEJoUPSZx1LJYmZ8cezqyf4xCohjpS2JQHP1N8TYxIbM4oD2xkTGJhFbyr+53VSiK78MZdJCkzS+aIoFRgUnkaAQ64ZBTGyhFDN7a2YDogmFGxQBRuCt/jyMmmelb1K+fzuvFR1szjy6Agdo1PkoUtURbeojhqIIo2e0St6c56cF+fd+Zi35pxs5hD9gfP5A1CkkRA=</latexit>

M = 65M�

<latexit sha1_base64="hgWotUgyHhM1jBPGQ9KJ1Wjhp88=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMtSN11WsA/oDCWTZtrQJDMkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WNza3tnfJuZW//4PCoenzS1XGqCO2QmMeqH2JNOZO0Y5jhtJ8oikXIaS+c3ud+74kqzWL5aGYJDQQeSxYxgo2VfF9gM1EiazZb82G15tbdBdA68QpSgwLtYfXLH8UkFVQawrHWA89NTJBhZRjhdF7xU00TTKZ4TAeWSiyoDrJF5jm6sMoIRbGyTxq0UH9vZFhoPROhncwz6lUvF//zBqmJ7oKMySQ1VJLloSjlyMQoLwCNmKLE8JklmChmsyIywQoTY2uq2BK81S+vk+5V3bupXz9c1xpuUUcZzuAcLsGDW2hAC9rQAQIJPMMrvDmp8+K8Ox/L0ZJT7JzCHzifP+8VkZI=</latexit>

BBH

<latexit sha1_base64="MN2C8p30R6llfc4yP43MsWFShGE=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgQkpSiroRCm66rGAf0IQymU7aoTOTMDMRaujKjb/ixoUibv0Gd/6NkzYLbT1w4XDOvdx7TxAzqrTjfFuFldW19Y3iZmlre2d3z94/aKsokZi0cMQi2Q2QIowK0tJUM9KNJUE8YKQTjG8yv3NPpKKRuNOTmPgcDQUNKUbaSH37OOynnuSQUzGF17DqeOceR3okedp4mPbtslNxZoDLxM1JGeRo9u0vbxDhhBOhMUNK9Vwn1n6KpKaYkWnJSxSJER6jIekZKhAnyk9nb0zhqVEGMIykKaHhTP09kSKu1IQHpjM7US16mfif10t0eOWnVMSJJgLPF4UJgzqCWSZwQCXBmk0MQVhScyvEIyQR1ia5kgnBXXx5mbSrFfeiUrutletOHkcRHIETcAZccAnqoAGaoAUweATP4BW8WU/Wi/VufcxbC1Y+cwj+wPr8Af6BmCY=</latexit>

fmin = 20Hz

<latexit sha1_base64="FwzIYitBBHKIITeozpE3oO5yMZ0=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFcSEmkqBuh4KbLCvYBTQiT6aQdOjMJMxOhhq7c+CtuXCji1m9w5984abPQ1gMXDufcy733hAmjSjvOt7W0vLK6tl7aKG9ube/s2nv7bRWnEpMWjlksuyFShFFBWppqRrqJJIiHjHTC0U3ud+6JVDQWd3qcEJ+jgaARxUgbKbCPoiDzJIecigm8hq7jnXkc6aHkWeNhEtgVp+pMAReJW5AKKNAM7C+vH+OUE6ExQ0r1XCfRfoakppiRSdlLFUkQHqEB6RkqECfKz6ZvTOCJUfowiqUpoeFU/T2RIa7UmIemMz9RzXu5+J/XS3V05WdUJKkmAs8WRSmDOoZ5JrBPJcGajQ1BWFJzK8RDJBHWJrmyCcGdf3mRtM+r7kW1dlur1J0ijhI4BMfgFLjgEtRBAzRBC2DwCJ7BK3iznqwX6936mLUuWcXMAfgD6/MH/O+YJQ==</latexit>

fmin = 10Hz

<latexit sha1_base64="lJ3KiRF5e5j0N8AzT3RK9nAgj/Y=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBhZRE6mMjFNx0WcE+oAllMp20Q2cmYWYi1JCNG3/FjQtF3PoP7vwbJ20X2nrgwuGce7n3niBmVGnH+bYKS8srq2vF9dLG5tb2jr2711JRIjFp4ohFshMgRRgVpKmpZqQTS4J4wEg7GN3kfvueSEUjcafHMfE5GggaUoy0kXr2YdhLPckhpyKD1/DcO/U40kPJ0/pD1rPLTsWZAC4Sd0bKYIZGz/7y+hFOOBEaM6RU13Vi7adIaooZyUpeokiM8AgNSNdQgThRfjr5IoPHRunDMJKmhIYT9fdEirhSYx6YzvxENe/l4n9eN9HhlZ9SESeaCDxdFCYM6gjmkcA+lQRrNjYEYUnNrRAPkURYm+BKJgR3/uVF0jqruBeV6m21XHNmcRTBATgCJ8AFl6AG6qABmgCDR/AMXsGb9WS9WO/Wx7S1YM1m9sEfWJ8/jcCX7w==</latexit>

fmin = 5Hz

<latexit sha1_base64="ciVyWzXqVDASW8MTZvdgkFr2UJ8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNBDx4r9AvaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuLaiFg1cJJwP6JDJULBKFqp07vjEilp9MsVt+rOQVaJl5MK5Kj3y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5vfOyVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8MbPhEpS5IotFoWpJBiT2fNkIDRnKCeWUKaFvZWwEdWUoY2oZEPwll9eJa2LqndVvXy4rNTcPI4inMApnIMH11CDe6hDExhIeIZXeHMenRfn3flYtBacfOYY/sD5/AFceY97</latexit>

�T
<latexit sha1_base64="I3XGlAgIxQ07UYo1SipH/dvuH6o=">AAAB/nicbVDLSgMxFM3UV62vUXHlJlgEF1JmpFRdCAU3XVawD+gMJZNm2tAkMyQZoQ4Ff8WNC0Xc+h3u/Bsz7Sy09UDgcM693JMTxIwq7TjfVmFldW19o7hZ2tre2d2z9w/aKkokJi0csUh2A6QIo4K0NNWMdGNJEA8Y6QTj28zvPBCpaCTu9SQmPkdDQUOKkTZS3z4K++qm6lzXvHOPIz2SPG08Tvt22ak4M8Bl4uakDHI0+/aXN4hwwonQmCGleq4Taz9FUlPMyLTkJYrECI/RkPQMFYgT5aez+FN4apQBDCNpntBwpv7eSBFXasIDM5lFVIteJv7n9RIdXvkpFXGiicDzQ2HCoI5g1gUcUEmwZhNDEJbUZIV4hCTC2jRWMiW4i19eJu2LilurVO+q5bqT11EEx+AEnAEXXII6aIAmaAEMUvAMXsGb9WS9WO/Wx3y0YOU7h+APrM8fEneU4w==</latexit>

fs = 4096Hz

<latexit sha1_base64="9l+PjxT9/JRBdU0EV0kPKcfK4R4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF0/Sgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvpn5D0+oNI/lvZkk6Ed0KHnIGTVWat71yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5odOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmX5MBV8iMmFhCmeL2VsJGVFFmbDYlG4K3/PIqaV9UvctqrVmr1N08jiKcwCmcgwdXUIdbaEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AKQVjMk=</latexit>

N <latexit sha1_base64="4qt89Ma0xBwDQm7ZwJOfSatYnrs=">AAACB3icbVDLSsNAFJ3UV62vqEtBBkuhbmpSiros6MJlBfuAJoTJdNIOncyEmYlQQndu/BU3LhRx6y+482+ctllo9cCFwzn3cu89YcKo0o7zZRVWVtfWN4qbpa3tnd09e/+go0QqMWljwYTshUgRRjlpa6oZ6SWSoDhkpBuOr2Z+955IRQW/05OE+DEachpRjLSRAvvYuyZMI+glIxpknoyhkOEUnsFq3UvoaWCXnZozB/xL3JyUQY5WYH96A4HTmHCNGVKq7zqJ9jMkNcWMTEteqkiC8BgNSd9QjmKi/Gz+xxRWjDKAkZCmuIZz9edEhmKlJrG5rxIjPVLL3kz8z+unOrr0M8qTVBOOF4uilEEt4CwUOKCSYM0mhiAsqbkV4hGSCGsTXcmE4C6//Jd06jX3vNa4bZSbTh5HERyBE1AFLrgATXADWqANMHgAT+AFvFqP1rP1Zr0vWgtWPnMIfsH6+AbMe5ft</latexit>

��orb/(2⇡)

163 s 6.7e5 2600

1030 s 4.2e6 8300

6560 s 2.7e7 26000

<latexit sha1_base64="MN2C8p30R6llfc4yP43MsWFShGE=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgQkpSiroRCm66rGAf0IQymU7aoTOTMDMRaujKjb/ixoUibv0Gd/6NkzYLbT1w4XDOvdx7TxAzqrTjfFuFldW19Y3iZmlre2d3z94/aKsokZi0cMQi2Q2QIowK0tJUM9KNJUE8YKQTjG8yv3NPpKKRuNOTmPgcDQUNKUbaSH37OOynnuSQUzGF17DqeOceR3okedp4mPbtslNxZoDLxM1JGeRo9u0vbxDhhBOhMUNK9Vwn1n6KpKaYkWnJSxSJER6jIekZKhAnyk9nb0zhqVEGMIykKaHhTP09kSKu1IQHpjM7US16mfif10t0eOWnVMSJJgLPF4UJgzqCWSZwQCXBmk0MQVhScyvEIyQR1ia5kgnBXXx5mbSrFfeiUrutletOHkcRHIETcAZccAnqoAGaoAUweATP4BW8WU/Wi/VufcxbC1Y+cwj+wPr8Af6BmCY=</latexit>

fmin = 20Hz

<latexit sha1_base64="FwzIYitBBHKIITeozpE3oO5yMZ0=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFcSEmkqBuh4KbLCvYBTQiT6aQdOjMJMxOhhq7c+CtuXCji1m9w5984abPQ1gMXDufcy733hAmjSjvOt7W0vLK6tl7aKG9ube/s2nv7bRWnEpMWjlksuyFShFFBWppqRrqJJIiHjHTC0U3ud+6JVDQWd3qcEJ+jgaARxUgbKbCPoiDzJIecigm8hq7jnXkc6aHkWeNhEtgVp+pMAReJW5AKKNAM7C+vH+OUE6ExQ0r1XCfRfoakppiRSdlLFUkQHqEB6RkqECfKz6ZvTOCJUfowiqUpoeFU/T2RIa7UmIemMz9RzXu5+J/XS3V05WdUJKkmAs8WRSmDOoZ5JrBPJcGajQ1BWFJzK8RDJBHWJrmyCcGdf3mRtM+r7kW1dlur1J0ijhI4BMfgFLjgEtRBAzRBC2DwCJ7BK3iznqwX6936mLUuWcXMAfgD6/MH/O+YJQ==</latexit>

fmin = 10Hz

<latexit sha1_base64="lJ3KiRF5e5j0N8AzT3RK9nAgj/Y=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBhZRE6mMjFNx0WcE+oAllMp20Q2cmYWYi1JCNG3/FjQtF3PoP7vwbJ20X2nrgwuGce7n3niBmVGnH+bYKS8srq2vF9dLG5tb2jr2711JRIjFp4ohFshMgRRgVpKmpZqQTS4J4wEg7GN3kfvueSEUjcafHMfE5GggaUoy0kXr2YdhLPckhpyKD1/DcO/U40kPJ0/pD1rPLTsWZAC4Sd0bKYIZGz/7y+hFOOBEaM6RU13Vi7adIaooZyUpeokiM8AgNSNdQgThRfjr5IoPHRunDMJKmhIYT9fdEirhSYx6YzvxENe/l4n9eN9HhlZ9SESeaCDxdFCYM6gjmkcA+lQRrNjYEYUnNrRAPkURYm+BKJgR3/uVF0jqruBeV6m21XHNmcRTBATgCJ8AFl6AG6qABmgCDR/AMXsGb9WS9WO/Wx7S1YM1m9sEfWJ8/jcCX7w==</latexit>

fmin = 5Hz

<latexit sha1_base64="ciVyWzXqVDASW8MTZvdgkFr2UJ8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNBDx4r9AvaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuLaiFg1cJJwP6JDJULBKFqp07vjEilp9MsVt+rOQVaJl5MK5Kj3y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5vfOyVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8MbPhEpS5IotFoWpJBiT2fNkIDRnKCeWUKaFvZWwEdWUoY2oZEPwll9eJa2LqndVvXy4rNTcPI4inMApnIMH11CDe6hDExhIeIZXeHMenRfn3flYtBacfOYY/sD5/AFceY97</latexit>

�T
<latexit sha1_base64="I3XGlAgIxQ07UYo1SipH/dvuH6o=">AAAB/nicbVDLSgMxFM3UV62vUXHlJlgEF1JmpFRdCAU3XVawD+gMJZNm2tAkMyQZoQ4Ff8WNC0Xc+h3u/Bsz7Sy09UDgcM693JMTxIwq7TjfVmFldW19o7hZ2tre2d2z9w/aKkokJi0csUh2A6QIo4K0NNWMdGNJEA8Y6QTj28zvPBCpaCTu9SQmPkdDQUOKkTZS3z4K++qm6lzXvHOPIz2SPG08Tvt22ak4M8Bl4uakDHI0+/aXN4hwwonQmCGleq4Taz9FUlPMyLTkJYrECI/RkPQMFYgT5aez+FN4apQBDCNpntBwpv7eSBFXasIDM5lFVIteJv7n9RIdXvkpFXGiicDzQ2HCoI5g1gUcUEmwZhNDEJbUZIV4hCTC2jRWMiW4i19eJu2LilurVO+q5bqT11EEx+AEnAEXXII6aIAmaAEMUvAMXsGb9WS9WO/Wx3y0YOU7h+APrM8fEneU4w==</latexit>

fs = 4096Hz

<latexit sha1_base64="9l+PjxT9/JRBdU0EV0kPKcfK4R4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF0/Sgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvpn5D0+oNI/lvZkk6Ed0KHnIGTVWat71yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5odOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmX5MBV8iMmFhCmeL2VsJGVFFmbDYlG4K3/PIqaV9UvctqrVmr1N08jiKcwCmcgwdXUIdbaEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AKQVjMk=</latexit>

N <latexit sha1_base64="4qt89Ma0xBwDQm7ZwJOfSatYnrs=">AAACB3icbVDLSsNAFJ3UV62vqEtBBkuhbmpSiros6MJlBfuAJoTJdNIOncyEmYlQQndu/BU3LhRx6y+482+ctllo9cCFwzn3cu89YcKo0o7zZRVWVtfWN4qbpa3tnd09e/+go0QqMWljwYTshUgRRjlpa6oZ6SWSoDhkpBuOr2Z+955IRQW/05OE+DEachpRjLSRAvvYuyZMI+glIxpknoyhkOEUnsFq3UvoaWCXnZozB/xL3JyUQY5WYH96A4HTmHCNGVKq7zqJ9jMkNcWMTEteqkiC8BgNSd9QjmKi/Gz+xxRWjDKAkZCmuIZz9edEhmKlJrG5rxIjPVLL3kz8z+unOrr0M8qTVBOOF4uilEEt4CwUOKCSYM0mhiAsqbkV4hGSCGsTXcmE4C6//Jd06jX3vNa4bZSbTh5HERyBE1AFLrgATXADWqANMHgAT+AFvFqP1rP1Zr0vWgtWPnMIfsH6+AbMe5ft</latexit>

��orb/(2⇡)<latexit sha1_base64="iEEFpirACwuDRDXI7hFc+hDQ4cg=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkJSivYiFLx4KVSwtdCGsNls2qWb3bC7EWroL/HiQRGv/hRv/hu3bQ7a+mDg8d4MM/PClFGlXffbKm1sbm3vlHcre/sHh1X76LinRCYx6WLBhOyHSBFGOelqqhnpp5KgJGTkIZzczP2HRyIVFfxeT1PiJ2jEaUwx0kYK7GobXsO604TtYCgioQO75jruAnCdeAWpgQKdwP4aRgJnCeEaM6TUwHNT7edIaooZmVWGmSIpwhM0IgNDOUqI8vPF4TN4bpQIxkKa4hou1N8TOUqUmiah6UyQHqtVby7+5w0yHTf9nPI004Tj5aI4Y1ALOE8BRlQSrNnUEIQlNbdCPEYSYW2yqpgQvNWX10mv7niXTuOuUWu5RRxlcArOwAXwwBVogVvQAV2AQQaewSt4s56sF+vd+li2lqxi5gT8gfX5AzQokXg=</latexit>

M = 2.8M�

<latexit sha1_base64="VxHnMOOYUgHi/5w3muZiNXr1DVw=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG1dS0T6gM5RMmmlDk8yQZIQy9DfcuFDErT/jzr8x085CWw8EDufcyz05YcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wfJP7nSeqNIvlo5kkNBB4KFnECDZW8n2BzUiJ7PruYdqv1ty6OwNaJl5BalCg2a9++YOYpIJKQzjWuue5iQkyrAwjnE4rfqppgskYD2nPUokF1UE2yzxFJ1YZoChW9kmDZurvjQwLrScitJN5Rr3o5eJ/Xi810VWQMZmkhkoyPxSlHJkY5QWgAVOUGD6xBBPFbFZERlhhYmxNFVuCt/jlZdI+q3sX9fP781rDLeoowxEcwyl4cAkNuIUmtIBAAs/wCm9O6rw4787HfLTkFDuH8AfO5w8SI5Gp</latexit>

BNS

Steep dependency of 
signal duration on M and 

starting frequency

High sampling rate is 
overkill for the inspiral…
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How long are LISA signals ?

� *OUSPEVDUJPO

ćF HSPVOECSFBLJOH EJTDPWFSZ PG (SBWJUBUJPOBM 8BWFT
	(8T
 CZ HSPVOE�CBTFE MBTFS JOUFSGFSPNFUSJD EFUFD�
UPST JO ���� JT DIBOHJOH BTUSPOPNZ <�> CZ PQFOJOH
UIF IJHI�GSFRVFODZ HSBWJUBUJPOBM XBWF XJOEPX UP PC�
TFSWF MPX NBTT TPVSDFT BU MPX SFETIJę� ćF 4FOJPS
4VSWFZ $PNNJUUFF 	44$
 <�> TFMFDUFE UIF -� TDJFODF
UIFNF ćF (SBWJUBUJPOBM 6OJWFSTF <�> UP PQFO UIF ���
UP ���N)[ (SBWJUBUJPOBM 8BWF XJOEPX UP UIF 6OJ�
WFSTF� ćJT MPX�GSFRVFODZ XJOEPX JT SJDI JO B WBSJFUZ
PG TPVSDFT UIBU XJMM MFU VT TVSWFZ UIF 6OJWFSTF JO B OFX
BOE VOJRVF XBZ ZJFMEJOH OFX JOTJHIUT JO B CSPBE SBOHF
PG UIFNFT JO BTUSPQIZTJDT BOE DPTNPMPHZ BOE FOBCMJOH
VT JO QBSUJDVMBS UP TIFE MJHIU PO UXP LFZ RVFTUJPOT� 	�

)PX XIFO BOE XIFSF EP UIF ĕSTU NBTTJWF CMBDL IPMFT
GPSN HSPX BOE BTTFNCMF BOE XIBU JT UIF DPOOFDUJPO
XJUI HBMBYZ GPSNBUJPO 	�
 8IBU JT UIF OBUVSF PG HSBW�
JUZ OFBS UIF IPSJ[POT PG CMBDL IPMFT BOE PO DPTNPMPHJ�
DBM TDBMFT 
8F QSPQPTF UIF -*4" NJTTJPO JO PSEFS UP SFTQPOE UP
UIJT TDJFODF UIFNF JO UIF CSPBEFTU XBZ QPTTJCMF XJUIJO
UIF DPOTUSBJOFE CVEHFU BOE HJWFO TDIFEVMF� -*4" FO�
BCMFT UIF EFUFDUJPO PG (8T GSPN NBTTJWF CMBDL IPMF
DPBMFTDFODFT XJUIJO B WBTU DPTNJD WPMVNF FODPNQBTT�
JOH BMM BHFT GSPN DPTNJD EBXO UP UIF QSFTFOU BDSPTT
UIF FQPDIT PG UIF FBSMJFTU RVBTBST BOE PG UIF SJTF PG
HBMBYZ TUSVDUVSF� ćF NFSHFS�SJOHEPXO TJHOBM PG UIFTF
MPVE TPVSDFT FOBCMFT UFTUT PG &JOTUFJO�T (FOFSBM ćFPSZ
PG 3FMBUJWJUZ 	(3
 JO UIF EZOBNJDBM TFDUPS BOE TUSPOH�
ĕFME SFHJNF XJUI VOQSFDFEFOUFE QSFDJTJPO� -*4" XJMM
NBQ UIF TUSVDUVSF PG TQBDFUJNF BSPVOE UIF NBTTJWF
CMBDL IPMFT UIBU QPQVMBUF UIF DFOUSFT PG HBMBYJFT VTJOH
TUFMMBS DPNQBDU PCKFDUT BT UFTU QBSUJDMF�MJLF QSPCFT� ćF
TBNF TJHOBMT XJMM BMTP BMMPX VT UP QSPCF UIF QPQVMBUJPO
PG UIFTF NBTTJWF CMBDL IPMFT BT XFMM BT BOZ DPNQBDU PC�
KFDUT JO UIFJS WJDJOJUZ� " TUPDIBTUJD (8 CBDLHSPVOE PS
FYPUJD TPVSDFT NBZ QSPCF OFX QIZTJDT JO UIF FBSMZ 6OJ�
WFSTF� "EEFE UP UIJT MJTU PG TPVSDFT BSF UIF OFXMZ EJTDPW�
FSFE -*(0�7JSHP IFBWZ TUFMMBS�PSJHJO CMBDL IPMF NFSH�
FST XIJDIXJMM FNJU(8T JO UIF -*4"CBOE GSPN TFWFSBM
ZFBST VQ UP B XFFL QSJPS UP UIFJS NFSHFS FOBCMJOH DPPS�
EJOBUFE PCTFSWBUJPOT XJUI HSPVOE�CBTFE JOUFSGFSPNF�
UFST BOE FMFDUSPNBHOFUJD UFMFTDPQFT� ćF WBTU NBKPSJUZ
PG TJHOBMT XJMM DPNF GSPN DPNQBDU HBMBDUJD CJOBSZ TZT�
UFNT XIJDI BMMPX VT UP NBQ UIFJS EJTUSJCVUJPO JO UIF
.JMLZ 8BZ BOE JMMVNJOBUF TUFMMBS BOE CJOBSZ FWPMVUJPO�
-*4" CVJMET PO UIF TVDDFTT PG -*4" 1BUIĕOEFS
	-1'
 <�> UXFOUZ ZFBST PG UFDIOPMPHZ EFWFMPQNFOU
BOE UIF (SBWJUBUJPOBM 0CTFSWBUPSZ "EWJTPSZ 5FBN
	(0"5
 SFDPNNFOEBUJPOT� -*4" XJMM VTF UISFF BSNT

BOE UISFF JEFOUJDBM TQBDFDSBę 	4�$
 JO B USJBOHVMBS GPS�
NBUJPO JO B IFMJPDFOUSJD PSCJU USBJMJOH UIF &BSUI CZ
BCPVU ��○� ćF FYQFDUFE TFOTJUJWJUZ BOE TPNF QPUFO�
UJBM TJHOBMT BSF TIPXO JO 'JHVSF ��

'JHVSF �� &YBNQMFT PG (8 TPVSDFT JO UIF GSF�
RVFODZ SBOHF PG -*4" DPNQBSFE XJUI JUT TFOTJ�
UJWJUZ GPS B ��BSNDPOĕHVSBUJPO� ćFEBUB BSF QMPU�
UFE JO UFSNT PG EJNFOTJPOMFTT ADIBSBDUFSJTUJD TUSBJO
BNQMJUVEF� <�>� ćF USBDLT PG UISFF FRVBMNBTT CMBDL
IPMF CJOBSJFT MPDBUFE BU z = 3 XJUI UPUBM JOUSJO�
TJD NBTTFT 107 106 BOE 105M⊙ BSF TIPXO� ćF
TPVSDF GSFRVFODZ 	BOE 4/3
 JODSFBTFT XJUI UJNF
BOE UIF SFNBJOJOH UJNF CFGPSF UIF QMVOHF JT JOEJ�
DBUFE PO UIF USBDLT� ćF � TJNVMUBOFPVTMZ FWPMW�
JOH IBSNPOJDT PG BO &YUSFNF .BTT 3BUJP *OTQJSBM
TPVSDF BU z = 1.2 BSF BMTP TIPXO BT BSF UIF USBDLT PG
B OVNCFS PG TUFMMBS PSJHJO CMBDL IPMF CJOBSJFT PG UIF
UZQF EJTDPWFSFE CZ -*(0� 4FWFSBM UIPVTBOE HBMBD�
UJD CJOBSJFT XJMM CF SFTPMWFE BęFS B ZFBS PG PCTFS�
WBUJPO� 4PNF CJOBSZ TZTUFNT BSF BMSFBEZ LOPXO
BOE XJMM TFSWF BT WFSJĕDBUJPO TJHOBMT� .JMMJPOT PG
PUIFS CJOBSJFT SFTVMU JO B ADPOGVTJPO TJHOBM� XJUI B
EFUFDUFE BNQMJUVEF UIBU JT NPEVMBUFE CZ UIF NP�
UJPO PG UIF DPOTUFMMBUJPO PWFS UIF ZFBS� UIF BWFSBHF
MFWFM JT SFQSFTFOUFE BT UIF HSFZ TIBEFE BSFB�

"O PCTFSWBUPSZ UIBU DBO EFMJWFS UIJT TDJFODF JT EF�
TDSJCFE CZ B TFOTJUJWJUZ DVSWF XIJDI CFMPX �N)[ XJMM
CF MJNJUFE CZ BDDFMFSBUJPO OPJTF BU UIF MFWFM EFNPO�
TUSBUFE CZ -1'� *OUFSGFSPNFUSZ OPJTF EPNJOBUFT BCPWF
�N)[ XJUI SPVHIMZ FRVBM BMMPDBUJPOT GPS QIPUPO TIPU
OPJTF BOE UFDIOJDBM OPJTF TPVSDFT� 4VDI B TFOTJUJWJUZ
DBO CF BDIJFWFE XJUI B ���NJMMJPO LN BSN�MFOHUI DPO�
TUFMMBUJPO XJUI �� DN UFMFTDPQFT BOE �8 MBTFS TZTUFNT�
ćJT JT DPOTJTUFOU XJUI UIF (0"5 SFDPNNFOEBUJPOT
BOE CBTFE PO UFDIOJDBM SFBEJOFTT BMPOF B MBVODINJHIU
CF GFBTJCMF BSPVOE ����� 8F QSPQPTF BNJTTJPO MJGFUJNF
PG � ZFBST FYUFOEBCMF UP �� ZFBST GPS -*4"�

1BHF � -*4" o �� */530%6$5*0/

• MBHBs: very loud, merger-
dominated (mostly short)

• SBHBs: early inspiral, some chirping 
during LISA obs. (multiband ?)

• GBs: quasi-monochromatic, 
superposed

• EMRIs: long-lived, many harmonics
• Stochastic backgrounds

LISA signals
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How long are LISA signals ? MBHBs

Astrophysical models [Barausse 2012]:
• Heavy seeds - delay
• Heavy seeds - no delay
• PopIII seeds - delay
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MBHB detected signals:
Bulk shorter than ~10days
Tail extending to ~3months

• How long before merger can we detect the 
signal ?

• SNR=10 to claim detection
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How long are LISA signals ? Other signals

SBHB signals

• Data with Nyquist sampling 0.2Hz for 
10yrs: N=6.3e6

• Can last for years in the LISA band and chirp to exit the band at high 
frequencies

GB signals

• Last for the whole mission

• Quasi mono-chromatic, very compact in Fourier domain

• Millions superposed, ~20000 resolvable !

EMRI signals

• Can last for months

• Waveform generation and representation very challenging, 
complex signal with many harmonics
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Outline

• How long are GW signals ? Ground-based detectors and 
LISA

•Accelerating the likelihood: multibanding, 
heterodyning, Reduced Order Quadratures

• Accelerating PE: burn-in vs sampling, marginalization/
extremization, fast/slow parameters

• Dealing with degeneracies: example of MBHBs for LISA
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Accelerating likelihoods: ‘multibanding’

Accelerating gravitational wave parameter estimation with multi-band template interpolation11

Figure 3. Number of frequencies at which the waveform is evaluated when using
the standard (Nfix, red dots) and MB-Interpolation (NMB, blue dots) algorithms
as a function of the lower frequency limit. The red curve corresponds to equation
4 while the green curve shows the number of frequency samples in the theoretical
limit of continuously adapted sampling steps, equation 5. MB-Interpolation is sub-
optimal but approaches the asymptotic case in the limit fmin ! 0, as the templates
become very long and �f0 approaches 0; the number of frequency bands increases
from 3 at fmin = 60 Hz to 8 at fmin = 20 Hz and 11 at fmin = 8 Hz.

binaries. It analytically describes the inspiral stage of the coalescence using the

stationary phase approximation. Meanwhile, the analytical IMRPhenomPv2 model

includes the inspiral, merger and ringdown phases, calibrated to numerical relativity

simulations. The IMRPhenomPv2 waveform family has been used to characterize

the BBH systems discovered during O1, the first science run of Advanced LIGO

[30]. IMRPhenomPv2 waveforms are more sophisticated and more computationally

expensive than TaylorF2 ones. Since the main e↵ect of the proposed method is

reducing the number of template evaluations, it is for computationally expensive

cases that we expect to benefit the most from its application.

Figure 4 shows the speedup in the template generation as a function of the

starting frequency, for the TaylorF2 waveform model in the left panel, and for

IMRPhenomPv2 in the right one. The length of the data segments was set by

Accelerating gravitational wave parameter estimation with multi-band template interpolation5

Figure 1. Time from a given frequency to coalescence for a fiducial binary neutron
star signal. Coloured boxes indicate the subdivision of the waveform into bands
with adaptive frequency resolution, as determined by the time before coalescence;
see section 2.2.

�t < (2fmax)�1 is su�cient to capture the highest frequency components of the signal

at fmax.

To leading order, the duration of an inspiral signal from a certain frequency f

to the formal time of coalescence is [21] (in geometrical units G = c = 1)

t(f) ⇡ 5 [8⇡f ]�8/3 M�5/3
, (3)

where M = M
3/5
1 M

3/5
2 (M1 +M2)�1/5 is the chirp mass of a binary with component

masses M1,2 and mass ratio q = M2/M1  1. During the inspiral, the gravitational-

wave frequency monotonically increases until the merger and ring-down phases. An

example is shown in figure 1, where we put frequency on the abscissa to emphasize

that we are working in the frequency domain.

In the standard calculation, there is a fixed frequency resolution of �f = ⌧
�1

between frequency bins, and the total number of frequency-domain samples required

Beyond Nyquist sampling

Interpolation acceleration

Nyquist sampling is far 
from optimal for chirping 

signals

<latexit sha1_base64="qxwm4Yfz623goGi7fAEU6LHkpFU=">AAACHHicbVDLSgMxFM34rPU16tJNsAjios5oUTdCQReupEJf0BmGTJppQ5PMkGTEMvRD3Pgrblwo4saF4N+YPgRtPXDhcM693HtPmDCqtON8WXPzC4tLy7mV/Ora+samvbVdV3EqManhmMWyGSJFGBWkpqlmpJlIgnjISCPsXQ79xh2RisaiqvsJ8TnqCBpRjLSRAvvkBl7AKMg8ySFH9wN4BL0rwjSC0ZRx+GNUA7vgFJ0R4CxxJ6QAJqgE9ofXjnHKidCYIaVarpNoP0NSU8zIIO+liiQI91CHtAwViBPlZ6PnBnDfKG0YxdKU0HCk/p7IEFeqz0PTyZHuqmlvKP7ntVIdnfsZFUmqicDjRVHKoI7hMCnYppJgzfqGICypuRXiLpIIa5Nn3oTgTr88S+rHRfe0WLotFcrOJI4c2AV74AC44AyUwTWogBrA4AE8gRfwaj1az9ab9T5unbMmMzvgD6zPb1afnwM=</latexit>

N = fmax/�f = fmax ⇤�T

Max frequency set by 
merger, duration 
dominated by inspiral

Solution: separate data in 
signal-adapted bands 

[Vinciguerra+ 2017]

If on each band, phase is linearly 
interpolated, replace exp. with mult.

<latexit sha1_base64="dwqSd1ywsmC9VRUR5RFVJHb2q7c=">AAACN3icbVDLSgMxFM34rPU16tJNsAgVocxIUTdCQReupIJ9QFtLJr3Tps08SDJCGfpXbvwNd7pxoYhb/8C0HXBsPRA4nHMPN/c4IWdSWdaLsbC4tLyymlnLrm9sbm2bO7tVGUSCQoUGPBB1h0jgzIeKYopDPRRAPIdDzRlcjv3aAwjJAv9ODUNoeaTrM5dRorTUNm/gPma4yXWiQ/L9Y/uoeQVcEeziEb7AaRf3ccpLO79y28xZBWsCPE/shORQgnLbfG52Ahp54CvKiZQN2wpVKyZCMcphlG1GEkJCB6QLDU194oFsxZO7R/hQKx3sBkI/X+GJmk7ExJNy6Dl60iOqJ2e9sfif14iUe96KmR9GCnw6XeRGHKsAj0vEHSaAKj7UhFDB9F8x7RFBqNJVZ3UJ9uzJ86R6UrBPC8XbYq5kJXVk0D46QHlkozNUQteojCqIokf0it7Rh/FkvBmfxtd0dMFIMnvoD4zvH2V7qdM=</latexit>

ei�(j+1)�f = ei�j�fei��f

Generalizes to higher-order polynomials

[Vinciguerra+ 2017]
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Accelerating likelihoods: quasi-monochromatic heterodyning

LISA GB signal
GB signals in LISA: quasi-monochromatic

<latexit sha1_base64="SMm3OqFOz9MGw1KdBixUtHrwLTY=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiRS1GXBjcsKfUFTwmQ6aYdOJmHmRighOzf+ihsXirj1F9z5N07bLLT1wIXDOffO3HuCRHANjvNtldbWNza3ytuVnd29/QP78Kij41RR1qaxiFUvIJoJLlkbOAjWSxQjUSBYN5jczvzuA1Oax7IF04QNIjKSPOSUgJF8+9QLFaEZ9oYxZGHuO7iVZ6Hv5NgTAru+XXVqzhx4lbgFqaICTd/+Mi/RNGISqCBa910ngUFGFHAqWF7xUs0SQidkxPqGShIxPcjmd+T43ChDHMbKlAQ8V39PZCTSehoFpjMiMNbL3kz8z+unEN4MMi6TFJiki4/CVGCI8SwUPOSKURBTQwhV3OyK6ZiYYMBEVzEhuMsnr5LOZc29qtXv69WGU8RRRifoDF0gF12jBrpDTdRGFD2iZ/SK3qwn68V6tz4WrSWrmDlGf2B9/gCgY5h0</latexit>

ḟ0T

f0
⌧ 1

Sidebands: created by chirp and 
modulation of the LISA response

<latexit sha1_base64="xhhGsHA2Q+h6m4xzg4UNH1CVXaY="></latexit>

� = �0 + 2⇡

✓
f0t+

1

2
ḟ0t

2 + . . .

◆

<latexit sha1_base64="pPVyrdxaFoaaztwOr5Thqu9QNoo=">AAACEnicbVDLSgMxFM3UV62vqks3wSK0mzJTiroRCm5cVrAPmBmGTJppQzMPkjtiGfoNbvwVNy4UcevKnX9jpu1CWw8EDuecm+QePxFcgWl+G4W19Y3NreJ2aWd3b/+gfHjUVXEqKevQWMSy7xPFBI9YBzgI1k8kI6EvWM8fX+d+755JxePoDiYJc0MyjHjAKQEteeWaqkINX2En1qn8kkxNc8VhDwm2G9xJOA48E4PrlStm3ZwBrxJrQSpogbZX/nIGMU1DFgEVRCnbMhNwMyKBU8GmJSdVLCF0TIbM1jQiIVNuNltpis+0MsBBLPWJAM/U3xMZCZWahL5OhgRGatnLxf88O4Xg0s14lKTAIjp/KEgFhhjn/eABl4yCmGhCqOT6r5iOiCQUdIslXYK1vPIq6Tbq1nm9edustMxFHUV0gk5RFVnoArXQDWqjDqLoET2jV/RmPBkvxrvxMY8WjMXMMfoD4/MHXZ2b+w==</latexit>

s(t) = s(t) exp[2i⇡f0t]

• Idea: factor out the fast-varying part, 
work with the slow-varying part 
[Conish-Littenberg 2007] 

• FFT of the slow part, with a very 
reduced Nyquist frequency 
(bandwidth: from 32 to 512)

• Go back to original signal with a simple 
shift in frequency

10°3 10°2

f0 (Hz)

100

101

102

103
C

ou
nt

FastGB bandwidth of detectable GBs

32

64

128

256

512



13

Accelerating likelihoods: heterodyning

4

FIG. 4: Comparison of the dynamic frequency spacing for
the black hole binaries GW150914 and GW151012, and the
binary neutron star binary GW170817. The heterodyne used
second order Legendre polynomials with a linear fit tolerance
of 0.01 and a chi-squared of (�h|�h) = 50.

FIG. 5: Di↵erence between the full and heterodyned likeli-
hood for neutron star binary GW170817. In both cases the
heterodyne used second order Legendre polynomials with a
linear fit tolerance of 0.01 and a chi-squared of (�h|�h) = 50.

and heterodyned likelihood calculation and a function of
the likelihood for the samples collected during a Markov
Chain Monte Carlo (MCMC) run on the GW170817 data.
The absolute value of the error never exceeds 0.1, and the
average absolute error is just 1.6⇥ 10�2.

Smaller linear error tolerances result in more frequency
samples in the heterodyne and a reduction in error in the
likelihood. Figure 6 shows how the error in the likelihood
and the number of samples in the heterodyne scale with
the linear error tolerance. The error in the likelihood
is measured by the average of the absolute value of the
di↵erence between the full and heterodyned likelihood,
|�lnL|, for accepted samples in a MCMC run. The error
decreases as the tolerance is reduced from 0.1 to 0.001,
but then asymptotes or even increases. The reason for
this behavior can be traced to the error introduced in es-
timating the Legendre expansion of the slow terms using
(8). As the error tolerance is decreased, the number of
frequency bands grows as the error tolerance to the power

FIG. 6: The upper panel shows average of the absolute value
of the di↵erence between the full likelihood and the hetero-
dyned likelihood as a function of the linear error tolerance for
GW150914 at linear, quadratic and cubic order. The lower
panel shows the number of frequency sample used in the het-
erodyne as a function of the linear error tolerance.

⇠ �0.35, leading to an increase in the number of error
contributions. The errors in (8) grow with polynomial
order, as does the overall cost of computing the hetero-
dyned likelihood. The sweet spot is to use a quadratic
(J = 2) fit with an error tolerance between 0.01 and
0.001. While illustrated here for just one system, similar
behavior was found to hold across the mass spectrum.

FIG. 7: Di↵erence between the full and heterodyned like-
lihood for GW150914 for proposed and accepted parameter
values. The heterodyne used second order Legendre polyno-
mials with a linear fit tolerance of 0.001 and a chi-squared of
(�h|�h) = 50.

If greater accuracy is desired, the number of samples in
each frequency band used in the fit (10) can be increased
while keeping the polynomial order fixed, with the solu-
tion for the coe�cients found using a singular value de-
composition rather than the simple matrix inverse (8). In
considering what an acceptable error tolerance for �lnL
might be, recall that one standard deviation in the like-
lihood is �lnL ' (D/2)1/2. For the IMRPhenomD wave-
form model [25] used here, D = 11 and �lnL ' 2.3. The
finite sampling that occurs in any numerical approach to

Usage in practice
• Small reduced grid (N~100)
• Different interpolation methods (linear, 

polynomial)
• Requires reference waveform (first guess 

for signal parameters) — can be updated 
on the way

• Distinguish burn-in from actual sampling, 
the latter happens close to the true signal

Overview
• Structure of the likelihood

[Cornish 2021]

<latexit sha1_base64="cAUCp+UC46lYxLHZkWgAwDF7J4g=">AAACF3icbVDNS8MwHE3n15xfU49egkOYh412DPUiDLx48DDBfcBaRpqmW1ialiQVRu1/4cV/xYsHRbzqzf/GtNtBNx+EPN77/UjecyNGpTLNb6Owsrq2vlHcLG1t7+zulfcPujKMBSYdHLJQ9F0kCaOcdBRVjPQjQVDgMtJzJ1eZ37snQtKQ36lpRJwAjTj1KUZKS8Ny3WYc2gFSY4xYcpPCS1izfYFwYqVJI4XVMaxBDz7A/D4dlitm3cwBl4k1JxUwR3tY/rK9EMcB4QozJOXAMiPlJEgoihlJS3YsSYTwBI3IQFOOAiKdJM+VwhOteNAPhT5cwVz9vZGgQMpp4OrJLIFc9DLxP28QK//CSSiPYkU4nj3kxwyqEGYlQY8KghWbaoKwoPqvEI+RbkXpKku6BGsx8jLpNurWWb1526y0zHkdRXAEjkEVWOActMA1aIMOwOARPINX8GY8GS/Gu/ExGy0Y851D8AfG5w9hNpzS</latexit>

lnL = �1

2
(h� d|h� d)

<latexit sha1_base64="gApjJImuN0i5eWw+lmpqOxVrjiY="></latexit>

(a|b) = 4Re

Z
df

ã(f)b̃⇤(f)

Sn(f)
<latexit sha1_base64="UDwoZQCqhs+aC5yPUOT3c+CxaKc=">AAAB+XicbVDLSgNBEOyNrxhfqx69DAbBU9iVoF6EiBePEcwDkjXMTnqTIbMPZmYDYcmfePGgiFf/xJt/4yTZgyYWNBRV3XR3+YngSjvOt1VYW9/Y3Cpul3Z29/YP7MOjpopTybDBYhHLtk8VCh5hQ3MtsJ1IpKEvsOWP7mZ+a4xS8Th61JMEvZAOIh5wRrWRerY9JDfkluBTxkm3PuTTnl12Ks4cZJW4OSlDjnrP/ur2Y5aGGGkmqFId10m0l1GpORM4LXVThQllIzrAjqERDVF52fzyKTkzSp8EsTQVaTJXf09kNFRqEvqmM6R6qJa9mfif10l1cO1lPEpSjRFbLApSQXRMZjGQPpfItJgYQpnk5lbChlRSpk1YJROCu/zyKmleVNzLSvWhWq45eRxFOIFTOAcXrqAG91CHBjAYwzO8wpuVWS/Wu/WxaC1Y+cwx/IH1+QOQFpJJ</latexit>

h = Aei�
<latexit sha1_base64="jf262tneDwUARtmw8+mj8YX5OKg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJu3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBVcG9f9dgobm1vbO8Xd0t7+weFR+fikrZNMMWyxRCSqG1CNgktsGW4EdlOFNA4EdoLx3dzvPKHSPJEPZpKiH9Oh5BFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/TBhWYzSMEG17nluavwpVYYzgbNSP9OYUjamQ+xZKmmM2p8uDp2RC6uEJEqULWnIQv09MaWx1pM4sJ0xNSO96s3F/7xeZqJbf8plmhmUbLkoygQxCZl/TUKukBkxsYQyxe2thI2ooszYbEo2BG/15XXSvqp619Vas1apu3kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBxW2M3w==</latexit>

d

• Introduce a reference waveform

smooth amp/phase numerical data

• Separate integrand in slowly and rapidly 
variable parts

<latexit sha1_base64="Cm/rRVx96xSDUoQ9qPVbSyIlJo8=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIdVNmpKjLghuXFewD2lIyaaYNzSRDkhHq0C9x40IRt36KO//GTDsLbT0QOJxzD/fmBDFn2njet1PY2Nza3inulvb2Dw7L7tFxW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3mZ+55EqzaR4MLOYDiI8FixkBBsrDd1yX1o7S6eTeTW8GLoVr+YtgNaJn5MK5GgO3a/+SJIkosIQjrXu+V5sBilWhhFO56V+ommMyRSPac9SgSOqB+ni8Dk6t8oIhVLZJwxaqL8TKY60nkWBnYywmehVLxP/83qJCW8GKRNxYqggy0VhwpGRKGsBjZiixPCZJZgoZm9FZIIVJsZ2VbIl+KtfXifty5p/Vavf1ysNL6+jCKdwBlXw4RoacAdNaAGBBJ7hFd6cJ+fFeXc+lqMFJ8+cwB84nz+w55MP</latexit>

h(f)

<latexit sha1_base64="QsHCwKRmtmlgblTorDayQI3fG4I=">AAACD3icbVC7TsMwFHV4lvIKMLJYVKCylARVwFiJhbFI9CE1UeW4N61V54HtVCpR/4CFX2FhACFWVjb+BqfNAC1HsnR0zj227/FizqSyrG9jaXlldW29sFHc3Nre2TX39psySgSFBo14JNoekcBZCA3FFId2LIAEHoeWN7zO/NYIhGRReKfGMbgB6YfMZ5QoLXXNE+cBFCn7p9iB+4SN8CDjZ9iJdCq7NB1MtNI1S1bFmgIvEjsnJZSj3jW/nF5EkwBCRTmRsmNbsXJTIhSjHCZFJ5EQEzokfehoGpIApJtO95ngY630sB8JfUKFp+rvREoCKceBpycDogZy3svE/7xOovwrN2VhnCgI6ewhP+FYRTgrB/eYAKr4WBNCBdN/xXRABKFKV1jUJdjzKy+S5nnFvqhUb6ulmpXXUUCH6AiVkY0uUQ3doDpqIIoe0TN6RW/Gk/FivBsfs9ElI88coD8wPn8AkEebEA==</latexit>

⇣(f) ⌘ h(f)/h(f) now slowly variable
in the vicinity of reference parameters

<latexit sha1_base64="VOWVn17fGawGofmirBZeLNGm22I="></latexit>

(h|d) ⇠
Z

df
hd⇤

Sn
⇥ ⇣

<latexit sha1_base64="lS+bWRSUVa/S8GxwtktbI3BHhCA="></latexit>

(h|h) ⇠
Z

df
hh⇤
Sn

⇥ ⇣⇣⇤

• Interpolate and precompute
interpolated on a coarse, reduced grid

<latexit sha1_base64="5G/KgI+iRsrOxbs2GgTzHVq60eY=">AAAB7HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPBi8cKpi20oWy2k3bpZhN2J0IN/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTHHyeyER3QmZACgU+CpTQSTWwOJTQDse3M7/9CNqIRD3gJIUgZkMlIsEZWsnvPQGyfrXm1t056CrxClIjBZr96ldvkPAsBoVcMmO6nptikDONgkuYVnqZgZTxMRtC11LFYjBBPj92Ss+sMqBRom0ppHP190TOYmMmcWg7Y4Yjs+zNxP+8bobRTZALlWYIii8WRZmkmNDZ53QgNHCUE0sY18LeSvmIacbR5lOxIXjLL6+S1kXdu6pf3l/WGm4RR5mckFNyTjxyTRrkjjSJTzgR5Jm8kjdHOS/Ou/OxaC05xcwx+QPn8wfmAo6z</latexit>

⇣

on coarse grid, then sum weights and coeffs

<latexit sha1_base64="6vENuQYoR+3vgt1e0XmissOlWAQ="></latexit>

(h|d) ⇠
X

i

Z fi+1

fi

df
hd⇤

Sn
⇥ (ai + bif)

<latexit sha1_base64="eJKiRFlU+yKNK8xWG3hEmEZOg/k="></latexit>

(h|h) ⇠
X

i

Z fi+1

fi

df
hh⇤
Sn

⇥ (ai + bif + cif
2)

• Evaluate
<latexit sha1_base64="JX9tJJiEsfIVo6U1ogIoyhGC6i0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipOR6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp619Vas1apu3kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBy32M4w==</latexit>

h

[Cornish 2010, Cornish 2021]

[Zackay+ 2018] (relative binning)
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Accelerating likelihoods: heterodyning example for MBHB

Decomposing the likelihood:
<latexit sha1_base64="rkV1iXrxrnRBRMl9CAXhJixBnl8="></latexit>

lnL = �1

2
(s� d|s� d)

= �1

2
(s� s0|s� s0) + (s� s0|d� s0)�

1

2
(s0 � d|s0 � d)

Residuals from reference waveform:

Implementation:
<latexit sha1_base64="NsQ/9OY9BDDv6mYivI5blRbaxsY="></latexit>

(s� s0|s� s0) =
X

`m

X

`0m0

(r`mr⇤`0m0 |ei(�
0
`0m0��0

`m))

(s� s0|d� s0) =
X

`m

(r`m|e�i�0
`m(d� s0))

• Fix a sparse frequency grid (~128)
• Linear interpolation of the 

residuals, mode-by-mode
• Precompute 0-th and 1st 

polynomial inner products against 
phase and data terms, with a fine 
resolution

(2,2)

<latexit sha1_base64="Dusa3ZjuX2zGqzESfrUG6Ldvv1Y=">AAAB/HicbVDLSgMxFM3UV62v0S7dBItQN2VGihbcFNx0WcE+oFNKJs20oUlmSDLCONRfceNCEbd+iDv/xkw7C209EDiccy/35PgRo0o7zrdV2Njc2t4p7pb29g8Oj+zjk64KY4lJB4cslH0fKcKoIB1NNSP9SBLEfUZ6/uw283sPRCoainudRGTI0UTQgGKkjTSyywH0bmAVehzpqeRp63F+MbIrTs1ZAK4TNycVkKM9sr+8cYhjToTGDCk1cJ1ID1MkNcWMzEterEiE8AxNyMBQgThRw3QRfg7PjTKGQSjNExou1N8bKeJKJdw3k1lGtepl4n/eINZBY5hSEcWaCLw8FMQM6hBmTcAxlQRrlhiCsKQmK8RTJBHWpq+SKcFd/fI66V7W3Kta/a5eaTbyOorgFJyBKnDBNWiCFmiDDsAgAc/gFbxZT9aL9W59LEcLVr5TBn9gff4AAgmTtQ==</latexit>

f (Hz)

<latexit sha1_base64="Dusa3ZjuX2zGqzESfrUG6Ldvv1Y=">AAAB/HicbVDLSgMxFM3UV62v0S7dBItQN2VGihbcFNx0WcE+oFNKJs20oUlmSDLCONRfceNCEbd+iDv/xkw7C209EDiccy/35PgRo0o7zrdV2Njc2t4p7pb29g8Oj+zjk64KY4lJB4cslH0fKcKoIB1NNSP9SBLEfUZ6/uw283sPRCoainudRGTI0UTQgGKkjTSyywH0bmAVehzpqeRp63F+MbIrTs1ZAK4TNycVkKM9sr+8cYhjToTGDCk1cJ1ID1MkNcWMzEterEiE8AxNyMBQgThRw3QRfg7PjTKGQSjNExou1N8bKeJKJdw3k1lGtepl4n/eINZBY5hSEcWaCLw8FMQM6hBmTcAxlQRrlhiCsKQmK8RTJBHWpq+SKcFd/fI66V7W3Kta/a5eaTbyOorgFJyBKnDBNWiCFmiDDsAgAc/gFbxZT9aL9W59LEcLVr5TBn9gff4AAgmTtQ==</latexit>

f (Hz)

<latexit sha1_base64="Dusa3ZjuX2zGqzESfrUG6Ldvv1Y=">AAAB/HicbVDLSgMxFM3UV62v0S7dBItQN2VGihbcFNx0WcE+oFNKJs20oUlmSDLCONRfceNCEbd+iDv/xkw7C209EDiccy/35PgRo0o7zrdV2Njc2t4p7pb29g8Oj+zjk64KY4lJB4cslH0fKcKoIB1NNSP9SBLEfUZ6/uw283sPRCoainudRGTI0UTQgGKkjTSyywH0bmAVehzpqeRp63F+MbIrTs1ZAK4TNycVkKM9sr+8cYhjToTGDCk1cJ1ID1MkNcWMzEterEiE8AxNyMBQgThRw3QRfg7PjTKGQSjNExou1N8bKeJKJdw3k1lGtepl4n/eINZBY5hSEcWaCLw8FMQM6hBmTcAxlQRrlhiCsKQmK8RTJBHWpq+SKcFd/fI66V7W3Kta/a5eaTbyOorgFJyBKnDBNWiCFmiDDsAgAc/gFbxZT9aL9W59LEcLVr5TBn9gff4AAgmTtQ==</latexit>

f (Hz)

<latexit sha1_base64="Dusa3ZjuX2zGqzESfrUG6Ldvv1Y=">AAAB/HicbVDLSgMxFM3UV62v0S7dBItQN2VGihbcFNx0WcE+oFNKJs20oUlmSDLCONRfceNCEbd+iDv/xkw7C209EDiccy/35PgRo0o7zrdV2Njc2t4p7pb29g8Oj+zjk64KY4lJB4cslH0fKcKoIB1NNSP9SBLEfUZ6/uw283sPRCoainudRGTI0UTQgGKkjTSyywH0bmAVehzpqeRp63F+MbIrTs1ZAK4TNycVkKM9sr+8cYhjToTGDCk1cJ1ID1MkNcWMzEterEiE8AxNyMBQgThRw3QRfg7PjTKGQSjNExou1N8bKeJKJdw3k1lGtepl4n/eINZBY5hSEcWaCLw8FMQM6hBmTcAxlQRrlhiCsKQmK8RTJBHWpq+SKcFd/fI66V7W3Kta/a5eaTbyOorgFJyBKnDBNWiCFmiDDsAgAc/gFbxZT9aL9W59LEcLVr5TBn9gff4AAgmTtQ==</latexit>

f (Hz)

<latexit sha1_base64="Dusa3ZjuX2zGqzESfrUG6Ldvv1Y=">AAAB/HicbVDLSgMxFM3UV62v0S7dBItQN2VGihbcFNx0WcE+oFNKJs20oUlmSDLCONRfceNCEbd+iDv/xkw7C209EDiccy/35PgRo0o7zrdV2Njc2t4p7pb29g8Oj+zjk64KY4lJB4cslH0fKcKoIB1NNSP9SBLEfUZ6/uw283sPRCoainudRGTI0UTQgGKkjTSyywH0bmAVehzpqeRp63F+MbIrTs1ZAK4TNycVkKM9sr+8cYhjToTGDCk1cJ1ID1MkNcWMzEterEiE8AxNyMBQgThRw3QRfg7PjTKGQSjNExou1N8bKeJKJdw3k1lGtepl4n/eINZBY5hSEcWaCLw8FMQM6hBmTcAxlQRrlhiCsKQmK8RTJBHWpq+SKcFd/fI66V7W3Kta/a5eaTbyOorgFJyBKnDBNWiCFmiDDsAgAc/gFbxZT9aL9W59LEcLVr5TBn9gff4AAgmTtQ==</latexit>

f (Hz)

<latexit sha1_base64="Dusa3ZjuX2zGqzESfrUG6Ldvv1Y=">AAAB/HicbVDLSgMxFM3UV62v0S7dBItQN2VGihbcFNx0WcE+oFNKJs20oUlmSDLCONRfceNCEbd+iDv/xkw7C209EDiccy/35PgRo0o7zrdV2Njc2t4p7pb29g8Oj+zjk64KY4lJB4cslH0fKcKoIB1NNSP9SBLEfUZ6/uw283sPRCoainudRGTI0UTQgGKkjTSyywH0bmAVehzpqeRp63F+MbIrTs1ZAK4TNycVkKM9sr+8cYhjToTGDCk1cJ1ID1MkNcWMzEterEiE8AxNyMBQgThRw3QRfg7PjTKGQSjNExou1N8bKeJKJdw3k1lGtepl4n/eINZBY5hSEcWaCLw8FMQM6hBmTcAxlQRrlhiCsKQmK8RTJBHWpq+SKcFd/fI66V7W3Kta/a5eaTbyOorgFJyBKnDBNWiCFmiDDsAgAc/gFbxZT9aL9W59LEcLVr5TBn9gff4AAgmTtQ==</latexit>

f (Hz)

(2,1)

(3,3)

(3,2)

(4,4)

(4,3)

<latexit sha1_base64="Vnde6zARannAEZKiT9y33dYX/1A=">AAACJXicbVDLSgMxFM34rPVVdekmWAQ3lhkp2oVCwY3LCvYBfQyZ9E4bmswMSUYoQ3/Gjb/ixoVFBFf+imk70Np6IHDuOfdyc48Xcaa0bX9ba+sbm1vbmZ3s7t7+wWHu6LimwlhSqNKQh7LhEQWcBVDVTHNoRBKI8DjUvcH9xK8/g1QsDJ70MIK2IL2A+YwSbSQ3d6vcpAWcYzHCl1h17Hl5h+W8gE7CcKvSZwsdIzeXtwv2FHiVOCnJoxQVNzdudUMaCwg05USppmNHup0QqRnlMMq2YgURoQPSg6ahARGg2sn0yhE+N0oX+6E0L9B4qi5OJEQoNRSe6RRE99WyNxH/85qx9kvthAVRrCGgs0V+zLEO8SQy3GUSqOZDQwiVzPwV0z6RhGoTbNaE4CyfvEpqVwXnulB8LObLpTSODDpFZ+gCOegGldEDqqAqougFvaEPNLZerXfr0/qata5Z6cwJ+gPr5xfHi6Q1</latexit>

s`m � s0`m = r`mei�
0
`m



15

Accelerating likelihoods: ROQs
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FIG. 10: Theoretical parameter estimation speedup (using
the ROQ) for cases A-F in Table I. The speedup is calculated
from the ratio L/(NL +NQ), where L = (fmax � fmin)/�f is
the number of quadrature points in the Full likelihood, NL is
the size of the linear basis and NQ is the size of the quadratic
basis. The sum NL +NQ is the number of points in the ROQ
likelihood (11). The plot is annotated with the time (in hours)
to compute 2⇥107 ROQ (Full) likelihood evaluations, roughly
the number of evaluations required for a typical PE analysis
[5]. Our tests were performed using an Intel Xeon CPU with
a 2.70GHz clock speed.

Case Mtot[M�] ⌘ �1 �2 �p ✓J ↵0

(a) 65.054 0.15 -0.773 0.054 -0.161 -0.44 -0.039

(b) 62.748 0.144 -0.772 -0.153 -0.134 1.084 2.773

(c) 53.375 0.148 -0.78 0.113 -0.0 1.594 2.338

(d) 55.583 0.171 -0.874 -0.636 0.001 1.58 1.169

TABLE II: IMRPhenomPv2 parameters for the configura-
tions shown in Fig. 11

deliver a basis that exhibits exponentially fast error con-
vergence is that the model space varies smoothly with
respect to parameter variations. When this criterion is
not met, and the model space exhibits abrupt or discon-
tinuous behavior, we typically find that the greedy algo-
rithm selects basis elements from regions in parameter
space where the non-smoothness occurs.

We can use this to our advantage: by simply inspecting
the location of points selected by the greedy algorithm
and monitoring for high density clusters. This technique
was previously used to find a problem in SEOBNRv1 [34]
(see Fig. 15 in Ref. [12]).

Below we show an example of the greedy feature de-
tector for case A in Table I. Fig. 12 (top) shows a cluster
that was identified in the enrichment step of our basis
building pipeline. The cluster (cyan circles) corresponds
to a subspace that we approximate as �1 > 0.4� 7⌘. For
reasons previously discussed, such clusters are problem-
atic for building ROQs. By removing this cluster from
the parameter space in all the cases in Table I, we are

FIG. 11: Amplitudes of h̃+(f) for selected points in the
�p ⇡ 0 cluster shown in Fig. 12. The parameter values for
configurations (a) – (d) are given in Table II. Abrupt, sharp
features are clearly visible in the IMRPhenomPv2 amplitudes
(blue solid lines), but are absent in the SEOBNRv3 ampli-
tudes (red dashed lines). These features are di�cult to cap-
ture with the reduced basis method without sacrificing the
sparsity and/or accuracy of the basis.

able to maintain a sparse and accurate basis and empir-
ical interpolant.
The lower panel in Fig. 12 plots the value of , which

denotes the angle between L and the total spin S at the
reference frequency fref , from the �p ⇠ 0 cluster. We find
that the majority of waveforms from this cluster satisfies
175�    180�, which is consistent with the condition
for the occurrence of transitional precession [27] (which,
in this case, may or may not be of a physical origin). It
was shown in [27] that a requirement for the system to
undergo transitional precession is  � 164�. Transitional
precession is more likely to occur in binary systems with
high mass ratios and initial conditions where the mag-
nitudes of ~L and ~S are similar and point in nearly op-
posite directions. Such cases are not correctly described
by the IMRPhenomPv2 waveform model, and (unphysi-
cal) sharp features in this region of the parameter space
are identified by the greedy algorithm as shown in the
bottom panel of Fig. 12.
As discussed on Sec. II C, the waveform model un-

der consideration, IMRPhenomPv2, does not faithfully
model these cases and therefore the occurrence of sharp
features in this region of the parameter space may be
possible. To illustrate this, Fig. 11 explicitly shows
examples (see Table II) of the abrupt features in the
IMRPhenomPv2 amplitudes. For comparison we also
plot SEOBNRv3 amplitudes7 which behave smoothly for

7 The mapping from the general spin information used by SEOB-
NRv3 to IMRPhenomPv2’s internal parameters is surjective.
To find parameters for SEOBNRv3 this mapping was inverted

[Smith+ 2017]

Linear ROM for GW signal
Building a reduced basis and empirical interpolant 
directly for        and products                     :

3

solves an initial (or initial-boundary) value problem for
a fixed �i thereby generating h(t;�i) on a densely sam-
pled grid in time. In this paper we develop a procedure
for building hS(t;�) through judicious choices of �i and
the corresponding output h(t;�i) found by solving the
relevant equations defining the fiducial problem. Cru-
cially, given the complexity of existing numerical solvers,
our approach to surrogate modeling is intentionally non-
intrusive to legacy codes.
We seek a minimal number of �i selections for a tar-

get accuracy such that the surrogate has a comparable
or smaller error than that associated with the underlying
waveform model. This is important both for the speed of
evaluating the surrogate model and for overcoming com-
putational challenges with building it in cases where one
cannot generate h(t;�i) for arbitrarily many values of �.
Naturally, if more data is available it should be possible
to include it and improve the surrogate’s quality. This
means that the surrogate model should be hierarchical
by construction, improving as more simulations become
available and without discarding previous ones.
The algorithm for building and evaluating a surrogate

for a given fiducial family or model of gravitational wave-
forms is schematically depicted in Fig. 1 and outlined
below:

1. (O✏ine) Described in Section IIIA. Select the
most relevant m points in parameter space (shown
as red dots in Fig. 1). The waveforms associated
with these selections (shown as red lines) provide
a nearly optimal reduced basis (RB) for this wave-
form family [38]. The resulting points and wave-
forms will be referred to as greedy data.

2. (O✏ine) Described in Section III B. Identify m
time samples of the full time series, which we
call empirical nodes or times, to build an inter-
polant that accurately reconstructs any fiducial
waveform. This step, called the Empirical Inter-
polation Method (EIM), only requires knowing the
reduced basis. The number of empirical nodes m
(shown as blue dots on the vertical axis in Fig. 1)
exactly equals the number of basis elements m.

3. (O✏ine) Described in Section III C. At each em-
pirical node perform a fit (e.g., least squares) in the
parameter dimension for the amplitude and phase
of the waveform using the greedy data from Step 1.
The fits are indicated by blue lines in Fig. 1.

4. (Online) Described in Sec. IIID. Evaluate the sur-
rogate model constructed in Steps 1-3 at any pa-
rameter value �0, shown as the yellow dot on the
horizontal axis in Fig. 1. This is accomplished by
computing the values of the amplitude and phase
fits from Step 3 at each empirical node in time for
� = �0 (yellow diamonds). The full time series
of the surrogate waveform is then generated using
the empirical interpolant from Step 2 (dotted black
vertical line).

t

�

FIG. 1. A schematic of the method for building and eval-
uating the surrogate model. The red dots show the greedy
selection of parameter points for building the reduced basis
(Step 1, o✏ine), the blue dots (Step 2, o✏ine) show the asso-
ciated empirical nodes in time from which a waveform can be
reconstructed by interpolation with high accuracy, and the
blue lines (Step 3, o✏ine) indicate a fit for the waveform’s
parametric dependence at each empirical time. The yellow
dot shows a generic parameter, which is predicted at the yel-
low diamonds and filled in between for arbitrary times using
the empirical interpolant, represented as a dotted black line
(Step 4, online).

We quantify the accuracy of the o✏ine steps through
the convergence rates in (9) and (20). The accuracy of
the fast online step for the complete surrogate is esti-
mated through the errors in (31) and (32). If each o✏ine
step is carried out with su�ciently good accuracy then
the surrogate will satisfy

hS(t;�) ⇡ h(t;�) (1)

for all t and � in the given ranges and retain the physics
of the original fiducial waveform family, whatever that
might be. As discussed in Sec. IV, the waveform predic-
tions by our surrogate model are indeed expected to have
a small error with respect to the fiducial one.

Likelihood evaluation

p,q size of the reduced basis (linear and quadratic)

+ efficient representation for likelihood
-  larger basis for longer signals, challenging to build

• Precompute all inner products

• Evaluate waveform model on interpolant nodes

• Use linear/quad structure to compute likelihood
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Outline

• How long are GW signals ? Ground-based detectors and 
LISA

• Accelerating the likelihood: multibanding, heterodyning, 
Reduced Order Quadratures

•Accelerating PE: burn-in vs sampling, 
marginalization/extremization, fast/slow 
parameters

• Dealing with degeneracies: example of MBHBs for LISA
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Accelerating PE: burn-in vs sampling

Sampling (not moving much in likelihood)

Burn-in (here struggling to find the signal !)

Scale of likelihood with completely wrong signal:
<latexit sha1_base64="xqau14OIQBFVF7XmRrSxRYJVoEM=">AAACGHicbVDLSgMxFM34rPU16tJNsAhurDOlaJcFNy5E6qMP6Iwlk6ZtaJIZkoxQhvkMN/6KGxeKuO3OvzHTdqGtBy4czrmXe+8JIkaVdpxva2l5ZXVtPbeR39za3tm19/YbKowlJnUcslC2AqQIo4LUNdWMtCJJEA8YaQbDy8xvPhGpaCge9CgiPkd9QXsUI22kjn3mMQE9jvQAI5Zcp53EkxwGqJtCT1EOT6em5Mn9zV36WOrYBafoTAAXiTsjBTBDrWOPvW6IY06Exgwp1XadSPsJkppiRtK8FysSITxEfdI2VCBOlJ9MHkvhsVG6sBdKU0LDifp7IkFcqREPTGd2pZr3MvE/rx3rXsVPqIhiTQSeLurFDOoQZinBLpUEazYyBGFJza0QD5BEWJss8yYEd/7lRdIoFd3zYvm2XKhWZnHkwCE4AifABRegCq5ADdQBBs/gFbyDD+vFerM+ra9p65I1mzkAf2CNfwAHeZ+7</latexit>

lnLbad ⇠ �SNR2

• Simulating realistic PE: start from prior
• Prospective parameter estimation, only 

interested in final result: cheat with 
initialization

Techniques for burn-in 
(search) or sampling can 

differ !
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Accelerating PE: marginalization, optimization

Marginalization

Optimization

Separate parameters to 
reduce dimensionality:

<latexit sha1_base64="NEih1PfbZkvIu98FBUbVpmsNXaY=">AAAB7XicbVBNS8NAEN3Ur1q/qh69LBbBU0mkaI8FLx4r2A9oQ9lsJ+3azSbsToQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqObR4LGPdDZgBKRS0UKCEbqKBRYGETjC5nfudJ9BGxOoBpwn4ERspEQrO0ErtPo4B2aBccavuAnSdeDmpkBzNQfmrP4x5GoFCLpkxPc9N0M+YRsElzEr91EDC+ISNoGepYhEYP1tcO6MXVhnSMNa2FNKF+nsiY5Ex0yiwnRHDsVn15uJ/Xi/FsO5nQiUpguLLRWEqKcZ0/jodCg0c5dQSxrWwt1I+ZppxtAGVbAje6svrpH1V9a6rtftapVHP4yiSM3JOLolHbkiD3JEmaRFOHskzeSVvTuy8OO/Ox7K14OQzp+QPnM8fo+OPJw==</latexit>

✓
<latexit sha1_base64="9gkjoqFt7yvg0N/iZ1QXGBnliM0=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi2mXBjcsK9gFtKDeTSTt0MgkzE6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkAqujet+O6WNza3tnfJuZW//4PCoenzS0UmmKGvTRCSqF6BmgkvWNtwI1ksVwzgQrBtM7uZ+94kpzRP5aKYp82McSR5xisZK3YGw0RCH1Zpbdxcg68QrSA0KtIbVr0GY0Cxm0lCBWvc9NzV+jspwKtisMsg0S5FOcMT6lkqMmfbzxbozcmGVkESJsk8aslB/T+QYaz2NA5uM0Yz1qjcX//P6mYkafs5lmhkm6fKjKBPEJGR+Owm5YtSIqSVIFbe7EjpGhdTYhiq2BG/15HXSuap7N/Xrh+tas1HUUYYzOIdL8OAWmnAPLWgDhQk8wyu8Oanz4rw7H8toySlmTuEPnM8fPLGPfA==</latexit>

�
‘interesting’ parameters (intrinsic)
parameters to eliminate (extrinsic)

<latexit sha1_base64="dRsSfLo9rHHvgISqB+844bJxTpQ=">AAACIHicbVDLSgMxFM3UV62vqks3wSJUkDIjxRZEKLhxWcE+oDOUTCZtQzMPkjtCqf0UN/6KGxeK6E6/xkw7BW09EDice+7NvceNBFdgml9GZmV1bX0ju5nb2t7Z3cvvHzRVGEvKGjQUoWy7RDHBA9YADoK1I8mI7wrWcofXSb11z6TiYXAHo4g5PukHvMcpAS1185WoaMOAAcEP2DvFV9jmAWDPFnqER7B9ieeGMzwXE2c3XzBL5hR4mVgpKaAU9W7+0/ZCGvssACqIUh3LjMAZEwmcCjbJ2bFiEaFD0mcdTQPiM+WMpwdO8IlWPNwLpX56van6u2NMfKVGvqudPoGBWqwl4n+1Tgy9qjPmQRQDC+jso14sMIQ4SQt7XDIKYqQJoZLrXTEdEEko6ExzOgRr8eRl0jwvWRel8m25UKumcWTRETpGRWShCqqhG1RHDUTRI3pGr+jNeDJejHfjY2bNGGnPIfoD4/sHkM6guw==</latexit>

p(✓|d) =
Z

d� p(✓,�|d)

• Approximate marginalization on time: IFFT of integrand mimics time shifts

• Phase marginalization for 22-only signals (likelihood becomes modified Bessel function)

• Distance marginalization

review: [Talbot-Thrane 2018]

Useful at search stage, for faster 
burn-in

<latexit sha1_base64="MmEIQjEZqPhaT3aySEdFLAqsWv4="></latexit>

F = max� lnL(✓,�)

• F-stat analytical over distance, inclination, phase, 
polarization

• LISA GB in low-frequency approximation: +sky

• LISA MBHB low-f and short signal approximation: +sky

• F-stat to build a proposal

• Directly search ‘sampling’ F-stat 
as a pseudo-likelihood
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Accelerating PE: fast and slow parameters

Separate parameters for 
computational efficiency:

<latexit sha1_base64="NEih1PfbZkvIu98FBUbVpmsNXaY=">AAAB7XicbVBNS8NAEN3Ur1q/qh69LBbBU0mkaI8FLx4r2A9oQ9lsJ+3azSbsToQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqObR4LGPdDZgBKRS0UKCEbqKBRYGETjC5nfudJ9BGxOoBpwn4ERspEQrO0ErtPo4B2aBccavuAnSdeDmpkBzNQfmrP4x5GoFCLpkxPc9N0M+YRsElzEr91EDC+ISNoGepYhEYP1tcO6MXVhnSMNa2FNKF+nsiY5Ex0yiwnRHDsVn15uJ/Xi/FsO5nQiUpguLLRWEqKcZ0/jodCg0c5dQSxrWwt1I+ZppxtAGVbAje6svrpH1V9a6rtftapVHP4yiSM3JOLolHbkiD3JEmaRFOHskzeSVvTuy8OO/Ox7K14OQzp+QPnM8fo+OPJw==</latexit>

✓
<latexit sha1_base64="9gkjoqFt7yvg0N/iZ1QXGBnliM0=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi2mXBjcsK9gFtKDeTSTt0MgkzE6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkAqujet+O6WNza3tnfJuZW//4PCoenzS0UmmKGvTRCSqF6BmgkvWNtwI1ksVwzgQrBtM7uZ+94kpzRP5aKYp82McSR5xisZK3YGw0RCH1Zpbdxcg68QrSA0KtIbVr0GY0Cxm0lCBWvc9NzV+jspwKtisMsg0S5FOcMT6lkqMmfbzxbozcmGVkESJsk8aslB/T+QYaz2NA5uM0Yz1qjcX//P6mYkafs5lmhkm6fKjKBPEJGR+Owm5YtSIqSVIFbe7EjpGhdTYhiq2BG/15HXSuap7N/Xrh+tas1HUUYYzOIdL8OAWmnAPLWgDhQk8wyu8Oanz4rw7H8toySlmTuEPnM8fPLGPfA==</latexit>

�
‘costly’ parameters (intrinsic)
‘cheap’ parameters (extrinsic)

Intrinsic parameters: requires to solve GR (analytical models, numerical relativity)

Extrinsic parameters: geometry and signal propagation, simple and completely universal

Gibbs sampling
<latexit sha1_base64="Eoj05hhh011zQwgGwOoy8fC6iPA=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0WsCCWRol0W3LisYB/QhDCZTNuhkwczN0KJ/QQ3/oobF4q4denOv3HaZqGtBy4czrl35t7jJ4IrsKxvo7Cyura+UdwsbW3v7O6Z+wdtFaeSshaNRSy7PlFM8Ii1gINg3UQyEvqCdfzR9dTv3DOpeBzdwThhbkgGEe9zSkBLnnnqwJAB8TJ+bk+wo3iIk8pcww/YEfqlgHj8zDPLVtWaAS8TOydllKPpmV9OENM0ZBFQQZTq2VYCbkYkcCrYpOSkiiWEjsiA9TSNSMiUm80OmuATrQS4H0tdEeCZ+nsiI6FS49DXnSGBoVr0puJ/Xi+Fft3NeJSkwCI6/6ifCgwxnqaDAy4ZBTHWhFDJ9a6YDokkFHSGJR2CvXjyMmlfVO3Lau22Vm7U8ziK6Agdowqy0RVqoBvURC1E0SN6Rq/ozXgyXox342PeWjDymUP0B8bnD0rnnBc=</latexit>

✓i+1 ⇠ p(✓|�i)Successive sampling steps by 
blocks

<latexit sha1_base64="l60+Mlru2rNwo07DvhXGSoISGEk=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0WoKCWRol0W3LisYB/QhDCZTNuhkwczN0KJ/Qk3/oobF4q4Fdz5N07bLLT1wMDhnHO5c4+fCK7Asr6Nwsrq2vpGcbO0tb2zu2fuH7RVnErKWjQWsez6RDHBI9YCDoJ1E8lI6AvW8UfXU79zz6TicXQH44S5IRlEvM8pAS155rkjdDggXsbP7Al2FA9xUslF/IAdGDLI3VPPLFtVawa8TOyclFGOpmd+OUFM05BFQAVRqmdbCbgZkcCpYJOSkyqWEDoiA9bTNCIhU242u2qCT7QS4H4s9YsAz9TfExkJlRqHvk6GBIZq0ZuK/3m9FPp1N+NRkgKL6HxRPxUYYjytCAdcMgpirAmhkuu/YjokklDQRZZ0CfbiycukfVG1L6u121q5Uc/rKKIjdIwqyEZXqIFuUBO1EEWP6Bm9ojfjyXgx3o2PebRg5DOH6A+Mzx/Bdp3o</latexit>

�i+1 ⇠ p(�|✓i+1)

+ cache intrinsic waveform (waveform modes) and 
sample efficiently in cheap extrinsic parameters 

-  resolving correlations might be costly

Likelihood pre-interpolation 
Pre-interpolate intrinsic likelihood (e.g. 
Gaussian Process Regression)

• LIGO/Virgo: RIFT [Lange+ 2017]
• LISA GB: [Strub+ 2022]
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FIG. 13: Parameter recovery for an aligned, GW150914-like unequal mass binary I: Each point represents a NR simulation and a particular
total mass compared against a SXS-0233 source. The left panel shows �e↵ vs 1/q with q=m1/m2, and the right panel shows �e↵ vs M with
�e↵ defined in Eq. (2). The gray points represent points that fall between lnLmarg = 167 and lnLmarg = 165. The black points represent
points that fall in lnLmarg > 167, i.e. templates that best match the source. The rest of the colors represent all the points lnLmarg < 165 with
the red represent the highest in the region. The green contours are the 90% CI derived using the quadratic fit to lnLmarg for nonprecessing
systems only. The dash line is the CI for l  3, and the solid line is the CI for l  2. The big red dot represents the true parameters of the
source. We are able to better constrain the posterior by using higher modes for this system.

FIG. 14: Parameter recovery for an aligned, GW150914-like unequal binary II: The left panel shows the lnLmarg as a function of �1z

and �2z . The colored, gray, and black points represent the same intervals as in Figure 13. The green contours also represents the same CI
as Figure 11. The big red dot represents the true parameters of the source. The right panel shows the 1D posterior distribution for 1/q. This
1D posterior was derived from the quadratic fit of to lnLmarg for nonprecessing systems only. Here we show results for six inclinations all
represented by the same colors as the zero spin case, see Figure 12. In this case, we see significant differences between the curves implying
that higher order modes could important for accurate analysis of this source.

(black) and the whole end-to-end lnLmarg(M) using SXS-
0234v2 as the source. By construction, the lnLmarg from the
null run of SXS-0234v2 is the highest lnLmarg(M) possible.
If the maximum lnLmarg from the whole end-to-end run is
close (� lnL  1), we can recover the parameters of the sim-
ulations without fitting with the precessing systems. In this
case, the � lnL = 0.97. We can therefore accurately recover
the parameters of this precessing system as evident by Figure

15.3

We again show lnLmarg as a function of �1z and �2z in the
left panel of Figure 16 with all the colors and contours repre-
senting the as in Figure 12. The green contour are consistent
with the black point distribution. We again plot the 1D dis-

3 When interpreting the above statement, however, it is important to note
our analysis by construction uses only information f > 30Hz. If we had
access to a wider range of long simulations, we could have access to in-
formation from precession cycles between 10� 30Hz, even for sources of
this kind and in this data. More work is needed to assess the prospects for
recovery for longer, more generic sources.

[Lange+ 2017]
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Accelerating PE: dealing with degeneracies

Parallel tempering

Tailored proposals

• Introduce parallel chains with 
temperatures, posterior:

• Propose swaps with acceptance:

• Crucial for robustness, avoids being stuck in a local 
maximum and ensures exploration of the parameter space

<latexit sha1_base64="bga/TL5dPQdqi0eA3sC0NFyx6UI=">AAAB/nicbVDLSsNAFJ3UV62vqLhyEyxC3ZREinZZcOOygn1AE8NkOmmHTiZh5kYoIeCvuHGhiFu/w51/47TNQlsPXO7hnHuZOydIOFNg299GaW19Y3OrvF3Z2d3bPzAPj7oqTiWhHRLzWPYDrChngnaAAaf9RFIcBZz2gsnNzO89UqlYLO5hmlAvwiPBQkYwaMk3T5KaC2MK+OIhcwPd/YzluW9W7bo9h7VKnIJUUYG2b365w5ikERVAOFZq4NgJeBmWwAinecVNFU0wmeARHWgqcESVl83Pz61zrQytMJa6BFhz9fdGhiOlplGgJyMMY7XszcT/vEEKYdPLmEhSoIIsHgpTbkFszbKwhkxSAnyqCSaS6VstMsYSE9CJVXQIzvKXV0n3su5c1Rt3jWqrWcRRRqfoDNWQg65RC92iNuoggjL0jF7Rm/FkvBjvxsditGQUO8foD4zPH120lb0=</latexit>

p(✓)�i

<latexit sha1_base64="LHmseZ2HhVCPt/rRTeYWnR4SsFc=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XwVBMp2otQ8OKxQr+gDWGz3bRLN5uwO1FK7E/x4kERr/4Sb/4bt20O2vpg4PHeDDPzgkRwDY7zba2tb2xubRd2irt7+weHdumoreNUUdaisYhVNyCaCS5ZCzgI1k0UI1EgWCcY3878zgNTmseyCZOEeREZSh5ySsBIvl3qBwyIn/EpvsHuRdPnvl12Ks4ceJW4OSmjHA3f/uoPYppGTAIVROue6yTgZUQBp4JNi/1Us4TQMRmynqGSREx72fz0KT4zygCHsTIlAc/V3xMZibSeRIHpjAiM9LI3E//zeimENS/jMkmBSbpYFKYCQ4xnOeABV4yCmBhCqOLmVkxHRBEKJq2iCcFdfnmVtC8r7lWlel8t12t5HAV0gk7ROXLRNaqjO9RALUTRI3pGr+jNerJerHfrY9G6ZuUzx+gPrM8fyYeTBQ==</latexit>

�i = 1/Ti

<latexit sha1_base64="jnrmLigzmqi4MXDKOin2BVonHG0="></latexit>

pswap = min

"
1,

✓
p(✓i)

p(✓j)

◆�j��i
#

• In presence of known degeneracies, 
include jumps in proposal

• Very efficient for very disconnected 
multimodal posteriors

True

ReflectedAntipodal

LISA MBHB sky degeneracy pattern

[Earlab 2005]
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Outline

• How long are GW signals ? Ground-based detectors and 
LISA

• Accelerating the likelihood: multibanding, heterodyning, 
Reduced Order Quadratures

• Accelerating PE: burn-in vs sampling, marginalization/
extremization, fast/slow parameters

•Dealing with degeneracies: example of MBHBs 
for LISA
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Dealing with degeneracies: MBHB example

Toy problem, completely degenerate extrinsic 22 likelihood without motion and high-f effects

Blue: no param map
Red: parameter map, iterations/10
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Dealing with degeneracies: parameter map

• Use variables as close as possible to what we really 
observe (essentially pattern functions), to make the 
posterior look Gaussian

• Sampling can be done in any set of parameters, with 
Jacobian of the transformation analytic here

Response variables: 2 complex pattern 
functions, amplitude and phase

+ 2 sky angles

<latexit sha1_base64="Xs95V7QOy6CQtpKomK+DvtFLp/w=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeKF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7dRvPaHSPJaPZpygH9GB5CFn1Fjp4aZ33iuV3Yo7A1kmXk7KkKPeK311+zFLI5SGCap1x3MT42dUGc4ETordVGNC2YgOsGOppBFqP5udOiGnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhNd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHpFG0I3uLLy6R5UfEuK9X7arnm5nEU4BhO4Aw8uIIa3EEdGsBgAM/wCm+OcF6cd+dj3rri5DNH8AfO5w+sQ41a</latexit>

A+
<latexit sha1_base64="1iUkpxOuJgRtssZyl/yqDzEbbS0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPFi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0cNM775XKbsWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n81OnZBTq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwms/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0ijYEb/HlZdK8qHiXlep9tVxz8zgKcAwncAYeXEEN7qAODWAwgGd4hTdHOC/Ou/Mxb11x8pkj+APn8wevS41c</latexit>

A�
<latexit sha1_base64="ziV6T5V0qlNEsroXeKqYbz2Hrcs=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIsgCGVXinosePFYwX5Au5Rsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sZ73jQpr6xubW8Xt0s7u3v5B+fCoZVSqKWtSJZTuhMQwwSVrWm4F6ySakTgUrB2Ob2d++4lpw5V8sJOEBTEZSh5xSqyTWr3GiPcv+uWKV/XmwKvEz0kFcjT65a/eQNE0ZtJSQYzp+l5ig4xoy6lg01IvNSwhdEyGrOuoJDEzQTa/dorPnDLAkdKupMVz9fdERmJjJnHoOmNiR2bZm4n/ed3URjdBxmWSWibpYlGUCmwVnr2OB1wzasXEEUI1d7diOiKaUOsCKrkQ/OWXV0nrsupfVWv3tUrdy+Mowgmcwjn4cA11uIMGNIHCIzzDK7whhV7QO/pYtBZQPnMMf4A+fwD+o460</latexit>

�+
<latexit sha1_base64="xS6/MAARHOudbrMBZz1LudtXcP4=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgxbIrRT0WvHisYD+gXUo2zbax2WRJskJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8MBHcWM/7RoW19Y3NreJ2aWd3b/+gfHjUMirVlDWpEkp3QmKY4JI1LbeCdRLNSBwK1g7HtzO//cS04Uo+2EnCgpgMJY84JdZJrV5jxPsX/XLFq3pz4FXi56QCORr98ldvoGgaM2mpIMZ0fS+xQUa05VSwaamXGpYQOiZD1nVUkpiZIJtfO8VnThngSGlX0uK5+nsiI7Exkzh0nTGxI7PszcT/vG5qo5sg4zJJLZN0sShKBbYKz17HA64ZtWLiCKGau1sxHRFNqHUBlVwI/vLLq6R1WfWvqrX7WqXu5XEU4QRO4Rx8uIY63EEDmkDhEZ7hFd6QQi/oHX0sWgsonzmGP0CfPwG6jrY=</latexit>

��
<latexit sha1_base64="npFSlBCXecCr3UvKor0tWlNd9Gg=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiRS1GXBjcsK9gFtKJPJTTt0MgkzE6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkAqujet+O6WNza3tnfJuZW//4PCoenzS0UmmGLZZIhLVC6hGwSW2DTcCe6lCGgcCu8Hkbu53n1BpnshHM03Rj+lI8ogzaqzUHQgbDemwWnPr7gJknXgFqUGB1rD6NQgTlsUoDRNU677npsbPqTKcCZxVBpnGlLIJHWHfUklj1H6+WHdGLqwSkihR9klDFurviZzGWk/jwCZjasZ61ZuL/3n9zES3fs5lmhmUbPlRlAliEjK/nYRcITNiagllittdCRtTRZmxDVVsCd7qyeukc1X3ruuNh0at6RZ1lOEMzuESPLiBJtxDC9rAYALP8ApvTuq8OO/OxzJacoqZU/gD5/MHOkmPdA==</latexit>

�
<latexit sha1_base64="ZVkk4H8du77d3YVItPpB3oWCmQM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3w850kG15tbdBcg68QpSgwKtQfWrP0xYFnOFTFJjep6bYpBTjYJJPqv0M8NTyiZ0xHuWKhpzE+SLY2fkwipDEiXalkKyUH9P5DQ2ZhqHtjOmODar3lz8z+tlGN0GuVBphlyx5aIokwQTMv+cDIXmDOXUEsq0sLcSNqaaMrT5VGwI3urL66R9Vfeu642HRq3pFnGU4QzO4RI8uIEm3EMLfGAg4Ble4c1Rzovz7nwsW0tOMXMKf+B8/gDBWo6b</latexit>

�

<latexit sha1_base64="1iUkpxOuJgRtssZyl/yqDzEbbS0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPFi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0cNM775XKbsWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n81OnZBTq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwms/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0ijYEb/HlZdK8qHiXlep9tVxz8zgKcAwncAYeXEEN7qAODWAwgGd4hTdHOC/Ou/Mxb11x8pkj+APn8wevS41c</latexit>

A�

<latexit sha1_base64="ziV6T5V0qlNEsroXeKqYbz2Hrcs=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIsgCGVXinosePFYwX5Au5Rsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sZ73jQpr6xubW8Xt0s7u3v5B+fCoZVSqKWtSJZTuhMQwwSVrWm4F6ySakTgUrB2Ob2d++4lpw5V8sJOEBTEZSh5xSqyTWr3GiPcv+uWKV/XmwKvEz0kFcjT65a/eQNE0ZtJSQYzp+l5ig4xoy6lg01IvNSwhdEyGrOuoJDEzQTa/dorPnDLAkdKupMVz9fdERmJjJnHoOmNiR2bZm4n/ed3URjdBxmWSWibpYlGUCmwVnr2OB1wzasXEEUI1d7diOiKaUOsCKrkQ/OWXV0nrsupfVWv3tUrdy+Mowgmcwjn4cA11uIMGNIHCIzzDK7whhV7QO/pYtBZQPnMMf4A+fwD+o460</latexit>

�+

<latexit sha1_base64="xS6/MAARHOudbrMBZz1LudtXcP4=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgxbIrRT0WvHisYD+gXUo2zbax2WRJskJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8MBHcWM/7RoW19Y3NreJ2aWd3b/+gfHjUMirVlDWpEkp3QmKY4JI1LbeCdRLNSBwK1g7HtzO//cS04Uo+2EnCgpgMJY84JdZJrV5jxPsX/XLFq3pz4FXi56QCORr98ldvoGgaM2mpIMZ0fS+xQUa05VSwaamXGpYQOiZD1nVUkpiZIJtfO8VnThngSGlX0uK5+nsiI7Exkzh0nTGxI7PszcT/vG5qo5sg4zJJLZN0sShKBbYKz17HA64ZtWLiCKGau1sxHRFNqHUBlVwI/vLLq6R1WfWvqrX7WqXu5XEU4QRO4Rx8uIY63EEDmkDhEZ7hFd6QQi/oHX0sWgsonzmGP0CfPwG6jrY=</latexit>

��

<latexit sha1_base64="npFSlBCXecCr3UvKor0tWlNd9Gg=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiRS1GXBjcsK9gFtKJPJTTt0MgkzE6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkAqujet+O6WNza3tnfJuZW//4PCoenzS0UmmGLZZIhLVC6hGwSW2DTcCe6lCGgcCu8Hkbu53n1BpnshHM03Rj+lI8ogzaqzUHQgbDemwWnPr7gJknXgFqUGB1rD6NQgTlsUoDRNU677npsbPqTKcCZxVBpnGlLIJHWHfUklj1H6+WHdGLqwSkihR9klDFurviZzGWk/jwCZjasZ61ZuL/3n9zES3fs5lmhmUbPlRlAliEjK/nYRcITNiagllittdCRtTRZmxDVVsCd7qyeukc1X3ruuNh0at6RZ1lOEMzuESPLiBJtxDC9rAYALP8ApvTuq8OO/OxzJacoqZU/gD5/MHOkmPdA==</latexit>

�

<latexit sha1_base64="ZVkk4H8du77d3YVItPpB3oWCmQM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3w850kG15tbdBcg68QpSgwKtQfWrP0xYFnOFTFJjep6bYpBTjYJJPqv0M8NTyiZ0xHuWKhpzE+SLY2fkwipDEiXalkKyUH9P5DQ2ZhqHtjOmODar3lz8z+tlGN0GuVBphlyx5aIokwQTMv+cDIXmDOXUEsq0sLcSNqaaMrT5VGwI3urL66R9Vfeu642HRq3pFnGU4QzO4RI8uIEm3EMLfGAg4Ble4c1Rzovz7nwsW0tOMXMKf+B8/gDBWo6b</latexit>

�

<latexit sha1_base64="Xs95V7QOy6CQtpKomK+DvtFLp/w=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeKF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7dRvPaHSPJaPZpygH9GB5CFn1Fjp4aZ33iuV3Yo7A1kmXk7KkKPeK311+zFLI5SGCap1x3MT42dUGc4ETordVGNC2YgOsGOppBFqP5udOiGnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhNd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHpFG0I3uLLy6R5UfEuK9X7arnm5nEU4BhO4Aw8uIIa3EEdGsBgAM/wCm+OcF6cd+dj3rri5DNH8AfO5w+sQ41a</latexit>

A+
<latexit sha1_base64="1iUkpxOuJgRtssZyl/yqDzEbbS0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPFi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0cNM775XKbsWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n81OnZBTq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwms/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0ijYEb/HlZdK8qHiXlep9tVxz8zgKcAwncAYeXEEN7qAODWAwgGd4hTdHOC/Ou/Mxb11x8pkj+APn8wevS41c</latexit>

A�
<latexit sha1_base64="ziV6T5V0qlNEsroXeKqYbz2Hrcs=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIsgCGVXinosePFYwX5Au5Rsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sZ73jQpr6xubW8Xt0s7u3v5B+fCoZVSqKWtSJZTuhMQwwSVrWm4F6ySakTgUrB2Ob2d++4lpw5V8sJOEBTEZSh5xSqyTWr3GiPcv+uWKV/XmwKvEz0kFcjT65a/eQNE0ZtJSQYzp+l5ig4xoy6lg01IvNSwhdEyGrOuoJDEzQTa/dorPnDLAkdKupMVz9fdERmJjJnHoOmNiR2bZm4n/ed3URjdBxmWSWibpYlGUCmwVnr2OB1wzasXEEUI1d7diOiKaUOsCKrkQ/OWXV0nrsupfVWv3tUrdy+Mowgmcwjn4cA11uIMGNIHCIzzDK7whhV7QO/pYtBZQPnMMf4A+fwD+o460</latexit>

�+
<latexit sha1_base64="xS6/MAARHOudbrMBZz1LudtXcP4=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgxbIrRT0WvHisYD+gXUo2zbax2WRJskJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8MBHcWM/7RoW19Y3NreJ2aWd3b/+gfHjUMirVlDWpEkp3QmKY4JI1LbeCdRLNSBwK1g7HtzO//cS04Uo+2EnCgpgMJY84JdZJrV5jxPsX/XLFq3pz4FXi56QCORr98ldvoGgaM2mpIMZ0fS+xQUa05VSwaamXGpYQOiZD1nVUkpiZIJtfO8VnThngSGlX0uK5+nsiI7Exkzh0nTGxI7PszcT/vG5qo5sg4zJJLZN0sShKBbYKz17HA64ZtWLiCKGau1sxHRFNqHUBlVwI/vLLq6R1WfWvqrX7WqXu5XEU4QRO4Rx8uIY63EEDmkDhEZ7hFd6QQi/oHX0sWgsonzmGP0CfPwG6jrY=</latexit>

��
<latexit sha1_base64="npFSlBCXecCr3UvKor0tWlNd9Gg=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiRS1GXBjcsK9gFtKJPJTTt0MgkzE6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkAqujet+O6WNza3tnfJuZW//4PCoenzS0UmmGLZZIhLVC6hGwSW2DTcCe6lCGgcCu8Hkbu53n1BpnshHM03Rj+lI8ogzaqzUHQgbDemwWnPr7gJknXgFqUGB1rD6NQgTlsUoDRNU677npsbPqTKcCZxVBpnGlLIJHWHfUklj1H6+WHdGLqwSkihR9klDFurviZzGWk/jwCZjasZ61ZuL/3n9zES3fs5lmhmUbPlRlAliEjK/nYRcITNiagllittdCRtTRZmxDVVsCd7qyeukc1X3ruuNh0at6RZ1lOEMzuESPLiBJtxDC9rAYALP8ApvTuq8OO/OxzJacoqZU/gD5/MHOkmPdA==</latexit>

�
<latexit sha1_base64="ZVkk4H8du77d3YVItPpB3oWCmQM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3w850kG15tbdBcg68QpSgwKtQfWrP0xYFnOFTFJjep6bYpBTjYJJPqv0M8NTyiZ0xHuWKhpzE+SLY2fkwipDEiXalkKyUH9P5DQ2ZhqHtjOmODar3lz8z+tlGN0GuVBphlyx5aIokwQTMv+cDIXmDOXUEsq0sLcSNqaaMrT5VGwI3urL66R9Vfeu642HRq3pFnGU4QzO4RI8uIEm3EMLfGAg4Ble4c1Rzovz7nwsW0tOMXMKf+B8/gDBWo6b</latexit>

�

Analytical transformation, 
no extra cost
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MBHB example: I) F-statistic search on small data segments

• Select short data segment
• F-statistic: approximate response, optimize 

analytically over extrinsic parameters
• Sampling easier for a lower dimensionality
• Get a first guess of intrinsic parameters + 

time

M
<latexit sha1_base64="TZF+eVNlk4JMpAyP9a1j7y4iBTo=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUwS4LbtwIFewDpkPJpJk2NJMMSUYoQz/DjQtF3Po17vwbM+0stPVA4HDOveTcEyacaeO6305pY3Nre6e8W9nbPzg8qh6fdLVMFaEdIrlU/RBrypmgHcMMp/1EURyHnPbC6W3u956o0kyKRzNLaBDjsWARI9hYyR/E2EwI5tn9fFituXV3AbROvILUoEB7WP0ajCRJYyoM4Vhr33MTE2RYGUY4nVcGqaYJJlM8pr6lAsdUB9ki8hxdWGWEIqnsEwYt1N8bGY61nsWhncwj6lUvF//z/NREzSBjIkkNFWT5UZRyZCTK70cjpigxfGYJJorZrIhMsMLE2JYqtgRv9eR10m3Uvat64+G61moWdZThDM7hEjy4gRbcQRs6QEDCM7zCm2OcF+fd+ViOlpxi5xT+wPn8AYDWkV0=</latexit>

q
<latexit sha1_base64="AMBmwAoSicxAmUKUOA6H5Z/OJAc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI4kXjxCIo8ENmR26IWR2dl1ZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj27nffkKleSzvzSRBP6JDyUPOqLFS47FfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1Y9adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd1WuNK5LtWoWRx7O4BwuwYMbqMEd1KEJDBCe4RXenAfnxXl3PpatOSebOYU/cD5/ANnpjO8=</latexit>

�+
<latexit sha1_base64="yKIyo2bxrN+M5xszeHt6e4iTd9M=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIsgCGW3CvZY8OKxgq2FdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzwkRwYz3vGxXW1jc2t4rbpZ3dvf2D8uFR26hUU9aiSijdCYlhgkvWstwK1kk0I3Eo2EM4vpn5D09MG67kvZ0kLIjJUPKIU2Kd1O7REe9f9MsVr+rNgVeJn5MK5Gj2y1+9gaJpzKSlghjT9b3EBhnRllPBpqVealhC6JgMWddRSWJmgmx+7RSfOWWAI6VdSYvn6u+JjMTGTOLQdcbEjsyyNxP/87qpjepBxmWSWibpYlGUCmwVnr2OB1wzasXEEUI1d7diOiKaUOsCKrkQ/OWXV0m7VvUvq7W7q0qjnsdRhBM4hXPw4RoacAtNaAGFR3iGV3hDCr2gd/SxaC2gfOYY/gB9/gAcko7K</latexit>

��
<latexit sha1_base64="fAgRR2cbz7txvmF7EwUE/T2ZGr0=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgxbJbBXssePFYwdZCu5Rsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sZ73jQpr6xubW8Xt0s7u3v5B+fCobVSqKWtRJZTuhMQwwSVrWW4F6ySakTgU7CEc38z8hyemDVfy3k4SFsRkKHnEKbFOavfoiPcv+uWKV/XmwKvEz0kFcjT75a/eQNE0ZtJSQYzp+l5ig4xoy6lg01IvNSwhdEyGrOuoJDEzQTa/dorPnDLAkdKupMVz9fdERmJjJnHoOmNiR2bZm4n/ed3URvUg4zJJLZN0sShKBbYKz17HA64ZtWLiCKGau1sxHRFNqHUBlVwI/vLLq6Rdq/qX1drdVaVRz+Mowgmcwjn4cA0NuIUmtIDCIzzDK7whhV7QO/pYtBZQPnMMf4A+fwAfmo7M</latexit>

<latexit sha1_base64="g4XHFy8yfMHfk98rujWPJF17FX4=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCHjxWsB/QhrLZbtqlm03cnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38z89hPXRsTqAScJ9yM6VCIUjKKVOr1bLpES7JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/d0rOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6KYc3PhEpS5IotFoWpJBiT2fNkIDRnKCeWUKaFvZWwEdWUoY2oZEPwll9eJa2LqndVvby/rNRreRxFOIFTOAcPrqEOd9CAJjCQ8Ayv8OY8Oi/Ou/OxaC04+cwx/IHz+QOPYY+j</latexit>

�t

q
<latexit sha1_base64="AMBmwAoSicxAmUKUOA6H5Z/OJAc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI4kXjxCIo8ENmR26IWR2dl1ZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj27nffkKleSzvzSRBP6JDyUPOqLFS47FfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1Y9adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd1WuNK5LtWoWRx7O4BwuwYMbqMEd1KEJDBCe4RXenAfnxXl3PpatOSebOYU/cD5/ANnpjO8=</latexit>

�+
<latexit sha1_base64="yKIyo2bxrN+M5xszeHt6e4iTd9M=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIsgCGW3CvZY8OKxgq2FdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzwkRwYz3vGxXW1jc2t4rbpZ3dvf2D8uFR26hUU9aiSijdCYlhgkvWstwK1kk0I3Eo2EM4vpn5D09MG67kvZ0kLIjJUPKIU2Kd1O7REe9f9MsVr+rNgVeJn5MK5Gj2y1+9gaJpzKSlghjT9b3EBhnRllPBpqVealhC6JgMWddRSWJmgmx+7RSfOWWAI6VdSYvn6u+JjMTGTOLQdcbEjsyyNxP/87qpjepBxmWSWibpYlGUCmwVnr2OB1wzasXEEUI1d7diOiKaUOsCKrkQ/OWXV0m7VvUvq7W7q0qjnsdRhBM4hXPw4RoacAtNaAGFR3iGV3hDCr2gd/SxaC2gfOYY/gB9/gAcko7K</latexit>

��
<latexit sha1_base64="fAgRR2cbz7txvmF7EwUE/T2ZGr0=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgxbJbBXssePFYwdZCu5Rsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sZ73jQpr6xubW8Xt0s7u3v5B+fCobVSqKWtRJZTuhMQwwSVrWW4F6ySakTgU7CEc38z8hyemDVfy3k4SFsRkKHnEKbFOavfoiPcv+uWKV/XmwKvEz0kFcjT75a/eQNE0ZtJSQYzp+l5ig4xoy6lg01IvNSwhdEyGrOuoJDEzQTa/dorPnDLAkdKupMVz9fdERmJjJnHoOmNiR2bZm4n/ed3URvUg4zJJLZN0sShKBbYKz17HA64ZtWLiCKGau1sxHRFNqHUBlVwI/vLLq6Rdq/qX1drdVaVRz+Mowgmcwjn4cA0NuIUmtIDCIzzDK7whhV7QO/pYtBZQPnMMf4A+fwAfmo7M</latexit>

<latexit sha1_base64="g4XHFy8yfMHfk98rujWPJF17FX4=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCHjxWsB/QhrLZbtqlm03cnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38z89hPXRsTqAScJ9yM6VCIUjKKVOr1bLpES7JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/d0rOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6KYc3PhEpS5IotFoWpJBiT2fNkIDRnKCeWUKaFvZWwEdWUoY2oZEPwll9eJa2LqndVvby/rNRreRxFOIFTOAcPrqEOd9CAJjCQ8Ayv8OY8Oi/Ou/OxaC04+cwx/IHz+QOPYY+j</latexit>

�t
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MBHB example: II) initial PE with low frequencies

• Initialize from F-statistic samples, draw 
randomly extrinsic parameters

• Restrict to low frequencies
• Sample and get a first guess of all params
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MBHB example: III) sampling with all frequencies

• Initialize from samples obtained with low-
frequencies only

• Include all frequencies
• Sample and get final posterior
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LISA data - band-passing, whitening

• Band-passing: select frequencies below 2mHz
• Whitening: work with signal/noise, so that all frequencies/times contribute equally
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LISA data - band-passed, whitened in time domain

T
D
I
A

<latexit sha1_base64="H4VF/FXNgWbsKxglVxvLtkz34QI=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAIrkpSBQtuKrrQXYW+oAllMp20Q2cmYWYilBA3/oobF4q49S/c+TdO2gjaemDgzDn3cu89fkSJVLb9ZRSWlldW14rrpY3Nre0dc3evLcNYINxCIQ1F14cSU8JxSxFFcTcSGDKf4o4/vsr8zj0WkoS8qSYR9hgcchIQBJWW+uaBy6AaCZY0r29T9+Lnd5n2zbJdsaewFomTkzLI0eibn+4gRDHDXCEKpew5dqS8BApFEMVpyY0ljiAawyHuacohw9JLphek1rFWBlYQCv24sqbq744EMiknzNeV2YZy3svE/7xerIKalxAexQpzNBsUxNRSoZXFYQ2IwEjRiSYQCaJ3tdAICoiUDq2kQ3DmT14k7WrFOa1U787K9VoeRxEcgiNwAhxwDurgBjRACyDwAJ7AC3g1Ho1n4814n5UWjLxnH/yB8fENuVmXCA==</latexit>

Whitened, band-passed data

t (s)
<latexit sha1_base64="743QFFwfPIFjEERR/dk13wop1rM=">AAAB+nicbVBNS8NAFNzUr1q/Uj16WSxCvZSkCha8FLx4rGBboQlls920SzebsPuilNif4sWDIl79Jd78N27bHLR1YGGYeY83O0EiuAbH+bYKa+sbm1vF7dLO7t7+gV0+7Og4VZS1aSxidR8QzQSXrA0cBLtPFCNRIFg3GF/P/O4DU5rH8g4mCfMjMpQ85JSAkfp2GbB3hateRGCkokxPz/p2xak5c+BV4uakgnK0+vaXN4hpGjEJVBCte66TgJ8RBZwKNi15qWYJoWMyZD1DJYmY9rN59Ck+NcoAh7EyTwKeq783MhJpPYkCMzmLqJe9mfif10shbPgZl0kKTNLFoTAVGGI86wEPuGIUxMQQQhU3WTEdEUUomLZKpgR3+curpFOvuee1+u1FpdnI6yiiY3SCqshFl6iJblALtRFFj+gZvaI368l6sd6tj8Vowcp3jtAfWJ8/G16TOw==</latexit>
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LISA data - band-passed, whitened in time domain

T
D
I
A

<latexit sha1_base64="H4VF/FXNgWbsKxglVxvLtkz34QI=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAIrkpSBQtuKrrQXYW+oAllMp20Q2cmYWYilBA3/oobF4q49S/c+TdO2gjaemDgzDn3cu89fkSJVLb9ZRSWlldW14rrpY3Nre0dc3evLcNYINxCIQ1F14cSU8JxSxFFcTcSGDKf4o4/vsr8zj0WkoS8qSYR9hgcchIQBJWW+uaBy6AaCZY0r29T9+Lnd5n2zbJdsaewFomTkzLI0eibn+4gRDHDXCEKpew5dqS8BApFEMVpyY0ljiAawyHuacohw9JLphek1rFWBlYQCv24sqbq744EMiknzNeV2YZy3svE/7xerIKalxAexQpzNBsUxNRSoZXFYQ2IwEjRiSYQCaJ3tdAICoiUDq2kQ3DmT14k7WrFOa1U787K9VoeRxEcgiNwAhxwDurgBjRACyDwAJ7AC3g1Ho1n4814n5UWjLxnH/yB8fENuVmXCA==</latexit>

Whitened, band-passed data

t (s)
<latexit sha1_base64="743QFFwfPIFjEERR/dk13wop1rM=">AAAB+nicbVBNS8NAFNzUr1q/Uj16WSxCvZSkCha8FLx4rGBboQlls920SzebsPuilNif4sWDIl79Jd78N27bHLR1YGGYeY83O0EiuAbH+bYKa+sbm1vF7dLO7t7+gV0+7Og4VZS1aSxidR8QzQSXrA0cBLtPFCNRIFg3GF/P/O4DU5rH8g4mCfMjMpQ85JSAkfp2GbB3hateRGCkokxPz/p2xak5c+BV4uakgnK0+vaXN4hpGjEJVBCte66TgJ8RBZwKNi15qWYJoWMyZD1DJYmY9rN59Ck+NcoAh7EyTwKeq783MhJpPYkCMzmLqJe9mfif10shbPgZl0kKTNLFoTAVGGI86wEPuGIUxMQQQhU3WTEdEUUomLZKpgR3+curpFOvuee1+u1FpdnI6yiiY3SCqshFl6iJblALtRFFj+gZvaI368l6sd6tj8Vowcp3jtAfWJ8/G16TOw==</latexit>

sigma-thresholding for detection
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Noise properties

Noise PSD

• Noise autocorrelation function:
(stationarity: depends only on    )

• Noise PSD formal definition:

• Stationarity: independance in FD

• Gaussianity: noise in freq. bins is Gaussian

K(⌧) = hn(t)n(t+ ⌧)i
<latexit sha1_base64="3Br07sIQUupzhTCt6i5tjVoTU3A=">AAACD3icbZDLSgMxFIYz9VbrrerSTbAoLUKZqYLdCAU3gpsK9gKdoWTStA3NZIbkjFCGvoEbX8WNC0XcunXn25hOu9DWHw78fOcckvP7keAabPvbyqysrq1vZDdzW9s7u3v5/YOmDmNFWYOGIlRtn2gmuGQN4CBYO1KMBL5gLX90Pe23HpjSPJT3MI6YF5CB5H1OCRjUzZ/eFl0gcQlfYVcQORAMyyKUTJ2l3FUp7OYLdtlOhZeNMzcFNFe9m/9yeyGNAyaBCqJ1x7Ej8BKigFPBJjk31iwidEQGrGOsJAHTXpLeM8EnhvRwP1SmJOCU/t5ISKD1OPDNZEBgqBd7U/hfrxNDv+olXEYxMElnD/VjgSHE03BwjytGQYyNIVRx81dMh0QRCibCnAnBWTx52TQrZee8XLm7KNSq8ziy6AgdoyJy0CWqoRtURw1E0SN6Rq/ozXqyXqx362M2mrHmO4foj6zPHy4Smts=</latexit>

We are making probabilistic statements…
Assuming properties of the random noise !

⌧
<latexit sha1_base64="jVEmwB1Zghk9IkLOC0mo2LGLgQY=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWMF+wFtKJvtpl26m4TdiVBC/4IXD4p49Q9589+4aXPQ1gcDj/dmmJkXJFIYdN1vZ2Nza3tnt7RX3j84PDqunJx2TJxqxtsslrHuBdRwKSLeRoGS9xLNqQok7wbTu9zvPnFtRBw94izhvqLjSISCUcylAdJ0WKm6NXcBsk68glShQGtY+RqMYpYqHiGT1Ji+5yboZ1SjYJLPy4PU8ISyKR3zvqURVdz42eLWObm0yoiEsbYVIVmovycyqoyZqcB2KooTs+rl4n9eP8Ww4WciSlLkEVsuClNJMCb542QkNGcoZ5ZQpoW9lbAJ1ZShjadsQ/BWX14nnXrNu67VH26qzUYRRwnO4QKuwINbaMI9tKANDCbwDK/w5ijnxXl3PpatG04xcwZ/4Hz+AB95jkI=</latexit>

Sn(f) = 2

Z
d⌧e2i⇡f⌧K(⌧)

<latexit sha1_base64="VPC2uFE5t9lqbAJb3Au9DS91qVM=">AAACGHicbVBNS8MwGE79nPNr6tFLcAjbZbZTcBdh4EXwMtF9wFpLmqZbWJqWJBVG2c/w4l/x4kERr7v5b0y3HnTzgZAnz/O+5H0fL2ZUKtP8NlZW19Y3Ngtbxe2d3b390sFhR0aJwKSNIxaJnockYZSTtqKKkV4sCAo9Rrre6Drzu09ESBrxBzWOiROiAacBxUhpyS2d3bscVoIqvIJ1m3IFfVuhBJLHtE7tmMIAZu8JvK1kdxW6pbJZM2eAy8TKSRnkaLmlqe1HOAkJV5ghKfuWGSsnRUJRzMikaCeSxAiP0ID0NeUoJNJJZ4tN4KlWfBhEQh8920z93ZGiUMpx6OnKEKmhXPQy8T+vn6ig4aSUx4kiHM8/ChIGVQSzlKBPBcGKjTVBWFA9K8RDJBBWOsuiDsFaXHmZdOo167xWv7soNxt5HAVwDE5ABVjgEjTBDWiBNsDgGbyCd/BhvBhvxqfxNS9dMfKeI/AHxvQHSAWdaw==</latexit>

hñ(f)ñ⇤(f 0)i = 1

2
Sn(f)�(f � f 0)

<latexit sha1_base64="sc68RDcTifz0+ISGvMquTvTZXgg="></latexit>

Less-than ideal assumptions for LISA ! 
Non-stationarity, glitches…

ñ(f) ⇠ N (0,
1

2�f
Sn(f))

<latexit sha1_base64="pAnPrNh51H6lwOqqHzL3PL1tvks="></latexit>

Example PSD
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Likelihood and Bayesian analysis

ph1|h2q “ 4Re

ª
df

h̃1pfqh̃˚
2 pfq

Snpfq

Bayesian formalism

• Matched-filtering overlap:

• For Gaussian, stationary noise, for independent 
channels:

• Bayes theorem defines the posterior:

lnL(d|✓) = �
X

channels

1

2
(h(✓)� d|h(✓)� d)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

p(✓|d) = L(d|✓)p0(✓)
p(d)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

prior
evidence

p0(✓)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

p(d)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Likelihood
• Likelihood: 

• PDF of the noise: collection of independent 
Gaussian noise variables in each bin

• Likelihood is the probability that the noise makes 
up for the difference between observed data and 
theoretical signal: d = h(✓) + n

<latexit sha1_base64="T7j+3e3ja0URptw9PZq5sh0vtQ4=">AAAB+nicbVBNS8NAEN3Ur1q/Wj16WSxCRShJFexFKHjxWMF+QBvKZrNpl242YXeilNif4sWDIl79Jd78N27bHLT1wcDjvRlm5nmx4Bps+9vKra1vbG7ltws7u3v7B8XSYVtHiaKsRSMRqa5HNBNcshZwEKwbK0ZCT7CON76Z+Z0HpjSP5D1MYuaGZCh5wCkBIw2KJR9f41GlDyMG5AyfY6OV7ao9B14lTkbKKENzUPzq+xFNQiaBCqJ1z7FjcFOigFPBpoV+ollM6JgMWc9QSUKm3XR++hSfGsXHQaRMScBz9fdESkKtJ6FnOkMCI73szcT/vF4CQd1NuYwTYJIuFgWJwBDhWQ7Y54pREBNDCFXc3IrpiChCwaRVMCE4yy+vknat6lxUa3eX5UY9iyOPjtEJqiAHXaEGukVN1EIUPaJn9IrerCfrxXq3PhatOSubOUJ/YH3+AIjmkjQ=</latexit>

ln p(n = ni) = const� 1

2

X

i

�f
2

Sn(f)
|ñi|2

= �1

2
4

Z
df

Sn(f)
|ñ(f)|2 = �1

2
(n|n)

<latexit sha1_base64="MdKt8Hq0ODY5N4aRki5Wcq2B2lA="></latexit>

L = p(data|signal params)
<latexit sha1_base64="wEo/ProBn73qgFfGN6TKqqpVtdI=">AAACHnicbVDLSgNBEJz1GeMr6tHLYBD0EnZ9YC5CwIsHDxFMIiQh9E4myZDZ2WWmVwzrfokXf8WLB0UET/o3Th4HTSwYqKnupqvLj6Qw6Lrfztz8wuLScmYlu7q2vrGZ29qumjDWjFdYKEN964PhUiheQYGS30aaQ+BLXvP7F8N67Y5rI0J1g4OINwPoKtERDNBKrdxpIwDsMZDJVUrPaXQw+usgaQNCSh9oA/k9JkZ0FUgagYbApIetXN4tuCPQWeJNSJ5MUG7lPhvtkMUBV8gkGFP33AibCWgUTPI024gNj4D1ocvrlioIuGkmo/NSum+VNu2E2j6FdKT+nkisJzMIfNs5NG+ma0Pxv1o9xk6xmQgVxcgVGy/qxJJiSIdZ0bbQnKEcWAJMC+uVsp6NgKFNNGtD8KZPniXVo4J3XDi6PsmXipM4MmSX7JED4pEzUiKXpEwqhJFH8kxeyZvz5Lw4787HuHXOmczskD9wvn4Axd6i3Q==</latexit>

ln p(d|✓) = ln p(n = d� h(✓)) = �1

2
(d� h(✓)|d� h(✓))

<latexit sha1_base64="kC2MSs8HXUQb9QenAJOtlWfSims="></latexit>

d = h(✓0) + n0
<latexit sha1_base64="K43ZfVAk9UmwmpGdIoD24Hlk17M=">AAAB/nicbVBNS8NAEN34WetXVDx5WSxCRShJFexFKHjxWMF+QBvCZrNtl242YXcilFDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBIrgGx/m2VlbX1jc2C1vF7Z3dvX374LCl41RR1qSxiFUnIJoJLlkTOAjWSRQjUSBYOxjdTv32I1Oax/IBxgnzIjKQvM8pASP59nGIb/Cw3IMhA+I75/gCS9/x7ZJTcWbAy8TNSQnlaPj2Vy+MaRoxCVQQrbuuk4CXEQWcCjYp9lLNEkJHZMC6hkoSMe1ls/Mn+MwoIe7HypQEPFN/T2Qk0nocBaYzIjDUi95U/M/rptCveRmXSQpM0vmifiowxHiaBQ65YhTE2BBCFTe3YjokilAwiRVNCO7iy8ukVa24l5Xq/VWpXsvjKKATdIrKyEXXqI7uUAM1EUUZekav6M16sl6sd+tj3rpi5TNH6A+szx/lS5N6</latexit>

GW signal
parameters
data stream
signal params.
noise real.
noise PSD   

d
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

✓
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

✓0
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

h
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Sn
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

n0
<latexit sha1_base64="tnq1+1d1SQfFx8xQoUDpngKqGcw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYI8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD2rgDsoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/FsO5nQiUpcsWWi8JUEozJ/G8yFJozlFNLKNPC3krYmGrK0KZTsiF4qy+vk3at6l1Va/fXlUY9j6MIZ3AOl+DBDTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP/ktjY8=</latexit>
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Parameter estimation tools

Fisher matrix analysis
• Quadratic expansion of log-likelihood around true 

signal, approx. likelihood as a Gaussian

• Matrix inversion to get to the covariance of the 
Gaussian

• Valid at high SNR, and misses degeneracies

lnL = �
1

2
�✓iFij�✓j +O(�✓3)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Levels of approximation
• Fisher: for high SNR limit (depends 

on signal !)
• Set noise realization to 0
• Initialize MCMC from Fisher
• Full run with initialization from priors
• Full run with noise
• Superposition of sources, unknown 

noise, noise artifacts…

Fij = (@ih|@jh)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

C = F�1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Bayesian sampling tools

h(✓) = h(✓0) +�✓i@ih+ . . .
<latexit sha1_base64="pR4tByszoOp+4EkgrZVy9cSyfl4=">AAACJ3icbZDLSgMxFIYzXmu9VV26CRbBUigzVbAbpaALlwpWhU4pZ9JTJ5i5kJwRSunbuPFV3AgqokvfxLTOwtuBwMf/n5Pk/EGqpCHXfXempmdm5+YLC8XFpeWV1dLa+oVJMi2wJRKV6KsADCoZY4skKbxKNUIUKLwMbo7G/uUtaiOT+JwGKXYiuI5lXwogK3VLhyHf8SlEggo/4GHOXbfCq9w/RkXAc0lyPwVNEpTFkFf9XkKmWyq7NXdS/C94OZRZXqfd0pOdE1mEMQkFxrQ9N6XOcHyxUDgq+pnBFMQNXGPbYgwRms5wsueIb1ulx/uJticmPlG/TwwhMmYQBbYzAgrNb28s/ue1M+o3OkMZpxlhLL4e6meKU8LHofGe1ChIDSyA0NL+lYsQNAiy0RZtCN7vlf/CRb3m7dbqZ3vlZiOPo8A22RbbYR7bZ012wk5Ziwl2xx7YM3tx7p1H59V5+2qdcvKZDfajnI9PL/WjuA==</latexit>

Signal-to-noise (SNR)

• MCMC methods, nested sampling
• MCMC proposals: ensemble samplers 

(emcee), differential evolution, …
• Parallel tempering: explore full 

parameter space
• Informed proposals to deal with 

degeneracies

Measures loudness of signal:

SNR2 = (h|h) = 4

Z
df

Sn
|h|2

<latexit sha1_base64="8RvbCnyd8qIQdf1D0j0oqrjKDaM="></latexit>

Simple detection statistics: SNR>8-10
(true detection statistics LIGO/Virgo 
more complicated)
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LISA: different BHB signals

IMR Signal
Phases of the signal:
• Inspiral: covered by post-

Newtonian (PN) perturbative series
• Merger: covered only by numerical 

relativity (NR)
• Ringdown: NR, superposition of 

Quasi-Normal Modes (QNM)

LISA

 

The first detection: GW150914

         

                                       

            

§Signal consistent with binary black hole merger

§Parameters measured by matching millions of trial
waveforms in 15-dimensional parameter space

         

                                       

            

� *OUSPEVDUJPO

ćF HSPVOECSFBLJOH EJTDPWFSZ PG (SBWJUBUJPOBM 8BWFT
	(8T
 CZ HSPVOE�CBTFE MBTFS JOUFSGFSPNFUSJD EFUFD�
UPST JO ���� JT DIBOHJOH BTUSPOPNZ <�> CZ PQFOJOH
UIF IJHI�GSFRVFODZ HSBWJUBUJPOBM XBWF XJOEPX UP PC�
TFSWF MPX NBTT TPVSDFT BU MPX SFETIJę� ćF 4FOJPS
4VSWFZ $PNNJUUFF 	44$
 <�> TFMFDUFE UIF -� TDJFODF
UIFNF ćF (SBWJUBUJPOBM 6OJWFSTF <�> UP PQFO UIF ���
UP ���N)[ (SBWJUBUJPOBM 8BWF XJOEPX UP UIF 6OJ�
WFSTF� ćJT MPX�GSFRVFODZ XJOEPX JT SJDI JO B WBSJFUZ
PG TPVSDFT UIBU XJMM MFU VT TVSWFZ UIF 6OJWFSTF JO B OFX
BOE VOJRVF XBZ ZJFMEJOH OFX JOTJHIUT JO B CSPBE SBOHF
PG UIFNFT JO BTUSPQIZTJDT BOE DPTNPMPHZ BOE FOBCMJOH
VT JO QBSUJDVMBS UP TIFE MJHIU PO UXP LFZ RVFTUJPOT� 	�

)PX XIFO BOE XIFSF EP UIF ĕSTU NBTTJWF CMBDL IPMFT
GPSN HSPX BOE BTTFNCMF BOE XIBU JT UIF DPOOFDUJPO
XJUI HBMBYZ GPSNBUJPO 	�
 8IBU JT UIF OBUVSF PG HSBW�
JUZ OFBS UIF IPSJ[POT PG CMBDL IPMFT BOE PO DPTNPMPHJ�
DBM TDBMFT 
8F QSPQPTF UIF -*4" NJTTJPO JO PSEFS UP SFTQPOE UP
UIJT TDJFODF UIFNF JO UIF CSPBEFTU XBZ QPTTJCMF XJUIJO
UIF DPOTUSBJOFE CVEHFU BOE HJWFO TDIFEVMF� -*4" FO�
BCMFT UIF EFUFDUJPO PG (8T GSPN NBTTJWF CMBDL IPMF
DPBMFTDFODFT XJUIJO B WBTU DPTNJD WPMVNF FODPNQBTT�
JOH BMM BHFT GSPN DPTNJD EBXO UP UIF QSFTFOU BDSPTT
UIF FQPDIT PG UIF FBSMJFTU RVBTBST BOE PG UIF SJTF PG
HBMBYZ TUSVDUVSF� ćF NFSHFS�SJOHEPXO TJHOBM PG UIFTF
MPVE TPVSDFT FOBCMFT UFTUT PG &JOTUFJO�T (FOFSBM ćFPSZ
PG 3FMBUJWJUZ 	(3
 JO UIF EZOBNJDBM TFDUPS BOE TUSPOH�
ĕFME SFHJNF XJUI VOQSFDFEFOUFE QSFDJTJPO� -*4" XJMM
NBQ UIF TUSVDUVSF PG TQBDFUJNF BSPVOE UIF NBTTJWF
CMBDL IPMFT UIBU QPQVMBUF UIF DFOUSFT PG HBMBYJFT VTJOH
TUFMMBS DPNQBDU PCKFDUT BT UFTU QBSUJDMF�MJLF QSPCFT� ćF
TBNF TJHOBMT XJMM BMTP BMMPX VT UP QSPCF UIF QPQVMBUJPO
PG UIFTF NBTTJWF CMBDL IPMFT BT XFMM BT BOZ DPNQBDU PC�
KFDUT JO UIFJS WJDJOJUZ� " TUPDIBTUJD (8 CBDLHSPVOE PS
FYPUJD TPVSDFT NBZ QSPCF OFX QIZTJDT JO UIF FBSMZ 6OJ�
WFSTF� "EEFE UP UIJT MJTU PG TPVSDFT BSF UIF OFXMZ EJTDPW�
FSFE -*(0�7JSHP IFBWZ TUFMMBS�PSJHJO CMBDL IPMF NFSH�
FST XIJDIXJMM FNJU(8T JO UIF -*4"CBOE GSPN TFWFSBM
ZFBST VQ UP B XFFL QSJPS UP UIFJS NFSHFS FOBCMJOH DPPS�
EJOBUFE PCTFSWBUJPOT XJUI HSPVOE�CBTFE JOUFSGFSPNF�
UFST BOE FMFDUSPNBHOFUJD UFMFTDPQFT� ćF WBTU NBKPSJUZ
PG TJHOBMT XJMM DPNF GSPN DPNQBDU HBMBDUJD CJOBSZ TZT�
UFNT XIJDI BMMPX VT UP NBQ UIFJS EJTUSJCVUJPO JO UIF
.JMLZ 8BZ BOE JMMVNJOBUF TUFMMBS BOE CJOBSZ FWPMVUJPO�
-*4" CVJMET PO UIF TVDDFTT PG -*4" 1BUIĕOEFS
	-1'
 <�> UXFOUZ ZFBST PG UFDIOPMPHZ EFWFMPQNFOU
BOE UIF (SBWJUBUJPOBM 0CTFSWBUPSZ "EWJTPSZ 5FBN
	(0"5
 SFDPNNFOEBUJPOT� -*4" XJMM VTF UISFF BSNT

BOE UISFF JEFOUJDBM TQBDFDSBę 	4�$
 JO B USJBOHVMBS GPS�
NBUJPO JO B IFMJPDFOUSJD PSCJU USBJMJOH UIF &BSUI CZ
BCPVU ��○� ćF FYQFDUFE TFOTJUJWJUZ BOE TPNF QPUFO�
UJBM TJHOBMT BSF TIPXO JO 'JHVSF ��

'JHVSF �� &YBNQMFT PG (8 TPVSDFT JO UIF GSF�
RVFODZ SBOHF PG -*4" DPNQBSFE XJUI JUT TFOTJ�
UJWJUZ GPS B ��BSNDPOĕHVSBUJPO� ćFEBUB BSF QMPU�
UFE JO UFSNT PG EJNFOTJPOMFTT ADIBSBDUFSJTUJD TUSBJO
BNQMJUVEF� <�>� ćF USBDLT PG UISFF FRVBMNBTT CMBDL
IPMF CJOBSJFT MPDBUFE BU z = 3 XJUI UPUBM JOUSJO�
TJD NBTTFT 107 106 BOE 105M⊙ BSF TIPXO� ćF
TPVSDF GSFRVFODZ 	BOE 4/3
 JODSFBTFT XJUI UJNF
BOE UIF SFNBJOJOH UJNF CFGPSF UIF QMVOHF JT JOEJ�
DBUFE PO UIF USBDLT� ćF � TJNVMUBOFPVTMZ FWPMW�
JOH IBSNPOJDT PG BO &YUSFNF .BTT 3BUJP *OTQJSBM
TPVSDF BU z = 1.2 BSF BMTP TIPXO BT BSF UIF USBDLT PG
B OVNCFS PG TUFMMBS PSJHJO CMBDL IPMF CJOBSJFT PG UIF
UZQF EJTDPWFSFE CZ -*(0� 4FWFSBM UIPVTBOE HBMBD�
UJD CJOBSJFT XJMM CF SFTPMWFE BęFS B ZFBS PG PCTFS�
WBUJPO� 4PNF CJOBSZ TZTUFNT BSF BMSFBEZ LOPXO
BOE XJMM TFSWF BT WFSJĕDBUJPO TJHOBMT� .JMMJPOT PG
PUIFS CJOBSJFT SFTVMU JO B ADPOGVTJPO TJHOBM� XJUI B
EFUFDUFE BNQMJUVEF UIBU JT NPEVMBUFE CZ UIF NP�
UJPO PG UIF DPOTUFMMBUJPO PWFS UIF ZFBS� UIF BWFSBHF
MFWFM JT SFQSFTFOUFE BT UIF HSFZ TIBEFE BSFB�

"O PCTFSWBUPSZ UIBU DBO EFMJWFS UIJT TDJFODF JT EF�
TDSJCFE CZ B TFOTJUJWJUZ DVSWF XIJDI CFMPX �N)[ XJMM
CF MJNJUFE CZ BDDFMFSBUJPO OPJTF BU UIF MFWFM EFNPO�
TUSBUFE CZ -1'� *OUFSGFSPNFUSZ OPJTF EPNJOBUFT BCPWF
�N)[ XJUI SPVHIMZ FRVBM BMMPDBUJPOT GPS QIPUPO TIPU
OPJTF BOE UFDIOJDBM OPJTF TPVSDFT� 4VDI B TFOTJUJWJUZ
DBO CF BDIJFWFE XJUI B ���NJMMJPO LN BSN�MFOHUI DPO�
TUFMMBUJPO XJUI �� DN UFMFTDPQFT BOE �8 MBTFS TZTUFNT�
ćJT JT DPOTJTUFOU XJUI UIF (0"5 SFDPNNFOEBUJPOT
BOE CBTFE PO UFDIOJDBM SFBEJOFTT BMPOF B MBVODINJHIU
CF GFBTJCMF BSPVOE ����� 8F QSPQPTF BNJTTJPO MJGFUJNF
PG � ZFBST FYUFOEBCMF UP �� ZFBST GPS -*4"�

1BHF � -*4" o �� */530%6$5*0/

• MBHBs: very loud, merger-
dominated (mostly short)

• SBHBs: early inspiral, some chirping 
during LISA obs. (multiband ?)

• GBs: quasi-monochromatic, 
superposed

• EMRIs: long-lived, many harmonics
• Stochastic backgrounds
• TDEs !

GW signals seen by LISA - the basics
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Contrasting LIGO/Virgo and LISA responses: LISA
XJUI B NFBO JOUFS�4�$ TFQBSBUJPO EJTUBODF PG ��� NJM�
MJPO LN� " SFGFSFODF PSCJU IBT CFFO QSPEVDFE PQUJ�
NJTFE UPNJOJNJTF UIF LFZ WBSJBCMF QBSBNFUFST PG JOUFS�
4�$ CSFBUIJOH BOHMFT 	ĘVDUVBUJPOT PG WFSUFY BOHMFT
 BOE
UIF SBOHF SBUF PG UIF 4�$ BT CPUI PG UIFTF ESJWF UIF DPN�
QMFYJUZ PG UIF QBZMPBE EFTJHO XIJMF BU UIF TBNF UJNF FO�
TVSJOH UIF SBOHF UP UIF DPOTUFMMBUJPO JT TVďDJFOUMZ DMPTF
GPS DPNNVOJDBUJPO QVSQPTFT�

Earth

Sun
1 AU (150 million km)

19 – 23°
60°

2.5 million km

1 AU
Sun

'JHVSF �� %FQJDUJPO PG UIF -*4" 0SCJU�

ćF PSCJUBM DPOĕHVSBUJPO JT EFQJDUFE JO 'JHVSF �� ćFTF
PSCJUT XJMM MFBE UP CSFBUIJOH BOHMFT PG ±� EFH BOE
%PQQMFS TIJęT CFUXFFO UIF 4�$ PG XJUIJO ±�.)[�
ćF MBVODI BOE USBOTGFS BSF PQUJNJ[FE GPS B EFEJDBUFE
"SJBOF ��� MBVODI BOE DBSSZ UIF GPMMPXJOH CBTJD GFB�
UVSFT�
t UPUBM USBOTGFS UJNF PG BCPVU ��� EBZT�
t EJSFDU FTDBQF MBVODI XJUI V∞ = 260N�T�
t UISFF TFUT PGNBOPFVWSFT GPS ĕOBM USBOTGFS PSCJU JOKFD�

UJPO QFSGPSNFE CZ UIF QSPQVMTJPO BOE 4�$ DPNQPTJUF
NPEVMFT� 4FF 4FDUJPO ����� GPS EFUBJMT�

��� -BVODIFS

ćF SFDPNNFOEFE PQUJPO GPS -*4" JT UP VTF POF PG
UIF "SJBOF � GBNJMZ PG MBVODI WFIJDMFT XJUI B EFE�
JDBUFE "SJBOF ��� MBVODI CFJOH UIF QSFGFSSFE PQUJPO�
8JUI B MBVODI DBQBDJUZ EJSFDUMZ JOUP BO FTDBQF USBKFD�
UPSZ PG ���� LH UIF "SJBOF ��� JT WFSZ XFMM TVJUFE UP
UIF -*4" MBVODI SFRVJSFNFOUT BOE UIF SFGFSFODF PSCJU
EFTDSJCFE JO 4FDUJPO ��� JT CBTFE PO UIF DBQBCJMJUJFT PG
UIJT MBVODIFS� ćF DBQBDJUZ PG "SJBOF ��� JT MJNJUFE BOE
JU JT FYUSFNFMZ MJLFMZ UIBU BOZ NJTTJPO TJ[FE UP ĕU XJUIJO
JU XPVME CF TJHOJĕDBOUMZ DPNQSPNJTFE JO UFSNT PG DB�
QBCJMJUZ� 4JNJMBSMZ JU JT MJLFMZ UIBU UIF DPOTUSBJOUT BOE
DPNQMFYJUZ PG B MBVODI UP (FPTUBUJPOBSZ 5SBOTGFS 0S�
CJU DPNCJOFE XJUI UIF OFFE UP ĕOE B TVJUBCMF QBSUOFS
NBLF B TIBSFE "SJBOF ��� MBVODI VOBUUSBDUJWF�

��� $PODFQU PG 0QFSBUJPOT

&BDI 4�$ JT FRVJQQFE XJUI JUT PXO QSPQVMTJPO NPEVMF
UP SFBDI UIF EFTJSFE PSCJU� %VSJOH UIJT DSVJTF QIBTF
DIFDLPVU BOE UFTUJOH PG TPNF FRVJQNFOU DPVME BMSFBEZ
CFHJO� 0ODF UIF 4�$ IBWF CFFO JOTFSUFE JOUP UIFJS DPS�
SFDU PSCJUT BOE UIF QSPQVMTJPO NPEVMFT KFUUJTPOFE UIF
UISFF 4�$ NVTU CF QSFQBSFE UP GPSN B TJOHMF XPSL�
JOH PCTFSWBUPSZ CFGPSF TDJFODF PQFSBUJPOT DBO CF FT�
UBCMJTIFE� ćJT JODMVEFT UIF SFMFBTF PG UIF UFTU NBTTFT
BOE FOHBHJOH UIF %SBH�'SFF "UUJUVEF $POUSPM 4ZTUFN
	%'"$4
� ćJT QSPDFTT DPOTUFMMBUJPO BDRVJTJUJPO BOE
DBMJCSBUJPO JT EFTDSJCFE JO 4FDUJPO ������ 'PMMPXJOH
BDRVJTJUJPO BOE DBMJCSBUJPO -*4" XPVME FOUFS UIF QSJ�
NBSZ TDJFODF NPEF� "U UIJT UJNF BMM UFTU NBTTFT JOTJEF
UIF UISFF 4�$ XJMM CF JO GSFF GBMM BMPOH UIF MJOFT PG TJHIU
CFUXFFO UIF 4�$� $BQBDJUJWF TFOTPST TVSSPVOEJOH FBDI
UFTU NBTT XJMM NPOJUPS UIFJS QPTJUJPO BOE PSJFOUBUJPO
XJUI SFTQFDU UP UIF 4�$� %'"$4 XJMM VTF NJDSP�/FXUPO
UISVTUFST UP TUFFS UIF 4�$ UP GPMMPX UIF UFTUNBTTFT BMPOH
UIF UISFF USBOTMBUJPOBM EFHSFFT�PG�GSFFEPN VTJOH JO�
UFSGFSPNFUSJD SFBEPVU XIFSF BWBJMBCMF BOE DBQBDJUJWF
TFOTJOH GPS UIF SFNBJOJOH EFHSFFT�PG�GSFFEPN� &MFD�
USPTUBUJD BDUVBUPST BSF VTFE UP BQQMZ UIF SFRVJSFE GPSDFT
BOE UPSRVFT JO BMM PUIFS EFHSFFT PG GSFFEPN UP UIF UFTU
NBTTFT� -BTFS JOUFSGFSPNFUSZ JT VTFE UP NPOJUPS UIF
EJTUBODF DIBOHFT CFUXFFO UIF UFTU NBTTFT BOE UIF PQ�
UJDBM CFODI 	0#
 JOTJEF FBDI 4�$� ćFTF UFDIOPMPHJFT
IBWF CFFO EFNPOTUSBUFE CZ UIF -*4" 1BUIĕOEFS NJT�
TJPO�
ćF MPOH�CBTFMJOF MBTFS JOUFSGFSPNFUFS PS TDJFODF JO�
UFSGFSPNFUFS JT VTFE UP NFBTVSF DIBOHFT JO UIF EJT�
UBODF CFUXFFO UIF PQUJDBM CFODIFT XIJMF B UIJSE JO�
UFSGFSPNFUFS TJHOBM NPOJUPST UIF EJČFSFOUJBM MBTFS GSF�
RVFODZ OPJTF CFUXFFO UIF UXP MPDBM MBTFS TZTUFNT� "MM
JOUFSGFSPNFUFS TJHOBMT BSF DPNCJOFE PO HSPVOE UP EF�
UFSNJOF UIF EJČFSFOUJBM EJTUBODF DIBOHFT CFUXFFO UXP
QBJST PG XJEFMZ TFQBSBUFE UFTU NBTTFT� 4DJFODF .PEF
XPVME GFBUVSF OFBS�DPOUJOVPVT PQFSBUJPO PG UIF TZTUFN
BU UIF EFTJHO TFOTJUJWJUZ� ćF TZTUFN EFTJHO TIPVME CF
TVDI UIBU JO TDJFODF NPEF FYUFSOBM QFSUVSCBUJPOT UP
UIF TZTUFN BSFNJOJNJTFE BOE JO QBSUJDVMBS UIF CBTFMJOF
EFTJHO EPFT OPU SFRVJSF TUBUJPO LFFQJOH PS PSCJU DPS�
SFDUJPO NBOPFVWSFT� *O MJOF XJUI UIF TDJFODF SFRVJSF�
NFOUT PO EBUB MBUFODZ DPNNVOJDBUJPOT XPVME PDDVS
PODF QFS EBZ GPS B EVSBUJPO PG BQQSPYJNBUFMZ � IPVST�
ćFSF BSF UXP QSJODJQBM FWFOUT XIJDI XJMM DBVTF TPNF
EJTSVQUJPO UP UIF TDJFODF NPEF PG PQFSBUJPOT� UIFTF
BSF SF�QPJOUJOH PG UIF BOUFOOBT BOE SF�DPOĕHVSBUJPO
PG UIF MBTFS MPDLJOH UP NBJOUBJO UIF CFBU OPUFT XJUIJO
UIF QIBTFNFUFS CBOEXJEUI UIFTF BSF DPWFSFE JO NPSF
EFUBJM JO 4FDUJPOT ��� BOE ��� SFTQFDUJWFMZ� *O BEEJUJPO
UP UIF NBJO TDJFODF NPEF B TQFDJBM QSPUFDUFE QFSJPE

-*4" o �� .*44*0/ 130'*-& 1BHF ��

LISA-frame
SSB-frame: global view of the orbits

Low-f approximation: two LIGO-type 
detectors in motion [Cutler 1997]
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Sky localization can also come from 
high-f effects.

Short-lived 
signals: LISA 
frame

Sky localisation from the 
modulations induced by the orbits 
for long-lived signals

High-f: three channels 
with complicated 
frequency-dependence

Degeneracies - multimodality in the 
sky possible !
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Massive black holes: signals and challenges
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MBHB merger in time-domain
• Very loud sources, SNRs of 

several thousands !

• Detection of merger easy, but 
detection as early as possible ?

• Advance localization for 
multimessenger observations ?

• Signals can be short (< 1day) 
and degenerate

• Waveform model systematics 
for such loud signals ? Biases, 
residuals for other sources ?

• Subdominant features in the 
signal are important

FD signal with harmonics
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Galactic binaries: signals and challenges

Superposed signal

Individual signal

• Mostly WD-WD, some other 
compact objects

• Full galaxy: ~20 million systems !

• About ~20000 individually 
resolvable

• Form a (non-stationary) 
background

• Verification binaries

• Quasi-monochromatic GW 
emitters

• Modulation by LISA motion 
(sidebands in Fourier-domain)

• Superposition of signals in 
Fourier-domain
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Extreme mass ratio inspirals, stellar-mass black holes

Berry et al. The unique potential of extreme mass-ratio inspirals
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Figure 1. Illustration of an orbit in Kerr spacetime, appropriate for a short portion of an EMRI around a
spinning MBH. The central black hole has a mass M = 106M� and a dimensionless spin of 0.9. Distances
are measured in units of the gravitational radius rg = GM/c2. The innermost stable circular orbit for this
MBH would be at r ' 2.3rg. The coordinates have been mapped into Euclidean space to visualise the orbit:
the bottom right panel shows a three-dimensional view of the orbit; the top panels show the projections of
this orbit into three planes, and the bottom left panels show the orbit as a function of time. While EMRIs
evolve over years, this trajectory is only a few hours long. The intricate nature of the orbit is encoded into
the frequencies of the gravitational-wave signal. Measuring these lets us reconstruct the spacetime of the
MBH. Adapted from [29].

2

[Berry&al 2019]

• Long-lived, complex signals, large number of wave cycles

• Strong precession and eccentricity features, orbits in the 
relativistic regime around Kerr

• Exquisite determination of some parameters — also 
means that the signals are hard to find !

• Theoretical work on waveform models needed

EMRIs

Stellar-mass BHs

• Quiet signals: a few detections in the LISA band

• Inspiral regime far from merger, very large number 
of cycles

• Challenge of detection: template banks impossible

• Multiband analysis, archival searches ?
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LISA data - LDC-2 Sangria

• MBHBs: chirping signals, emerging from low-f noise
• GBs: quasi-monochromatic, horizontal lines
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LISA data - LDC-2 Sangria Time-Domain

• MBHBs: loudest ones clearly visible by eye above the noise
• GBs: superposed signals, annual modulation due to the LISA motion
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LISA data - LDC-2 Sangria Frequency-Domain

• MBHBs: loudest ones visible in the spectrum, subdominant
• GBs: signals local in frequency, both individually resolvable and building up a background  
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XJUI B NFBO JOUFS�4�$ TFQBSBUJPO EJTUBODF PG ��� NJM�
MJPO LN� " SFGFSFODF PSCJU IBT CFFO QSPEVDFE PQUJ�
NJTFE UPNJOJNJTF UIF LFZ WBSJBCMF QBSBNFUFST PG JOUFS�
4�$ CSFBUIJOH BOHMFT 	ĘVDUVBUJPOT PG WFSUFY BOHMFT
 BOE
UIF SBOHF SBUF PG UIF 4�$ BT CPUI PG UIFTF ESJWF UIF DPN�
QMFYJUZ PG UIF QBZMPBE EFTJHO XIJMF BU UIF TBNF UJNF FO�
TVSJOH UIF SBOHF UP UIF DPOTUFMMBUJPO JT TVďDJFOUMZ DMPTF
GPS DPNNVOJDBUJPO QVSQPTFT�

Earth

Sun
1 AU (150 million km)

19 – 23°
60°

2.5 million km

1 AU
Sun

'JHVSF �� %FQJDUJPO PG UIF -*4" 0SCJU�

ćF PSCJUBM DPOĕHVSBUJPO JT EFQJDUFE JO 'JHVSF �� ćFTF
PSCJUT XJMM MFBE UP CSFBUIJOH BOHMFT PG ±� EFH BOE
%PQQMFS TIJęT CFUXFFO UIF 4�$ PG XJUIJO ±�.)[�
ćF MBVODI BOE USBOTGFS BSF PQUJNJ[FE GPS B EFEJDBUFE
"SJBOF ��� MBVODI BOE DBSSZ UIF GPMMPXJOH CBTJD GFB�
UVSFT�
t UPUBM USBOTGFS UJNF PG BCPVU ��� EBZT�
t EJSFDU FTDBQF MBVODI XJUI V∞ = 260N�T�
t UISFF TFUT PGNBOPFVWSFT GPS ĕOBM USBOTGFS PSCJU JOKFD�

UJPO QFSGPSNFE CZ UIF QSPQVMTJPO BOE 4�$ DPNQPTJUF
NPEVMFT� 4FF 4FDUJPO ����� GPS EFUBJMT�

��� -BVODIFS

ćF SFDPNNFOEFE PQUJPO GPS -*4" JT UP VTF POF PG
UIF "SJBOF � GBNJMZ PG MBVODI WFIJDMFT XJUI B EFE�
JDBUFE "SJBOF ��� MBVODI CFJOH UIF QSFGFSSFE PQUJPO�
8JUI B MBVODI DBQBDJUZ EJSFDUMZ JOUP BO FTDBQF USBKFD�
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ćFSF BSF UXP QSJODJQBM FWFOUT XIJDI XJMM DBVTF TPNF
EJTSVQUJPO UP UIF TDJFODF NPEF PG PQFSBUJPOT� UIFTF
BSF SF�QPJOUJOH PG UIF BOUFOOBT BOE SF�DPOĕHVSBUJPO
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Transfer function for modulated and delayed signal
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LISA Fourier-domain response
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linear combinations of        with more delays
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Laser frequency shift, spacecrafts 
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Response

Fourier-domain for chirping signals (separation of timescales):

Tslr =
i⇡fL

2
sinc [⇡fL (1� k · nl)] exp [i⇡f (L+ k · (pr + ps))]nl · P · nl(tf )
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Time and frequency-dependency
Time: motion of LISA on its orbit
Frequency: departure from long-wavelength
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at ð1.74" 0.05Þ fm s−2=
ffiffiffiffiffiffi
Hz

p
above 2 mHz and ð6" 1Þ × 10 fm s−2=

ffiffiffiffiffiffi
Hz

p
at 20 μHz, and discusses the

physical sources for the measured noise. This performance provides an experimental benchmark
demonstrating the ability to realize the low-frequency science potential of the LISA mission, recently
selected by the European Space Agency.

DOI: 10.1103/PhysRevLett.120.061101

Introduction.—LISA Pathfinder (LPF) [1] is a European
Space Agency (ESA) mission dedicated to the experimental
demonstration of the free fall of test masses (TMs) as
required by LISA [2], the space-based gravitational-wave
(GW) observatory just approved by ESA. Such TMs are the
reference bodies at the ends of each LISA interferometer
arm and need to be free from spurious acceleration, g,
relative to their local inertial frame; any stray acceleration
competes directly with the tidal deformations caused by
GWs. LPF has two LISA TMs at the ends of a short
interferometer arm, insensitive to GWs because of the
reduced length but sensitive to the differential acceleration,
Δg, of the TMs arising from parasitic forces.
LPF was launched on December 3, 2015 and was in

science operation from March 1, 2016. Operations ended
on June 30, 2017, and the satellite was finally passivated on
July 18, 2017. On June 7, 2016, we published [3] the first
results on the free fall performance of the LPF test masses.
These results showed that the amplitude spectral density
(ASD) ofΔgwas found to be (see Fig. 1 of Ref. [3]) limited
by Brownian noise at S1=2Δg ¼ ð5.2" 0.1Þ fm s−2=

ffiffiffiffiffiffi
Hz

p
, for

frequencies 1 mHz≲ f ≲ 30 mHz; rising above the
Brownian noise floor for frequencies f ≲ 1 mHz,

increasing to ≲12 fm s−2=
ffiffiffiffiffiffi
Hz

p
at f ¼ 0.1 mHz; and lim-

ited, for f ≳ 30 mHz, by the interferometer readout noise
of S1=2x ¼ ð34.8" 0.3Þ fm=

ffiffiffiffiffiffi
Hz

p
, which translates into an

effective Δg ASD of S1=2x ð2πfÞ2.
The previously published data referred to the longest

uninterrupted stretch of data, of about one week duration,
we had measured up to the time of publication. Since that
time, several improvements have allowed a significantly
better performance, presented in Fig. 1. First, the residual
gas pressure has decreased by roughly a factor of 10 since
the beginning of operations, as the gravitational reference
sensor (GRS) surrounding the TM has been continuously
vented to space [3] with a slowly decreasing outgassing
rate. Second, a more accurate calculation of the electrostatic
actuation force has eliminated a systematic source of low-
frequency force noise. Third, another inertial force from the
LPF spacecraft rotation has been identified and corrected in
theΔg time series. This last effect will be highly suppressed
in LISA by the improved rotational spacecraft control.
Finally, we have removed, by empirical fitting, a number of
well-identified, sporadic (less than one per day) quasi-
impulse force events or “glitches” from the data, allowing
uninterrupted data series of up to ∼18 days duration. This

FIG. 1. ASD of parasitic differential acceleration of LPF test masses as a function of the frequency. Data refer to an ∼13 day long run
taken at a temperature of 11 °C. The red, noisy line is the ASD estimated with the standard periodogram technique averaging over 10,
50% overlapping periodograms each 2 × 105 s long. The data points with error bars are uncorrelated, averaged estimates calculated as
explained in the text. For comparison, the blue noisy line is the ASD published in Ref. [3]. Data are compared with LPF requirements [1]
and with LISA requirements taken from Ref. [2]. Fulfilling requirements implies that the noise must be below the corresponding shaded
area at all frequencies. LISA requirements below 0.1 mHz must be considered just as goals [2].
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XJUI B NFBO JOUFS�4�$ TFQBSBUJPO EJTUBODF PG ��� NJM�
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NJTFE UPNJOJNJTF UIF LFZ WBSJBCMF QBSBNFUFST PG JOUFS�
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 BOE
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QMFYJUZ PG UIF QBZMPBE EFTJHO XIJMF BU UIF TBNF UJNF FO�
TVSJOH UIF SBOHF UP UIF DPOTUFMMBUJPO JT TVďDJFOUMZ DMPTF
GPS DPNNVOJDBUJPO QVSQPTFT�
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EFTJHO EPFT OPU SFRVJSF TUBUJPO LFFQJOH PS PSCJU DPS�
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exchanging a laser beam over a few million kilometres.
To achieve the full science objectives of LISA, the ASD of
spurious random accelerations of the TMs must be limited
to S1=2g ðfÞ ≤ 3 fm s−2=

ffiffiffiffiffiffi
Hz

p
×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðf=8 mHzÞ4

p
within

the frequency band of the detector, 0.1 mHz ≤ f ≤ 1 Hz.
The f2 relaxation for f ≥ 8 mHz arises because at those
frequencies the noise is expected to be dominated by white
interferometer displacement noise that, when converted to
equivalent acceleration, scales like f2. The requirement
should be given in terms of the differential acceleration,
Δg, between the two test masses. However, as the two
spacecraft are separated by a large distance, force fluctua-
tions around each TM are assumed to be incoherent and
S1=2Δg ¼

ffiffiffi
2

p
S1=2g .

At frequencies below 1 Hz, there is currently no realistic
possibility to reach such a level of free fall in a ground
based laboratory. The main problems are the large accel-
eration of the laboratory relative to a local inertial frame
and low-frequency terrestrial gravitational noise. This
pushes low-frequency GW detectors to space but also
prevents an end-to-end experimental demonstration of
the required free-fall performance in a terrestrial laboratory,
leading to the need for the LISA Pathfinder mission, whose
requirements for the ASD of Δg have been set at S1=2Δg ðfÞ ≤

30 fm s−2=
ffiffiffiffiffiffi
Hz

p
×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðf=3 mHzÞ4

p
within the fre-

quency band 1 mHz ≤ f ≤ 30 Hz. Note that for LPF the
cross-over frequency to the f2 branch (3 mHz), corresponds
to the value used in the earliest LISA concept [4], while the
change to 8 mHz results from the latest studies [2]. This
difference has no practical impact on thework presented here.

A. The instrument

The core instrument of LPF [5], consists of two quasi-
cubic test masses, of size ð46.000% 0.005Þ mm and mass
M ¼ ð1.928% 0.001Þ kg, formed from a high-purity gold-
platinum alloy. During science operations, these masses are
in free fall inside a single spacecraft with their centers
separated by a nominal distance of ð376.00% 0.05Þ mm
along a line that we take as the x axis (see Fig. 2 and
Ref. [6]). Each TM is contained within an electrode housing
[7], which serves as an electrostatic shield in addition to a
6 degree-of-freedom sensor and electrostatic force actuator,
with gaps around the mechanically and electrically isolated
TM of 2.9–4 mm on the different axes. Charge accumulated
by the TMs due to cosmic rays is removed by a UV light
discharge system [8].
DC and slowly varying electrostatic forces are applied

with dedicated audio frequency voltages between 60 and

FIG. 1. Gray: ASD of Δg, S1=2Δg ðfÞ, measured for 6.5 days starting 127 days after launch. The ASD is the result of averaging 26
periodograms of 40 000 s each, which results in a relative error (1σ) of 10% in S1=2Δg . The effective spectral resolution, set by the spectral
window, is Δf ≃%50 μHz. The absolute calibration of the measurement is better than 5%. Red: ASD of the same time series after
correction for the centrifugal force (visible at the lowest frequencies). Light blue: ASD after correction for the pickup of spacecraft
motion by the interferometer (IFO), visible in the 20–200 mHz range. Dashed smooth black line: SΔgðfÞ ¼ S0 þ SIFOð2πfÞ4 with

S1=20 ¼ ð5.57% 0.04Þ fm s−2=
ffiffiffiffiffiffi
Hz

p
and S1=2IFO ¼ ð34.8% 0.3Þ fm=

ffiffiffiffiffiffi
Hz

p
. Note that the level of S0 has decreased further in subsequent

measurements, as quoted in the abstract and shown in Fig. 3. Shaded areas: LISA and LISA Pathfinder requirements for Δg. The LISA
single test-mass acceleration requirement [2] has been multiplied by

ffiffiffi
2

p
to be presented here as a differential acceleration.
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All of the above scienti!c objectives can be addressed by a 
single L-class mission consisting of 3 drag-free spacecra" 
forming a triangular constellation with arm lengths of one 
million km and laser interferometry between “free-falling” 
test masses. #e interferometers measure the variations in 
light travel time along the arms due to the tidal deforma-
tion of spacetime by gravitational waves. Compared to the 
Earth-based gravitational wave observatories like LIGO 
and VIRGO, eLISA addresses the much richer frequency 
range between 0.1 mHz and 1 Hz, which is inaccessible on 
Earth due to arm length limitations and terrestrial gravity 
gradient noise.
#e Next Gravitational wave Observatory (NGO) mission 
studied for the L1 selection [15] is an eLISA strawman mis-
sion concept. It enables the ambitious science program de-
scribed here, and has been evaluated by ESA as both tech-
nically feasible and compatible with the L2 cost target. Its 
foundation is mature and solid, based on decades of devel-
opment for LISA, including a mission formulation study, 
and the extensive heritage of $ight hardware and ground 
preparation for the upcoming LISA Path!nder geodesic 
explorer mission, which will directly test most of the eLI-
SA performance and validate the eLISA instrumental noise 
model [144–145].

Mission design
#e NGO mission has three spacecra", one ‘mother’ at the 
vertex and two ‘daughters’ at the ends, which form a single 
Michelson interferometer con!guration (Figure 9). #e 
spacecra" follow independent heliocentric orbits without 
any station-keeping and form a nearly equilateral triangle 
in a plane that is inclined by 60° to the ecliptic. #e con-
stellation follows the Earth at a distance between 10° and 

30°, as shown in Figure 10. Celestial mechanics causes the 
triangle to rotate almost rigidly about its centre as it orbits 
around the sun, with variations of arm length and opening 
angle at the percent level.
#e payload consists of four identical units, two on the 
mother spacecra" and one on each daughter spacecra" 
(Figure 11). Each unit contains a Gravitational Reference 
Sensor (GRS) with an embedded free-falling test mass that 
acts both as the end point of the optical length measure-
ment, and as a geodesic reference test particle. A telescope 
with 20 cm diameter transmits light from a 2 W laser at 
1064 nm along the arm and also receives a small fraction 
of the light sent from the far spacecra". Laser interferom-
etry is performed on an optical bench placed between the 
telescope and the GRS.
On the optical bench, the received light from the distant 
spacecra" is interfered with the local laser source to pro-

)LJXUH����H/,6$�FRQ̧JXUDWLRQ��QRW�WR�VFDOH�� One mother and two daugh-
ter spacecraft exchanging laser light form a two-arm Michelson interfer-
QOGVGT��6JGTG�CTG�HQWT�KFGPVKECN�RC[NQCFU��QPG�CV�VJG�GPF�QH�GCEJ�CTO��CU�
UJQYP�KP�(KIWTG����

Figure 10: eLISA Orbits. The three eLISA-NGO spacecraft follow the Earth 
CU�CP�CNOQUV�UVKHH�VTKCPING��RWTGN[�FWG�VQ�EGNGUVKCN�OGEJCPKEU��

Figure 11: eLISA payload.�'CEJ�RC[NQCF�WPKV�EQPVCKPU�C���šEO�VGNGUEQRG��
VJG�VGUV�OCUU�GPENQUGF�KPUKFG�VJG�)TCXKVCVKQPCN�4GHGTGPEG�5GPUQT�
)45��
CPF�CP�QRVKECN�DGPEJ�JQUVKPI�VJG�KPVGTHGTQOGVGTU��
#WZKNKCT[�TGHGTGPEG�KP-
VGTHGTQOGVGT�QOKVVGF�HQT�ENCTKV[��UGGš=��?�HQT�FGVCKNU��
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� *OUSPEVDUJPO

ćF HSPVOECSFBLJOH EJTDPWFSZ PG (SBWJUBUJPOBM 8BWFT
	(8T
 CZ HSPVOE�CBTFE MBTFS JOUFSGFSPNFUSJD EFUFD�
UPST JO ���� JT DIBOHJOH BTUSPOPNZ <�> CZ PQFOJOH
UIF IJHI�GSFRVFODZ HSBWJUBUJPOBM XBWF XJOEPX UP PC�
TFSWF MPX NBTT TPVSDFT BU MPX SFETIJę� ćF 4FOJPS
4VSWFZ $PNNJUUFF 	44$
 <�> TFMFDUFE UIF -� TDJFODF
UIFNF ćF (SBWJUBUJPOBM 6OJWFSTF <�> UP PQFO UIF ���
UP ���N)[ (SBWJUBUJPOBM 8BWF XJOEPX UP UIF 6OJ�
WFSTF� ćJT MPX�GSFRVFODZ XJOEPX JT SJDI JO B WBSJFUZ
PG TPVSDFT UIBU XJMM MFU VT TVSWFZ UIF 6OJWFSTF JO B OFX
BOE VOJRVF XBZ ZJFMEJOH OFX JOTJHIUT JO B CSPBE SBOHF
PG UIFNFT JO BTUSPQIZTJDT BOE DPTNPMPHZ BOE FOBCMJOH
VT JO QBSUJDVMBS UP TIFE MJHIU PO UXP LFZ RVFTUJPOT� 	�

)PX XIFO BOE XIFSF EP UIF ĕSTU NBTTJWF CMBDL IPMFT
GPSN HSPX BOE BTTFNCMF BOE XIBU JT UIF DPOOFDUJPO
XJUI HBMBYZ GPSNBUJPO 	�
 8IBU JT UIF OBUVSF PG HSBW�
JUZ OFBS UIF IPSJ[POT PG CMBDL IPMFT BOE PO DPTNPMPHJ�
DBM TDBMFT 
8F QSPQPTF UIF -*4" NJTTJPO JO PSEFS UP SFTQPOE UP
UIJT TDJFODF UIFNF JO UIF CSPBEFTU XBZ QPTTJCMF XJUIJO
UIF DPOTUSBJOFE CVEHFU BOE HJWFO TDIFEVMF� -*4" FO�
BCMFT UIF EFUFDUJPO PG (8T GSPN NBTTJWF CMBDL IPMF
DPBMFTDFODFT XJUIJO B WBTU DPTNJD WPMVNF FODPNQBTT�
JOH BMM BHFT GSPN DPTNJD EBXO UP UIF QSFTFOU BDSPTT
UIF FQPDIT PG UIF FBSMJFTU RVBTBST BOE PG UIF SJTF PG
HBMBYZ TUSVDUVSF� ćF NFSHFS�SJOHEPXO TJHOBM PG UIFTF
MPVE TPVSDFT FOBCMFT UFTUT PG &JOTUFJO�T (FOFSBM ćFPSZ
PG 3FMBUJWJUZ 	(3
 JO UIF EZOBNJDBM TFDUPS BOE TUSPOH�
ĕFME SFHJNF XJUI VOQSFDFEFOUFE QSFDJTJPO� -*4" XJMM
NBQ UIF TUSVDUVSF PG TQBDFUJNF BSPVOE UIF NBTTJWF
CMBDL IPMFT UIBU QPQVMBUF UIF DFOUSFT PG HBMBYJFT VTJOH
TUFMMBS DPNQBDU PCKFDUT BT UFTU QBSUJDMF�MJLF QSPCFT� ćF
TBNF TJHOBMT XJMM BMTP BMMPX VT UP QSPCF UIF QPQVMBUJPO
PG UIFTF NBTTJWF CMBDL IPMFT BT XFMM BT BOZ DPNQBDU PC�
KFDUT JO UIFJS WJDJOJUZ� " TUPDIBTUJD (8 CBDLHSPVOE PS
FYPUJD TPVSDFT NBZ QSPCF OFX QIZTJDT JO UIF FBSMZ 6OJ�
WFSTF� "EEFE UP UIJT MJTU PG TPVSDFT BSF UIF OFXMZ EJTDPW�
FSFE -*(0�7JSHP IFBWZ TUFMMBS�PSJHJO CMBDL IPMF NFSH�
FST XIJDIXJMM FNJU(8T JO UIF -*4"CBOE GSPN TFWFSBM
ZFBST VQ UP B XFFL QSJPS UP UIFJS NFSHFS FOBCMJOH DPPS�
EJOBUFE PCTFSWBUJPOT XJUI HSPVOE�CBTFE JOUFSGFSPNF�
UFST BOE FMFDUSPNBHOFUJD UFMFTDPQFT� ćF WBTU NBKPSJUZ
PG TJHOBMT XJMM DPNF GSPN DPNQBDU HBMBDUJD CJOBSZ TZT�
UFNT XIJDI BMMPX VT UP NBQ UIFJS EJTUSJCVUJPO JO UIF
.JMLZ 8BZ BOE JMMVNJOBUF TUFMMBS BOE CJOBSZ FWPMVUJPO�
-*4" CVJMET PO UIF TVDDFTT PG -*4" 1BUIĕOEFS
	-1'
 <�> UXFOUZ ZFBST PG UFDIOPMPHZ EFWFMPQNFOU
BOE UIF (SBWJUBUJPOBM 0CTFSWBUPSZ "EWJTPSZ 5FBN
	(0"5
 SFDPNNFOEBUJPOT� -*4" XJMM VTF UISFF BSNT

BOE UISFF JEFOUJDBM TQBDFDSBę 	4�$
 JO B USJBOHVMBS GPS�
NBUJPO JO B IFMJPDFOUSJD PSCJU USBJMJOH UIF &BSUI CZ
BCPVU ��○� ćF FYQFDUFE TFOTJUJWJUZ BOE TPNF QPUFO�
UJBM TJHOBMT BSF TIPXO JO 'JHVSF ��

'JHVSF �� &YBNQMFT PG (8 TPVSDFT JO UIF GSF�
RVFODZ SBOHF PG -*4" DPNQBSFE XJUI JUT TFOTJ�
UJWJUZ GPS B ��BSNDPOĕHVSBUJPO� ćFEBUB BSF QMPU�
UFE JO UFSNT PG EJNFOTJPOMFTT ADIBSBDUFSJTUJD TUSBJO
BNQMJUVEF� <�>� ćF USBDLT PG UISFF FRVBMNBTT CMBDL
IPMF CJOBSJFT MPDBUFE BU z = 3 XJUI UPUBM JOUSJO�
TJD NBTTFT 107 106 BOE 105M⊙ BSF TIPXO� ćF
TPVSDF GSFRVFODZ 	BOE 4/3
 JODSFBTFT XJUI UJNF
BOE UIF SFNBJOJOH UJNF CFGPSF UIF QMVOHF JT JOEJ�
DBUFE PO UIF USBDLT� ćF � TJNVMUBOFPVTMZ FWPMW�
JOH IBSNPOJDT PG BO &YUSFNF .BTT 3BUJP *OTQJSBM
TPVSDF BU z = 1.2 BSF BMTP TIPXO BT BSF UIF USBDLT PG
B OVNCFS PG TUFMMBS PSJHJO CMBDL IPMF CJOBSJFT PG UIF
UZQF EJTDPWFSFE CZ -*(0� 4FWFSBM UIPVTBOE HBMBD�
UJD CJOBSJFT XJMM CF SFTPMWFE BęFS B ZFBS PG PCTFS�
WBUJPO� 4PNF CJOBSZ TZTUFNT BSF BMSFBEZ LOPXO
BOE XJMM TFSWF BT WFSJĕDBUJPO TJHOBMT� .JMMJPOT PG
PUIFS CJOBSJFT SFTVMU JO B ADPOGVTJPO TJHOBM� XJUI B
EFUFDUFE BNQMJUVEF UIBU JT NPEVMBUFE CZ UIF NP�
UJPO PG UIF DPOTUFMMBUJPO PWFS UIF ZFBS� UIF BWFSBHF
MFWFM JT SFQSFTFOUFE BT UIF HSFZ TIBEFE BSFB�

"O PCTFSWBUPSZ UIBU DBO EFMJWFS UIJT TDJFODF JT EF�
TDSJCFE CZ B TFOTJUJWJUZ DVSWF XIJDI CFMPX �N)[ XJMM
CF MJNJUFE CZ BDDFMFSBUJPO OPJTF BU UIF MFWFM EFNPO�
TUSBUFE CZ -1'� *OUFSGFSPNFUSZ OPJTF EPNJOBUFT BCPWF
�N)[ XJUI SPVHIMZ FRVBM BMMPDBUJPOT GPS QIPUPO TIPU
OPJTF BOE UFDIOJDBM OPJTF TPVSDFT� 4VDI B TFOTJUJWJUZ
DBO CF BDIJFWFE XJUI B ���NJMMJPO LN BSN�MFOHUI DPO�
TUFMMBUJPO XJUI �� DN UFMFTDPQFT BOE �8 MBTFS TZTUFNT�
ćJT JT DPOTJTUFOU XJUI UIF (0"5 SFDPNNFOEBUJPOT
BOE CBTFE PO UFDIOJDBM SFBEJOFTT BMPOF B MBVODINJHIU
CF GFBTJCMF BSPVOE ����� 8F QSPQPTF BNJTTJPO MJGFUJNF
PG � ZFBST FYUFOEBCMF UP �� ZFBST GPS -*4"�

1BHF � -*4" o �� */530%6$5*0/

SJOH�EPXOPG UIF OFX.#) UIBU GPSNFE� #FJOH TPVSDFT
BU DPTNPMPHJDBM SFETIJęT NBTTFT JO UIF PCTFSWFS GSBNF
BSF (1+ z) IFBWJFS UIBO JO UIF TPVSDF GSBNF BOE TPVSDF
SFETIJęT BSF JOGFSSFE GSPN UIF MVNJOPTJUZ EJTUBODF Dl 
FYUSBDUFE GSPN UIF TJHOBM 	XJUI UIF FYDFQUJPO PG UIPTF
TPVSDFT GPS XIJDIXF IBWF BO JOEFQFOEFOUNFBTVSF PG z
GSPN BO JEFOUJĕFE FMFDUSPNBHOFUJD DPVOUFSQBSU
� $PO�
TJTUFOU XJUI DVSSFOU DPOTFSWBUJWF QPQVMBUJPO NPEFMT
<�> UIF FYQFDUFE NJOJNVN PCTFSWBUJPO SBUF PG B GFX
.#) #JOBSJFT 	.#)#
 QFS ZFBS XPVME GVMĕMM UIF SF�
RVJSFNFOUT PG 40��

'JHVSF �� .BTTJWF CMBDL IPMF CJOBSZ DPBMFTDFODFT�
DPOUPVST PG DPOTUBOU 4/3 GPS UIF CBTFMJOF PCTFS�
WBUPSZ JO UIF QMBOF PG UPUBM TPVSDF�GSBNF NBTT M
BOE SFETIJę z 	MFę NBSHJO�BTTVNJOH 1MBODL DPT�
NPMPHZ
 BOE MVNJOPTJUZ EJTUBODF Dl 	SJHIU NBS�
HJO
 GPS CJOBSJFT XJUI DPOTUBOU NBTT SBUJP PG q =
0.2� 0WFSMBJE BSF UIF QPTJUJPOT PG UIF UISFTIPME CJ�
OBSJFT VTFE UP EFĕOF UIF NJTTJPO SFRVJSFNFOUT�

'JHVSF � QSFTFOUT UIF SJDIOFTT PG TPVSDFT UIBU TIPVME
CF WJTJCMF UP -*4" TIPXJOH B XJEF SBOHF PG NBTTFT PC�
TFSWBCMF XJUI IJHI 4/3 PVU UP IJHI SFETIJę� ćF EFG�
JOJUJPO PG UIF UISFTIPME TZTUFNT 	XIJDI BSF TIPXO BT
SFE TUBST JO 'JHVSF �
 GPS FBDI 03 MFBET UP POF PS NPSF
.3 TIPXO JO 'JHVSF ��

4*���� 4FBSDI GPS TFFE CMBDL IPMFT BU DPTNJD EBXO

03��� )BWF UIF DBQBCJMJUZ UP EFUFDU UIF JOTQJSBM PG
.#)#T JO UIF JOUFSWBM CFUXFFO B GFX 103M⊙ BOE B GFX
105M⊙ JO UIF TPVSDF GSBNF BOE GPSNBUJPO SFETIJęT CF�
UXFFO �� BOE ��� &OBCMF UIFNFBTVSFNFOU PG UIF TPVSDF
GSBNF NBTTFT BOE UIF MVNJOPTJUZ EJTUBODF XJUI B GSBD�
UJPOBM FSSPS PG ��� UP EJTUJOHVJTI GPSNBUJPO NPEFMT�

.3���� &OTVSF UIF TUSBJO TFOTJUJWJUZ JT CFUUFS UIBO 1.6×
10−20Hz−1/2 BU ���N)[ BOE 1 × 10−20Hz−1/2 BU �N)[
UP FOBCMF UIF PCTFSWBUJPO PG CJOBSJFT BU UIF MPX FOE PG
UIJT QBSBNFUFS TQBDF XJUI B 4/3 PG BU MFBTU ��� 4VDI
B iUISFTIPMEw TZTUFN XPVME IBWF B NBTT PG 3000M⊙

NBTT SBUJP q = 0.2, BOE CF MPDBUFE BU B SFETIJę PG ���
"MM PUIFS .#)#T JO 03��� XJUI NBTTFT JO UIF RVPUFE
SBOHF BOE NBTT SBUJPT IJHIFS UIBO UIJT BOE�PS BU MPXFS
SFETIJę XJMM UIFO CF EFUFDUFEXJUI IJHIFS 4/3 ZJFMEJOH
CFUUFS QBSBNFUFS FTUJNBUJPO�

4*���� 4UVEZ UIF HSPXUI NFDIBOJTN PG .#)T GSPN
UIF FQPDI PG UIF FBSMJFTU RVBTBST

03����B )BWF UIF DBQBCJMJUZ UP EFUFDU UIF TJHOBM GPS DP�
BMFTDJOH .#)T XJUI NBTT 104 < M < 106M⊙ JO UIF
TPVSDF GSBNF BU z ≲ 9� &OBCMF UIF NFBTVSFNFOU PG UIF
TPVSDF GSBNF NBTTFT BU UIF MFWFM MJNJUFE CZ XFBL MFOT�
JOH 	� �
�

03����C 'PS TPVSDFT BU z < 3 BOE 105 < M < 106M⊙
FOBCMF UIF NFBTVSFNFOU PG UIF EJNFOTJPOMFTT TQJO PG
UIF MBSHFTU .#) XJUI BO BCTPMVUF FSSPS CFUUFS UIBO ���
BOE UIF EFUFDUJPO PG UIF NJTBMJHONFOU PG TQJOT XJUI
UIF PSCJUBM BOHVMBS NPNFOUVN CFUUFS UIBO 10 EFHSFFT�
ćJT QBSBNFUFS BDDVSBDZ DPSSFTQPOET UP BO BDDVNV�
MBUFE 4/3 	VQ UP UIF NFSHFS
 PG BU MFBTU ∼ 200�
.3���� ćF NPTU TUSJOHFOU SFRVJSFNFOU JT TFU CZ CF�
JOH BCMF UP NFBTVSF UIF TQJO PG B UISFTIPME TZTUFN XJUI
UPUBM JOUSJOTJD NBTT PG 105M⊙ NBTT SBUJP PG q = 0.2, MP�
DBUFE BU z = 3� ćJT XJMM TBUJTGZ CPUI 03����B BOE ����C�
"DIJFWJOH BO 4/3 PG ��� SFRVJSFT B TUSBJO TFOTJUJWJUZ
PG 4 × 10−20Hz−1/2 BU �N)[ BOE 1.3 × 10−20Hz−1/2 BU
��N)[� "MM TZTUFNT JO 03����B BOE ����C XJUI IJHIFS
NBTT NBTT SBUJPT TQJOT PS MPXFS SFETIJę XJMM SFTVMU JO
IJHIFS 4/3 BOE CFUUFS TQJO FTUJNBUJPO�

4*���� 0CTFSWBUJPO PG &. DPVOUFSQBSUT UP VOWFJM UIF
BTUSPQIZTJDBM FOWJSPONFOU BSPVOENFSHJOH CJOBSJFT

03����B 0CTFSWF UIFNFSHFST PG.JMLZ�8BZ UZQF.#�
)#T XJUI UPUBM NBTTFT CFUXFFO 106 BOE 107M⊙ BSPVOE
UIF QFBL PG TUBS GPSNBUJPO 	z ∼ 2
 XJUI TVďDJFOU 4/3
UP BMMPX UIF JTTVJOH PG BMFSUT UP &. PCTFSWBUPSJFT XJUI
B TLZ�MPDBMJTBUJPO PG 100deg2 BU MFBTU POF EBZ QSJPS UP
NFSHFS� ćJT XPVME ZJFME DPJODJEFOU &.�(8 PCTFSWB�
UJPOT PG UIF TZTUFNT JOWPMWFE�

03����C "ęFS HSBWJUBUJPOBMMZ PCTFSWJOH UIF NFSHFS PG
TZTUFNT EJTDVTTFE JO 03����B UIF TLZ MPDBMJTBUJPO XJMM
CF TJHOJĕDBOUMZ JNQSPWFE BMMPXJOH GPMMPX�VQ &. PC�
TFSWBUJPOT UP UBLF QMBDF� ćJT IBT UIF QPUFOUJBM UP XJU�
OFTT UIF GPSNBUJPO PG B RVBTBS GPMMPXJOH B #) NFSHFS�
ćJT OFFET FYDFMMFOU TLZ MPDBMJTBUJPO 	BCPVU � EFH2
 UP
EJTUJOHVJTI GSPN PUIFS WBSJBCMF &. TPVSDFT JO UIF ĕFME
NPOUIT UP ZFBST BęFS UIF NFSHFS�

.3���� 'PS UIF MPXFTU 4/3 TZTUFN JO 03����B XIJDI
DPSSFTQPOET UP B NBTT PG 106M⊙ BU z = 2 XF XJMM EFUFDU
UIF JOTQJSBM TJHOBM 	XJUI 4/3���
 ∼ 11.5 EBZT QSJPS UP

-*4" o �� 4$*&/$& 1&3'03."/$& 1BHF �

LISA sources MBHBs SNR

Terminology:
• Massive black holes binaries (MBHBs)
• Stellar-mass black hole binaries (SBHBs): 

masses observable by ground-based 
detectors [Sesana 2016]

• Galactic Binaries (GBs): mostly WD-WD
• Extreme Mass Ratio Inspirals (EMRIs)
• Sochastic backgrounds (GBs, cosmo.)
• TDEs !

(source-frame mass)

LISA sources
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Contrasting LIGO/Virgo and LISA responses: LIGO/Virgo

Pattern functions

s = F+h+ + F⇥h⇥
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Time-of-arrival triangulation

18

FIG. 8. Parameter estimation summary plots V. The contours show 90% and 50% credible regions for the sky locations of all GW events
in a Mollweide projection. The probable position of the source is shown in equatorial coordinates (right ascension is measured in hours,
and declination is measured in degrees). 50% and 90% credible regions of posterior probability sky areas for the GW events. Top panel:

Confidently detected O2 GW events [21] (GW170817, GW170104, GW170823, GW170608, GW170809, GW170814) for which alerts were
sent to EM observers. Bottom panel: O1 events (GW150914, GW151226, GW151012), along with O2 events (GW170729, GW170818) not
previously released to EM observers.

([1.36, 1.58]M�) and the smaller NS m2 in [1.03, 1.36]M�
([1.18, 1.36]M�) for the high spin (low spin) prior. In Fig. 5
we show contours for the mass ratio and aligned e↵ective spin
posteriors for the IMRPhenomPv2NRT model assuming the
high-spin prior. The results are consistent with those pre-
sented in [90]. The e↵ective precession spin �p shown in the
bottom right panel of Fig. 5 peaks at lower values than the
prior and the KL-divergence D

�p

KL between this prior and pos-
terior is 0.20+0.03

�0.03 bits. When conditioning the prior on the
measured �e↵ , D

�p

KL decreases to 0.07+0.02
�0.02 bits, providing very

little evidence for precession. The strongly constrained �e↵
restricts most of the spin degrees of freedom into the orbital
plane, and in-plane spins are only large when the binary’s in-
clination angle approaches 180� where they have the least im-
pact on the waveform.

We show marginal posteriors for the e↵ective tidal param-
eter ⇤̃ in the bottom panels of Fig. 9. The prior and pos-

terior for ⇤̃ go to zero as ⇤̃ ! 0 because of the flat prior
on the component deformability parameters ⇤1 and ⇤2. We
reweight the posterior for ⇤̃ by dividing by the prior used,
e↵ectively imposing a flat prior in ⇤̃. The reweighted poste-
rior has nonzero support at ⇤̃ = 0. We find bounds on the
e↵ective tidal parameter that are about 10% wider compared
to the results presented in [90]. For the high-spin prior, the
90% upper limit on the tidal parameter is 686 for IMRPhe-
nomPv2NRT, compared to the value 630 found in [90]. The
upper limit for SEOBNRv4NRT is very close, 664, and the
value for TaylorF2 is higher at 816. For SEOBNRv4T and
TEOBResumS we find 843 and 841, respectively. For the low-
spin prior, we quote the two-sided 90% highest posterior den-
sity (HPD) credible interval on ⇤̃ that does not contain ⇤̃ = 0.
This 90% HPD interval is the smallest interval that contains
90% of the probability. For IMRPhenomPv2NRT we obtain
⇤̃ = 330+438

�251 which is slightly higher than the interval 300+420
�230

found in [90]. For SEOBNRv4NRT we find ⇤̃ = 305+432
�241 and

Simple multiplicative response

F+ =
1

2

�
1 + cos2 ✓

�
cos (2�) ,

F⇥ = cos ✓ sin (2�)
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Angular dependence:

• Two detectors: ~ring on the sky
• Better localization for 3 or more 

detectors (even low SNR!)

GWTC-1 sky localisation
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One-arm frequency observables

• Crucial to cancel laser noise
• First generation: unequal arms
• Second generation: propagation and flexing
• Michelson X,Y,Z - Uncorrelated noises A,E,T

yslr “ 1

2

1

1 ´ k̂ ¨ nl

nl ¨ phptsq ´ hptrqq ¨ nl

From spacecraft s to spacecraft r 
through link s:

3

FIG. 1: Schematic LISA configuration. The spacecraft are labeled 1, 2, and 3; each spacecraft contains two optical benches,
denoted by 1, 1∗, . . . , as indicated. The optical paths are denoted by Li, where the index i corresponds to the opposite
spacecraft. The unit vectors n̂i point between pairs of spacecraft, with the orientation indicated.

The frequency fluctuations introduced by the lasers, by the optical benches, by the proof masses, by the fiber optics,
and by the measurement itself at the photo-detector (i.e., the shot-noise fluctuations) enter the Doppler observables
yij and zij with specific time signatures; see Refs. [3, 4, 10] for a detailed discussion. The contribution yGW

ij due to
GW signals was derived in Ref. [2] in the case of a stationary array. (Note that in Ref. [2], and indeed in all the
literature on first-generation TDI, the notation yij indicates the one-way Doppler measurement for the laser beam
received at spacecraft j and traveling along arm i. In this paper we conform to the notation used in Refs. [7, 8, 9, 10]).

Since the motion of the LISA array around the Sun introduces a difference between (and a time dependence in) the
corotating and counterrotating light travel times, the exact expressions for the GW contributions to the various first-
generation TDI combinations will in principle differ from the expressions valid for a stationary array [2]. However,
the magnitude of the corrections introduced by the motion of the array are proportional to the product between
the time derivative of the GW amplitude and the difference between the actual light travel times and those valid
for a stationary array. At 1 Hz, for instance, the larger correction to the signal (due to the difference between the
corotating and counterrotating light travel times) is two orders of magnitude smaller than the main signal. Since the
amplitude of this correction scales linearly with the Fourier frequency, we can completely disregard this effect (and the
weaker effect due to the time dependence of the light travel times) over the entire LISA band [10]. Furthermore, since
along the LISA orbit the three armlengths will differ at most by ∼ 1%–2%, the degradation in signal-to-noise ratio
introduced by adopting signal templates that neglect the inequality of the armlengths will be at most a few percent.
For these reasons, in what follows we shall derive the GW responses of various second-generation TDI observables
by disregarding the differences in the delay times experienced by light propagating clockwise and counterclockwise,
and by assuming the three LISA armlengths to be constant and equal to L = 5 × 106 km # 16.67 s [23]. These
approximations, together with the treatment of the moving-LISA GW response discussed at the end of Sec. II C, are
essentially equivalent to the rigid adiabatic approximation of Ref. [20], and to the formalism of Ref. [18].

A. Geometry of the orbiting LISA array

We denote the positions of the three spacecrafts by pi and the unit vectors along the arms by n̂i, where n̂1 points
from spacecraft 3 to 2, n̂2 points from spacecraft 1 to 3, and n̂3 points from spacecraft 2 to 1. In the coordinate frame
where the spacecraft are at rest, we can set without loss of generality

pL
i = (L/

√
3)(− cos 2σi, sin 2σi, 0), (1)

and

n̂L
i = (cosσi, sinσi, 0), (2)

where

σi = 3π/2 − 2(i − 1)π/3. (3)
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f = 10−3 Hz f = 2 × 10−2 Hz f = 5 × 10−2 Hz f = 10−1 Hz
Binary N 1PN N 1PN N 1PN Doppler N 1PN Doppler

WD–WD 0 0 24† 0 - -

WD–NS 0 0 69† 0 - -

WD–BH 0 0 190† 0 - -

NS–NS 0 0 240† 0 6.9 × 103 3.4 0 9.3 × 104 78 2.7

NS–BH 0 0 740 0.33 2.2 × 104 19.0 0.66 3.5 × 105 640 8.5

TABLE I: Contributions to the evolution of GW frequency for various types of compact, stellar-mass binaries (white dwarfs with
m = 0.35M", neutron stars with m = 1.4M", and black holes with m = 6M"), for selected (initial) GW frequencies within the
LISA band. The contributions are expressed as GW cycles over one year of evolution, and the effects of Newtonian-order (N)
and first post–Newtonian-order (1PN) terms are shown separately. The column labeled “Doppler” reports the integrated phase
shift (in cycles) due to the increased Doppler shifting of the source as the frequency increases [see Eq. (45)], where significant.
At f = 10−3 Hz there is no significant evolution of GW frequency over one year. The symbol “†” indicates that the Taylor
expansion of the phase given by Eq. (21) is accurate to within a quarter of a cycle. Numbers are not shown where a binary of
a given class cannot exist at a given frequency. Some of the conclusions that can be drawn from this table are apparent also in
Figs. 10 and 12 of Ref. [20]: up to about 1 mHz, LISA cannot differentiate (using one year of data) between a monochromatic
binary and a chirping binary (see Fig. 10 of Ref. [20]); above that frequency, chirping becomes appreciable (one additional GW
cycle over a year in this table corresponds to a frequency shift of one bin in Fig. 12 of Ref. [20]), but we see that it can still be
modeled faithfully by the linear-chirp model of Eq. (21).

In Table I, for binaries consisting of various combinations of white dwarfs (WDs, with m = 0.35M!), neutron stars
(NSs, with m = 1.4M!), and black holes (BHs, with m = 6M!), and for various fiducial GW frequencies within
the LISA band, we show the contributions to the evolution of GW frequency over one year caused by terms at the
Newtonian (N) and first post–Newtonian (1PN) order. The table shows that at frequencies smaller or equal to 10−3

Hz, the evolution of frequency is negligible. At frequencies approaching 10 mHz, the change in frequency becomes
significant, and needs to be included in the model of the signal; however, only the first derivative of the frequency is
needed up to about 50 mHz. In binaries with WDs of mass ∼ 0.35M!, above ∼ 20 mHz the WDs fill their Roche
lobe, and the dynamical evolution of the system is then determined by tidal interaction between the stars. In binaries
with either a NS or a BH, post–Newtonian effects become important at about ∼ 50 mHz. At 1 Hz and above, these
binaries will coalesce in less than 1 yr; furthermore, population studies [25] suggest that the expected number of
binaries above 50 mHz containing neutron stars and black holes is negligible. (The effects of frequency evolution in
the LISA response to GW signals from inspiraling binaries are also discussed in Ref. [26].)

Therefore, for sufficiently small binary masses, for sufficiently small GW frequencies (and definitely for all non-
tidally-interacting binaries that contain WDs), we can approximate the phase of the signal by Taylor-expanding it,
and then neglecting terms of cubic and higher order. The resulting expression for the signal phase φs(t) is

φs(t) " ωt + 1
2 ω̇t2, where ω̇ =

48

5

(
GMc

2c3

)5/3

ω11/3. (21)

E. TDI responses

The response of the second-generation TDI observables to a transverse–traceless, plane GW is obtained by setting
yij(t) = yGW

ij (t) [according to Eqs. (12) and (13)] in the TDI expressions of Ref. [9, 10]. For instance, the GW response
of the second-generation TDI observable X1 is given by

XGW
1 =

[

(yGW
31 + yGW

13,2) + (yGW
21 + yGW

12,3),22 − (yGW
21 + yGW

12,3) − (yGW
31 + yGW

13,2),33

]

︸ ︷︷ ︸

XGW(t)

−
[

(yGW
31 + yGW

13,2) + (yGW
21 + yGW

12,3),22 − (yGW
21 + yGW

12,3) − (yGW
31 + yGW

13,2),33

]

,2233
︸ ︷︷ ︸

XGW(t−2L2−2L3)#XGW(t−4L)

. (22)

As anticipated above, here we are disregarding the effects introduced by the time dependence of light travel times,
and by the rotation-induced difference between clockwise and counterclockwise light travel times [27]. Each of the
two terms delimited by square brackets in Eq. (22) corresponds to the GW response of the first-generation Michelson
observable X [2]. The TDI observables X2 and X3 are obtained by cyclical permutation of indices in Eq. (22).

Approximations
• Long-wavelength approximation: two moving LIGOs rotated by          + orbital delay
• Rigid approximation (order of the delays does not matter, delay=L simple in Fourier 

domain)

⇡{4
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FIG. 5: Tracing the light paths in the Michelson and unequal-
arm Michelson TDI combinations.

combinations of various types are possible:
The Sagnac-type observables (α, β, γ) are sums of six

basic Doppler observables, and they involve the difference
between the Doppler shifts accumulated by light propa-
gating around the LISA array in the two senses. Thus,
the Sagnac-type observables use all the LISA laser links
in both directions. A fully symmetric Sagnac observ-
able (ζ) is considerably less sensitive than most others
to GWs with frequencies at the lower end of the LISA
band; it was suggested [21] that the comparison between
the power observed in ζ and in the other TDI variables
could be used to discern a stochastic GW background
from instrumental noise. The observables built from six
Doppler variables are also known as six-pulse combina-
tions, because their response to an impulsive plane GW
consists of six separate pulses.

Eight-pulse combinations involve sums and differences
of the Doppler shifts measured along four of the six LISA
laser links. The unequal-arm Michelson observables (X ,
Y , Z) use both links of two arms; as discussed above,
they can be interpreted as measuring the phase differ-
ence accumulated by light traveling (twice, in opposite
orders) along the two arms of a Michelson interferometer
centered in one of the spacecraft. Perhaps for this reason,
and in analogy with ground-based GW interferometers,
a single unequal-arm Michelson observable (generally X)
is often used in LISA data analysis to compute expected
detection rates and parameter-estimation accuracies.

More eight-pulse combinations can be formed: the bea-
con observables (P , Q, R) use only the two links depart-
ing from one of the spacecraft, and both links along the
opposite arm; the monitor observables (E, F , G) use only
the two links arriving at one of the spacecraft, and both
links along the opposite arm; last, the relay observables
(U , V , W ) use one departing link and the adjacent arriv-
ing link at one of the spacecraft, together with both links
along the opposite arm. The eight-pulse combinations
can be considered as LISA contingency modes, because
they are available even if one or two of the laser links fail.
Note however that all six lasers must still be available to
build the intra-spacecraft observables zslr required for
the eight-pulse combinations, except in the case of the

unequal-arm Michelson observables: one of these can al-
ways be built even if one or both lasers directed along
one of the arms happen to fail.

Dhurandhar and colleagues [25] proved that the space
of all the first-generation TDI observables can be con-
structed by combining four generators, which they iden-
tify in α, β, γ, and ζ. Prince and colleagues [20] showed
how to diagonalize the cross noise spectrum of the gen-
erators to obtain three observables (A, E, and T ) with
uncorrelated noises. The three optimal observables A, E,
and T are written as sums and differences of α, β, and γ,
and when used in combination they achieve the optimal
S/N for GW sources at any frequency in the LISA band.

Modified TDI. Also known as TDI 1.5. Shaddock [26]
recently pointed out that the rotation of the LISA array
introduces a difference in the armlengths experienced by
beams traveling in the corotating and counterrotating
directions (i.e., Lk != L−k). Furthermore, this difference
becomes much larger if we take into account also the
orbital motion of the array around the Sun [5]. Some
of the first-generation observables (the X-type, P -type,
E-type, and U -type combinations), cancel laser noise
also for Lk != L−k, if time delays for the appropriate
oriented arms are used [as we have already arranged,
for instance, in Eq. (14)]; these observables can be in-
terpreted as tracing light paths that enclose vanishing
areas. Conversely, the first-generation observables that
trace light paths that enclose a finite area (such as α,
β, γ, and ζ) are equivalent to Sagnac interferometers
[28], and must necessarily be sensitive to the rotation
of the array, which shows up as a spurious phase dif-
ference between the lasers, originating from the starting
points of the light paths. The Sagnac observables can be
modified by means of a finite-difference procedure anal-
ogous to the change undergone between the equal-arm
and unequal-arm Michelson combinations (see Fig. 5), so
that the modified Sagnac observables have null enclosed
area, and cancel laser noise [3, 4]. The resulting com-
binations [α1, α2, and α3, which generalize α, β, and γ;
and ζ1, ζ2, and ζ3 [5], which nonuniquely generalize ζ] in-
clude twice as many yslr variables as the first-generation
combinations (i.e., they are 12-pulse observables).

Second-generation TDI. Also known as TDI 2.0. The
motion of the LISA array introduces not only a direc-
tional dependence of the armlengths, but also a time de-
pendence, as first recognized by Cornish and Hellings [3].
In this case, the order of the TDI retardations becomes
important: for instance, if the armlengths are constant,
then

t,2−2 ≡ t − L−2 − L2 = t − L2 − L−2 ≡ t,−22 (14)

but if they are not (as signaled by a semicolon index
notation), then

t;2−2 ≡
(

t − L−2(t) − L2(t − L−2)
)

!=
(

t − L2(t) − L−2(t − L2)
)

≡ t;−22. (15)

LISA instrument response
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