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GRAVITATIONAL WAVES

Detection of GW so far beautifully corresponds to two-body systems

If we ever detect a new feature in data, we have (as 19th century astronomers) 
two possible explanations:

• ModiMication of GR 

• Perturbation by a third body (this talk)



GRAVITATIONAL WAVES
THIS QUESTION IS NOT PURELY ACADEMIC !

• 90% of low-mass binaries are expect to belong to a ‘hierarchical’ triple system 

•  ‘Migration traps’ around SMBH at 

Tokovinin et al. 2006

Bellovary et al. 2015
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GRAVITATIONAL WAVES
THIS QUESTION IS NOT PURELY ACADEMIC !

• 90% of low-mass binaries are expect to belong to a ‘hierarchical’ triple system 

•  ‘Migration traps’ around SMBH at 

Tokovinin et al. 2006

Bellovary et al. 2015

We have to formulate the 3-body problem in GR and solve it perturbatively 

What is the inMluence of a third body on the waveform?
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RELATIVISTIC THREE-BODY PROBLEM
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• Numerical evolution over long timescales difMicult 

• Issues in the radiative sector
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μ
CMVν

CM +
1
2

JμνΩμν − m3 −gμνv
μ
3 vν

3
ℒfull =

3

∑
A=1

− mA −gμνv
μ
Avν

A ⇔

EFFECTIVE TWO-BODY AK, F. Serra, E. Trincherini 2021

PROPER TIME

3-body motion = 2-body with spin!

INNER

OUTER



16

ℒEFT = − ℰ −gμνV
μ
CMVν

CM +
1
2

JμνΩμν − m3 −gμνv
μ
3 vν

3
ℒfull =

3

∑
A=1

− mA −gμνv
μ
Avν

A ⇔

The equivalence principle Mixes nearly everything!

ℰ = m −
GNmμ

2a
,

Jij = ϵijkJk ,
J = GNma(1 − e2) ̂j ,

EFFECTIVE TWO-BODY AK, F. Serra, E. Trincherini 2021

Ω = ̂e × · ̂e

̂e ≡ UNIT RUNGE-LENZ VECTOR

Ωij = ϵijkΩk ,

PROPER TIME

3-body motion = 2-body with spin!

INNER

OUTER
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A SYSTEMATIC EXPANSION

As in any EFT, the Lagrangian is organised with power-counting rules:
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To get the EOM for the point-particles, one should ‘integrate out’ the gravitational Mield

Hamiltonian of inner orbit ε−1v0 + ε−1v2

Hamiltonian of outer orbit ε0v0 + ε1v2

Spin-orbit coupling ε3/2v2

Quadrupolar coupling ε2v0 + ε2v2

AK, F. Serra, E. Trincherini 2021
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APPLICATION 
LONG-TERM EVOLUTION OF RELATIVISTIC 3-BODY SYSTEMS
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AK, F. Serra, E. Trincherini (In prep.)
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CONCLUSIONS

• Very rich phenomenology in the 
Newtonian 3-body problem, 
even more in the relativistic 
one…  

• EFT formulation suited to 
precision computations 

• Future work: more precise 
waveforms for 3-body problem
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• Longitudinal Doppler effect: Randall Xianyu ‘18 Inayoshi et al. ‘17 Strokov et al. ’17…

APPLICATION #2
RELATIVISTIC DOPPLER EFFECT IN WAVEFORMS



X

• Longitudinal Doppler effect:

• Transverse Doppler effect: break degeneracies

Randall Xianyu ‘18 Inayoshi et al. ‘17 Strokov et al. ’17…
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X

• Longitudinal Doppler effect:

• Transverse Doppler effect: break degeneracies

Randall Xianyu ‘18 Inayoshi et al. ‘17 Strokov et al. ’17…

• Higher order effects in waveforms like spin-orbit coupling…

AK, K. Leyde (In prep.)

RELATIVISTIC DOPPLER EFFECT IN WAVEFORMS

APPLICATION #2
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NEW RESONANCES

• Resonances are a fascinating phenomenon of the 3-body problem

• When relativistic effects are included, there are other kinds of resonances

Perihelion angle Outer orbit frequency

AK 2021

APPLICATION #3
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THE TWO-BODY PROBLEM IN GR
The two-body dynamics is encoded in the EFFECTIVE ACTION :

eiSeff[x1(t),x2(t)] = ∫ 𝒟hμνeiS[x1(t),x2(t),hμν]

ℜ(Seff) = ∫ dtL[xA, vA] ℑ(Seff ) =
T
2 ∫ dEdΩ

d2Γ
dEdΩ

L =
1
2

m1v2
1 +

1
2

m2v2
2 +

Gm1m2

|x1(t) − x2(t) |
+ L1PN + … P =

G
5 ⟨ ···Qkl ···Qkl⟩ + …

XThe two-body problem in GR

REAL PART: CONSERVATIVE IMAGINARY PART: DISSIPATIVE
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HAMILTONIAN FOR PRECESSION RESONANCE

• One should NOT average over the outer orbit 

• Resonant terms in 

• Exchange of energy 

• Radiation-reaction:

(this is why it was never studied up to now)
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ISSUES IN RADIATIVE SECTOR
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SUPPLEMENTARY SLIDE ON CROSS TERMS

e = ⟨e⟩ + δe

Low-energy DOF, assumed 
constant in the averaging 
procedure 

High-energy Mluctuations, to be 
integrated out


