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Stochastic background 
of GWs of cosmological origin

Very early universe

– quantum processes during inflation 
– primordial black holes 
– Phase transitions in early universe
– topological defects: cosmic strings
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–      , Hubble constant
– cosmological parameters
– beyond    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      modified gravity (modified GW  
      propagation)
– astrophysics: BH populations….
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Primordial cosmology: cosmic strings

Open strings, or 
closed loops

n(⇥, t)

– Loops loose energy through GW radiation (& possibly other  
  particle radiation) through their periodic oscillations, 
  and short high-frequency bursts at “kinks” and “cusps”

loop

kink

cusp

Figure 1: Cartoon showing the geometry of a kink and a cusp which are singular structures
formed on loops. The arrows denote the tangent vectors of the string segments.

after a loop gets created, at time ti with a length ↵ ti, its length l(t̃) shrinks through
emission of GW with a rate �Gµ

l(t̃) = ↵ti � �Gµ(t̃� ti). (11)

Consequently, the string lifetime due to decay into GW is given by

⌧GW =
↵ ti
�Gµ

. (12)

The superposition of the GW emitted from all the loops formed since the creation of the
long-string network generates a Stochastic GW Background. Also, cusp formations can
emit high-frequency, short-lasting GW bursts [36, 37, 119, 120, 122]. If the rate of such
events is lower than their frequency, they might be subtracted from the SGWB.

Goldstone boson radiation (global strings): For global strings, the massless Gold-
stone particle production is the main decay channel. The radiation power has been
estimated [65]

PGold = �Gold ⌘
2, (13)

where ⌘ is the scalar field VEV and �Gold ⇡ 65 [26, 123]. We see that the GW emission
power in Eq. (7) is suppressed by a factor Gµ with respect to the Goldstone emission
power in Eq. (13). Therefore, for global strings, the loops decay into Goldtone bosons
after a few oscillations before having the time to emit much GW [65, 124]. However,
as shown in App. F, the SGWB from global string is detectable for large values of the
string scale, ⌘ & 1014 GeV. Other recent studies of GW spectrum from global strings in
standard and non-standard cosmology include [25, 26, 125]. A well-motivated example
of global string is the axion string coming from the breaking of a U(1) Peccei-Quinn
symmetry [123, 126–128]. Ref. [25] shows the detectability of the GW from the axionic
network of QCD axion Dark Matter (DM), after introducing an early-matter era which
dilutes the axion DM abundance and increases the corresponding Peccei-Quinn scale ⌘.

Massive particle radiation: When the string curvature size is larger than the string
thickness, one expects the quantum field nature of the CS, like the possibility to radiate
massive particles, to give negligible e↵ects and one may instead consider the CS as an in-
finitely thin 1-dimensional classical object with tension µ: the Nambu-Goto (NG) string.
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  – Expertise:   
    • string network modeling and loop number density
    the crucial quantity to calculate all observation signatures in GWs,  
    • detectability of bursts in O1, O2 etc. 
    • calculation of the stochastic GW background 

Steer, Auclair, Leyde…

  – line-like topological defects formed in a  
   symmetry breaking phase transition

– Aim : either a detection, or a constraint on the dimensionless string tension
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1 Introduction

Cosmic strings are line-like topological defects which may form in symmetry breaking phase
transitions, provided the vacuum manifold contains non-contractible loops [1–4]. Due to their
topological stability, any strings formed in the early universe will be present throughout the
history of the universe, and thus can leave observational consequences which may be visible
today. These include particle emission from strings (observed for example as high energy
cosmic rays or a Di↵use �-Ray Background), lensing of galaxies, CMB fluctuations generated
by strings, gravitational wave (GW) emission from strings in the form of short bursts or a
stochastic GW background (SGWB) (see Ref. [2–4] for reviews). If detected, cosmic strings
can thus probe the corresponding energy scale ⌘ of the symmetry breaking phase transition
during which they were formed.

In this paper, we extend a previous publication by some of the authors [5], and focus on
the combined constraints from GWs at LIGO-Virgo-Kagra frequencies (as well as predictions
for LISA) and the di↵use �-ray background through FERMI-Lat. The novel aspect of this
work is to consider models in which cosmic string loops of all sizes are produced from the
infinite string network with a given power-law. Depending on the properties of the power-law
— and in particular for the Polchinski-Rocha model — we show that these two observations
already constrain the string parameters very strongly and essentially close the window on
the allowed parameter space to a very small region. This will be further reduced or excluded
through future GW observations, or strings will be detected.

We consider local, non current-carrying cosmic strings, parametrized by the dimension-
less string tension, Gµ (where G is Newton’s constant) where

Gµ ⇠ 10�6

⇣ ⌘

1016 GeV

⌘
2

. (1.1)

– 1 –



Nambu-Goto strings in flat spacetime

Cosmic string dynamics

( ,σ) = [ ( − σ) + ( + σ)], ′ = ′ = .

( ,σ + ℓ) = ( ,σ) =
ℓ

′

˙ =

= rate at which a cosmic  
string loop of loses energy

<latexit sha1_base64="MaEiQN7kL4D9HfhIKlTb1a4OjuU=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiS2arsruHFZwT6gCWUymbRDZ5IwMxFKyMqNv+LGhSJu/QZ3/o3TNopWD1w4c869zL3HixmVyrI+jMLS8srqWnG9tLG5tb1j7u51ZJQITNo4YpHoeUgSRkPSVlQx0osFQdxjpOuNL6d+95YISaPwRk1i4nI0DGlAMVJaGpiHTiAQTlNHcOhnDmEs+3pAlQ3MslWxZoBWpdZonDWq8Fuxc1IGOVoD893xI5xwEirMkJR924qVmyKhKGYkKzmJJDHCYzQkfU1DxIl009kZGTzWig+DSOgKFZypPydSxKWccE93cqRGctGbiv95/UQFdTelYZwoEuL5R0HCoIrgNBPoU0GwYhNNEBZU7wrxCOlclE6upEOwF0/+SzqnFfu8Ur2ulZv1PI4iOABH4ATY4AI0wRVogTbA4A48gCfwbNwbj8aL8TpvLRj5zD74BePtEwR7mXU=</latexit>

d`

dt

1) GW emission is the dominant decay mode:  
Observables: SGWB and search for individual GW bursts

2) other decay channels, into both GWs and particles 

Nambu-Goto strings in flat spacetime

Cosmic string dynamics

( ,σ) = [ ( − σ) + ( + σ)], ′ = ′ = .

( ,σ + ℓ) = ( ,σ) =
ℓ

′

˙ =

cusps, kinks

Observable effects on both SGWB and diffuse gamma-ray background



Network modeling:  [Cosmic string loop production functions, JCAP 06 (2019) 015, Auclair, Steer et al]

Development of new models: [Impact of the small-scale structure on the Stochastic Background of  
Gravitational Waves from cosmic strings, JCAP 11 (2020) 050, P.Auclair]

LVK O3 paper: [Constraints on Cosmic Strings Using Data from the Third Advanced LIGO–Virgo Observing Run, Phys.Rev.Lett. 
126 (2021) 24, 241102, Auclair et al]

Contributions:  
• Written new code for SGWB & burst search  
• new models proposed by our group analysed, 
• paper writing team.

    



Generic shape (Model A)

emission in radiation era ->  
flat spectrum (exact  
compensation between  
redshifting of GW energy  
density, and loop 
production required for network 
to scale)

emission in matter era (less loop production,  
redshifting of GW energy density  
“wins”)

Integrated power-law curve O3 
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fpeak ⇠ Hm(�Gµ)�1

Second, the frequency has to be larger than the low-
frequency cutoff flð1þ zÞ > δ. In Fig. 1, we show
examples of gravitational-wave spectra calculated with
Eq. (10). The two plots at the top are derived from models
A and B with Nk ≫ 1. The dominant contribution comes
from kink-kink collisions. The lower plots show gravita-
tional-wave spectra taking Nk ¼ 1 (left) and Nk ¼ 100
(right) and are derived from model C with a given set of
parameters (see the Supplemental Material [42]), i.e.,
χrad ¼ 0.45, χmat ¼ 0.295, crad ¼ 0.15, and cmat ¼ 0.019;
the subscripts refer to matter and radiation eras, respec-
tively. When Nk is large, the dominant contribution
depends on the frequency band, which is a unique feature
in this model. In this study, we ignore the suppression of the
gravitational waves from cusps due to the primordial black
hole production as pointed out in [54]. Including such an
effect leads to lower spectrum amplitudes for smallNk, thus
reducing the sensitivity to cosmic string signals. In Fig. 1,
we also show the 2σ power-law integrated (PI) curves [55]
indicating the integrated sensitivity of the O3 search [41],
along with projections for two years of the Advanced

LIGO–Virgo network at design sensitivity, and the envi-
sioned upgrade of Advanced LIGO, Aþ [56], sensitivity
after two years, assuming a 50% duty cycle.
Burst search.—The O3 dataset is analyzed with a

dedicated burst search algorithm previously used to pro-
duce LIGO–Virgo results [44,57,58]. The burst analysis
pipeline, as well as its O3 configuration, is described in the
Supplemental Material [42]. The search can be summarized
into three analysis steps. First, we carry out a matched-filter
search using the cosmic string waveform in Eq. (1). Then,
resulting candidates are filtered to retain only those
detected in more than one detector within a time window
accounting for the difference in the gravitational-wave
arrival time between detectors. Finally, double- and tri-
ple-coincident events are ranked using an approximated
likelihood ratio ΛðxÞ, where x is a set of parameters used
to discriminate true cosmic string signals from noise [59].
The burst search is performed separately for cusps, kinks,
and kink-kink collision waveforms, integrating Tobs ¼
273.5 days of data when at least two detectors are operating
simultaneously.

FIG. 1. Predictions of the gravitational-wave energy density spectra using different models for the loop distribution function nðγ; zÞ
and for two values of the number of kinks per loop oscillation Nk: 1 and 100. The string tension Gμ is fixed to 10−8. Top left: model A,
Nk ¼ 100. Top right: model B, Nk ¼ 100. Bottom left: model C-1, Nk ¼ 1. Bottom right: model C-1, Nk ¼ 100. For model C-1, we
use the following model parameters (see the Supplemental Material [42]): χrad ¼ 0.45, χmat ¼ 0.295, crad ¼ 0.15, cmat ¼ 0.019; the
subscripts refer to the radiation and matter eras, respectively. We also show the energy density spectra of the three different components
and 2-σ power-law integrated (PI) curves [55] for the O3 isotropic stochastic search [41], and projections for the Hanford, Livingston,
and Virgo network at design sensitivity, and the Aþ detectors [56].
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2.1 Method I

Let us write the power Pgw(f, l) in units of Gµ2 and l as

Pgw(f, l) = Gµ2l P (fl), (2.2)

where we have introduced a function P (fl) which in principle takes a di↵erent form for each
individual loop, depending on its shape. The first method to calculate ⌦gw(t0, f) assumes
the existence of an averaged function, P (fl), computed from an ensemble of loops of length
l obtained from simulations. Then the energy density in GWs observed at a particular
frequency f today is obtained by adding the amount of energy produced at each moment
of cosmic evolution for loops of all sizes. On taking into account the redshift of frequencies
from the moment of emission until today, one finds

d⇢gw
df

(t0, f) = Gµ2

Z t0

0
dt

✓
a(t)

a0

◆3 Z 1

0
dl l n(l, t) P

✓
a0
a(t)

fl

◆
, (2.3)

where a(t) is the scale factor which takes the value a0 today. In order to compute ⌦gw(t0, f)
from eqs. (2.1) and (2.3), one must specify the cosmological model, the number density of
loops n(l, t), and an average power spectrum P (fl). This approach has been followed in
e.g. [48, 54, 81, 87–91, 95–97, 100–103].

2.2 Method II

At high frequencies fl � 1, Pgw(f, l) can be estimated analytically. Indeed, whatever the
shape of the loop, one can show that the gravitational waveform sourced by a loop is dom-
inated at high frequency by cusps, kinks, and kink-kink collisions. (See appendix A for an
overview of the Nambu-Goto equations and the precise definitions of cusps and kinks). The
form of Pgw(f, l) for these 3 types of events is discussed in section 4.

Cusps, kinks, and kink-kink collisions emit short bursts of GWs. The contribution to
the SGWB from the superposition of the unresolved signals from these three types of events
is given by

d⇢gw
df

(t0, f) = f2

Z 1

0
dz

Z 1

0
dl h2(f, z, l)

d2R(z, l)

dzdl
, (2.4)

where z is the redshift, h(f, z, l) is the amplitude of the Fourier transform of the trace of

the metric perturbation generated by each event, and d2R(z,l)
dzdl denotes the event rate per

unit loop length and per unit redshift. This rate is directly proportional to n(l, t), and
therefore one must know the number density of loops. This approach has been considered in
refs. [82, 84, 92, 94, 98, 99, 104].

2.3 Cosmology

Finally, one must provide the details of the expansion history of the Universe. Unless specified
otherwise, we assume a standard flat ⇤CDM model. The Hubble rate reads

H(z) = H0H(z), (2.5)

where

H(z) =
p
⌦⇤ + ⌦mat(1 + z)3 + ⌦radG(z)(1 + z)4 , (2.6)
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Standard Model numbers of  
degrees of freedom as given  
by microMEGAS 

QCD phase  
transition
T~100 GeV



7

1 20 40 60 80 100 120 140 160 180 200
10-18

10-16

10-14

10-12

10-10

10-8

10-6

Stochastic PTA

CMB

1 20 40 60 80 100 120 140 160 180 200
10-18

10-16

10-14

10-12

10-10

10-8

10-6

Stochastic

Burst

PTA

CMB

BBN

1 20 40 60 80 100 120 140 160 180 200
10-18

10-16

10-14

10-12

10-10

10-8

10-6

Stochastic

Burst

PTA

CMB

1 20 40 60 80 100 120 140 160 180 200
10-18

10-16

10-14

10-12

10-10

10-8

10-6

Stochastic

Burst

PTA

CMB

BBN

FIG. 3. Advanced LIGO–Virgo exclusion contours at 95% C.L. on the cosmic string parameter space, (Nk, Gµ), derived
from the stochastc search (pink), the burst search (turquoise) and both searches. Four models are considered to describe the
distribution of cosmic string loops: model A (top-left), model B (top-right), model C-1 (bottom-left) and model C-2 (bottom-
right). Note that the stochastic result combines the data of O1, O2 and O3 while the burst search only includes O3 data. We
also report limits from other experiments: pulsar timing arrays (PTA), cosmic microwave background (CMB) and Big Bang
nucleosynthesis [56].

new model, dubbed model C, that interpolates between
models A and B. For the first time, we have studied the
e↵ect of kink-kink interactions, which is relevant for large
numbers of kinks, and investigated the e↵ect of a large
number of cusps, as both e↵ects are favored by cosmic
string simulations.
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• Relative to O1 and O2 analysis (Nk=1), constraints on Gmu stronger by 2 orders of magnitude for model A,  
and by 1 for model B

Bound on integrated GW energy  
density generated before BBN,  
and before photon decoupling

Exclusion plots: strongest constraints on strings to date
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Recent ideas

• At kinks and cusps, a realistic string can “overlap” leading to  other forms of energy loss:   
  emission of particles

 • Including this gives the new loop distribution.
 
 • Emitted particles decay into standard model Higgs particles,  
  of which a fraction cascade down into gamma-rays -> contribute to the  
  diffuse gamma-ray background:
 
 
• combined with GW constraints -> possibly new constraints
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FIG. 3: SBGW including the backreaction of particle emission on the loop distribution. LH panel: kinks on loops, RH panel:
cusps on loop. The spectra are cuto↵ at high frequency, as indicated by the black vertical lines. Gµ ranges from 10�17 (lower
curve), through 10�15, 10�13,10�11, 10�9 and 10�7 (upper curve). Also plotted are the power-law integrated sensitivity curves
from SKA (pink dashed) [44], LISA (yellow dashed) [45], adv-LIGO (grey dashed) [46] and Einstein Telescope (blue dashed)
[47, 48].

We can estimate the frequency above which the spectrum decays as follows. In the radiation era

H(z) = (1 + z)2
p

⌦RH0 (45)

t(z) =
1

2(1 + z)2
1p

⌦RH0
(46)

At high frequency, the lowest harmonic j = 1 is expected to dominate [1], so we set P
j

= ��
j,1. Then using (45) and

(46), Eq. (42) simplifies to
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◆
. (47)

Here, in going from the second to the third equality, we have used the fact that (i) for Gµ >⇠ 10�18, which is relevant
range for current and future GW detectors, zeq < (z

c

, z
k

) ⌧ zfriction (see Eqs. (38), (41) and (44)), and (ii) that the
loop distribution above z(c,k) is subdominant, see e.g. discussion above equation (37) in section III B. Using Eq.(46)
as well as the approximation for the loop distribution for z < z

k

given in Eq. (36), it follows that for kinks
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where we have changed variable from z to

x =
4

f
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so that
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For model A:
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FIG. 4: Contribution of cosmic strings to the Di↵use Gamma-Ray Background. The (blue) horizontal line is the experimental
constraint from Fermi-LAT, while the (orange) line is the exact numerical calculation for kinks (LH panel) and cusps (RH
panel). On either side of the maxima, the slope and amplitude can be estimated using the results of previous sections. Kinks:
for low Gµ the slope is 9/8 (dashed-green line), and for high Gµ it depends on µ�2 log(µ) (dashed-red line). Cusps: For low Gµ
the slope is 13/12 (dashed-green line), and for high Gµ it is �5/4 (dashed-red line). The slightly di↵erent amplitude between
the numerical calculation and the analytical one is because the latter assumes a matter dominated universe, and hence neglects
e↵ects of late time acceleration.

The Di↵use Gamma Ray Background (DGRB) contribution is then given by (see e.g. [25])

!DGRB = fe↵
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where in the last line we have explicity put in factors of c converted to physical units of eV/cm3. For cusps, one finds

!DGRB = �(8.4 ⇥ 1039)fe↵
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In the matter dominated era, the loop distribution is dominated by those loops produced in the radiation era but
decay in the matter era: its general expression is given in Eq. (23), and can be deduced straightforwardly from the
results of subsections III B and III C for kinks and cusps respectively. We have calculated (54) and (55) numerically,
and the results are shown in Fig. 4 for kinks [LH panel] and cusps [RH panel], together with the Fermi-Lat bound. It
is clear from this figure that particle radiation from loops containing kinks and/or cusps, with `k and `c given in (3)
and (5), are not constrained by the Fermi-lat data.

The general shape of the spectra in Fig. 4 can be understood from the results of section II. Let us focus on the case
of cusps (for kinks the analysis is similar). First, we can determine the range of Gµ for which the characteristic time
t
c

defined in Eq. (39) falls within the range of integration of (55), namely

t
�

 t
c

 t0 () 10�19 <⇠ Gµ <⇠ 10�18

(we have assumed �c = 1 and, from Eq. (40), t = t
c

implies Gµ ⇠ 4.6⇥10�18(teq/t)2/7). This range of Gµ defines the
position of the maximum of the DGRB in the RH panel of Fig. 4. For lower Gµ, all times in the integration range are
smaller than t

c

. As we have discussed in Sec. III C, in this case the loop distributions are supressed due to particle
radiation: there are fewer loops, and hence fewer particles are emitted leading to a decrease in the DGRB. This is
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In order to understand the frequency dependence of ⌦gw, let us initially focus on the standard NG case, namely
`
k

= 0. (Here, the same change of variable starting from the first line of Eq. (47) again yields Eq. (48) but with upper
bound replaced by xfriction = 4(1 + zfriction)H0

p
⌦R/f). Then Eq. (48) gives
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and where in the last equality we have used Eq. (44). At frequencies f for which ffriction � f � feq it follows that
[⌦gw(ln f)]

NG

! constant meaning that the spectrum is flat, which is the well known result for NG strings [1].
For `k 6= 0, the argument is altered because of the frequency dependence of the term in square brackets in Eq. (48).

A further characteristic frequency now enters: this is can be obtained by combining the typical scales of the two terms
in Eq. (48). Namely, on one hand, from the first term (in square brackets) we have `kf

2 ⇠ 8H0
p

⌦Rx�1; and on the
other hand from the second (standard NG) term we have x ⇠ �d. Combining these yields the characteristic frequency
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For f
k

> f > f
eq

the spectrum is still flat, as in the NG case. However, for f > f
k

it decays since the first term in

square brackets in Eq. (48) dominates. With `k given in Eq. (3), f
k

/ (Gµ)1/4��1/2
k , and this behaviour is clearly

shown in Fig. 3 where f
k

is shown with a vertical black line for each value of Gµ and we have assumed �k = 1.
For cusps the analysis proceeds identically with

f
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. (50)

Now, on using `c defined in Eq. (5), we have f
c

/ (Gµ)3/4��1/2
c . The spectrum of SGWB in this case is shown in the

RH panel of Fig. 3 where f
c

is shown with a vertical black line for each value of Gµ and we have taken �c = 1.
As the figure shows, with �c = 1 and in the range of Gµ of interest for GW detectors, the decay of ⌦GW for f > f

c

is outside the observational window of the LIGO, LISA (and future ET) detectors. In order to have f
c

⇠ fLIGO, one
would require large values of �c which are not expected.

V. EMISSION OF PARTICLES

The loops we consider radiate not only GW but also particles. Indeed, for loops with kinks, from Eq. (2)

˙̀
���
particle

= ��d
`k
`

(51)

The emitted particles are heavy and in the dark particle physics sector corresponding to the fields that make up the
string. We assume that there is some interaction of the dark sector with the standard model sector. Then the emitted
particle radiation will eventually decay, and a significant fraction of the energy fe↵ ⇠ 1 will cascade down into �-rays.
Hence the string network will be constrained by the Di↵use Gamma-Ray bound measured at GeV scales by Fermi-Lat
[19]. This bound is

!obs
DGRB

<⇠ 5.8 ⇥ 10�7 eVcm�3, (52)

where !DGRB is the total electromagnetic energy injected since the universe became transparent to GeV � rays at
t
�

' 1015s, see e.g. [25].
The rate per unit volume at which string loops lose energy into particles can be obtained by integrating (51) over

the loop distribution n(`, t) = t�4N (�, t), namely
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In order to understand the frequency dependence of ⌦gw, let us initially focus on the standard NG case, namely
`
k

= 0. (Here, the same change of variable starting from the first line of Eq. (47) again yields Eq. (48) but with upper
bound replaced by xfriction = 4(1 + zfriction)H0
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⌦R/f). Then Eq. (48) gives
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and where in the last equality we have used Eq. (44). At frequencies f for which ffriction � f � feq it follows that
[⌦gw(ln f)]

NG

! constant meaning that the spectrum is flat, which is the well known result for NG strings [1].
For `k 6= 0, the argument is altered because of the frequency dependence of the term in square brackets in Eq. (48).

A further characteristic frequency now enters: this is can be obtained by combining the typical scales of the two terms
in Eq. (48). Namely, on one hand, from the first term (in square brackets) we have `kf
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⌦Rx�1; and on the
other hand from the second (standard NG) term we have x ⇠ �d. Combining these yields the characteristic frequency
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For f
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> f > f
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the spectrum is still flat, as in the NG case. However, for f > f
k

it decays since the first term in

square brackets in Eq. (48) dominates. With `k given in Eq. (3), f
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k , and this behaviour is clearly

shown in Fig. 3 where f
k

is shown with a vertical black line for each value of Gµ and we have assumed �k = 1.
For cusps the analysis proceeds identically with
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Now, on using `c defined in Eq. (5), we have f
c

/ (Gµ)3/4��1/2
c . The spectrum of SGWB in this case is shown in the

RH panel of Fig. 3 where f
c

is shown with a vertical black line for each value of Gµ and we have taken �c = 1.
As the figure shows, with �c = 1 and in the range of Gµ of interest for GW detectors, the decay of ⌦GW for f > f

c

is outside the observational window of the LIGO, LISA (and future ET) detectors. In order to have f
c

⇠ fLIGO, one
would require large values of �c which are not expected.

V. EMISSION OF PARTICLES

The loops we consider radiate not only GW but also particles. Indeed, for loops with kinks, from Eq. (2)
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particle

= ��d
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(51)

The emitted particles are heavy and in the dark particle physics sector corresponding to the fields that make up the
string. We assume that there is some interaction of the dark sector with the standard model sector. Then the emitted
particle radiation will eventually decay, and a significant fraction of the energy fe↵ ⇠ 1 will cascade down into �-rays.
Hence the string network will be constrained by the Di↵use Gamma-Ray bound measured at GeV scales by Fermi-Lat
[19]. This bound is
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DGRB

<⇠ 5.8 ⇥ 10�7 eVcm�3, (52)

where !DGRB is the total electromagnetic energy injected since the universe became transparent to GeV � rays at
t
�

' 1015s, see e.g. [25].
The rate per unit volume at which string loops lose energy into particles can be obtained by integrating (51) over

the loop distribution n(`, t) = t�4N (�, t), namely
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Figure 6. Left panel: One of the two cusps for a loop with ↵ = 3/4 and an artificial width in the
rest frame of the loop. The tip of the cusp goes at the speed of light in the direction of Ẋ0. Right
panel: a slice of the cusp along the plane parallel to ~X 00

0 . The two branches of the cusp are separated
by a distance xm. The ellipses of the two branches are tilted with angle ✓.

B Energy lost by a cusp: an analytical and quantitative example

In this appendix, we illustrate the argument first presented in [40] concerning the energy lost
into particles at a cusp. To do so, we work with the Kibble-Turok solution [42] in Minkowski
space-time.

The coordinates of the loop are

Xµ = Xµ(⌧, �), (B.1)

where ⌧ and � are respectively time- and space-like coordinates on the loop worldsheet. Using
the reparametrization invariance of the Nambu-Goto action, we fix the standard conformal-
temporal gauge in which X0 = ⌧ = t. Then the spatial components X of the string satisfy

X =
1

2
[a(� � ⌧) + b(� + ⌧)], (B.2)

where, from the gauge conditions,

X0 · Ẋ = 0 (B.3)
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2

= 1, (B.4)

with 0 = @/@� and ˙= @/@⌧ .
In the center-of-mass frame, one of the simplest non-trivial examples for a loop of

invariant size `, satisfying all these constraints, is the Kibble-Turok solution
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Figure 5. Di↵use �-ray background in the presence of only cusps (blue) and only kinks (green) for
fe↵ = 1. Left panel: Model A, right panel: Model B.

consider loops containing only cusps, the string tension is constrained to be Gµ & 10�15 for
f
e↵

= 1. For loops containing only kinks the constraint is Gµ & 10�20. Note that !
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• Future O4/O5 observations will most certainly rule out model B…or discover cosmic strings 
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Gravitational wave cosmology

Iate-time universe
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–      , Hubble constant
– cosmological parameters
– beyond    
       dark energy        ,
      modified gravity (modified GW  
      propagation)
– astrophysics: BH populations….
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• Two main axes

1) Developing, understanding & refining methods to extract redshift of the source  

• A direct EM counterpart with an associated redshift measurement [B.Schutz, '86]

• A collection of galaxies localized in the GW localization volume (i.e. galaxy catalogues [B.Schutz, 86]

• Knowledge of the source frame mass distribution (dark sirens)
• ….
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H0 = 77+37
�18 km/Mpc/s

GW170817 99% localisation 
area with 408 galaxies from 
GLADE catalogue

[Cosmological Inference using Gravitational Wave Standard Sirens: A Mock Data Challenge,  
R.Gray, … S.Mastrogiovanni…D.Steer, Phys. Rev. D 101, 122001 (2020)]  
 
• study of galaxy catalogue method,  
• explore how the incompleteness of catalogs affects the final measurement  
  of Hubble constant  
• effect of weighting each galaxy's likelihood of being a host by its luminosity  
• Theoretical study used for O2 cosmology paper 

 [Measuring cosmological parameters with gravitational waves”, S.Mastrogiovanni and D.A.Steer,  
 “Handbook of Gravitational Wave Astronomy’' Springer 2022.]  

[The potential role of binary neutron star merger afterglows in multimessenger cosmology,  
S.Mastrogiovanni, E.Chassande-Mottin…Astron.Astrophys. 652 (2021) A1]



• Two main axes

[Cosmology in the dark: On the importance of source population models  
for gravitational-wave cosmology, S. Mastrogiovanni et al, Phys.Rev.D 104 (2021) 6, 062009]

Development of IcaroGW code  
(Simone)
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Figure 1. Graphical representations of the various mass distributions described in Section 3.1. Multi Spin, a model of both
mass and spin, is similar to the mass distribution of Power Law + Peak, with a sharp lower mass cutoff rather than the
smooth low mass turn-on.

two components: an isotropic component designed
to model dynamically assembled binaries, and a
second component in which the spins are preferen-
tially aligned with the orbital angular momentum,
as expected for isolated field binaries.4 For this lat-
ter component, the spin tilt angles are distributed
as a truncated Gaussian peaking when the black
hole spin is aligned to the orbital angular momen-
tum. We use this model in concert with the mass
models described above.

• Gaussian (5 parameters; Appendix D.2). While
the Default spin model is physically inspired, this
model, based on that of Miller et al. (2020), al-
lows us to fit the distribution of phenomenological
spin parameters �e↵ (“the effective inspiral spin
parameter,” Eq. 5) and �p (“the precession spin pa-
rameter,” Eq. 6), assuming that their distribution
is jointly described as a bivariate Gaussian. The
ensemble properties of �e↵ and �p allow us to con-
clude that the BBHs in GWTC-2 exhibit general
relativistic spin-induced precession of the orbital
plane (�p > 0), and that some systems have compo-
nent spins misaligned by more than 90

� (�e↵ < 0)
relative to their orbital angular momentum.

• Multi Spin (12 spin parameters, 10 mass pa-
rameters; Appendix D.3). This model allows for
multiple subpopulations of BBH systems with dis-
tinct mass and spin distributions. Specifically, this
model assumes a Truncated power-law mass dis-
tribution with the additional presence of a 2-D

4 Throughout the paper, spin tilt is measured at a reference
frequency of 20Hz for all events except GW190521, for which
the spin tilt is measured at 11Hz (see discussion in Abbott et al.
2020d). We verified that for GW190521, the difference between
the spin measurements at 20Hz and 11Hz are smaller than the
systematic uncertainty between the waveform models.

Gaussian subpopulation in m1 and m2, truncated
such that m1 � m2. While similar to the Power
Law + Peak mass model, there is no smooth turn
on and the mass ratio distribution is allowed to
differ between each subpopulation. Most impor-
tantly, the two subpopulations have independently
parameterized Default spin distributions. We use
this model to test whether the BBH spin distri-
bution varies as a function of mass as expected if
higher-mass systems are the products of hierarchi-
cal mergers.

3.3. Redshift evolution

• Non-Evolving (0 parameters). Our default
model posits that the merger rate is uniform in
comoving volume.

• Power-law Evolution (1 parameter; Ap-
pendix E). Following Fishbach et al. (2018), the
merger rate density is described by a power-law in
(1 + z) where z is redshift. Given the finite range
of Advanced LIGO and Virgo to BBH mergers, we
only expect to constrain the redshift evolution at
redshifts z . 1 (Abbott et al. 2013). The farthest
event in our analysis is likely GW190706_222641,
at redshift z = 0.79

+0.31
�0.28.

4. METHOD
We adopt a hierarchical Bayesian approach, marginal-

izing over the properties of individual events to measure
parameters of the population models described above;
see, e.g., (Thrane & Talbot 2019; Mandel et al. 2019; Vi-
tale 2020). Given data {di} from Ndet gravitational-wave
detections, the likelihood of the data given population
parameters ⇤ is (Loredo 2004; Mandel et al. 2019; Thrane

13

Figure 1. Graphical representations of the various mass distributions described in Section 3.1. Multi Spin, a model of both
mass and spin, is similar to the mass distribution of Power Law + Peak, with a sharp lower mass cutoff rather than the
smooth low mass turn-on.

two components: an isotropic component designed
to model dynamically assembled binaries, and a
second component in which the spins are preferen-
tially aligned with the orbital angular momentum,
as expected for isolated field binaries.4 For this lat-
ter component, the spin tilt angles are distributed
as a truncated Gaussian peaking when the black
hole spin is aligned to the orbital angular momen-
tum. We use this model in concert with the mass
models described above.

• Gaussian (5 parameters; Appendix D.2). While
the Default spin model is physically inspired, this
model, based on that of Miller et al. (2020), al-
lows us to fit the distribution of phenomenological
spin parameters �e↵ (“the effective inspiral spin
parameter,” Eq. 5) and �p (“the precession spin pa-
rameter,” Eq. 6), assuming that their distribution
is jointly described as a bivariate Gaussian. The
ensemble properties of �e↵ and �p allow us to con-
clude that the BBHs in GWTC-2 exhibit general
relativistic spin-induced precession of the orbital
plane (�p > 0), and that some systems have compo-
nent spins misaligned by more than 90

� (�e↵ < 0)
relative to their orbital angular momentum.

• Multi Spin (12 spin parameters, 10 mass pa-
rameters; Appendix D.3). This model allows for
multiple subpopulations of BBH systems with dis-
tinct mass and spin distributions. Specifically, this
model assumes a Truncated power-law mass dis-
tribution with the additional presence of a 2-D

4 Throughout the paper, spin tilt is measured at a reference
frequency of 20Hz for all events except GW190521, for which
the spin tilt is measured at 11Hz (see discussion in Abbott et al.
2020d). We verified that for GW190521, the difference between
the spin measurements at 20Hz and 11Hz are smaller than the
systematic uncertainty between the waveform models.

Gaussian subpopulation in m1 and m2, truncated
such that m1 � m2. While similar to the Power
Law + Peak mass model, there is no smooth turn
on and the mass ratio distribution is allowed to
differ between each subpopulation. Most impor-
tantly, the two subpopulations have independently
parameterized Default spin distributions. We use
this model to test whether the BBH spin distri-
bution varies as a function of mass as expected if
higher-mass systems are the products of hierarchi-
cal mergers.

3.3. Redshift evolution

• Non-Evolving (0 parameters). Our default
model posits that the merger rate is uniform in
comoving volume.

• Power-law Evolution (1 parameter; Ap-
pendix E). Following Fishbach et al. (2018), the
merger rate density is described by a power-law in
(1 + z) where z is redshift. Given the finite range
of Advanced LIGO and Virgo to BBH mergers, we
only expect to constrain the redshift evolution at
redshifts z . 1 (Abbott et al. 2013). The farthest
event in our analysis is likely GW190706_222641,
at redshift z = 0.79

+0.31
�0.28.

4. METHOD
We adopt a hierarchical Bayesian approach, marginal-

izing over the properties of individual events to measure
parameters of the population models described above;
see, e.g., (Thrane & Talbot 2019; Mandel et al. 2019; Vi-
tale 2020). Given data {di} from Ndet gravitational-wave
detections, the likelihood of the data given population
parameters ⇤ is (Loredo 2004; Mandel et al. 2019; Thrane

13

Figure 1. Graphical representations of the various mass distributions described in Section 3.1. Multi Spin, a model of both
mass and spin, is similar to the mass distribution of Power Law + Peak, with a sharp lower mass cutoff rather than the
smooth low mass turn-on.

two components: an isotropic component designed
to model dynamically assembled binaries, and a
second component in which the spins are preferen-
tially aligned with the orbital angular momentum,
as expected for isolated field binaries.4 For this lat-
ter component, the spin tilt angles are distributed
as a truncated Gaussian peaking when the black
hole spin is aligned to the orbital angular momen-
tum. We use this model in concert with the mass
models described above.

• Gaussian (5 parameters; Appendix D.2). While
the Default spin model is physically inspired, this
model, based on that of Miller et al. (2020), al-
lows us to fit the distribution of phenomenological
spin parameters �e↵ (“the effective inspiral spin
parameter,” Eq. 5) and �p (“the precession spin pa-
rameter,” Eq. 6), assuming that their distribution
is jointly described as a bivariate Gaussian. The
ensemble properties of �e↵ and �p allow us to con-
clude that the BBHs in GWTC-2 exhibit general
relativistic spin-induced precession of the orbital
plane (�p > 0), and that some systems have compo-
nent spins misaligned by more than 90

� (�e↵ < 0)
relative to their orbital angular momentum.

• Multi Spin (12 spin parameters, 10 mass pa-
rameters; Appendix D.3). This model allows for
multiple subpopulations of BBH systems with dis-
tinct mass and spin distributions. Specifically, this
model assumes a Truncated power-law mass dis-
tribution with the additional presence of a 2-D

4 Throughout the paper, spin tilt is measured at a reference
frequency of 20Hz for all events except GW190521, for which
the spin tilt is measured at 11Hz (see discussion in Abbott et al.
2020d). We verified that for GW190521, the difference between
the spin measurements at 20Hz and 11Hz are smaller than the
systematic uncertainty between the waveform models.

Gaussian subpopulation in m1 and m2, truncated
such that m1 � m2. While similar to the Power
Law + Peak mass model, there is no smooth turn
on and the mass ratio distribution is allowed to
differ between each subpopulation. Most impor-
tantly, the two subpopulations have independently
parameterized Default spin distributions. We use
this model to test whether the BBH spin distri-
bution varies as a function of mass as expected if
higher-mass systems are the products of hierarchi-
cal mergers.

3.3. Redshift evolution

• Non-Evolving (0 parameters). Our default
model posits that the merger rate is uniform in
comoving volume.

• Power-law Evolution (1 parameter; Ap-
pendix E). Following Fishbach et al. (2018), the
merger rate density is described by a power-law in
(1 + z) where z is redshift. Given the finite range
of Advanced LIGO and Virgo to BBH mergers, we
only expect to constrain the redshift evolution at
redshifts z . 1 (Abbott et al. 2013). The farthest
event in our analysis is likely GW190706_222641,
at redshift z = 0.79

+0.31
�0.28.

4. METHOD
We adopt a hierarchical Bayesian approach, marginal-

izing over the properties of individual events to measure
parameters of the population models described above;
see, e.g., (Thrane & Talbot 2019; Mandel et al. 2019; Vi-
tale 2020). Given data {di} from Ndet gravitational-wave
detections, the likelihood of the data given population
parameters ⇤ is (Loredo 2004; Mandel et al. 2019; Thrane
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1,2

– tight correlation between estimation of source frame mass spectrum + cosmo parameters.

– Effect of fixing the underlying mass model with incorrect parameters  
(e.g. mmax in a range around its true value)

• A direct EM counterpart with an associated redshift measurement [B.Schutz, '86]

• A collection of galaxies localized in the GW localization volume (i.e. galaxy catalogues [B.Schutz, 86]

• Knowledge of the source frame mass distribution (dark sirens)
• ….

1) Developing, understanding & refining methods to extract redshift of the source  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• Degeneracy between H0 and parameters of modified gravity theories?
• Do we need to perform a joint analysis of GR modifications and H0 together (to avoid for eg biases?)

assume GR correct Fix value of Hubble constant

Our focus

2) Testing modified gravity and cosmology

Tests of modified gravity
(e.g. modified dispersion
relations, modified friction)

Tests of modified gravity
(e.g. modified dispersion
relations, modified friction)
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Our starting point is a modified dispersion relation of
the form [21]

c2g
µ⌫

pµp⌫ = �B
↵

|cp|↵. (5)

where, for GWs emitted at r
com

and propagating radially
to the observer,

pµ = (E/c, h̄k/a2, 0, 0) (6)

with k the (constant) comoving wave number, and |p| =
(g

ij

pipj)1/2 = h̄k/a2. Thus the dispersion relation (5) is
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, (7)

which depends on the physical momentum p
ph

= k/a.
When the coe�cients B

↵

vanish, the dispersion relation
Eq. (5) reduces to the standard one of a massless particle
in general relativity ! ⌘ E/h̄ = ck/a. For B

0

6= 0,
Eq. (7) is the dispersion relation for the massive graviton
B

0

= m2

g

c4 (in [eV]2). Di↵erent theories give di↵erent
predictions for the (generally ⌘-dependent) B

↵

, see [21]
for some examples. Here we aim to see what constraints
GW observations can put on the B

↵

without focusing on
any particular theory.

Let us rewrite Eq. (7) as
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Motivated by the very tight constraint on the speed of
of gravitational waves [26, 45], we will assume that GWs
are ultra-relativistic and that
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Then from Eq. (8) it follows that

! ' c|k|/a, (11)

so that the frequency of the emitted GW fGW

s

is related
to that of the observed GW fGW

d

by the standard redshift
relationship, namely

a(t
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)fGW
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s
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s
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Hence we can identify the the GW redshift with the usual
photon redshift z, see Eq. (4). With this approximation
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since today a = 1. This allows us to write the phase
velocity in Eq. (9) in terms of the detected GW frequency
f
d

;
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where we have defined

↵̂
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= B
j+2

(2⇡h̄)j (15)

with j = ↵ � 2. Notice that the dimensions of [↵
j

] =
Hz�j . The radial propagation velocity of the waves is
given by
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and we have used the approximation Eq. (10). For mas-
sive gravitons, for example, c

T

> c, but the group veloc-
ity v

g

is smaller than c.
The dispersion relation in Eq. (8) can be obtained from

the wave equation2

�00(⌘, k) + k2c2
T

(⌘, k/a)2�(⌘, k) = 0 (18)

where 0 = d/d⌘ and � is the radial component of the
propagating wave. The GW perturbation h (we drop the
tensor indices for the moment) is related to � through
(see e.g. [41])

� = ãh. (19)

Here ã is an e↵ective scale factor that encodes additional
modifications to the GW friction term. We parameterize
it as

ã0

ã
⌘ [1 + ↵

M

(⌘)]
a0

a
(20)

where ↵
M

(⌘) is a deviation factor that can parameterize
several theories such as scalar-tensor theories with a run-
ning Planck mass or theories with extra-dimensions. On
subhorizon scales (that is, on scales smaller than ã00/ã
[43]), Eq. (18) can be obtained from

h00 + 2[1 + ↵
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(⌘)]
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a
h0 + k2c2

T

(⌘, k/a)h = 0, (21)

2 This assumes that a and B↵ varies on a cosmological time scale,
which is much larger than any time-scale associated with the
GW. Or in terms frequency (and in natural units), 1/k ⌧
r
com

⌧ H�1

0

.
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relations, modified friction)

Our focus

2) Testing modified gravity and cosmology

[Probing modified gravity theories and cosmology using gravitational-waves and associated electromagnetic counterparts,  
Simone, Matteo, D.S, Phys.Rev.D 102 (2020) 4, 044009]

[Gravitational wave friction in light of GW170817 and GW190521, S.Mastrogiovanni, L. Haegel, C.Karathanasis, I.Magana Hernandez, 
and D.A.Steer, JCAP 02 (2021) 043.]

[Current and future constraints on cosmology and modified gravitational wave friction from binary black holes, K.Leyde  
S.Mastrogiovanni, D.A.Steer, E.Chassande-Mottin, C.Karathanasis 2202.00025 [gr-qc]]

https://arxiv.org/abs/2202.00025
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Figure 1. Graphical representations of the various mass distributions described in Section 3.1. Multi Spin, a model of both
mass and spin, is similar to the mass distribution of Power Law + Peak, with a sharp lower mass cutoff rather than the
smooth low mass turn-on.

two components: an isotropic component designed
to model dynamically assembled binaries, and a
second component in which the spins are preferen-
tially aligned with the orbital angular momentum,
as expected for isolated field binaries.4 For this lat-
ter component, the spin tilt angles are distributed
as a truncated Gaussian peaking when the black
hole spin is aligned to the orbital angular momen-
tum. We use this model in concert with the mass
models described above.

• Gaussian (5 parameters; Appendix D.2). While
the Default spin model is physically inspired, this
model, based on that of Miller et al. (2020), al-
lows us to fit the distribution of phenomenological
spin parameters �e↵ (“the effective inspiral spin
parameter,” Eq. 5) and �p (“the precession spin pa-
rameter,” Eq. 6), assuming that their distribution
is jointly described as a bivariate Gaussian. The
ensemble properties of �e↵ and �p allow us to con-
clude that the BBHs in GWTC-2 exhibit general
relativistic spin-induced precession of the orbital
plane (�p > 0), and that some systems have compo-
nent spins misaligned by more than 90

� (�e↵ < 0)
relative to their orbital angular momentum.

• Multi Spin (12 spin parameters, 10 mass pa-
rameters; Appendix D.3). This model allows for
multiple subpopulations of BBH systems with dis-
tinct mass and spin distributions. Specifically, this
model assumes a Truncated power-law mass dis-
tribution with the additional presence of a 2-D

4 Throughout the paper, spin tilt is measured at a reference
frequency of 20Hz for all events except GW190521, for which
the spin tilt is measured at 11Hz (see discussion in Abbott et al.
2020d). We verified that for GW190521, the difference between
the spin measurements at 20Hz and 11Hz are smaller than the
systematic uncertainty between the waveform models.

Gaussian subpopulation in m1 and m2, truncated
such that m1 � m2. While similar to the Power
Law + Peak mass model, there is no smooth turn
on and the mass ratio distribution is allowed to
differ between each subpopulation. Most impor-
tantly, the two subpopulations have independently
parameterized Default spin distributions. We use
this model to test whether the BBH spin distri-
bution varies as a function of mass as expected if
higher-mass systems are the products of hierarchi-
cal mergers.

3.3. Redshift evolution

• Non-Evolving (0 parameters). Our default
model posits that the merger rate is uniform in
comoving volume.

• Power-law Evolution (1 parameter; Ap-
pendix E). Following Fishbach et al. (2018), the
merger rate density is described by a power-law in
(1 + z) where z is redshift. Given the finite range
of Advanced LIGO and Virgo to BBH mergers, we
only expect to constrain the redshift evolution at
redshifts z . 1 (Abbott et al. 2013). The farthest
event in our analysis is likely GW190706_222641,
at redshift z = 0.79

+0.31
�0.28.

4. METHOD
We adopt a hierarchical Bayesian approach, marginal-

izing over the properties of individual events to measure
parameters of the population models described above;
see, e.g., (Thrane & Talbot 2019; Mandel et al. 2019; Vi-
tale 2020). Given data {di} from Ndet gravitational-wave
detections, the likelihood of the data given population
parameters ⇤ is (Loredo 2004; Mandel et al. 2019; Thrane
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frequency of 20Hz for all events except GW190521, for which
the spin tilt is measured at 11Hz (see discussion in Abbott et al.
2020d). We verified that for GW190521, the difference between
the spin measurements at 20Hz and 11Hz are smaller than the
systematic uncertainty between the waveform models.

Gaussian subpopulation in m1 and m2, truncated
such that m1 � m2. While similar to the Power
Law + Peak mass model, there is no smooth turn
on and the mass ratio distribution is allowed to
differ between each subpopulation. Most impor-
tantly, the two subpopulations have independently
parameterized Default spin distributions. We use
this model to test whether the BBH spin distri-
bution varies as a function of mass as expected if
higher-mass systems are the products of hierarchi-
cal mergers.

3.3. Redshift evolution

• Non-Evolving (0 parameters). Our default
model posits that the merger rate is uniform in
comoving volume.

• Power-law Evolution (1 parameter; Ap-
pendix E). Following Fishbach et al. (2018), the
merger rate density is described by a power-law in
(1 + z) where z is redshift. Given the finite range
of Advanced LIGO and Virgo to BBH mergers, we
only expect to constrain the redshift evolution at
redshifts z . 1 (Abbott et al. 2013). The farthest
event in our analysis is likely GW190706_222641,
at redshift z = 0.79
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izing over the properties of individual events to measure
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see, e.g., (Thrane & Talbot 2019; Mandel et al. 2019; Vi-
tale 2020). Given data {di} from Ndet gravitational-wave
detections, the likelihood of the data given population
parameters ⇤ is (Loredo 2004; Mandel et al. 2019; Thrane

13

Figure 1. Graphical representations of the various mass distributions described in Section 3.1. Multi Spin, a model of both
mass and spin, is similar to the mass distribution of Power Law + Peak, with a sharp lower mass cutoff rather than the
smooth low mass turn-on.

two components: an isotropic component designed
to model dynamically assembled binaries, and a
second component in which the spins are preferen-
tially aligned with the orbital angular momentum,
as expected for isolated field binaries.4 For this lat-
ter component, the spin tilt angles are distributed
as a truncated Gaussian peaking when the black
hole spin is aligned to the orbital angular momen-
tum. We use this model in concert with the mass
models described above.
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the Default spin model is physically inspired, this
model, based on that of Miller et al. (2020), al-
lows us to fit the distribution of phenomenological
spin parameters �e↵ (“the effective inspiral spin
parameter,” Eq. 5) and �p (“the precession spin pa-
rameter,” Eq. 6), assuming that their distribution
is jointly described as a bivariate Gaussian. The
ensemble properties of �e↵ and �p allow us to con-
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plane (�p > 0), and that some systems have compo-
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frequency of 20Hz for all events except GW190521, for which
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2020d). We verified that for GW190521, the difference between
the spin measurements at 20Hz and 11Hz are smaller than the
systematic uncertainty between the waveform models.
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such that m1 � m2. While similar to the Power
Law + Peak mass model, there is no smooth turn
on and the mass ratio distribution is allowed to
differ between each subpopulation. Most impor-
tantly, the two subpopulations have independently
parameterized Default spin distributions. We use
this model to test whether the BBH spin distri-
bution varies as a function of mass as expected if
higher-mass systems are the products of hierarchi-
cal mergers.
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• Non-Evolving (0 parameters). Our default
model posits that the merger rate is uniform in
comoving volume.

• Power-law Evolution (1 parameter; Ap-
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merger rate density is described by a power-law in
(1 + z) where z is redshift. Given the finite range
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Our starting point is a modified dispersion relation of
the form [21]

c2g
µ⌫

pµp⌫ = �B
↵

|cp|↵. (5)

where, for GWs emitted at r
com

and propagating radially
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vanish, the dispersion relation
Eq. (5) reduces to the standard one of a massless particle
in general relativity ! ⌘ E/h̄ = ck/a. For B
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Eq. (7) is the dispersion relation for the massive graviton
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Motivated by the very tight constraint on the speed of
of gravitational waves [26, 45], we will assume that GWs
are ultra-relativistic and that

|B
↵

|
✓
c
h̄|k|
a

◆
↵�2

⌧ 1. (10)

Then from Eq. (8) it follows that
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so that the frequency of the emitted GW fGW

s

is related
to that of the observed GW fGW

d

by the standard redshift
relationship, namely

a(t
d

)fGW

d

' a(t
s

)fGW

s

. (12)

Hence we can identify the the GW redshift with the usual
photon redshift z, see Eq. (4). With this approximation

k ⇡ 1

c
!(⌘

d

)a(⌘
d

) = 2⇡
f
d

c
(13)

since today a = 1. This allows us to write the phase
velocity in Eq. (9) in terms of the detected GW frequency
f
d

;

c2
T

(⌘, f
d

/a) = c2

"
1 + ↵̂

j

✓
f
d

a

◆
j

#
, (14)

where we have defined

↵̂
j

= B
j+2

(2⇡h̄)j (15)

with j = ↵ � 2. Notice that the dimensions of [↵
j

] =
Hz�j . The radial propagation velocity of the waves is
given by

dr

dt
=

pr

pt
= c2

k

a

1

a!
=

v
g

a
=

1

a

dr

d⌘
(16)

where the group velocity

v
g

' c

"
1� ↵̂

j

2

✓
f
d

a

◆
j

#
, (17)

and we have used the approximation Eq. (10). For mas-
sive gravitons, for example, c

T

> c, but the group veloc-
ity v

g

is smaller than c.
The dispersion relation in Eq. (8) can be obtained from

the wave equation2

�00(⌘, k) + k2c2
T

(⌘, k/a)2�(⌘, k) = 0 (18)

where 0 = d/d⌘ and � is the radial component of the
propagating wave. The GW perturbation h (we drop the
tensor indices for the moment) is related to � through
(see e.g. [41])

� = ãh. (19)

Here ã is an e↵ective scale factor that encodes additional
modifications to the GW friction term. We parameterize
it as

ã0

ã
⌘ [1 + ↵

M

(⌘)]
a0

a
(20)

where ↵
M

(⌘) is a deviation factor that can parameterize
several theories such as scalar-tensor theories with a run-
ning Planck mass or theories with extra-dimensions. On
subhorizon scales (that is, on scales smaller than ã00/ã
[43]), Eq. (18) can be obtained from

h00 + 2[1 + ↵
M

(⌘)]
a0

a
h0 + k2c2

T

(⌘, k/a)h = 0, (21)

2 This assumes that a and B↵ varies on a cosmological time scale,
which is much larger than any time-scale associated with the
GW. Or in terms frequency (and in natural units), 1/k ⌧
r
com

⌧ H�1

0

.• Modified luminosity distance:

4

which is the wave equation of a GW propagating with a
modified dispersion relation in the FRLW universe. We
can solve it using the WKB approximation following [35,
37], and obtain [38]

h(⌘, k) = h
GR

(⌘
s

, k)C(⌘, ⌘
s

, k). (22)

where h
GR

(⌘
s

, k) is the solution in GR at the source at
comoving distance r

com

, and C can be interpreted as the
transfer function from the source to the detector for each
GW mode k . In terms of conformal time and detected
GW frequency f

d

(recall from Eq. (13) that k ' 2⇡f
d

/c)
it is given by

C(⌘, ⌘
s

, k) =


c
T

(⌘
s

, f
d

/a(⌘
s

))

c
T

(⌘, f
d

/a(⌘))

�
1/2

ã(⌘
s

)

ã(⌘)
⇥

exp[2⇡i(f
d

/c)

Z
⌘

⌘s

c
T

(⌘0, f
d

/a)d⌘0]

⌘ |C(⌘, ⌘
s

, f
d

)|ei (⌘,⌘s,fd). (23)

The modulus of C will contribute to the GW amplitude,
that is to a modification of the luminosity distance. Its
phase  (⌘, ⌘

s

, f
d

) leads to time delays and phase shifts,
as we now discuss.

A. Observables

1. Luminosity distance

The first estimator that we define arises from the mod-
ulus of the transfer function. In GR, the amplitude of the
GW scales as the comoving distance of the source. From
Eq. (23), in modified gravity, the GW amplitude at the
detector is is now given by

dGW(⌘
d

, f
d

) = r
com

ã(⌘
d

)

ã(⌘
s

)


c
T

(⌘
d

, f
d

/a(⌘
d

))

c
T

(⌘
s

, f
d

/a(⌘
s

))

�
1/2

. (24)

Since the results on GW dispersion relations are very
tight |c � c

T

| < 10�15 [25, 26], and measured errors on
dGW are typically of at least a few percent, usually the
e↵ect of c

T

on the distance is negligible. This is also
consistent with the assumption in Eq. (11). The term
ã encodes the deviations in the GW friction and from
Eq. (20), using redshift instead of conformal time, we
obtain

ã(z) = a(z)exp


�
Z

z

0

↵
M

(z)

1 + z
dz

�
, (25)

where we have assumed that a(0) = ã(0) = 1. In terms of
the standard luminosity distance d

EM

(z) = r
com

/a(⌘
s

) =
r
com

(1 + z), we find that the GW luminosity distance in
modified gravity is given by

dGW(z) = d
EM

(z)exp

Z
z

0

↵
M

(z)

1 + z
dz

�
. (26)

This equation is consistent with previous works [40–43],
which have shown the potential of the modified lumi-
nosity distance to be a good marker for testing possible
deviations from GR on cosmological scales.
We now deviate from these references and use Eq. (26)

to bound the parameter ↵
M

(z) such that the GW lu-
minosity distance is a monotonically increasing function
of the redshift. This condition is physically motivated,
since if it were not satisfied one would detect an infinite
number of GWs sources at higher redshifts. In order to
avoid this unphysical case, ↵

M

must satisfy

↵
M

(z) � � (1 + z)

E(z)

Z
z

0

dz0

E(z)

��1

� 1, (27)

where

E(z) =
p
⌦

M

(1 + z)3 + ⌦
⇤

. (28)

Since the right hand side of Eq. (27) is negative it fol-
lows that any positive values of ↵

M

(corresponding to a
further GW), will satisfy this condition. Of course this
is not valid for negative values of ↵

M

(GW might ap-
pear closer.) Fig. 2 shows the allowed values for GW
friction parameter ↵

M

computed with Planck values of
⌦

M

= 0.308 [3] and ⌦
⇤

= 1 � ⌦
M

. Since at lower red-
shifts the ↵

M

contribution to the GW luminosity dis-
tance is small, this term is allowed to take very large
values. However at higher redshifts, ↵

M

must be con-
strained to smaller values in order to satisfy the condition
in Eq. (27).

FIG. 2. The shaded area of on the plot shows the allowed
value for the parameter ↵M with respect to the redshift. Any
functional form of ↵M in the shaded area, will result in a
monothonically increasing GW luminosity distance.

2. Time delay

We now compute the time delay at the detector be-
tween two monochromatic GWs which were emitted at
di↵erent times from the source at fixed comoving dis-
tance r

com

, see Fig. 1. Consider a GW emitted at ⌘A
s

and received at ⌘A
d

, with detected frequency f
d,A

. From

• GWs have an additional leakage: The GW luminosity distance will be different w.r.t. 
LCMD. 
 
 

• GWs can arrive later or earlier: GWs will arrive with a time delay w.r.t an electromagnetic 
or neutrino counterpart.  
 
 

• GWs can arrive with a frequency-dependent delay: GWs will have a different phase 
evolution w.r.t GR. Observable at the PN level.  

All of these estimators depend on source redshift and H0

M. Lagos et al Phys. Rev. D 99, 
083504 (2019), 

Mirshekari, S., Phys. Rev. D 
85, 024041 (2012) 
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Friction term Dispersion relation

With

Observable quantities

S. Mastrogiovanni - Virgo week - 27/04/2020

• Simplest assumption : no modified dispersion relation, so gravitons are massless and propage with  
cT=1 at all frequencies (e.g. certain Horndeski, DHOST..) theories

Consider 3 parametrisations: 
a) Phenomenological model suggested in [1906.01593]

modified propagation of GWs can be written in Fourier space h = h(⌘, k) as [59]

h00A + 2H(1� �(⌘))h0A + k2hA = 0 . (2.1)

where the index A runs over the two GW polarizations + and ⇥ and H = a0/a, where
a = a(⌘) is the scale factor of the Friedmann–Lemaître–Robertson–Walker metric. Finally,
the derivative with respect to the conformal time is @⌘ = ()0.

This equation includes a redshift (or equivalently conformal time) -dependent friction
term �(⌘) . Depending on the modified gravity theory in question, this term can take different
functional forms. When � = 0 , we find that the GW luminosity distance dGW

L coincides with
dEML . However, for all other non-zero terms, these distance measures differ. The following is
a summary of how this discrepancy can be parametrized.

2.1 ⌅
0

parametrization of the GW friction term

KL:Scalar-tensor theories can be considered as an extension of GR – they introduce a scalar
field and nonminimal couplings of this field to gravity and possibly to matter. These theories
are nowadays categorized into the Brans-Dicke, Horndeski and beyond Horndeski, as well
as DHOST classes [60–65]. As first introduced in [46], it has been shown in [66] that these
theories yield GW luminosity distances that are well parametrized by ⌅

0

and n for a broad
class of theories, namely

dGW

L = dEML

✓
⌅
0

+
1� ⌅

0

(1 + z)n

◆
. (2.2)

Both ⌅
0

and n are assumed to be positive. This approximation is constructed such that
GW and EM luminosity distances coincide at low redshifts. For large redshifts we find on
the contrary that dGW

L = ⌅
0

dEML . If ⌅
0

< 1, the apparent GW luminosity would then be
effectively higher; which results in a larger number of expected sources.2

While the above relation is phenomenological, the parameters ⌅
0

and n can generally be
related to a combination of free parameters of the considered Lagrangian, and to the matter
content of the Universe (see Table 1 of [66], for small deviations from GR). Thus, a constraint
of the parameters ⌅

0

and n translates to a constraint of the free parameters of the modified
gravity theory. However, to do this in practice is an involved task, as we will discuss in Section
5.3.

2.2 Extra dimensions

GR has passed many tests at the solar system scale and at smaller scales. Gravitational
interactions behave according to a four dimensional theory at these scales. To construct
theories that extend GR with extra dimensions (such as DGP gravity [47]), but still satisfy
the existing experimental bounds, one has to “screen” the modifications at non-cosmological
scales: The new effects of the extra dimensions are masked below a scale denoted as Rc –
KL:the comoving screening scale. Flux conservation implies that GWs decay faster (or slower)
at scales larger than Rc, where the extra dimensions have a measurable impact. This results
in a modified GW luminosity distance dGW

L , which can be parametrized as [48]

dGW

L = dEML


1 +

✓
dEML

(1 + z)Rc

◆n�D�4

2n

, (2.3)

2Recall that the observed flux F is related to the luminosity L via F = L
4⇡d2L

.
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• In some modified gravity models (beyond Horndeski, 
DHOST 1404.6495, 1510.06930, 1703.03797, 1707.03625) a friction term 
in the GW propagation equation appears 1110.2720





• Cosmological background is unchanged


• No modifications during the inspiral phase


• Modifications solely in the GW luminosity distance


• For a fixed merger rate, this implies the number of 
observed event changes


• Phenomenological model 1906.01593 
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b) Assume friction term is linked to dark energy content of the universe [1404.3713…]

3.1 ⌅-parametrization of dGW
L

Scalar-tensor theories of gravity, in which an additional scalar field couples the spin-2 gravi-
ton, have long been studied as alternative theories of gravity. Several classes of increasing
complexity have been developed, including the Brans-Dicke [57]; Horndeski [58–60], beyond-
Horndeski [61], and DHOST [62] theories. As discussed in [63] and first proposed in [56], for
some of these theories (and also for others including the RR and RT models [64, 65]) the GW
luminosity distance is well parametrised by

dGW
L = dEML


⌅+

1� ⌅

(1 + z)n

�
, (3.3)

where ⌅, n > 0. GR is recovered when ⌅ = 1, and more generally when ⌅ 6= 1 as z ! 0. As
no external constraint on ⌅ is available from previous measurements, we probe a log-uniform
prior on ⌅ = 1 spanning in the range [0.01, 100]. The prior on the stiffness parameter n is
similarly chosen to be uniform within the range [1, 10].

3.2 Extra dimensions

Some modified gravity models, such as DGP gravity [66] and some models of quantum grav-
ity [67], have their origins in extra dimensional space-times: they are characterised by an
additional length scale Rc, beyond which gravity deviates from GR. It follows from flux con-
servation that dGW

L is modified on these scales, and a parameterisation proposed in [68] for
non-compactified extra dimensions is

dGW
L =


1 +

✓
dEML
Rc

◆n�D�2
2n

, (3.4)

where the parameter n encodes the stiffness of the transition and D the number of space-time
dimensions. Here we assume that at the cosmological scales we are probing with these GW
events, Rc ⌧ dEML . In that case Eq. (3.4) reduces to the simpler form

dGW
L = (dEML )

D�2
2 . (3.5)

In this work we take a uniform prior around the GR expected value D 2 [3, 7]. (For other
parametrisations and constraints from GWs on extra-dimensional theories, see [27].)

3.3 cM -parametrization

Rather than parametrising dGW
L (z) as above, another approach advocated in the literature is

to parametrize the friction term ↵M (z). In particular, in [11], the authors propose

↵M (z) = cM
⌦⇤(z)

⌦⇤(0)
, (3.6)

where cM is a constant, and ⌦⇤(z) is the fractional dark energy density. (GR is recovered
when cM = 0.) Indeed for modified gravity models trying to explain dark energy, it is
reasonable to assume that ↵M is linked to the evolution of the dark energy content of the
universe. Substituting in Eq. (3.2) gives [11]

dGW
L = dEML exp


cM

2⌦⇤,0
ln

1 + z

⌦m,0(1 + z)3 + ⌦⇤,0

�
(3.7)
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c) Model an extra dimensional universe with screening scale, motivated from e.g. DGP [0709.0003, 
2109.08748]

Extra dimensions with a screening scale 0709.0003, 2109.08748




• Motivated from theories with extra dimensions 
(e.g. DPG gravity PL B485 (1–3): 208–214) 

•  is the comoving screening scale above 

which extra dimensions are relevant


 

dGW
L = dEM

L 1 + ( dEM
L

(1 + z)Rc )
n

D − 4
2n

Rc

dGW
L = dEM

L ( dEM
L

1 Mpc )
D − 4

2

(1 + z)4 − D
2

19

Rc = 1 Mpc

Consider 4 different source mass population models,  
motivated from 2010.14533, and estimate jointly, using  
O3 data
• the cosmological parameters
• source mass parameters  
• parameters describing luminosity distance

The source mass population model
• Focus on binary black holes of stellar origin

• Various astrophysical mechanisms shape the BH source 

mass distribution

• Pair instability supernova (PISN, J. R. Bond, W. D. Arnett, 

and B. J. Carr 1984)  

• Pulsational PISN (Barkat et al. 1967; Woosley & Weaver 1986; 

Woosley 2017)  Accumulation in a Gaussian peak  

• X-ray observations  No BHs <  


• Models from LIGO/Virgo Population properties: 2010.14533 
• power law: mass range and two power law slopes (PL)

• power law plus gaussian peak (PLG)

• broken power law

→ m(s)
max

→ μg

→ m(s)
min

20

m(s)
min m(s)

max

μg

m(s)
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Results using O3 data :

• Comparing Bayes factors: GR with multi-peak model is preferred! 

Figure 1: The marginal distributions for the modified gravity parameters D and ⌅
0

and cM
for all source mass models and for all three SNR cuts. Blue solid line: result obtained with
42 events with a SNR cut of 11. Orange dashed line: result obtained with a SNR cut of 12.
Green dotted line: result obtained with an SNR cut of 10. The vertical black dashed lines
indicate the value of the parameter in GR.

The parameter ⌅
0

acts similarly as H
0

on the BBH population and thus, we find the same
correlations relating them to the mass and rate evolution parameters.

The analysis shows that the Multi Peak mass model is preferred by a factor of 10
with respect to the simple broken power law model. As shown in Fig. 2 these Gaussian
features at 10M� and 35M� can help to constrain the modified GW propagation since they
yield additional redshift information.

As opposed to [32, 73] (which are standard cosmological analyses and measure exclusively
H

0

), an extra correlation between ⌅
0

and the BBH merger rate density R
0

is observed, as
previously noted in [54]. The estimation of R

0

is related to the expected number of detected
events N

exp

. In fact, in the evaluation of the expected number of events, H
0

not only modifies
the comoving volume as 1/H3

0

but also the redshift at which GW events will be detectable
(since the SNR depends on the luminosity distance). These two effects roughly balance out
such that the number of expected detections in a given time is weakly dependent on H

0

.
However, this is not the case when considering modified GW propagation. The modified
propagation leaves the comoving volume untouched (as it is defined with respect to the EM
distance measure) but affects the average redshift at which it is possible to observe GW
events. As a consequence, the number of expected detections per year strongly depends on
the modified gravity parameters.
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Blue: SNR >11, Orange SNR >12, green SNR >10

• For all modified gravity models, values of parameters are compatible with their GR values at  
90% confidence level! 



Forecasts for O4 and O5 :

• Simulate expected data, with 87 events for O4, and 423 for O5 (1 year of data) 

Figure 1 – The marginalized posteriors of the modified gravity parameter ⌅0 of Eq. 1 that modifies the GW
luminosity distance. (Left) The ⌅0 posterior from GWTC-3 data (the GR value is indicated as a dashed line).
The three colors correspond to the SNR cuts of 10 (green), 11 (blue) and 12 (orange). (Right) Forecast for the
⌅0 posterior with 510 events with an O4+O5 scenario, assuming wide priors on the cosmology (blue/Wide), or
Planck uncertainties (orange/Planck).

1 Results with GWTC-3

Using the most recent BBH catalog of the LIGO-Virgo-KAGRA collaboration, we perform a
model selection analysis between GR vs the ⌅0 gravity model, and between four di↵erent BBH
mass distributions. We find that GR and the multi peak mass distribution are consistently the
preferred models irrespective of the chosen selection cuts. All measurements of ⌅0 are consistent
with the value predicted with GR (90% confidence level). We note that the ⌅0 measurement
depends on the assumptions made on the BBH mass model. This underlines the importance of
checking the robustness of the conclusion using more than one BBH mass model. The modified
gravity parameter ⌅0 is strongly correlated with astrophysical and cosmological parameters such
as the redshift evolution parameters and the Hubble constant. The results for ⌅0 are compatible
at the 1-� level with previous works with O3 data using the broken power law mass model.3

2 Forecast for O4 and O5

We simulate the expected outcome of future O4 and O5 runs which results in 87 and 423 observed
BBH events, resp. We find that if GR is the true theory of gravity, and assuming narrow priors
on the cosmological parameters (from Planck), we recover the modified gravity parameter with a
precision of 51% with O4, and 20% with O4 and O5 combined, cf. Fig. 1 (right). The uncertainty
on ⌅0 is increased by a factor of 1.5 when using agnostic priors on H0 and ⌦m.
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