
PARTICLE ACCELERATION 

1. Astrophysical plasmas 

2. Second-order Fermi acceleration (clouds)

3. First-order Fermi acceleration (shocks)

4. Relativistic shocks 

5. What else?
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The cosmic ray spectrum

Shock 
acceleration 

(Fermi1)

Multiple 
possibilities: 

Fermi 1,2, 
shear, 

reconnection, 
gaps … 
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INTRODUCTION: ASTROPHYSICAL PLASMAS

« Collisionless » plasma: a gas of electrons and ions (protons for 
simplicity) that are not colliding, overall neutral. 

Simple approach, particle « i » located at:

(position and velocity) in phase space, the 

space made by these two vectors 

<latexit sha1_base64="lfsriWOmclaGNle92i8Xk6HKNBU="></latexit>

~xi(t), ~vi(t)) = ~ri(t)

<latexit sha1_base64="vENw4INVCURjmSzzKT5orLrO0EI="></latexit>

�(~x� ~xi(t))�(~v � ~vi(t))Position: 

Particle distribution 
function in phase space: 

<latexit sha1_base64="TiWH/SNGRYgm5eYeFnqeNL7pQTA="></latexit>

fs(~x,~v, t) =
NX

i=1

�(~x� ~xi(t))�(~v � ~vi(t))

In general different components (at least electrons and protons), 
hence the subscript s=e,i that is electrons or protons. 




Particle distribution 
function in phase space: 

<latexit sha1_base64="TiWH/SNGRYgm5eYeFnqeNL7pQTA="></latexit>

fs(~x,~v, t) =
NX

i=1

�(~x� ~xi(t))�(~v � ~vi(t))

Let’s differentiate with respect to time: 

Acceleration, we know 
how to write this, 

providing we know the 
forces at play. Let 
consider a « non-

relativistic » case first. 

Dark matter: would have to include include gravitation!

Equation of motion: 
<latexit sha1_base64="xiNzmWkVemRibL68CNa6il/sH+w="></latexit>

ms ~̇vi = q ~EM (~x, t) +
q

c
~vi ⇥ ~BM (~x, t)

M is for « microscopic », the field produce by all the other 
particles on one particle.

<latexit sha1_base64="YtlBddCJPXVJFtN8aXcN4ouzvps="></latexit>

@fs
@t

= �
NX

i=1

~̇xi · ~r~x�(~x� ~xi(t))�(~v � ~vi(t))�
NX

i=1

~̇vi · ~r~v�(~x� ~xi(t))�(~v � ~vi(t))



<latexit sha1_base64="4ZVw9TmMyHPvYqRZCkZ5Qt15Tgc="></latexit>

@fs
@t

= �
NX

i=1

~̇xi · ~r~x�(~x� ~xi(t))�(~v � ~vi(t))�
NX

i=1

~̇vi · ~r~v�(~v � ~vi(t))�(~x� ~xi(t))

<latexit sha1_base64="xiNzmWkVemRibL68CNa6il/sH+w="></latexit>

ms ~̇vi = q ~EM (~x, t) +
q

c
~vi ⇥ ~BM (~x, t)Motion: 

Distribution: 

Maxwell: 

<latexit sha1_base64="aR2e1IthM8Nnjolhq/W/WjGjblU="></latexit>

~r · ~E = 4⇡⇣M (~x, t)

~r · ~BM (~x, t) = 0

~r⇥ ~EM = �1

c

@ ~BM

@t

~r⇥ ~BM =
4⇡

c
~JM (~x, t) +

1

c

@ ~EM

@t

Density of charge

current

Also: 

<latexit sha1_base64="qTTiOmdPTuKKufJJ5UIKNIcoGZ4="></latexit>

⇣M (~x, t) =
X

s=i,e

qs

Z
d3~vfs(~x,~v, t)

~JM (~x, t) =
X

s=i,e

qs

Z
d3~vfs(~x,~v, t)~v

MEANING: the dynamics of  a particle of type I is becoming sensitive to the 
charge and current produced by all the other particles of all the types.



<latexit sha1_base64="4ZVw9TmMyHPvYqRZCkZ5Qt15Tgc="></latexit>

@fs
@t

= �
NX

i=1

~̇xi · ~r~x�(~x� ~xi(t))�(~v � ~vi(t))�
NX

i=1

~̇vi · ~r~v�(~v � ~vi(t))�(~x� ~xi(t))

<latexit sha1_base64="xiNzmWkVemRibL68CNa6il/sH+w="></latexit>

ms ~̇vi = q ~EM (~x, t) +
q

c
~vi ⇥ ~BM (~x, t)Motion: 

Distribution: 

<latexit sha1_base64="51R3lHaGyOpaTLJwghcZ+fl7xL0="></latexit>

@fs
@t

= �~v · ~r~x

NX

i=0

�(~x� ~xi(t))�(~v � ~vi(t))�
qs
ms

NX

i=0


~EM (~xi, t) +

~vi
c
⇥ ~BM (~xi, t)

�
· ~r~v�(~x� ~xi(t))�(~v � ~vi(t))

Pulling out v x nabla in first term + injecting acceleration

<latexit sha1_base64="OXE6XvaOZCcyXsfjPbVzDjrB8is="></latexit>

@fs
@t

+ ~v · ~r~xfs +
qs
ms


~EM (~xi, t) +

~vi
c
⇥ ~BM (~xi, t)

�
· ~r~vfs = 0

Using the definition of fs

Klimantovitch-Dupree equation 

We can stop here already, but the problem is that the magnetic field and 
electric field with index M on them are microscopic, thus they are 

fluctuating in all directions, there are a mess, so not very convenient. 




<latexit sha1_base64="OXE6XvaOZCcyXsfjPbVzDjrB8is="></latexit>

@fs
@t

+ ~v · ~r~xfs +
qs
ms


~EM (~xi, t) +

~vi
c
⇥ ~BM (~xi, t)

�
· ~r~vfs = 0

Klimantovitch-Dupree equation 

not interested in the motion of a single particle: we care about is a statistical 
description. We want to integrate over a volume large enough, so that we have 

enough of them, but not too big, so that we do not average everything out. Thus 
we'll be able to retain the properties of the plasma. 

 Let’s write the  physical quantities as an average value + fluctuations. 

<latexit sha1_base64="XjIPQsoDYAZ+RyjA/id9+rr/HPU="></latexit>

fs ! Fs + �fs

EM ! E + �E

BM ! B + �B

Only first order


<latexit sha1_base64="Vmn84HPTbI/UjWvJnbqDDgv4ccQ="></latexit>

@Fs

@t
+ ~v · ~rFs +

qs
ms


~E +

~v

c
⇥ ~B

�
· ~rFs = � qs

ms
h
✓

~�E +
~v

c
⇥ ~�B

◆
�fsi

Product of two 
perturbations, small 
compared to LHS



<latexit sha1_base64="Vmn84HPTbI/UjWvJnbqDDgv4ccQ="></latexit>

@Fs

@t
+ ~v · ~rFs +

qs
ms


~E +

~v

c
⇥ ~B

�
· ~rFs = � qs

ms
h
✓

~�E +
~v

c
⇥ ~�B

◆
�fsi

Product of two 
perturbations, small 
compared to LHS

This accounts for « collision-less collisions » 
in the plasma: what happens to particles due 

to fluctuations induced on small scales by 
other particles

not interested in the small scale, but to larger scales. So in the following, 
we'll equate the RHS to 0. ( We throw away information, that is not really 

accessible anyway..)

VLASOV equation:


Easy interpretation of this: this equation is 
derivative wrt time + derivative wrt first variable  + 
derivative wrt second variable = conservation of 

particles in phase space. 


<latexit sha1_base64="a2FBOufB9RB92gvb9DzhLYk3AnM="></latexit>

DFs

Dt
= 0

<latexit sha1_base64="F1q6SoyyVhs3ettZGioHzzBs41Y="></latexit>

@Fs

@t
+ ~v · ~rxFs +

qs
ms


~E +

~v

c
⇥ ~B

�
· ~rvFs = 0



Remember: we have two species (electrons and ions), for each ones, 
we have an equation, but E and B are the same for both: E and B 

provide the coupling between the two equations. 


Sources terms quite similar except: 
<latexit sha1_base64="Miw9hHWaBz9lkTQIBI8KtXho7vE="></latexit>

fs, E
M , BM ! Fs, E,B



<latexit sha1_base64="/fwOV4DgHjTNVvsZCa0SH2V3ZLI="></latexit>

@Fs

@t
+ ~v · ~rFs +

qs
ms


~E +

~v

c
⇥ ~B

�
· ~rFs = 0

SUMMARY
Each species in the plasma is defined by a Vlasov equation: 


<latexit sha1_base64="mqPzcMQs+DsfnnvdxoZrjMc/4FY="></latexit>

⇣(~x, t) =
X

s=i,e

qs

Z
d3~vFs(~x,~v, t)

~J(~x, t) =
X

s=i,e

qs

Z
d3~vFs(~x,~v, t)~v

E and B  satisfy Maxwell's 
equation, with source terms: 


We can solve for 

<latexit sha1_base64="cmha1tebneZ71SukzMhbuCaapzM="></latexit>

Fs



We can apply this to anything! as long as this is collision-less. 

APPLICATIONS

Exercise:
Let's consider plasma of electrons of protons, described by these 

equations. 

Just like we would do to find the dispersion 
relation of EM waves, or sound waves. 


<latexit sha1_base64="UXUzGSw3wJDPtWgh2eZ/7afH+rs="></latexit>

Fs = F (0)
s + �Fs

B = B(0) + �B

E = �E

Let's assume that there is no "net macroscopic" electric field E, but there 
is a magnetic field B. We can perturbe the system, knowking F_s at the 

zero order, and we shake it.

We need an assumption for Fs0: for instance that the plasma is thermalized 
and that the temperature is 0. Fs0 is then a delta function at p=0. If you inject 

this in the Vlasov equation, you get (after 10 pages of calculation): 


<latexit sha1_base64="bHxf9uTlt7K/2BwzElo7fnr/50I="></latexit>

� ~B ! �B exp
h
�i!t+ i~k · ~x

i

�Fs ! �Fs exp
h
�i!t+ i~k · ~x

i



<latexit sha1_base64="jIWb62C0aMBSsamzhrPAKj74CMs="></latexit>

F(k,w) = 0

<latexit sha1_base64="rHEaa52lkoeZbvjajco/fUZyTVU="></latexit>

k2c2

!2
= 1 +

X

s=i,e

4⇡2q2s
!

Z
dpdµ

p2v(1� µ)

! � kv// ± ⌦s


@Fs

@p
+

1

p

@Fs

@µ
(
k?
!

� µ)

�

Simplifying assumptions: assuming that the particles are 
cold, then terms with p are simpler + isotropic (any mu)

<latexit sha1_base64="MhKamlnNUWPQu9DUCPHAi7EQ5p4="></latexit>

⌦s = qsB0/(msc)

Exercise: 
Solve for a cold gas, with B oriented in the z direction (0, 0, z) with k=(0,0,k)

<latexit sha1_base64="qdlJ2yvK/CNKSLtZP5Xs+zXOh/U="></latexit>

! = vAk

<latexit sha1_base64="mZOkjBJcezgK1X6xUDvPLaBMZgA="></latexit>

vA =
B0p
4⇡⇢

This tells you the only modes allowed in the plasma.

General form: 



RELATIVISTIC EQUATIONS
<latexit sha1_base64="k1IGh4FaZOZJZWmjG4kz7vzYKhI="></latexit>

mV̇ $ ṗ
<latexit sha1_base64="IjOluN3vaY1GCJnuUyOSNhjayCo="></latexit>

(~xi, ~vi),$ (~xi, ~pi)

<latexit sha1_base64="6tch0Ubi4UslP0oW4fooEpR6BPE="></latexit>

@Fs

@t
(~x, ~p, t) + ~v · ~r~xFs +

qs
ms


~E +

~v

c
⇥ ~B

�
· ~r~pFs = 0

What about CRs? very 'rare' in the ISM (in terms of numbers).
<latexit sha1_base64="w2Glz7ZX9bGMpNQA058Ja12N1Zk="></latexit>

nCR ⇠ 10�9cm�3
<latexit sha1_base64="V/GbJ2HTxMmQP0CO3qotFr+dBME="></latexit>

nISM ⇠ 1cm�3

 You can do the same of CRs and solve the same equations, and you get that: 


<latexit sha1_base64="pqVKDKsjF/dzhbotBuxDCR5YmYY="></latexit>

! = vAk + j...

imaginary, then this implies a damping/or an exploding term in the exponential 
of B. The addition of CRs make the waves explode! 


The Alfvèn waves, instead of propagating as waves, start bouncing out and 
become exploding: this is a crucial ingredient in the acceleration of CRs. 




Average quantities from Vlasov


<latexit sha1_base64="KjXLtGQgJ8dU1kPv81Y+IdWrMNE="></latexit>

@fs
@t

+ vr
@fs
@xr

+ qs


Er +

1

c
✏rstvsBt

�
@fs
@vr

= 0

F_s

Levi-Civita 
symbol


Let’s consider a generic function of velocity

<latexit sha1_base64="ZNUqG7XuNHrhFI7WM138Y+6zfhI="></latexit>

h i =
R
d3~v (~x,~vt)f(~x,~v, t)R

d3~vf(~x,~v, t)

=

R
d3~v (~x,~v, t)f(~x,~v, t)

n

<latexit sha1_base64="VHDMvM/CRbLaGoV3zUI1mdzd+Lw="></latexit>

 (~v)

Density
<latexit sha1_base64="SJ822ekMzLrQFEGs0YRxdLIA+lk=">AAAC/nicjVHLSsNAFD3GV31XXboZLELdlLRWrbuiG5cKVgWrkkxHHZoXyaQopeCfuHMnbv0Bt7oU/0D/wjtjCoqITkhy5tx7zsy91408mSjbfh2wBoeGR0ZzY+MTk1PTM/nZuf0kTGMuGjz0wvjQdRLhyUA0lFSeOIxi4fiuJw7c9paOH3REnMgw2FNXkTj2nfNAnknuKKJO8xtNGShWLC+zppK+SFixoqG4VN1W72SFNTuCdz u9H1TUO80X7JJdq1Y2qoyAWQRqazV71WbljCkgWzth/gVNtBCCI4UPgQCKsAcHCT1HKMNGRNwxusTFhKSJC/QwTtqUsgRlOMS26XtOu6OMDWivPROj5nSKR29MSoYl0oSUFxPWpzETT42zZn/z7hpPfbcr+ruZl0+swgWxf+n6mf/V6VoUzlAzNUiqKTKMro5nLqnpir45+1KVIoeIOI1bFI8Jc6Ps95kZTWJq1711TPzNZGpW73mWm+Jd35IG3J8i+x3sV0rltdLqbrVQ38xGncMCFlGkea6jjm3soEHeN3jEE56ta+vWurPuP1OtgUwzj2/LevgAunel1g==</latexit>Z
(1)⇥ (2)d3~vd3~p

<latexit sha1_base64="emwO7WcqX0x9nOZAwfOJ3dyqhtM="></latexit>

First term !
Z

d3~v 
@f

@t
=

@
R
d3~v f

@t
=

@nh i
@t

Second term !
Z

d3 ~vr 
@f

@xr
=

@
R
d3~v vrf

@xr
=

@

@xr
[nh vri]



The general equation we get is:

<latexit sha1_base64="BIkgeOQU8o+eKCrv7dNRNlTkgNo="></latexit>

@

@t
[nh i] + @

@xr
[nh vri]�

qn

m
Erh

@ 

@vr
i � qn

mc
· ✏rstBth

@ 

@vs
vsi = 0

<latexit sha1_base64="ALK9v2xbTg1y2D07mtfbcrmyGYA="></latexit>

  is completely general, we can take whatever 
function of v we want!


<latexit sha1_base64="1FNKS4aj4qW6WJMSOqX0HbeKorQ="></latexit>

 = 1
<latexit sha1_base64="pjWnQXwBvUnxqaRpqJMjjIFH9r4="></latexit>

hvri = ur

<latexit sha1_base64="fj95bcMPDeCwwPgV/YFtQUdmxfM="></latexit>

@n

@t
+

@nur

@xr
= 0 Mass conservation


one for ions + one for electrons

<latexit sha1_base64="omTCdsCbnQ0edJPAHbwV34lf114="></latexit>

 = vr
<latexit sha1_base64="mJ3zhaRhNz2jaScd3ZrO/qENj0I="></latexit>

@⇢ur

@t
+

@⇢hvrvsi
@xs

� qn

c
✏rstBtus = 0 Momentum


<latexit sha1_base64="w5tX432P+UBgvdQjPjdqL79YPDc=">AAAC3XicjVHLSsNAFD3G97vqRnAzWARXJS1V60IQ3bisYG2h1ZJMpzqYJmEyEaTUnTtx6w+41d8R/0D/wjtjCroQnZDkzLn3nJl7rx8HMtGu+zbijI6NT0xOTc/Mzs0vLOaWlk+TKFVc1HgURKrhe4kIZChqWupANGIlvJ4fiLp/dWji9WuhEhmFJ/omFmc97yKUXck9TVQ7t9qqJpLtsVZXebxfHPRLA3bdVueldi7vFtxKub RbZgTsIlDZrrhbLitmTB7Zqka5V7TQQQSOFD0IhNCEA3hI6GmiCBcxcWfoE6cISRsXGGCGtCllCcrwiL2i7wXtmhkb0t54JlbN6ZSAXkVKhg3SRJSnCJvTmI2n1tmwv3n3rae52w39/cyrR6zGJbF/6YaZ/9WZWjS6qNgaJNUUW8ZUxzOX1HbF3Jx9q0qTQ0ycwR2KK8LcKod9ZlaT2NpNbz0bf7eZhjV7nuWm+DC3pAEPp8h+B6elQnG7sHVczu8fZKOewhrWsUnz3ME+jlBFjbxv8YRnvDht5865dx6+Up2RTLOCH8t5/ATPSJij</latexit>

 =
1

2
v2r Energy


<latexit sha1_base64="AAbXu2Ugr52vSfa0aS8Mj8Mjw3E="></latexit>

@ 1
2⇢hu

2
ri

@t
+

@ 1
2⇢hv

2vzi
@xr

� qn✏rstErur = 0



Goal: average quantities (Temperature, Pressure) 

Let’s define:

<latexit sha1_base64="uVQm429rDZtbLvfi3lYDKjOUH9w="></latexit>

⇢ = nimi + neme

⇣ = (ni � ne)e

ur,i = hvr,ii
ur,e = hvr,ei

Electrons

Ions

<latexit sha1_base64="Hxo2wUIugTOS+YrmcePBjGFGsRg="></latexit> wr,i = vr,i � ur,i

wr,e = vr,e � ur,e

Fluctuations

Pressure tensors:
<latexit sha1_base64="HKmtJgJnlyyl2P0cMoiAN+mG2qo="></latexit>

Pi,rs = mi

Z
d3~vfiwirwis

Pe,rs = mi

Z
d3~vfewerwes

Now the trick: let's take the equation of mass for 
electrons and ions, and sum them together:

<latexit sha1_base64="/l5U34WoT0zpLqhfkm9Vz2AhfyE="></latexit>

@⇢

@t
+ ~r · (⇢~u) = 0

General, no information on ions and electrons



Now the trick: let's take the equation of mass for 
electrons and ions, and sum them together:

<latexit sha1_base64="/l5U34WoT0zpLqhfkm9Vz2AhfyE="></latexit>

@⇢

@t
+ ~r · (⇢~u) = 0

General, no information on ions and electrons

Sum for momentum: 

<latexit sha1_base64="crfZKHPx9m0fRUvtw+d0b3erT04="></latexit>

⇢
D~u

Dt
= ⇢


@~u

@t
+ (~u · ~r)~u

�
= �~rP +

1

c
~J ⇥B(+⇣ ~E)

Pressure of the 
overall plasma Usually 0

time derivative of density of 
velocity: equation of motion of 

the plasma 
 force due to pressure gradient 
that makes the plasma move. 

MHD equations
 IDEAL MHD: assume that the conductivity of the plasma is infinite! 

Additional term if we 
had accelerated 

particles (pressure CR)



We did not do energy conservation because we'll assume that the gas is 
adiabatic, not losing energy towards the outside of the system. Then we 

only use an equation of state for the gas. 

Plasma reference frame:
<latexit sha1_base64="7CLMyNK25azddj0uinhw9b7lS3s="></latexit>

~E0 = ⌘ ~J
Co moving field

Resistivity

<latexit sha1_base64="l4HttvTEjl8WZjrJBf8J2uiFkt4="></latexit>

~E0 = ~E +
1

c
~v ⇥ ~B = ⌘ ~JLorentz transform:

<latexit sha1_base64="A+9Ba4mqXlETvWM4onBtHjW9y6k="></latexit>

~r⇥ ~B =
4⇡

c
~J +

1

c

@ ~E

@t

<latexit sha1_base64="LUBiRgcO63t4dKk23kmuHYoKNRU="></latexit>

~J =
c

4⇡

"
~r⇥ ~B � 1

c

@ ~E

@t

#

Maxwell
<latexit sha1_base64="VTu3DWeORwQ49LPJMi3KuozkhQE="></latexit>)

<latexit sha1_base64="kzvPTOVSheTqCLqjV9TnYXJcpRQ="></latexit>

1

c
~J ⇥B =

1

4⇡

"
(~r⇥ ~B)⇥ ~B � 1

c

@ ~E

@t
⇥ ~B

#

The only field that remains in a plasma, is the one associated to the movement of the 
plasma (the induced magnetic field) = because the plasma is moving in a magnetized 

medium -> not the large scale field. 

Scales: size L, magnetic 
field B

<latexit sha1_base64="BbutHCzHlFzOy5PloBizKsS9DoM="></latexit>

⌘ ! 0
<latexit sha1_base64="Dalbt68cyllHh/+SNhqI7EsR1ik="></latexit>

~E = �1

c
~v ⇥ ~B

<latexit sha1_base64="qE2xYq497WnT41SmU3FPDdulbaM="></latexit>

/ B2

L

<latexit sha1_base64="+MJ6mfsrFOvFshHE5gDv463ICfc="></latexit>

/ BE

cT
=

B2V

cL
Way Larger



<latexit sha1_base64="w7Y6yHZeJzNloC8HICzv9UBVxw4="></latexit>

1

c
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Ideal MHD

The current has disappeared! 



Ideal MHD SUMMARY 
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Momentum

What are the perturbations allowed in this system?

Adiabatic index (ratio of specific 
heats = 5/3 usually, when including 

CRs, usually goes close to 4/3)
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We look for a relation in the form: 
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h�⇢i = h� ~Bi = 0Assuming (we could in 
principle go to higher 

orders)
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 amplitude of the k mode 
(at a specific frequency)
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perturbing the adiabaticity has 
something to do with sound waves.. 


we are sitting in the frame in which u =0: 
<latexit sha1_base64="fT336QkIOBwX+SSPDUiPYhQgqrk="></latexit>

! = kvA
<latexit sha1_base64="ClYHaudL8zKcbAVCiYuuT6/fQoE="></latexit>

! = kvA ± uOtherwise:



Momentum conservation gives: 
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tracking only the first order terms and ignoring higher orders.

(quantities constant in space, without this assumption, the 
amplitude of the Fourier modes also has to depend on « z")
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-> re-injected in momentum.  + Mass conservation 
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Exercise: 
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~B0 = (0, 0, B0)
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k = (0, 0, k)

What are the modes that can propagate PARALLEL to B?
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Exercise: 
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~B0 = (0, 0, B0)
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k = (0, 0, k)

What are the modes that can propagate PARALLEL to B?
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What do we learn? The modes with k parallel to B0 are of two types.

Modes allowed are: 1) sound waves without perpendicular motions- longitudinal modes 
<latexit sha1_base64="EsFJRjx8SMOpnbBDptWWAHvDBsM="></latexit>

!2 = k2c2s
2) completely different modes, moving in the perpendicular direction (Alfven waves).
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(This is only the parallel field! = Rich phenomenology)
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So the Alfvén waves we found are: 
1) transverse modes

2) perpendicular motion of the plasma (in the perp plane)

3) with Electric field associated

Why do we care about this type and not soundwaves: no 
Electric field or magnetic field associated with them! 

1) Magnetic field is scattering particles, providing the k is right:  
<latexit sha1_base64="LArtk2eBfZTh0Q/jw9Wjkuzzhkc="></latexit>
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⌦

vµ
) ~�B changes the pitch angle of particles

2) responsible for second order Fermi acceleration, even if 


Changes the pitch angle of particles
<latexit sha1_base64="kwBZoTo9LOfms0sJOc77PwI1N1c="></latexit>

|�E| < |B0|

3) what is shaking the box?  the accelerated particles in the plasma, by themselves 
excite perturbations. CRs, by themselves can excite at the correct scale. 

ALFVEN WAVES



Exercise: 
What are the modes that can propagate PERPENDICULAR to B?
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(fast/slow modes), situations in between.. 




Acceleration mechanisms 
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� ~E = ~0

� ~E2 6= 0Regular acceleration 
Stochastic 

acceleration

Difficult to achieve, electric field easily short-circuited! 

Astrophysical situations? 

1. « Gaps » pulsar caps for instance, regions where E and B are parallel

2.  Magnetic reconnection 

Dynamic,

Hydrodynamic

Non-ideal MHD flows
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Pulsar gaps

Harding 2015



Magnetic reconnection

Cerutti et al. 2013



Exercise: magnetized regions (clouds)
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Each cloud carry a magnetic field that is 
an Alfvén wave (or collection of Alfvén 

waves) 
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A ‘test-‘particle enters the system with 
energy E

<latexit sha1_base64="MO69KPxAvxFsTBsttC5I+hbyMKQ="></latexit>�, v = Lorentz factor and velocity of 
the cloud
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µ = cos ✓

For an observer sitting on this cloud 
(Lorentz transform): 
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Momentum in the x direction (let’s say for 
simplicity everything happens along x)
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p0x = ��E + �pµ

Let’s say that once you are on the cloud, the observer doesn’t tell 
with microphysics, and the momentum is simply mirrored (inverted)

<latexit sha1_base64="zR+2dKyR4QQkjbO+c3hkynd5jzI="></latexit>

p0x ! �p0x



For an observer sitting on this cloud 
(Lorentz transform): 
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Momentum in the x direction (let’s say for 
simplicity everything happens along x)
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p0x = ��E + �pµ

Let’s say that once you are on the cloud, the observer doesn’t tell 
with microphysics, and the momentum is simply mirrored (inverted)
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Velocity of the particle

In this setup, the cloud is a black box, we don’t 
know what going on inside : just deflection by 

magnetic field and momentum reversed, thus the 
energy going out is: 
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Question : where is the electric field here?



Answer: the cloud is moving, so there is an induced electric field. 
 is doing the work on the particle, from the microphysics 

point of view. So there is an electric field from a rest frame in 
motion (Lorentz transform take this into account)
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How much do we gain in energy?
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 is the velocity of the cloud,  is 
between -1 and 1, so it means
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�E Can be positive or negative ! 

This system is an acceleration AND a deceleration system 
Fundamentally important! The second order nature of the process is 
due to the fact that some configuration lead to particle energization 

and some to particle de-energization



The probability of interaction is clearly depending of the velocity of 
the fluids (think about one street people going in opposite 
directions: more probable to interact with facing people)
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This is still positive ! Due to the fact that the head-on collisions are 
a bit more probable than head-tail collisions.

Keep in mind that the particle direction is changing, the vector is 
increasing/decreasing.increasing etc. A lot of step are needed to 

gain energy.

If you take as an estimate of V the Alfven velocity, 

gain very small!  
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Remark: 8/3 factor depends on simplifying ‘mirror’ assumption, in 
reality with have <latexit sha1_base64="Lb4GmAeIjopMgelH08dQ0iodzN0="></latexit>µ
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µ0 (Angle out) and the ‘correct’ result is 4/3



Spectrum - Fermi 2?

Given the average time between collision, 
an energy rate can be derived: 
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mean free path between clouds

Characteristic time particles remain in 
acceleration region

Solving diffusion-advection 
equation with escaping time, the 

spectrum obtained is:
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Spectrum strongly depends on <latexit sha1_base64="lL7vdqahwUpmMy8ZN+zNW/uNbS0="></latexit>↵⌧esc

Very unconstrained! 



With ideal MHD, we can ask additional questions: what happens to 
a plasma that is moving 

Simplifying assumption: we’ll assume that the magnetic field is 
« small »: we retain only the basic fluid terms in the RHS of the 

MHD equation 
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Conservation of mass: 

Conservation of momentum: 

Conservation of momentum + adiabaticity: 
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Let’s make some assumptions : 
 1) stationarity 

2)  1 Dimensional problem

CAN WE DO BETTER THAN CLOUDS?



Leads to 3 unknown / 3 equations
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1) Constant solution -> not vey 
interesting 


2) other non-trivial solutions? 

YES, but it is not continuous
Something weird is going on in the 

plasma..
So somewhere in the plasma, something is happening. 1) and 2) the 

region before and after this weird thing that is happening 
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Non trivial solution, Provided that: 

Mach number 

<latexit sha1_base64="sgtvTksRrX0+LlueiFbY48pLnEA="></latexit>

cs =

s

�ad
P1

⇢1

<latexit sha1_base64="MPeRH4KICvgKnxrVw3AsGWjl0qw="></latexit>

u1 > cs

<latexit sha1_base64="Jecw125gmoDjja3p90rj4CYdvJk="></latexit>

M =
u1

cs
> 1

Rankine-Hugoniot relations



What is this solution? 

We introduce compression factor: 
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The problem admits a solution in which the quantities are NOT 
continuous: SHARP TRANSITION

<latexit sha1_base64="aP0DayO7KIdGnbb+x3IALaQ7svI="></latexit>

M1 ! 1
<latexit sha1_base64="VTu3DWeORwQ49LPJMi3KuozkhQE="></latexit>)

<latexit sha1_base64="dX6ebd7t0ouxFA/37V3NVHKZro4="></latexit>

r = constant
<latexit sha1_base64="7dGD+KeOJIhYSbxZFGMjAxCFRKM="></latexit>

r =
(�ad + 1)

(�ad � 1)

At this location : plasma slows down and compressed violently

In addition: 
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HEATING of the plasma! (Kinetic of 
the plasma transformed into presusre)
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Using definition of Mach number: 

Simple fraction of kinetic energy into 
thermal energy! 

Temperature downstream (kinetic energy per particle) = all the kinetic 
energy upstream with a factor in front of it 

Now we can call this special location a SHOCK:

<latexit sha1_base64="3haaAP99SN6ByXzgSmFIt/PH+gc="></latexit>u1
<latexit sha1_base64="DQWRFG53K0nQLc/OyOLKk1VF8Js="></latexit>

u2 =
u1

r
<latexit sha1_base64="vXBcmye7qG9Txxj9MJOyys0f00c="></latexit>⇢1

<latexit sha1_base64="u/UPXozF/u43rc75LpEuj7weEE8="></latexit>⇢2 = r⇢1

UPSTREAMDOWNSTREAM

With this configuration, we can eliminate the situations where the 
particle lose energy



<latexit sha1_base64="3haaAP99SN6ByXzgSmFIt/PH+gc="></latexit>u1
<latexit sha1_base64="DQWRFG53K0nQLc/OyOLKk1VF8Js="></latexit>

u2 =
u1

r
<latexit sha1_base64="vXBcmye7qG9Txxj9MJOyys0f00c="></latexit>⇢1

<latexit sha1_base64="u/UPXozF/u43rc75LpEuj7weEE8="></latexit>⇢2 = r⇢1

UPSTREAMDOWNSTREAM

Also, with the shock, the role played by the Alfven speed, is now 
played by u_1-u_2

<latexit sha1_base64="ayphWjMzuKT0aIkqVjFDvntCLiM="></latexit>

�ad =
5

3

<latexit sha1_base64="Asb7aQR/jHWe8kQ3TrIJNQMIgzM="></latexit>

r = 4

<latexit sha1_base64="c9SwBa7J6V8RxNLqZO4wNYdUmsc="></latexit>

vA = 10km/s ! �u ⇠ 10000km/s

More convenient for particle acceleration



<latexit sha1_base64="SpCg0TgefMgfbrrG53mwxG3AE3U="></latexit>

M & 100We will easily be dealing with Mach numbers:

<latexit sha1_base64="f0y0QcS8E/FfI+hj6b6MGHo9rN4="></latexit>

z = 0

In the rest frame of the shock 

UPSTREAM DOWNSTREAM

<latexit sha1_base64="7SYrsSHx9yeLFFCYjLzcss4nywI="></latexit>

+1<latexit sha1_base64="PxMfewkk0UClVXL9olPr1xEWiRY="></latexit>�1
<latexit sha1_base64="DQWRFG53K0nQLc/OyOLKk1VF8Js="></latexit>

u2 =
u1

r

<latexit sha1_base64="u/UPXozF/u43rc75LpEuj7weEE8="></latexit>⇢2 = r⇢1

<latexit sha1_base64="aP0DayO7KIdGnbb+x3IALaQ7svI="></latexit>

M1 ! 1
<latexit sha1_base64="VTu3DWeORwQ49LPJMi3KuozkhQE="></latexit>) <latexit sha1_base64="AGDkuQci9Egb9vXVKfHjvEOSEBg="></latexit>

r = 4

First-order Fermi mechanism (not proposed by Fermi, 
~1970 and Fermi dead 1954) 

We start with particle upstream energy E 

Downstream 
<latexit sha1_base64="dG5R4kj5700y0pb0SowSQ6SykFw="></latexit>

Ed = �E(1 + �µ)

<latexit sha1_base64="hZoJz5plqMBXCpQRcrO+LC7+TKc="></latexit>

� =
u1 � u2

c

<latexit sha1_base64="4J5SIcMryRm0xW7ZK5afxM93p68="></latexit>

0  µ  1In order to arrive downstream: 

<latexit sha1_base64="bsjvoZgnY2xENF4XPYA00I0k+J8="></latexit>µ



Particle diffuse due to inhomogeneities/fluctuations/Alfvén waves in 
the magnetic fields in the plasma: there is a finite probability that the 

particle goes back to the up with energy:  

<latexit sha1_base64="f0y0QcS8E/FfI+hj6b6MGHo9rN4="></latexit>

z = 0

UPSTREAM DOWNSTREAM

<latexit sha1_base64="PxMfewkk0UClVXL9olPr1xEWiRY="></latexit>�1

<latexit sha1_base64="bsjvoZgnY2xENF4XPYA00I0k+J8="></latexit>µ

<latexit sha1_base64="Ofk2knOgj4puV59Mf9rghiOawsY="></latexit>

Eup = �2E(1 + �µ)(1� �µ0)
<latexit sha1_base64="0PoxSgZe3aDLq2NHM30ogok8OQU="></latexit>

�1  µ0  0

Final energy is always increasing! You gain every time

Downstream 
<latexit sha1_base64="dG5R4kj5700y0pb0SowSQ6SykFw="></latexit>

Ed = �E(1 + �µ)
<latexit sha1_base64="4J5SIcMryRm0xW7ZK5afxM93p68="></latexit>

0  µ  1



Same that for clouds, let’s calculate the probability of returning to 
shock  (that up->down)

Current through the surface: 

<latexit sha1_base64="JuQe47gMfkHxcdInjy9iBdkY0fs="></latexit>

P (µ)

N = number of particles sitting at the 
shock, assumed to be isotropized 

through diffusion  

<latexit sha1_base64="yZEQ3qIaoRvfUmMe5Hivt6/azvg="></latexit>Z
d⌦

N

4⇡
vµ = Nv/4Total number of particles : 

<latexit sha1_base64="Kz1OGVWPD/ATsYaQjn+L4ZhxS4Q="></latexit>

P (µ)dµ =
ANvµ

Nv
4

dµ

<latexit sha1_base64="57gLBhrk2kJ++YebVKcWuzHmZ6s="></latexit>Z 1

0
P (µ)dµ = 1

<latexit sha1_base64="/aYzBzYFHmP7HUQjJgPQlbJ+ilk="></latexit>

P (µ) = 2µ
<latexit sha1_base64="VTu3DWeORwQ49LPJMi3KuozkhQE="></latexit>)

Repeating the same calculation in the other direction, same result 
with a « minus » sign.

Gain in energy average over mu:
<latexit sha1_base64="ZBhWchYmZfQ4hToezoFtHwTJR5I=">AAAC83icjVHLShxBFD12jDEm0TFZZlM4CNlk6JHRjAtBDAMuDWRUsGWoLmvGxuoH1VWCNP0X7tyJW38g2+Qfgn+Q/EVuVXpAF6LVdPepc+85VffeuFBJacLwbiZ4Mfty7tX864U3b98tLrWW3++XudVCDkWucn0Y81KqJJNDkxglDwsteRoreRCffXXxg3OpyyTPvpuLQh6nfJIl40RwQ9So1YkUzyZKsmisuagGoyrSKbNF/Z kN6mpQR9qHiU5tzbZGrXbYCfu9tc0eI+AXgf5GP1wPWbdh2mjWXt76jQgnyCFgkUIigyGswFHSc4QuQhTEHaMiThNKfFyixgJpLWVJyuDEntF3Qrujhs1o7zxLrxZ0iqJXk5JhlTQ55WnC7jTm49Y7O/Yx78p7urtd0D9uvFJiDU6JfUo3zXyuztViMEbf15BQTYVnXHWicbG+K+7m7F5VhhwK4hw+obgmLLxy2mfmNaWv3fWW+/gfn+lYtxdNrsVfd0sa8HSK7HGwv9bpbnTWv/Xa2zvNqOfxESv4RPP8gm3sYg9D8r7ED/zEr8AGV8F1cPM/NZhpNB/wYAW3/wC4i6KJ</latexit>

hEup � E

E
iµ =

<latexit sha1_base64="QMiJIDi7xSmeKc/wIaXnX8blE0k="></latexit>Z 1

0
dµ

Z 0

�1
dµ0P (µ)P (µ0)

�E

E
<latexit sha1_base64="XL9ubttDBBiADFo6oHeBG7fV0h4="></latexit>

=

Z 1

0
dµ

Z 0

�1
dµ02µ(�2µ0)

⇥
�2(1 + �µ)(1� �µ0)� 1

⇤ <latexit sha1_base64="AZmpO0z2WwX0fXONZ1tnzF/e+qQ="></latexit>

=
4

3

u1 � u2

c

<latexit sha1_base64="mgfFK5BJo17FVkydKyGqbLm0KLw="></latexit>

=
4

3
�



<latexit sha1_base64="ZBhWchYmZfQ4hToezoFtHwTJR5I=">AAAC83icjVHLShxBFD12jDEm0TFZZlM4CNlk6JHRjAtBDAMuDWRUsGWoLmvGxuoH1VWCNP0X7tyJW38g2+Qfgn+Q/EVuVXpAF6LVdPepc+85VffeuFBJacLwbiZ4Mfty7tX864U3b98tLrWW3++XudVCDkWucn0Y81KqJJNDkxglDwsteRoreRCffXXxg3OpyyTPvpuLQh6nfJIl40RwQ9So1YkUzyZKsmisuagGoyrSKbNF/Z kN6mpQR9qHiU5tzbZGrXbYCfu9tc0eI+AXgf5GP1wPWbdh2mjWXt76jQgnyCFgkUIigyGswFHSc4QuQhTEHaMiThNKfFyixgJpLWVJyuDEntF3Qrujhs1o7zxLrxZ0iqJXk5JhlTQ55WnC7jTm49Y7O/Yx78p7urtd0D9uvFJiDU6JfUo3zXyuztViMEbf15BQTYVnXHWicbG+K+7m7F5VhhwK4hw+obgmLLxy2mfmNaWv3fWW+/gfn+lYtxdNrsVfd0sa8HSK7HGwv9bpbnTWv/Xa2zvNqOfxESv4RPP8gm3sYg9D8r7ED/zEr8AGV8F1cPM/NZhpNB/wYAW3/wC4i6KJ</latexit>

hEup � E

E
iµ =

<latexit sha1_base64="QMiJIDi7xSmeKc/wIaXnX8blE0k="></latexit>Z 1

0
dµ

Z 0

�1
dµ0P (µ)P (µ0)

�E

E
<latexit sha1_base64="XL9ubttDBBiADFo6oHeBG7fV0h4="></latexit>

=

Z 1

0
dµ

Z 0

�1
dµ02µ(�2µ0)

⇥
�2(1 + �µ)(1� �µ0)� 1

⇤ <latexit sha1_base64="AZmpO0z2WwX0fXONZ1tnzF/e+qQ="></latexit>

=
4

3

u1 � u2

c

<latexit sha1_base64="mgfFK5BJo17FVkydKyGqbLm0KLw="></latexit>

=
4

3
�

The gain is higher, but still small, it takes several cycles to gain 
substantial energy! 

Remark: 1) we have only integrated over situations where particles 
GAIN energy (no energy decrease as with the clouds)


2) Diffusion : where is it here?


If coefficient diffusion is small particles diffusing upstream are forced to go 
back to the shock; downstream, different situation, the plasma motion is 

taking you AWAY from the shock!  




What if the particle does one cycles and then escapes? It’s useless. Let’s 
calculate the probability that one particle stays in the accelerator.


THE ESCAPE PROBLEM
How do particles escape the accelerator? Link 
between cosmic rays and accelerated particles 

<latexit sha1_base64="sZAymOg3zpK1tpHBieA3ynXsUMA="></latexit>

Preturnfromupstream = 1
<latexit sha1_base64="bI3UzNnH3PZnhiy1ROFyf9JopbI="></latexit>

Pdownstream =?

Distribution of particles immediately downstream: 

<latexit sha1_base64="0Ha8Uv3QOzbW98X3ou2V7CsCDIE="></latexit>

fd

We have to be slightly more subtle than 
before; the velocity of the fluid has to be here!


Flux of particles: 


<latexit sha1_base64="6ykLAl26Cn1MbntNemB32ViTAVA="></latexit>

fd(vµ+ u2)

<latexit sha1_base64="+HZGGpPcaNmOHGgydp+6mlblgBw="></latexit>Z

µvalues so that vµ+u2>0
fd(vµ+ u2)dµ



For simplicity, let’s assume that particles are relativistic 

<latexit sha1_base64="J/vEYxVRVY8xMlN5fPanpgUrgeE="></latexit>

�in =

Z 1

�u2

fd(µ+ u2)dµ

<latexit sha1_base64="jmzmNnhiVV1WLbzBlAtX/ewgYhw="></latexit>v = c

<latexit sha1_base64="dGdVatRQ2Nwvu3yqUjp+NdkvFvE="></latexit>

�out =

Z �u2

�1
fd(µ+ u2)dµ

Flux of particles going ‘in’ the 
positive direction


Flux down -> up


Probability return:


<latexit sha1_base64="5Q8cn04cNqIoKcuh0EGIIk6xMvo="></latexit>

Pret =
�out

�in

<latexit sha1_base64="9xuTJ6j8sNYO3Nyr1wlzLt+nKTY="></latexit>

=
(1� u2)2

(1 + u2)2

<latexit sha1_base64="bMOkTtW/DMFwVSySgfdqcWZWhbM="></latexit>

!⇡ 1� 4
u2

c
<latexit sha1_base64="wpAyL5ozwFX9HKi0ZAMS+wjrEc0="></latexit>

u2 ⌧ 1

Rewriting with a ‘c’ to 
make it more clear

<latexit sha1_base64="YwRu03hq//6hUh6Q0REIDRL+6RE="></latexit>

Pret ⇡ 0.96
With typical numbers for SNR shock: 


We now have two things: 

1. Probability of return 
2. Mean energy gain per cycle



THE ACCELERATED SPECTRUM

We start with one particle of energy E0: 


First cycle: 
<latexit sha1_base64="5vpbCfd+sMjqGaxbGt+IgMzS0Ek="></latexit>

�E

E
=

4

3

v

c
) E1 � E0

E0
=

4

3

v

c<latexit sha1_base64="zx9dZntOuxht259Y8ZS2mjDRkjc="></latexit>

E1 = E0(1 +
4

3

v

c
)

<latexit sha1_base64="+iO2L/I67Oypckk4A9TJEJeba+g="></latexit>

N0

If several particles are injected

<latexit sha1_base64="mqOM1KI3+arvubET4GnSxXsE2jo="></latexit>

N1 = N0Pret

<latexit sha1_base64="/pDR1vcwov7UhXxpICUB9KIKbpM="></latexit>

E2 = E0(1 +
4

3

v

c
)2

<latexit sha1_base64="SO+sWQGJOD4fQwH4dKAxibWzV0U="></latexit>

Ek = E0(1 +
4

3

v

c
)k

Second cycle: 

K cycle: 

<latexit sha1_base64="a692JYnlIg1iZt6AKstrcu2pID4="></latexit>

Nk = N0P
k
ret

<latexit sha1_base64="RxVKjI9WAR6h1CYCnyGlI7LZ3UU="></latexit>

ln

✓
Ek

E0

◆
= k ln(1 +

4

3

v

c
)

<latexit sha1_base64="J92A/BQ4PSny5fjxLb2NYF3VVhk="></latexit>

ln

✓
Nk

N0

◆
= k ln(Pret)

<latexit sha1_base64="OcwnnDsbZgRPHBK/KfVr4jCa5Ak="></latexit>

ln

✓
Nk

N0

◆
= k ln(Pret) = k ln(1� 4

u2

c
)



<latexit sha1_base64="MoXaajaLjeOZ6vSzgEfEkNJZNsk="></latexit>

ln(Ek
E0

)

ln(1 + 4
3
v
c )

=
ln(Nk

N0
)

ln(1� 4u2
c )

<latexit sha1_base64="rewcBwdlzWWwjdWtyNMwyrC/s6k="></latexit>u2

c
⌧ 1Non-relativistic shock waves: 

<latexit sha1_base64="m+SGNuIcpTd6sN8T4HBXpZk6CBY="></latexit>

Nk

N0
=

✓
Ek

E0

◆��

<latexit sha1_base64="Y1rj2jSOIjjjeQwhu6IcoojZsnI="></latexit>

� =
3

r � 1

Physical interpretation of Nk: number of particles at a given energy

Normal quantities: <latexit sha1_base64="7drHEQT0SMLhHil5EeDr9iVXhcQ="></latexit>

n(E)E ⇠ E� 3
r�1

Differential spectrum 
<latexit sha1_base64="HHZWrYSdZvMUw5chf4RqIJRIrks="></latexit>

n(E) ⇠ E� r+2
r�1

<latexit sha1_base64="a0hUhaOM2wv3f8SBbHMyoGdFnD4="></latexit>

n(E) ! E�2<latexit sha1_base64="AGDkuQci9Egb9vXVKfHjvEOSEBg="></latexit>

r = 4

Remark: 1) here we assumed that the particles are relativistic, which is not 
correct because we are supposed to start with non-relativistic particles 


2) still no diffusion coefficient in here (the microphysics is there)! 



TRANSPORT OF PARTICLES

If you have a charged particles in Alfven waves, it diffuses in momentum 
(pitch angle), as a consequence, this is diffusion in space.


For ONE particle at a given k: 


The diffusion process is an intrinsically RESONANT process, you must 
have waves with the right wavenumber to diffuse! 


Usually, in the ISM, power spectrum: 


<latexit sha1_base64="2OGNYzWM9utRL0HqxibVlEcpttA="></latexit>

F(k) =
�B2

B2
0

(k)

You can integrate the diffusion coefficient on the power 
spectrum (trivial integral), and get that the \delta B is at k 


<latexit sha1_base64="W+BXepUOPEW8KJ6Rolqjf7rWK2Q="></latexit>

Dµµ =
1

2
h�µ�µ

�t
i =

✓
q�B

mc�

◆2

(1� µ2)
1

2vµ
�

✓
k ± ⌦

vµ

◆



Diffusion coefficient in space:

<latexit sha1_base64="GfMOPlgQM7P3CWrh8viUnW7VonA="></latexit>

Dzz =
1

3
rLv

1

F(k)|k=kres

Diffusion coefficient in space is inversely proportional to the 
power spectrum. Less power -> particles go straighter 


In space: in order for the D to be small, you have to pump energy 
into the turbulence! 

Transport equation: 

1Dimenstionnal + the second order acceleration term 
has been thrown out

<latexit sha1_base64="GCoCIAlb7sww0+g+B2XgX9HZMng="></latexit>

@f

@t
+ u

@f

@z
=

@

@z


D
@f

@z

�
+

1

3

du

dz
p
@f

@p
+Q



Transport Equation

1Dimenstionnal + the second order acceleration term 
has been thrown out (App) 

<latexit sha1_base64="ITg87QB5BWTQSLMXJzAvmvT3Yn0="></latexit>

f(z, ~p, t)Number of particles in phase space per volume :

<latexit sha1_base64="I5WaoiV2dou+70MVz6SpfQOb4Kc="></latexit>

N(p)dp = 4⇡p2f(p)dpNumber of particles (per volume):

Stationarity:
<latexit sha1_base64="wH6bgYZC/fQ3PgbwDEE6NBG1Gw8="></latexit>

@f

@t
= 0

<latexit sha1_base64="ImVQrT3euAuLqTFsoryy/dyaUHI="></latexit>

du

dz
= 0Everywhere except at the shock :

<latexit sha1_base64="lS7UwK9sNB6wAcL+T5nl5DXUHfc="></latexit>

du

dz
= (u2 � u1)�(z)

Linear equation : hence the Q, injection term, in order to have 
something at the end, you need to inject it

<latexit sha1_base64="GCoCIAlb7sww0+g+B2XgX9HZMng="></latexit>
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@z
=
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+

1

3

du
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p
@f

@p
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Definition: The accelerated particles are the ones which don’t feel the 
discontinuity! (No compression): their gyroradius is gigantic compared 

to the size of the shock (radius of thermal particles). Thus f is 
continuous across the shock.

<latexit sha1_base64="GCoCIAlb7sww0+g+B2XgX9HZMng="></latexit>
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@t
+ u

@f

@z
=

@

@z


D
@f

@z

�
+

1

3

du

dz
p
@f

@p
+Q

Injection at the shock surface: 
<latexit sha1_base64="FPT3/xgPTZvfljb1MAauyaz5k4A="></latexit>

Q / �(z)�(p� pinj)

Transport Equation



Upstream: 
<latexit sha1_base64="tMHCAstumwpDvwWmS38nyP0z2/k="></latexit>

@

@z


D
@f

@z
� uf

�
= 0

<latexit sha1_base64="olHycoU0Q9DJl/qucxN8wKoLzKA="></latexit>

D
@f

@z
� uf = cte

<latexit sha1_base64="VTu3DWeORwQ49LPJMi3KuozkhQE="></latexit>) At infinity, both terms = 0
<latexit sha1_base64="jFwQh1I9weAO93GSx6RtXwnzTeU="></latexit>

D
@f

@z
= uf

<latexit sha1_base64="1v6lCgP7Bf57mkO8WQ9tom9jQkA="></latexit>

D
@f

@z
|z=0� = u1f0

At the shock: 

Downstream:  in principle can be infinite (if not constant, 
it would then be blowing up..!)

<latexit sha1_base64="OKbS68lpoDV2X8OPgo8AiePm69M="></latexit>

D
@f

@z
|z=0+ = 0 <latexit sha1_base64="VTu3DWeORwQ49LPJMi3KuozkhQE="></latexit>) F Homogeneous

Can be shown in more 
formal way (takes longer)

Integrating across the shock (between 0- and 0+): 



Integrating across the shock (between 0- and 0+): 

(f is continuous)

Transport equation: 
<latexit sha1_base64="GCoCIAlb7sww0+g+B2XgX9HZMng="></latexit>
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<latexit sha1_base64="LNUGccSyMxqaEjL+f4NsV2TLBK8="></latexit>

0 = D
@f

@z
|z=0+ �D

@f

@z
|z=0� +

1

3
(u2 � u1)p

df0
dp

+Q0�(p� pinj)

<latexit sha1_base64="Se5CoC7IdfOU+sJTqNPfPYGiMJs="></latexit>

u1f0 = �1

3
(u1 � u2)p

df0
dp

+Q0�(p� pinj)

Without the injection term (p>pinj), this equation is: 
<latexit sha1_base64="MGl0Y4Ca5EbLxE9vUAiWpLqZgsc="></latexit>

f0(p) / p�
3u1

u1�u2 = p�
3r

r�1

This is different from the one we found before, because we have f0 
in phase space, before, it was in energy space! 



<latexit sha1_base64="SyJXa180P81qRwlg+9LGUR/2Ksw="></latexit>

N(p)dp = 4⇡p2f(p)dp
<latexit sha1_base64="2vbCenWOM/1+j8mt4hTNYTpEr30="></latexit>

N(p) / p2p�
3r

r�1 = p�
r+2
r�1

The spectrum accelerated at the shock is not E-2, it is p-4

For a strong shock 
<latexit sha1_base64="+dEMaPZ1vv2E8Io/fLOcUWwN+d4="></latexit>

/ E�3/2
<latexit sha1_base64="GobVrxDO3wa623P7JmQpTtJH5HM="></latexit>

/ E�2

Non-relativistic Relativistic

<latexit sha1_base64="CesWnMZsz6UlXUD9LBB27gP7fKU="></latexit>

/ p�4
<latexit sha1_base64="CesWnMZsz6UlXUD9LBB27gP7fKU="></latexit>

/ p�4

This is important, if for instance you are dealing with a relativistic 
jet, with Lorentz factor Gamma, in which particles are non-

relativistic with respect to the jet, you have to remember this!
Also for low energy cosmic rays, important!

Spectrum in momentum/energy

Universal spectrum in the limit of large Mach number >>1
Stationarity? Does it make sense?
The maximum energy is changing, so it does not make sense.. 
The stationarity carries the assumption that pmax is infinite! 


More detailed description is needed 



Still not in the equation! We got to the power law with no ‘physical 
scale’ in the problem 

DIFFUSION COEFFICIENT

The timescales of the problem are important
Ways to address the problem are long (tens of pages), easier way 

to get a sense:

UPSTREAM: you see the turbulence of the ISM coming in 

<latexit sha1_base64="f0y0QcS8E/FfI+hj6b6MGHo9rN4="></latexit>

z = 0

UPSTREAM DOWNSTREAM

<latexit sha1_base64="PxMfewkk0UClVXL9olPr1xEWiRY="></latexit>�1

<latexit sha1_base64="bsjvoZgnY2xENF4XPYA00I0k+J8="></latexit>µ

<latexit sha1_base64="3haaAP99SN6ByXzgSmFIt/PH+gc="></latexit>u1
<latexit sha1_base64="vXBcmye7qG9Txxj9MJOyys0f00c="></latexit>⇢1

Acceleration time: depends on upstream, how « easy » it is to come back

Diffusion length (how far particles leave) 
<latexit sha1_base64="o0ln9b1xR0pdLSk1LnXKnY2C+ng="></latexit>

ld ⇡
p
4D⌧

How much the plasma is moving 
<latexit sha1_base64="igRmVdx2a83DPQoN4r82YxDhJaU="></latexit>u1⌧



Diffusion length (how far particles leave) <latexit sha1_base64="o0ln9b1xR0pdLSk1LnXKnY2C+ng="></latexit>

ld ⇡
p
4D⌧

How much the plasma is moving 
<latexit sha1_base64="igRmVdx2a83DPQoN4r82YxDhJaU="></latexit>u1⌧

Competition between the two processes, to estimate how far 
particle move, we equate the two: 

<latexit sha1_base64="6/Wx6GTd6ZTFtVVuhPjCqA4Is+k="></latexit>

⌧ ⇡ D

u2
1

(4 not here in 1D)

To get quick acceleration, D must be as small as possible
<latexit sha1_base64="GfMOPlgQM7P3CWrh8viUnW7VonA="></latexit>

Dzz =
1

3
rLv

1

F(k)|k=kres

And push power into the turbulence! 

<latexit sha1_base64="d6/5OAUwA/LJim6U9EDQEHA9nPA="></latexit>

rL =
pc

eB

<latexit sha1_base64="NFt1+F9+fPnD1y41/zOwQXbfu4E="></latexit>/ E
<latexit sha1_base64="lqJ/Ysv82HDIQVNMjpLrzXFZzdw="></latexit>

F / k�↵ / r↵
<latexit sha1_base64="GcSEjzHEPErKAErvmawO8XSt98Y="></latexit>

/ E↵

The process is harder and harder at the highest energies! 

F = energy density per unit logarithmic bandwidth of waves with wavenumber k 



WEAK POINTS IN THE THEORY

Timescale efficient acceleration at SNR? (Few centuries)

<latexit sha1_base64="qPQ8pXKvucYjFu2e1plXNrYEr90="></latexit>

DISM ⇡ 3⇥ 1028E1/3
GeVcm

2/s
<latexit sha1_base64="7mpHFyoDPOZoZewnGVQFOKo8iRI="></latexit>

u1 ⇠ 10000km/s
<latexit sha1_base64="OwQg4oMpIlYidK3N/Hy1oJ9ObRg="></latexit>

Emax ⇠ 10GeV
<latexit sha1_base64="VTu3DWeORwQ49LPJMi3KuozkhQE="></latexit>)

Far from the energies we want (in cosmic rays), in gamma-rays! 

Need for more turbulence, the one produced by accelerated 
particles themselves -> non-linear problem! 

<latexit sha1_base64="fF4DZkNtSuI78whV5vXmIlaIPZk="></latexit>F � FGalaxy
We need: 

Remark: 
<latexit sha1_base64="SAUIS2wreW23Fu7yBVWkOCJb2ck="></latexit>

✏CR =

Z Emax

E0

EE�2dE = ln

✓
Emax

E0

◆

If energy in CRs becomes comparable to ram  pressure: problem! -> non-
linear problem: the pressure of CRs cannot be neglected anymore in 

conservation equations

<latexit sha1_base64="fA8w9DGFQGPkO+WEAEg0Gbglpt8="></latexit>

⇠ ⇢u2



SUMMARIZING MAIN POINTS

<latexit sha1_base64="f0y0QcS8E/FfI+hj6b6MGHo9rN4="></latexit>

z = 0

UPSTREAM DOWNSTREAM

<latexit sha1_base64="PxMfewkk0UClVXL9olPr1xEWiRY="></latexit>�1
<latexit sha1_base64="3haaAP99SN6ByXzgSmFIt/PH+gc="></latexit>u1

<latexit sha1_base64="vXBcmye7qG9Txxj9MJOyys0f00c="></latexit>⇢1

<latexit sha1_base64="DQWRFG53K0nQLc/OyOLKk1VF8Js="></latexit>

u2 =
u1

r

<latexit sha1_base64="u/UPXozF/u43rc75LpEuj7weEE8="></latexit>⇢2 = r⇢1

<latexit sha1_base64="aP0DayO7KIdGnbb+x3IALaQ7svI="></latexit>

M1 ! 1
<latexit sha1_base64="VTu3DWeORwQ49LPJMi3KuozkhQE="></latexit>) <latexit sha1_base64="AGDkuQci9Egb9vXVKfHjvEOSEBg="></latexit>

r = 4

<latexit sha1_base64="V6WksJboAQoGCLu7LcuM73DxvUE="></latexit>

f(p) / p�
3r

r�1

All results are independent of the Diffusion coefficeient
Problems: stationarity, total energy in CRs can become large

<latexit sha1_base64="nP5yg9Fe0AVGax00TPCXDZkMOe0="></latexit>

✏CR

Z
4⇡T (p)f(p)p2dp

<latexit sha1_base64="UJ16UlJcuVS2y+mSe90NfNMTWUM="></latexit>

/ ln
pmax

pmin
⇠ ⇢u2

Emax too small, assuming Galactic diffusion coefficient!



A MORE GENERAL THEORY (non-linear)
<latexit sha1_base64="Cgm6Bj6MOlJ4N0OLknP+AQkS1lI="></latexit>

@

@z

�
⇢v2 + P

�
= 0From conservation of momentum, we had:

<latexit sha1_base64="x8pHCQ80CjGL0GYlqCcdn0dbq48="></latexit>

@⇢v

@z
= 0Mass: 

We need to had the pressure of 
accelerated particles:

<latexit sha1_base64="MVNSbZIBWo5aG3zA1S9PfUXBmrg="></latexit>

@

@z

�
⇢v2 + P + PCR

�
= 0

Is the CR pressure affecting the jump conditions?

In our approach, particles and thermal gas are distinct!

F is continuous across the shock, and so is Pcr

Let’s apply the equations to what happens before the shock 
(upstream)

From infinity (0) to right 
before the shock (1):

<latexit sha1_base64="nyQIDxcABM4ZoU47mUR4+DWU3a8="></latexit>

⇢0u
2
0 + Pgas,0 + PCR,0 = ⇢1u

2
1 + Pgas,1 + PCR,1



From infinity (0) to right 
before the shock (1):

<latexit sha1_base64="nyQIDxcABM4ZoU47mUR4+DWU3a8="></latexit>

⇢0u
2
0 + Pgas,0 + PCR,0 = ⇢1u

2
1 + Pgas,1 + PCR,1

No CRs upstream infinity
<latexit sha1_base64="PVfVIfY5RDDDda75dDTkotDiFLA="></latexit>

1 +
Pgas,0

⇢0u2
0

=
⇢1u2

1

⇢0u2
0

+
Pgas,1

⇢0u2
0

+
PCR,1

⇢0u2
0

<latexit sha1_base64="yjUYtFr53/r2PHefdzxFUI89ggc="></latexit>

1

�adM2
0

<latexit sha1_base64="a9uiDRFrpM94iuImfXm6Jpyt2t8="></latexit>

1

�adM2
0

+ 1 =
u1

u0
+

Pgas,1

⇢0u2
0

+ ⇠CR

Efficiency of accelerationSmall enough to neglect
<latexit sha1_base64="N2Owj0Mm9hmqN7ih6543MbzY+K0="></latexit>u1

u0
= 1� ⇠CR

The plasma is slowing down as it is 
approaching the shock 

D growing function of momentum, particles at high p get further from 
the shock, we see more particles as we get closer to the shock 



UP DOWN

Velocity profile In this (simple) non-linear 
approach, the compression factor 

becomes function of p 

Reducing the compression factor at 
small momenta 

Spectrum 
<latexit sha1_base64="g4xj5LyMT+LN5nTcaQ+AxS+Takc="></latexit>

p4f(p)

<latexit sha1_base64="ppCbtrERTDMKjwW7xNgGwu5NWRk="></latexit>p

<latexit sha1_base64="I54U2S2b5AX3ZUdV47mZTNHLOlo="></latexit>

p�
3r

r�1

Increasing compression 
factor for high momenta

Concave spectrum, not power-law anymore!
Shock= heating machine, takes bulk plasma motion, and transform into 

internal energy, T2 behind the shock function of efficiency

PRECURSOR



Efficient accelerator -> less heating  (will affect thermal X-
rays from behind the shock)

PRECURSOR

<latexit sha1_base64="w+J1wX399kRgIrCX3uFCHjiGao4="></latexit>

TCR
2 ⌧ T2

It is possible to build a complete non-linear description, 
taking into account the back reaction of accelerated 
particles on the shock, etc. The system is then self-

regulating: if you put too much accelerated CRs, then the 
subshock becomes smaller and ‘swhitches’ off the 

acceleration 



OTHER ISSUES: EMAX TOO LOW 

Let’s go back to perturbations: particles can scatter resonantly with 
perturbations, provided that there is power on the right wavenumber 

Thought experiment: Shooting CRs in straight lines on Alfven waves: the 
beam will broaden due to Alfven waves; the initial momentum will turn 

out and seem to be disappearing; but we have to conserve momentum. 
IDEA: the particle diffusing in that background will ‘amplify’ the waves 

Current<latexit sha1_base64="r7HVGiimHZN0LjHUFXdTMw/B40o="></latexit>

f(p, µ) = f0(p)
h
1 +

vDµ

c

i <latexit sha1_base64="PRL3gagvJsBGJE547TH7uwReRFI="></latexit>

~J = �D~rf

v_D/c is also the level of 
anisotropy (in a diffusive 

regime): particle isotropized 
up to the level of v_D/c

<latexit sha1_base64="9EW1Sicv4d2yKVJL5pPAwL6fdNc="></latexit>

fvD = �Drf



Total number of particles 
in that momentum bin 

<latexit sha1_base64="2ltJbQIN9DexCd/81zQnWXcZbTs="></latexit>Z
dµ4⇡p2f0(p)p

⇣
1 +

vDµ

c

⌘
pµ

Momentum in a given 
direction 

<latexit sha1_base64="StAKq1fFiqv7m5UrBCbOdEIuI/k="></latexit>

=
2

3
n(> p)mv�

vD
c

<latexit sha1_base64="mdxm+hF41uhJXewvkKR4Iv8AOYY="></latexit>

n(> p) = 4⇡p3f0(p)

Particles isotropized in the rest frame of the waves 

Initial state

Final state
<latexit sha1_base64="ho+4ItewsEdeLEwVu5Ivgi89+yU="></latexit>

=
2

3
n(> p)mv�

vA
c

Change in momentum: 
<latexit sha1_base64="ByDuifHpLWwY/SAUssoWnuOclxM="></latexit>

�p ⇡ n(> p)mv�
vD � vA

c

This momentum is gained by the waves! 
Typical timescale for this to happen? 

<latexit sha1_base64="FaUWDlA82zhnGFSAiTpL04C5uQY="></latexit>

D =
1

3
vrL

1

F(k)
<latexit sha1_base64="gOSlKg74AegTQ7X9MfIPtBBObpY="></latexit>

F(k) ⇠ �B2(k)

B2
0

<latexit sha1_base64="eUjjW97mUMg0kMTArhi20ApfngA="></latexit>

D ⇡ 1

3
c�(p)

<latexit sha1_base64="hCSAb7gRPPYF47HI9PtGXXR/xoU="></latexit>

) �(p) =
rL

F(kres)
<latexit sha1_base64="lxr/3yHM+CMsbsh2XlDeByKOdEA="></latexit>

⌧ =
�(p)

c
=

�

⌦cyc

1

F(k)

(With k=kres in all this)

<latexit sha1_base64="Ryqr4xxFmF1QOWD3hej01DkB8TE="></latexit>

⌦ =
⌦cyc

�
=

eB0

mc�



We know how much momentum is lost, and the 
timescale for loss, we have: 

<latexit sha1_base64="WkC8KG8+aXPLJZ9OZDkAfVwuOVs="></latexit>

�p

�t
=

n(> p)m�(vD � vA)

�
⌦cycF(k)Rate of momentum lost by the 

particles (to the waves!)

<latexit sha1_base64="n5nmxPpbpjaOGLspmFL7su+VRf4=">AAAC9nicjVHLTtwwFD2k5Vke07LsxuqoEqtRMhog7CjdsKRSB5AYGDkez2CRlxyHFkX5ju66q7rtD7CFT0D8QfsXvTYZqV0gcJTk3HPvOfb1jfJYFcb372e8Fy9n5+YXFpdeLa+srrVevzksslIL2RdZnOnjiBcyVqnsG2VieZxryZMolkfRxUebP7qUulBZ+tlc5fI04ZNUjZXghqhhKxiMNRfVYCRjw9neWbeuQjbIVc0eEkFdXQ4/UDThScKH1Zd62Gr7HT/sdXd6jIBbBMKt0N/0WdAwbTTrIGvdYYARMgiUSCCRwhCOwVHQc4IAPnLiTlERpwkpl5eosUTakqokVXBiL+ g7oeikYVOKrWfh1IJ2ienVpGR4T5qM6jRhuxtz+dI5W/Yx78p52rNd0T9qvBJiDc6JfUo3rXyuzvZiMEboelDUU+4Y251oXEp3K/bk7J+uDDnkxFk8orwmLJxyes/MaQrXu71b7vK/XaVlbSya2hJ/7ClpwNMpssfBYbcTbHU2P/Xau3vNqBfwFu+wQfPcxi72cYA+eX/DNW5w6331vns/vJ8Ppd5Mo1nHf8v79RfvX6O/</latexit>

�B2

8⇡

1

vA
�w

Energy density

Momentum

Growth rate [1/Time]

Rate of momentum gained by 
the waves!

<latexit sha1_base64="l9nVY0qR0JvHT3E942GBOrEWHWM="></latexit>✓
�p

�t

◆

waves

=
Quick and dirty (dimension 

analysis)

At some sort of equilibrium: 
momentum lost by particles = 
momentum gained by waves

<latexit sha1_base64="JkR+OPT0ob32MQ1+iX6ls8C4f6M="></latexit>✓
�p

�t

◆

waves

=

✓
�p

�t

◆

CRs



<latexit sha1_base64="sK8c3Ou4NquxIwbpg4makI2Fp1U="></latexit>

�w =
n(> p)

ngas

vD � vA
vA

⌦cyc

This is the rate we get when the waves get momentum from 
accelerated particles 

In the Galaxy: 
<latexit sha1_base64="v7NbdK9dFStANaWMzDyiHobsSuU="></latexit>

ngas ⇠ 1cm�3

<latexit sha1_base64="OuDMJcqXPOLy3aN7KdyIDbox02E="></latexit>

n(> 1GeV) ⇠ 10�9cm�3

<latexit sha1_base64="A2coDWNLORonzv5fhNuU7NFeOS0="></latexit>

vD ⇠ few times⇥ vA
<latexit sha1_base64="LBOAyqQ7S4ebLZQpXkmp4CyjE6M="></latexit>

⌦cyc ⇠ kHz

<latexit sha1_base64="o6lY1WkR7xpjwNQ9tz1pGTX/+N4="></latexit>

) ⌧w = ��1
w ⇠ 1000years

Wave growth is very fast compared to timescales of residence/escape 
(10-100 Myr) in the Galaxy

Close to shock waves, v_D is way greater, since the bulk motion of 
particles is coming with the shock (in rest frame ISM)

<latexit sha1_base64="El9wZQQE9iCNxp6qX3i8LwcGY20="></latexit>

) ⌧w = ��1
w ⇠ 0.1� 1sec

In less that second, waves are amplified! VERY IMPORTANT phenomena



IMPLICATION OF WAVE GENERATION/AMPLIFICATION

Increasing  F, thus decreasing the diffusion coefficient, thus shorter 
acceleration time thus higher Emax! 

Until when?

The resonant reasoning assumes B0 is ordered; by amplifying it, at some 
point fluctuations are greater than the initial magnetic field, things break 

down
<latexit sha1_base64="Dvf9vapmzysWQSP70dRy4oDDo1w="></latexit>

�B ⇠ B0

At SNe, with this effect: 
<latexit sha1_base64="JFHka+Os9xe4AlQRDepPuqKHgPs="></latexit>

Emax ⇠ 104GeV

That’s still not enough to account for observations..  there 
are more things



CR NON-RESONANT STREAMING
CRs accelerated at the shock front. 


Looking from far away, bunch of charged particles trying to come 
towards you -> current -> plasma in which a current is streaming.

Plasma: wants to stay neutral, high conductivity, doesn’t like currents 
->return current to stay neutral 

UPSTREAM: In the plasma (gas) = protons + electrons 

Charge: 

Including accelerated particles: 

<latexit sha1_base64="vbHAymld2g7wSBEtO1getMz8g+0="></latexit>

npe� nee = 0
<latexit sha1_base64="bncaLg6QWZjD5eAFRRHhQY1DNng="></latexit>

(np + nCR)e� nee = 0

Current CRs: 

Electrons 2000 less massive than protons, they are the one 
moving, with velocity vd (relative drift with respect to ions)

<latexit sha1_base64="3p5rKxXQ2/QX8WCoamATzD8eXIg="></latexit>enCRvsh = enevd

Small

SmallLarge



Current CRs: 

A small drift velocity can thus help compensate the CR current

<latexit sha1_base64="3p5rKxXQ2/QX8WCoamATzD8eXIg="></latexit>enCRvsh = enevd

Small

SmallLargeLarge

The « return » current is the opposite to the CR current! 
<latexit sha1_base64="1yzJdMYdQVctcO47lOli8paFW2A="></latexit>�JCR

How do the equations change? 

Conservation of mass: 

Conservation of momentum: 
<latexit sha1_base64="9+E4k7ndGvLKmMmeimXDpb4ttuw="></latexit>

⇢


@~v

@t
+ (~v · ~r)~v

�
= �~rP +

1

4⇡

h
(~r⇥ ~B)⇥ ~B

i

<latexit sha1_base64="lBVYrvPF8r/Lwx0K6xDidP3Wo5w="></latexit>

@⇢

@t
+ ~r · (⇢~v) = 0

<latexit sha1_base64="yyIjpn6lod9En1YZ1rCOZ1UKfas="></latexit>

@

@t

�
P⇢��

�
= 0

<latexit sha1_base64="+cxnHdj/v0xCo4sNJjLCZIjFwgw="></latexit>

@ ~B

@t
= ~r⇥ (~v ⇥ ~B)

<latexit sha1_base64="QAaF6tq0i/suEdV1FDEbYygbid8="></latexit>

~r · ~B = 0

<latexit sha1_base64="DlSgaXZAH2nS1bx1WjqXjo7LFw8="></latexit>

�1

c
~JCR ⇥ ~B

All the same except one!



Let’s consider a simple case: 
<latexit sha1_base64="Pc5z2t/389hRE47AM/ufJN1VF0c="></latexit>

~B0 = (0, 0, B0)
<latexit sha1_base64="mNyCGDZiavy9IwQysOiSEnSHtoA="></latexit>

~k = (0, 0, k)

And perturb the equations: 

<latexit sha1_base64="eJO9ZK0JzroxnyO5jqRawStcoj0="></latexit>

⇢ ! ⇢0 + �⇢

~B != ~B0 + � ~B

Boring arithmetics, but doable: 
<latexit sha1_base64="ZJ89MabSOsD92kZFDnrVDA1Dg1E="></latexit>

�vx =
k2V 2

A

!2
�vx � i

JCRkB0

!2⇢c
�vy

�vy =
k2V 2

A

!2
�vy + i

JCRkB0

!2⇢c
�vx

If you ignore the term with Jcr you get exactly the Alfen waves! 

Interestingly : ux and uy are now coupled! 

Dispersion relation: 
<latexit sha1_base64="SsbBiB8Kusv1MjQqYJfA2dtzfDU="></latexit>

!4 + (k2v2A)
2 � 2!2k2v2A = ↵2k2

<latexit sha1_base64="HbYit+7CqFwGiAA7CFKx5GfYgSg="></latexit>

↵ =
JCRB0

⇢c

Alpha =0 -> standard relation!



Dispersion relation: 
<latexit sha1_base64="SsbBiB8Kusv1MjQqYJfA2dtzfDU="></latexit>

!4 + (k2v2A)
2 � 2!2k2v2A = ↵2k2

<latexit sha1_base64="HbYit+7CqFwGiAA7CFKx5GfYgSg="></latexit>

↵ =
JCRB0

⇢c

Now, complex solutions are possible for \omega
<latexit sha1_base64="qwBBW1ZFqg8vHRgOe7pZckiOP2k="></latexit>

�B / exp(�i!t+ ~k · ~x) <latexit sha1_base64="rKLOv6wPYhCZYdaqXy0oolsLzUU="></latexit>

!2 < 0 ) instability

<latexit sha1_base64="j96EYrZd+NxdgmlH/hB3/r1tpl0="></latexit>

!2 < 0 , k2vA < ↵k
<latexit sha1_base64="GYfiBJYzBgXgchn4oNNfHR241/g="></latexit>

, k <
4⇡

c

JCR

B0
= kmax

<latexit sha1_base64="n54UJXn/Z3HcoB9nuYgSf+Ideb0="></latexit>

! = kmaxvA

Interestingly: Purely growing modes! No real part! No 
moving, just wild increase! 

<latexit sha1_base64="y1QnqHQyeXmBZVQ0qTNtN2CuajY="></latexit>

kmax � rL
Modes grow (a lot!), but do not resonate with CRs! 

The growth of modes implies that there is a force on 
the plasma 

<latexit sha1_base64="bw4DPEEJenIzzpkmt9/7YToQGKU="></latexit>

~J ⇥ ~B

(Result of calculation)



Blasi 2013
Correct way of getting the results: kinetics (Vlasov equation protons + 

electrons, Maxwell -> perturb and study unstable modes)



<latexit sha1_base64="y1QnqHQyeXmBZVQ0qTNtN2CuajY="></latexit>

kmax � rL

Modes grow substantially (and fast!), but do not resonate with CRs! 
The growth of modes implies that there is a force on 

the plasma 
<latexit sha1_base64="bw4DPEEJenIzzpkmt9/7YToQGKU="></latexit>

~J ⇥ ~B

This force stretches the loops of fields 

When does it stop? Typically when the loops of fields 
become of the order of the Larmor radius of particles 

<latexit sha1_base64="EsIF/NPW3VM2gFQq6fMvD8y16kQ="></latexit>

⇠CR⇢v2

ln(pmax

pmin
)

v

c
⇡ �B2

4⇡

For SNR shocks, values for magnetic field 1000 times larger than the 
ISM! Field produced upstream

X-ray rims = non-thermal emission around the shock surface 
Thickness = 0.01 0.001 parsec 

To produce this emission -> synchrotron of 
high energy electrons 10 TeV electrons 
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THE ESCAPE PROBLEM
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Simple estimate, but 
hard to know what 

escapes exactly

streaming of particles amplification of 
magnetic field Confinement

Efficiency / slope



   Ptuskin & Zirakashvili 2008, Caprioli et al. 2010, Blasi 2013, PC et al. 2021, Morlino et al. 2021  
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Spectrum at the shock?
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Until now: fixed slope at the shock produced steeper 
summed injected spectrum. 
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↵ 6= 4

Non-linear effects: efficient particle acceleration 
acting on the shock structure

Drury& Völk (1980,1981), Bell (1987)

Jones & Ellison (1991), Ellison, Möbius & Paschamnn (1990), Ellison, Baring & Jones (1995, 1995) Kang & Jones 

(1997, 2005) Kang, Jones & Gieseler (2002), Malkov (1997), Malkov, Diamond & Völk (2000)

Blasi (2002), Amato & Blasi (2005,2006)
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Spectrum at the shock?
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Until now: fixed slope at the shock produced steeper 
summed injected spectrum. 
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Non-linear effects: drift of 
scattering centers downstream
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Spectrum at the shock?

Drury (1983), Caprioli, Haggerty & Blasi (2020), Diesing & Caprioli (2021), PC, Blasi & Caprioli (submitted 2022)
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Summary

Maximum energy
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Particles released 
in the ISM

Radio-to-gamma 
observations
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Classifying particle 
acceleration mechanisms

Lorentz transform from R’ to 
R moving at v_E

Invariants:
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deboost:

There is a frame in 
which E vanishes
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Stochastic 
acceleration in ideal 
MHD plasma: Fermi, 

shear, turbulence
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There is a frame in 
which B vanishes

Reconnection
Gaps at compact 

objects
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Regular acceleration (linear)



Pulsar gaps

Harding 2015



Magnetic reconnection

Cerutti et al. 2013



Stochastic acceleration: Fermi 1, Fermi 2, 
shear, turbulent.. 
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r In all cases, 
sheared velocity

Sheared flows

Shocks

Turbulent flows
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rest frame 
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TOWARS RELATIVISTIC SHOCS

Extragalactic sources: gamma-ray bursts, etc, relativistic shocks

When the shock speed becomes close to c, at least two things fail: 
1. Assumption that particles are isotropic at the shock not fulfilled 

(same speed, same direction)

2. It’s harder for particle to go back to the shock, because they go at 

the same speed
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z = 0

UPSTREAM DOWNSTREAM
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Let’s consider a relativistic shock, with magnetic field 
almost parallel to shock 

After Lorentz compresison, behind the shock, 
also roughly parallel, provided 
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1) Unless completely parallel -> field becomes perpendicular 

2) Rankine-Hugoniot relations:  
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3) imagine you are at a location somewhere 
downstream. To do one gyration, it takes: 
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3/4 of gyration: (in order to 
get a chance to cross the 

shock again)

In this time, the 
shock has moved by: 
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Problem! The particle will not make it back to the shock. 

In other words,the turn probability is thus very small

To make relativistic shock acceleration efficient, need for strong turbulence

Entangled problems, thus interest for other mechanisms (reconnection) 
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Supposed to be « universal » (test-particle) 
and we easily get deviation from power-

law + harder/steeper spectra!!
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The (HE) astrophysical shock landscape
Shock magnetization

Shock 4-velocity

mildly relativistic 
shocks: GRB, AGN  
jets, relativistic 
supernovae

Lemoine 2022

Limited shock speed 
and Emax

Limited magnetization

Limitations due to external 
magnetic fields 

Best candidates



CTA (Cherenkov Telescope Array), being built! 99

How to study particle acceleration

Gamma-ray astronomy + MWL



Large size telescope (LST) CTA (first light Dec. 2018)100



Example: PIC simulations, acceleration in turbulence 

Comisso & Sironi 2022

Problem of scale: from micro to very macro scales
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Example: shocks in the lab, with LASERs

Yao et al. 2022



Take away 

1. With first/second order Fermi acceleration (or most 
mechanisms), we easily get power-laws 

2. With first/second order Fermi acceleration, we easily get 
deviations from power-laws (or most mechanisms) -> interesting 
because we are entering an age where we can potentially probe 
this (radio to gamma-rays)

3. Usual questions of particles acceleration: mechanism, efficiency, 
slope, maximum energy

5. Don’t forget injection problem, deviations from power-law, and 
entangled problems 

6. Mixed processes are very likely involved 

4. Usual questions of particles acceleration should also be: 
injection? Escape of particles? Level of turbulence 
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