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Outline

• Status of lisabeta

• LISA response

• Example PE for MBHBs

• Example PE for SBHBs

• Improving the search and sampling for MBHBs

• Demonstration notebooks
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Status of lisabeta

Costs

• Science prospective

• Prototyping real analysis (LDC)

• Source types: MBHBs, SBHBs for now 
— GBs soon

• Consortium-available (full members, 
public soon)

Tools implemented

Objectives and scope

• SNR computations

• MCMC: ensemble sampler with 
parallel tempering (ptemcee)

• Nested sampling: pymultinest

• Informed proposals to deal with sky 
degeneracies

• Fast likelihoods

• Waveforms: PhenomD, PhenomHM

Levels of approximation

• Fisher: for high SNR limit (depends on 
signal !) ✓

• Set noise realization to 0 ✓

• Initialize MCMC from Fisher ✓

• Full run with initialization from priors ✓

• Full run with noise ✓ (refactoring)

• Superposition of sources, unknown 
noise, noise artifacts… ✗

(SBHBs less advanced)

MBHBs:

• SNR: few ms

• Fisher: <100ms at high-M, worse at low-M

• Likelihood: MBHB 2-3ms, SBHB 3-5ms

• Inference with Fisher init. (best case): 
~1CPUh

• Inference of complicated posterior, with 
noise: 100-200 CPUh

https://gitlab.in2p3.fr/marsat/lisabeta
https://gitlab.in2p3.fr/marsat/lisabeta_release

https://gitlab.in2p3.fr/marsat/lisabeta_release
https://gitlab.in2p3.fr/marsat/lisabeta_release
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Response

Fourier-domain (separation of timescales [Marsat-Baker 2018])
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iπfL

2
sinc [πfL (1− k · nl)] exp [iπf (L+ k · (pr + ps))]nl · P · nl(tf )
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Time and frequency-dependency
Time: motion of LISA on its orbit
Frequency: departure from long-wavelength
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Short-lived signals: use 
frame based on LISA plane

LISA frame

True

ReflectedAntipodal

Degeneracy pattern

LISA response
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Parameter estimation in practice: ptemcee

Tailored proposals and map

Ensemble sampling

• Known degeneracies in the sky position

• Branch with a jump proposal for degenerate 
locations

• Parameter map for most efficient sampling

• Evolve an ensemble of chains (walkers)

• Choose randomly another chain, 
propose new point with stretch-move

• Idea: the proposal adapts to the current 
state of the chains

Parallel tempering

• Evolve an ensemble of chains (walkers)

• Choose randomly another chain, 
propose new point with stretch-move

• Idea: the proposal adapts to the current 
state of the chains

True

Reflected

Antipodal
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MBHB signal: Fourier-domain response

• ‘Full’: keep all terms

• ‘Frozen’: ignore LISA motion

• ‘Low-f’: ignore f-dependency

• ‘Frozen Low-f’: ignore both
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Time and frequency-dependency in 
transfer functions
Time: motion of LISA on its orbit
Frequency: departure from long-
wavelength approx.

Response:

+ Doppler phase (delay to the center of 
constellation):

exp [2iπfk · p0(tf )]
<latexit sha1_base64="94cKJtK7PlT7qrCwN4avnZ7+joM="></latexit>

Tslr =
iπfL

2
sinc [πfL (1− k · nl)] exp [iπf (L+ k · (pr + ps))]nl · P · nl(tf )
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MBHB signal: Higher harmonics in the waveform

Higher harmonics
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MBHB with higher modes

h+ − ih× =
X

`≥2

`X

m=−`

−2Y`m(ι,ϕ)h`m
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Example in time domain:

• Dominant mode 

• Each mode

• HM strong for high q and 
edge-on

M = 2 · 10
6 M�, q = 2
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Ticks:

• SNR/64 (40h)

• SNR/16 (2.5h)

• SNR/4 (7min)

• merger

h`m ∼ e
−im'orb
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MBHB signal: heterodyned likelihood

Decomposing the likelihood:
<latexit sha1_base64="rkV1iXrxrnRBRMl9CAXhJixBnl8="></latexit>

lnL = −

1

2
(s− d|s− d)

= −

1

2
(s− s0|s− s0) + (s− s0|d− s0)−

1

2
(s0 − d|s0 − d)

Residuals from reference waveform:
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s`m = r`me
iΦ

0

`m

Implementation:

<latexit sha1_base64="NsQ/9OY9BDDv6mYivI5blRbaxsY="></latexit>

(s− s0|s− s0) =
X

`m

X

`0m0

(r`mr
∗

`0m0 |ei(Φ
0

`0m0−Φ
0

`m
))

(s− s0|d− s0) =
X

`m

(r`m|e−iΦ
0

`m(d− s0))

• Fix a sparse frequency grid (~128)

• Linear interpolation of the 
residuals, mode-by-mode

• Precompute 0-th and 1st 
polynomial inner products against 
phase and data terms, with a fine 
resolution

(2,2)
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PE for MBHBs: degeneracies and role of HM

injection
ptmcmc 22
ptmcmc HM

Sky position

Distance-inclination

Higher harmonics crucial 
in breaking degeneracies

Fiducial system:

M = 5 · 10
5M�

q = 3

z = 4

ι = π/3
<latexit sha1_base64="Ncg/Pqu5p1NTy0QIWkM2QSw1nCw="></latexit>
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PE for MBHBs: LDC-1 result

M = 3.8 · 106M�

q = 2.1

z = 5.7

ι = 1.2
<latexit sha1_base64="JH9Okj+nWUVGx8ehW7dNozrWGc8="></latexit>

System:

h22 only, aligned spins

Strong 22-mode degeneracies, 
multimodal sky (reflected)

Use this knowledge to 
sample !

• John Baker’s code

• Differential evolution, PT

• Proposals adapted to degeneracy

• Costly overall (100e6 likelihoods)
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SBHB signal: Fourier-domain signal and response

+ Doppler phase (delay to the center of constellation): exp [2iπfk · p0(tf )]
<latexit sha1_base64="94cKJtK7PlT7qrCwN4avnZ7+joM="></latexit>

Tslr =
iπfL

2
sinc [πfL (1− k · nl)] exp [iπf (L+ k · (pr + ps))]nl · P · nl(tf )

<latexit sha1_base64="dxvEiNft/ZdknjeLIWJjI4J2mEQ="></latexit>

Response decomposed
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Complicated modulations, long-lived signals
Departure from the low-frequency approx.

Large Doppler phase
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Here simple amplitude and phase

(but might have eccentricity+precession !)

A(f) ∼ f−7/6
<latexit sha1_base64="tCovgZLPxgX9Rd9kKGSUDPcTGDE=">AAAB+3icbVDLTgIxFO3gC/E14tJNIzHBhTiDRlhi3LjERB4JjKRTOtDQdiZtx0gm8ytuXGiMW3/EnX9jgVkoepKbnJxzb+69x48YVdpxvqzcyura+kZ+s7C1vbO7Z+8X2yqMJSYtHLJQdn2kCKOCtDTVjHQjSRD3Gen4k+uZ33kgUtFQ3OlpRDyORoIGFCNtpIFdvCoHJ7CvKIfBfXJaO7tMB3bJqThzwL/EzUgJZGgO7M/+MMQxJ0JjhpTquU6kvQRJTTEjaaEfKxIhPEEj0jNUIE6Ul8xvT+GxUYYwCKUpoeFc/TmRIK7UlPumkyM9VsveTPzP68U6qHsJFVGsicCLRUHMoA7hLAg4pJJgzaaGICypuRXiMZIIaxNXwYTgLr/8l7SrFfe8Ur29KDXqWRx5cAiOQBm4oAYa4AY0QQtg8AiewAt4tVLr2Xqz3hetOSubOQC/YH18A3BDkrs=</latexit>

Φ(f) ∼ f−5/3
<latexit sha1_base64="SUVnMfzIqJ3NkJjCc6yqPb4VVis=">AAAB/nicbVDLSgMxFM3UV62vUXHlJliEurDOtIpdFty4rGAf0BlLJs20oUlmSDJCGQr+ihsXirj1O9z5N6btLLT1wIXDOfdy7z1BzKjSjvNt5VZW19Y38puFre2d3T17/6ClokRi0sQRi2QnQIowKkhTU81IJ5YE8YCRdjC6mfrtRyIVjcS9HsfE52ggaEgx0kbq2UdeY0hL4Rn0FOUwfEjPry6qk55ddMrODHCZuBkpggyNnv3l9SOccCI0ZkipruvE2k+R1BQzMil4iSIxwiM0IF1DBeJE+ens/Ak8NUofhpE0JTScqb8nUsSVGvPAdHKkh2rRm4r/ed1EhzU/pSJONBF4vihMGNQRnGYB+1QSrNnYEIQlNbdCPEQSYW0SK5gQ3MWXl0mrUnar5crdZbFey+LIg2NwAkrABdegDm5BAzQBBil4Bq/gzXqyXqx362PemrOymUPwB9bnD85BlBA=</latexit>
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PE results: SBHBs

q
<latexit sha1_base64="AMBmwAoSicxAmUKUOA6H5Z/OJAc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI4kXjxCIo8ENmR26IWR2dl1ZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj27nffkKleSzvzSRBP6JDyUPOqLFS47FfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1Y9adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd1WuNK5LtWoWRx7O4BwuwYMbqMEd1KEJDBCe4RXenAfnxXl3PpatOSebOYU/cD5/ANnpjO8=</latexit>

Mc (M�)
<latexit sha1_base64="esFC6MNnePn7IlKHyqZtlkz8EMA=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUmqYMFNwY2bQgX7gCaEyWTSDp1kwsxEKKHgxl9x40IRt/6EO//GSZuFth64cDjnXu69x08Ylcqyvo2V1bX1jc3SVnl7Z3dv3zw47EqeCkw6mDMu+j6ShNGYdBRVjPQTQVDkM9Lzxze533sgQlIe36tJQtwIDWMaUoyUljzz2ImQGmHEstbUw9C5htWW5/CAq3PPrFg1awa4TOyCVECBtmd+OQHHaURihRmScmBbiXIzJBTFjEzLTipJgvAYDclA0xhFRLrZ7IcpPNNKAEMudMUKztTfExmKpJxEvu7ML5aLXi7+5w1SFTbcjMZJqkiM54vClEHFYR4IDKggWLGJJggLqm+FeIQEwkrHVtYh2IsvL5NuvWZf1Op3l5Vmo4ijBE7AKagCG1yBJrgFbdABGDyCZ/AK3own48V4Nz7mrStGMXME/sD4/AGWW5bM</latexit>

∆f0 (mHz)
<latexit sha1_base64="IqdO4Gs1G9y60k1CDQVW/+a4z24=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahbkpSBQtuCrrosoJ9QBPCZDpph84kYWYi1NCNG3/FjQtF3PoP7vwbJ20W2nrgwuGce7n3Hj9mVCrL+jYKK6tr6xvFzdLW9s7unrl/0JFRIjBp44hFoucjSRgNSVtRxUgvFgRxn5GuP77O/O49EZJG4Z2axMTlaBjSgGKktOSZx84NYQrBwLOgcwUrDkdqJHjKmw/TM88sW1VrBrhM7JyUQY6WZ345gwgnnIQKMyRl37Zi5aZIKIoZmZacRJIY4TEakr6mIeJEuunsiyk81coABpHQFSo4U39PpIhLOeG+7syOlIteJv7n9RMV1N2UhnGiSIjni4KEQRXBLBI4oIJgxSaaICyovhXiERIIKx1cSYdgL768TDq1qn1erd1elBv1PI4iOAInoAJscAkaoAlaoA0weATP4BW8GU/Gi/FufMxbC0Y+cwj+wPj8AYg6l0w=</latexit>

χ+
<latexit sha1_base64="yKIyo2bxrN+M5xszeHt6e4iTd9M=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIsgCGW3CvZY8OKxgq2FdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzwkRwYz3vGxXW1jc2t4rbpZ3dvf2D8uFR26hUU9aiSijdCYlhgkvWstwK1kk0I3Eo2EM4vpn5D09MG67kvZ0kLIjJUPKIU2Kd1O7REe9f9MsVr+rNgVeJn5MK5Gj2y1+9gaJpzKSlghjT9b3EBhnRllPBpqVealhC6JgMWddRSWJmgmx+7RSfOWWAI6VdSYvn6u+JjMTGTOLQdcbEjsyyNxP/87qpjepBxmWSWibpYlGUCmwVnr2OB1wzasXEEUI1d7diOiKaUOsCKrkQ/OWXV0m7VvUvq7W7q0qjnsdRhBM4hXPw4RoacAtNaAGFR3iGV3hDCr2gd/SxaC2gfOYY/gB9/gAcko7K</latexit>

χ
−

<latexit sha1_base64="fAgRR2cbz7txvmF7EwUE/T2ZGr0=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgxbJbBXssePFYwdZCu5Rsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sZ73jQpr6xubW8Xt0s7u3v5B+fCobVSqKWtRJZTuhMQwwSVrWW4F6ySakTgU7CEc38z8hyemDVfy3k4SFsRkKHnEKbFOavfoiPcv+uWKV/XmwKvEz0kFcjT75a/eQNE0ZtJSQYzp+l5ig4xoy6lg01IvNSwhdEyGrOuoJDEzQTa/dorPnDLAkdKupMVz9fdERmJjJnHoOmNiR2bZm4n/ed3URvUg4zJJLZN0sShKBbYKz17HA64ZtWLiCKGau1sxHRFNqHUBlVwI/vLLq6Rdq/qX1drdVaVRz+Mowgmcwjn4cA0NuIUmtIDCIzzDK7whhV7QO/pYtBZQPnMMf4A+fwAfmo7M</latexit>

λ (rad)
<latexit sha1_base64="TKy7CnTrefPWBpcODYHra75SJSE=">AAACAnicbVDLSgMxFM34rPU16krcBItQN2WmChbcFNy4rGAf0BlKJpNpQ5PMkGSEMhQ3/oobF4q49Svc+Tdm2llo64HA4Zxzyb0nSBhV2nG+rZXVtfWNzdJWeXtnd2/fPjjsqDiVmLRxzGLZC5AijArS1lQz0kskQTxgpBuMb3K/+0CkorG415OE+BwNBY0oRtpIA/vYYyYcIuhdw6rHkR5JnkkUTs8HdsWpOTPAZeIWpAIKtAb2lxfGOOVEaMyQUn3XSbSfIakpZmRa9lJFEoTHaEj6hgrEifKz2QlTeGaUEEaxNE9oOFN/T2SIKzXhgUnmS6pFLxf/8/qpjhp+RkWSaiLw/KMoZVDHMO8DhlQSrNnEEIQlNbtCPEISYW1aK5sS3MWTl0mnXnMvavW7y0qzUdRRAifgFFSBC65AE9yCFmgDDB7BM3gFb9aT9WK9Wx/z6IpVzByBP7A+fwAiiJaY</latexit>

β (rad)
<latexit sha1_base64="mjjpzbPyr8K1WmNYbrJMJBNRK/w=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUDclqYIFNwU3LivYBzShTCaTdujMJMxMhBK68VfcuFDErZ/hzr9x0mahrQcuHM65l3vvCRJGlXacb6u0tr6xuVXeruzs7u0f2IdHXRWnEpMOjlks+wFShFFBOppqRvqJJIgHjPSCyW3u9x6JVDQWD3qaEJ+jkaARxUgbaWifeAHRCHo3sOZxpMeSZxKFs4uhXXXqzhxwlbgFqYIC7aH95YUxTjkRGjOk1MB1Eu1nSGqKGZlVvFSRBOEJGpGBoQJxovxs/sAMnhslhFEsTQkN5+rviQxxpaY8MJ35kWrZy8X/vEGqo6afUZGkmgi8WBSlDOoY5mnAkEqCNZsagrCk5laIx0girE1mFROCu/zyKuk26u5lvXF/VW01izjK4BScgRpwwTVogTvQBh2AwQw8g1fwZj1ZL9a79bFoLVnFzDH4A+vzB5s5lb8=</latexit>

ψ (rad)
<latexit sha1_base64="yMGWDdOUAjzU3Jh7rMN6hXGcRV4=">AAAB/3icbVDLSgMxFM34rPU1KrhxEyxC3ZSZKlhwU3DjsoJ9QGcomUymDU0yQ5IRytiFv+LGhSJu/Q13/o2ZdhbaeiBwOOde7skJEkaVdpxva2V1bX1js7RV3t7Z3du3Dw47Kk4lJm0cs1j2AqQIo4K0NdWM9BJJEA8Y6Qbjm9zvPhCpaCzu9SQhPkdDQSOKkTbSwD72EkWhdw2rHkd6JHkmUTg9H9gVp+bMAJeJW5AKKNAa2F9eGOOUE6ExQ0r1XSfRfoakppiRadlLFUkQHqMh6RsqECfKz2b5p/DMKCGMYmme0HCm/t7IEFdqwgMzmYdUi14u/uf1Ux01/IyKJNVE4PmhKGVQxzAvA4ZUEqzZxBCEJTVZIR4hibA2lZVNCe7il5dJp15zL2r1u8tKs1HUUQIn4BRUgQuuQBPcghZoAwwewTN4BW/Wk/VivVsf89EVq9g5An9gff4A9bCVZQ==</latexit>

ϕ (rad)
<latexit sha1_base64="uc86j59OsCOIvGQ6mBVOj9SSKxE=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEuilJFSy4KbhxWcE+oAllMpm2Q2cmYWZSKKG48VfcuFDErV/hzr9x0mahrQcuHM65l3vvCWJGlXacb6uwtr6xuVXcLu3s7u0f2IdHbRUlEpMWjlgkuwFShFFBWppqRrqxJIgHjHSC8W3mdyZEKhqJBz2Nic/RUNABxUgbqW+feBMk4xGF3g2seBzpkeSpROHsom+XnaozB1wlbk7KIEezb395YYQTToTGDCnVc51Y+ymSmmJGZiUvUSRGeIyGpGeoQJwoP52/MIPnRgnhIJKmhIZz9fdEirhSUx6YzuxItexl4n9eL9GDup9SESeaCLxYNEgY1BHM8oAhlQRrNjUEYUnNrRCPkERYm9RKJgR3+eVV0q5V3ctq7f6q3KjncRTBKTgDFeCCa9AAd6AJWgCDR/AMXsGb9WS9WO/Wx6K1YOUzx+APrM8fY++WwQ==</latexit>

D (Mpc)
<latexit sha1_base64="vNKDiqAcAg1KOj8RwUcZDg2FAEQ=">AAAB/HicbVDLSgMxFM3UV62v0S7dBItQN2WmChbcFHThRqhgH9AZSiZN29AkMyQZYRjqr7hxoYhbP8Sdf2OmnYW2HggczrmXe3KCiFGlHefbKqytb2xuFbdLO7t7+wf24VFHhbHEpI1DFspegBRhVJC2ppqRXiQJ4gEj3WB6nfndRyIVDcWDTiLiczQWdEQx0kYa2OUb6F3BqseRnkie3kV4djawK07NmQOuEjcnFZCjNbC/vGGIY06Exgwp1XedSPspkppiRmYlL1YkQniKxqRvqECcKD+dh5/BU6MM4SiU5gkN5+rvjRRxpRIemMkspFr2MvE/rx/rUcNPqYhiTQReHBrFDOoQZk3AIZUEa5YYgrCkJivEEyQR1qavkinBXf7yKunUa+55rX5/UWk28jqK4BicgCpwwSVoglvQAm2AQQKewSt4s56sF+vd+liMFqx8pwz+wPr8ASvTk8w=</latexit>

ι (rad)
<latexit sha1_base64="KfQfbKUCQcQa5AP6ZJo/CsifN9M=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUDclqYIFNwU3LivYBzShTCaTdujMJMxMhBK68VfcuFDErZ/hzr9x0mahrQcuHM65l3vvCRJGlXacb6u0tr6xuVXeruzs7u0f2IdHXRWnEpMOjlks+wFShFFBOppqRvqJJIgHjPSCyW3u9x6JVDQWD3qaEJ+jkaARxUgbaWifeDTWCHo3sOZxpMeSZxKFs4uhXXXqzhxwlbgFqYIC7aH95YUxTjkRGjOk1MB1Eu1nSGqKGZlVvFSRBOEJGpGBoQJxovxs/sAMnhslhFEsTQkN5+rviQxxpaY8MJ35kWrZy8X/vEGqo6afUZGkmgi8WBSlDOoY5mnAkEqCNZsagrCk5laIx0girE1mFROCu/zyKuk26u5lvXF/VW01izjK4BScgRpwwTVogTvQBh2AwQw8g1fwZj1ZL9a79bFoLVnFzDH4A+vzB7ZYldA=</latexit>

q <latexit sha1_base64="AMBmwAoSicxAmUKUOA6H5Z/OJAc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI4kXjxCIo8ENmR26IWR2dl1ZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj27nffkKleSzvzSRBP6JDyUPOqLFS47FfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1Y9adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd1WuNK5LtWoWRx7O4BwuwYMbqMEd1KEJDBCe4RXenAfnxXl3PpatOSebOYU/cD5/ANnpjO8=</latexit>

∆
f
0
(m

H
z)

<latexit sha1_base64="IqdO4Gs1G9y60k1CDQVW/+a4z24=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahbkpSBQtuCrrosoJ9QBPCZDpph84kYWYi1NCNG3/FjQtF3PoP7vwbJ20W2nrgwuGce7n3Hj9mVCrL+jYKK6tr6xvFzdLW9s7unrl/0JFRIjBp44hFoucjSRgNSVtRxUgvFgRxn5GuP77O/O49EZJG4Z2axMTlaBjSgGKktOSZx84NYQrBwLOgcwUrDkdqJHjKmw/TM88sW1VrBrhM7JyUQY6WZ345gwgnnIQKMyRl37Zi5aZIKIoZmZacRJIY4TEakr6mIeJEuunsiyk81coABpHQFSo4U39PpIhLOeG+7syOlIteJv7n9RMV1N2UhnGiSIjni4KEQRXBLBI4oIJgxSaaICyovhXiERIIKx1cSYdgL768TDq1qn1erd1elBv1PI4iOAInoAJscAkaoAlaoA0weATP4BW8GU/Gi/FufMxbC0Y+cwj+wPj8AYg6l0w=</latexit>

χ
+

<latexit sha1_base64="yKIyo2bxrN+M5xszeHt6e4iTd9M=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIsgCGW3CvZY8OKxgq2FdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzwkRwYz3vGxXW1jc2t4rbpZ3dvf2D8uFR26hUU9aiSijdCYlhgkvWstwK1kk0I3Eo2EM4vpn5D09MG67kvZ0kLIjJUPKIU2Kd1O7REe9f9MsVr+rNgVeJn5MK5Gj2y1+9gaJpzKSlghjT9b3EBhnRllPBpqVealhC6JgMWddRSWJmgmx+7RSfOWWAI6VdSYvn6u+JjMTGTOLQdcbEjsyyNxP/87qpjepBxmWSWibpYlGUCmwVnr2OB1wzasXEEUI1d7diOiKaUOsCKrkQ/OWXV0m7VvUvq7W7q0qjnsdRhBM4hXPw4RoacAtNaAGFR3iGV3hDCr2gd/SxaC2gfOYY/gB9/gAcko7K</latexit>

χ
−

<latexit sha1_base64="fAgRR2cbz7txvmF7EwUE/T2ZGr0=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgxbJbBXssePFYwdZCu5Rsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sZ73jQpr6xubW8Xt0s7u3v5B+fCobVSqKWtRJZTuhMQwwSVrWW4F6ySakTgU7CEc38z8hyemDVfy3k4SFsRkKHnEKbFOavfoiPcv+uWKV/XmwKvEz0kFcjT75a/eQNE0ZtJSQYzp+l5ig4xoy6lg01IvNSwhdEyGrOuoJDEzQTa/dorPnDLAkdKupMVz9fdERmJjJnHoOmNiR2bZm4n/ed3URvUg4zJJLZN0sShKBbYKz17HA64ZtWLiCKGau1sxHRFNqHUBlVwI/vLLq6Rdq/qX1drdVaVRz+Mowgmcwjn4cA0NuIUmtIDCIzzDK7whhV7QO/pYtBZQPnMMf4A+fwAfmo7M</latexit>

λ
(r
ad

)
<latexit sha1_base64="TKy7CnTrefPWBpcODYHra75SJSE=">AAACAnicbVDLSgMxFM34rPU16krcBItQN2WmChbcFNy4rGAf0BlKJpNpQ5PMkGSEMhQ3/oobF4q49Svc+Tdm2llo64HA4Zxzyb0nSBhV2nG+rZXVtfWNzdJWeXtnd2/fPjjsqDiVmLRxzGLZC5AijArS1lQz0kskQTxgpBuMb3K/+0CkorG415OE+BwNBY0oRtpIA/vYYyYcIuhdw6rHkR5JnkkUTs8HdsWpOTPAZeIWpAIKtAb2lxfGOOVEaMyQUn3XSbSfIakpZmRa9lJFEoTHaEj6hgrEifKz2QlTeGaUEEaxNE9oOFN/T2SIKzXhgUnmS6pFLxf/8/qpjhp+RkWSaiLw/KMoZVDHMO8DhlQSrNnEEIQlNbtCPEISYW1aK5sS3MWTl0mnXnMvavW7y0qzUdRRAifgFFSBC65AE9yCFmgDDB7BM3gFb9aT9WK9Wx/z6IpVzByBP7A+fwAiiJaY</latexit>

β
(r
ad

)
<latexit sha1_base64="mjjpzbPyr8K1WmNYbrJMJBNRK/w=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUDclqYIFNwU3LivYBzShTCaTdujMJMxMhBK68VfcuFDErZ/hzr9x0mahrQcuHM65l3vvCRJGlXacb6u0tr6xuVXeruzs7u0f2IdHXRWnEpMOjlks+wFShFFBOppqRvqJJIgHjPSCyW3u9x6JVDQWD3qaEJ+jkaARxUgbaWifeAHRCHo3sOZxpMeSZxKFs4uhXXXqzhxwlbgFqYIC7aH95YUxTjkRGjOk1MB1Eu1nSGqKGZlVvFSRBOEJGpGBoQJxovxs/sAMnhslhFEsTQkN5+rviQxxpaY8MJ35kWrZy8X/vEGqo6afUZGkmgi8WBSlDOoY5mnAkEqCNZsagrCk5laIx0girE1mFROCu/zyKuk26u5lvXF/VW01izjK4BScgRpwwTVogTvQBh2AwQw8g1fwZj1ZL9a79bFoLVnFzDH4A+vzB5s5lb8=</latexit>

ψ
(r
ad

)
<latexit sha1_base64="yMGWDdOUAjzU3Jh7rMN6hXGcRV4=">AAAB/3icbVDLSgMxFM34rPU1KrhxEyxC3ZSZKlhwU3DjsoJ9QGcomUymDU0yQ5IRytiFv+LGhSJu/Q13/o2ZdhbaeiBwOOde7skJEkaVdpxva2V1bX1js7RV3t7Z3du3Dw47Kk4lJm0cs1j2AqQIo4K0NdWM9BJJEA8Y6Qbjm9zvPhCpaCzu9SQhPkdDQSOKkTbSwD72EkWhdw2rHkd6JHkmUTg9H9gVp+bMAJeJW5AKKNAa2F9eGOOUE6ExQ0r1XSfRfoakppiRadlLFUkQHqMh6RsqECfKz2b5p/DMKCGMYmme0HCm/t7IEFdqwgMzmYdUi14u/uf1Ux01/IyKJNVE4PmhKGVQxzAvA4ZUEqzZxBCEJTVZIR4hibA2lZVNCe7il5dJp15zL2r1u8tKs1HUUQIn4BRUgQuuQBPcghZoAwwewTN4BW/Wk/VivVsf89EVq9g5An9gff4A9bCVZQ==</latexit>

ϕ
(r
ad

)
<latexit sha1_base64="uc86j59OsCOIvGQ6mBVOj9SSKxE=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEuilJFSy4KbhxWcE+oAllMpm2Q2cmYWZSKKG48VfcuFDErV/hzr9x0mahrQcuHM65l3vvCWJGlXacb6uwtr6xuVXcLu3s7u0f2IdHbRUlEpMWjlgkuwFShFFBWppqRrqxJIgHjHSC8W3mdyZEKhqJBz2Nic/RUNABxUgbqW+feBMk4xGF3g2seBzpkeSpROHsom+XnaozB1wlbk7KIEezb395YYQTToTGDCnVc51Y+ymSmmJGZiUvUSRGeIyGpGeoQJwoP52/MIPnRgnhIJKmhIZz9fdEirhSUx6YzuxItexl4n9eL9GDup9SESeaCLxYNEgY1BHM8oAhlQRrNjUEYUnNrRCPkERYm9RKJgR3+eVV0q5V3ctq7f6q3KjncRTBKTgDFeCCa9AAd6AJWgCDR/AMXsGb9WS9WO/Wx6K1YOUzx+APrM8fY++WwQ==</latexit>

D
(M

p
c)

<latexit sha1_base64="vNKDiqAcAg1KOj8RwUcZDg2FAEQ=">AAAB/HicbVDLSgMxFM3UV62v0S7dBItQN2WmChbcFHThRqhgH9AZSiZN29AkMyQZYRjqr7hxoYhbP8Sdf2OmnYW2HggczrmXe3KCiFGlHefbKqytb2xuFbdLO7t7+wf24VFHhbHEpI1DFspegBRhVJC2ppqRXiQJ4gEj3WB6nfndRyIVDcWDTiLiczQWdEQx0kYa2OUb6F3BqseRnkie3kV4djawK07NmQOuEjcnFZCjNbC/vGGIY06Exgwp1XedSPspkppiRmYlL1YkQniKxqRvqECcKD+dh5/BU6MM4SiU5gkN5+rvjRRxpRIemMkspFr2MvE/rx/rUcNPqYhiTQReHBrFDOoQZk3AIZUEa5YYgrCkJivEEyQR1qavkinBXf7yKunUa+55rX5/UWk28jqK4BicgCpwwSVoglvQAm2AQQKewSt4s56sF+vd+liMFqx8pwz+wPr8ASvTk8w=</latexit>

ι
(r
ad

)
<latexit sha1_base64="KfQfbKUCQcQa5AP6ZJo/CsifN9M=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUDclqYIFNwU3LivYBzShTCaTdujMJMxMhBK68VfcuFDErZ/hzr9x0mahrQcuHM65l3vvCRJGlXacb6u0tr6xuVXeruzs7u0f2IdHXRWnEpMOjlks+wFShFFBOppqRvqJJIgHjPSCyW3u9x6JVDQWD3qaEJ+jkaARxUgbaWifeDTWCHo3sOZxpMeSZxKFs4uhXXXqzhxwlbgFqYIC7aH95YUxTjkRGjOk1MB1Eu1nSGqKGZlVvFSRBOEJGpGBoQJxovxs/sAMnhslhFEsTQkN5+rviQxxpaY8MJ35kWrZy8X/vEGqo6afUZGkmgi8WBSlDOoY5mnAkEqCNZsagrCk5laIx0girE1mFROCu/zyKuk26u5lvXF/VW01izjK4BScgRpwwTVogTvQBh2AwQw8g1fwZj1ZL9a79bFoLVnFzDH4A+vzB7ZYldA=</latexit>

Time to coalescence: Tc = 8yrs 

Significant qualitative differences 
between Tobs = 4yrs and Tobs = 10yrs  

χ+ =
m1χ1 +m2χ2

m1 +m2
<latexit sha1_base64="Zwg9xrmLF+9Qn7PB2tvy8r/m9c0=">AAACG3icbZBNS8MwGMfT+TbnW9Wjl+AQhMFoq+AuwsCLxwnuBdZS0izdwpK2JKkwSr+HF7+KFw+KeBI8+G3Muh5084HAP7//85A8/yBhVCrL+jYqa+sbm1vV7drO7t7+gXl41JNxKjDp4pjFYhAgSRiNSFdRxcggEQTxgJF+ML2Z+/0HIiSNo3s1S4jH0TiiIcVIaeSbjosn1G/Aa+iGAuGM+zYskA0bkPvO4uLkhVGQ3DfrVtMqCq4KuxR1UFbHNz/dUYxTTiKFGZJyaFuJ8jIkFMWM5DU3lSRBeIrGZKhlhDiRXlbslsMzTUYwjIU+kYIF/T2RIS7ljAe6kyM1kcveHP7nDVMVtryMRkmqSIQXD4UpgyqG86DgiAqCFZtpgbCg+q8QT5DOSOk4azoEe3nlVdFzmvZF07m7rLdbZRxVcAJOwTmwwRVog1vQAV2AwSN4Bq/gzXgyXox342PRWjHKmWPwp4yvHz5TnmU=</latexit>

χ
−
=

m1χ1 −m2χ2

m1 +m2
<latexit sha1_base64="0P6HF89/8CcREwpByU5RYuhuQhw=">AAACG3icbZBNS8MwGMdTX+d8q3r0EhyCIBttFdxFGHjxOMG9wFpKmqVbWNKWJBVG2ffw4lfx4kERT4IHv41p14NuPhD45/d/HpLnHySMSmVZ38bK6tr6xmZlq7q9s7u3bx4cdmWcCkw6OGax6AdIEkYj0lFUMdJPBEE8YKQXTG5yv/dAhKRxdK+mCfE4GkU0pBgpjXzTcfGY+nV4Dd1QIJxx34YFsmEdct+ZX5xZYZznZOabNathFQWXhV2KGiir7Zuf7jDGKSeRwgxJObCtRHkZEopiRmZVN5UkQXiCRmSgZYQ4kV5W7DaDp5oMYRgLfSIFC/p7IkNcyikPdCdHaiwXvRz+5w1SFTa9jEZJqkiE5w+FKYMqhnlQcEgFwYpNtUBYUP1XiMdIZ6R0nFUdgr248rLoOg37ouHcXdZazTKOCjgGJ+AM2OAKtMAtaIMOwOARPINX8GY8GS/Gu/Exb10xypkj8KeMrx9E6Z5p</latexit>

Symmetric/antisymmetric spin combinations:
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MBHB burn-in: need for an efficient search

Ideal sampling, no burn-in

Using parameter estimation settings for search - non optimal

Likelihood of individual walkers in the ensemble (each color a walker):
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LISA data - band-passing, whitening

• Band-passing: select frequencies below 2mHz

• Whitening: work with signal/noise, so that all frequencies/times contribute equally
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LISA data - band-passed, whitened in time domain

T
D
I
A

<latexit sha1_base64="H4VF/FXNgWbsKxglVxvLtkz34QI=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAIrkpSBQtuKrrQXYW+oAllMp20Q2cmYWYilBA3/oobF4q49S/c+TdO2gjaemDgzDn3cu89fkSJVLb9ZRSWlldW14rrpY3Nre0dc3evLcNYINxCIQ1F14cSU8JxSxFFcTcSGDKf4o4/vsr8zj0WkoS8qSYR9hgcchIQBJWW+uaBy6AaCZY0r29T9+Lnd5n2zbJdsaewFomTkzLI0eibn+4gRDHDXCEKpew5dqS8BApFEMVpyY0ljiAawyHuacohw9JLphek1rFWBlYQCv24sqbq744EMiknzNeV2YZy3svE/7xerIKalxAexQpzNBsUxNRSoZXFYQ2IwEjRiSYQCaJ3tdAICoiUDq2kQ3DmT14k7WrFOa1U787K9VoeRxEcgiNwAhxwDurgBjRACyDwAJ7AC3g1Ho1n4814n5UWjLxnH/yB8fENuVmXCA==</latexit>

Whitened, band-passed data

t (s)
<latexit sha1_base64="743QFFwfPIFjEERR/dk13wop1rM=">AAAB+nicbVBNS8NAFNzUr1q/Uj16WSxCvZSkCha8FLx4rGBboQlls920SzebsPuilNif4sWDIl79Jd78N27bHLR1YGGYeY83O0EiuAbH+bYKa+sbm1vF7dLO7t7+gV0+7Og4VZS1aSxidR8QzQSXrA0cBLtPFCNRIFg3GF/P/O4DU5rH8g4mCfMjMpQ85JSAkfp2GbB3hateRGCkokxPz/p2xak5c+BV4uakgnK0+vaXN4hpGjEJVBCte66TgJ8RBZwKNi15qWYJoWMyZD1DJYmY9rN59Ck+NcoAh7EyTwKeq783MhJpPYkCMzmLqJe9mfif10shbPgZl0kKTNLFoTAVGGI86wEPuGIUxMQQQhU3WTEdEUUomLZKpgR3+curpFOvuee1+u1FpdnI6yiiY3SCqshFl6iJblALtRFFj+gZvaI368l6sd6tj8Vowcp3jtAfWJ8/G16TOw==</latexit>
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LISA data - band-passed, whitened in time domain

T
D
I
A

<latexit sha1_base64="H4VF/FXNgWbsKxglVxvLtkz34QI=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAIrkpSBQtuKrrQXYW+oAllMp20Q2cmYWYilBA3/oobF4q49S/c+TdO2gjaemDgzDn3cu89fkSJVLb9ZRSWlldW14rrpY3Nre0dc3evLcNYINxCIQ1F14cSU8JxSxFFcTcSGDKf4o4/vsr8zj0WkoS8qSYR9hgcchIQBJWW+uaBy6AaCZY0r29T9+Lnd5n2zbJdsaewFomTkzLI0eibn+4gRDHDXCEKpew5dqS8BApFEMVpyY0ljiAawyHuacohw9JLphek1rFWBlYQCv24sqbq744EMiknzNeV2YZy3svE/7xerIKalxAexQpzNBsUxNRSoZXFYQ2IwEjRiSYQCaJ3tdAICoiUDq2kQ3DmT14k7WrFOa1U787K9VoeRxEcgiNwAhxwDurgBjRACyDwAJ7AC3g1Ho1n4814n5UWjLxnH/yB8fENuVmXCA==</latexit>

Whitened, band-passed data

t (s)
<latexit sha1_base64="743QFFwfPIFjEERR/dk13wop1rM=">AAAB+nicbVBNS8NAFNzUr1q/Uj16WSxCvZSkCha8FLx4rGBboQlls920SzebsPuilNif4sWDIl79Jd78N27bHLR1YGGYeY83O0EiuAbH+bYKa+sbm1vF7dLO7t7+gV0+7Og4VZS1aSxidR8QzQSXrA0cBLtPFCNRIFg3GF/P/O4DU5rH8g4mCfMjMpQ85JSAkfp2GbB3hateRGCkokxPz/p2xak5c+BV4uakgnK0+vaXN4hpGjEJVBCte66TgJ8RBZwKNi15qWYJoWMyZD1DJYmY9rN59Ck+NcoAh7EyTwKeq783MhJpPYkCMzmLqJe9mfif10shbPgZl0kKTNLFoTAVGGI86wEPuGIUxMQQQhU3WTEdEUUomLZKpgR3+curpFOvuee1+u1FpdnI6yiiY3SCqshFl6iJblALtRFFj+gZvaI368l6sd6tj8Vowcp3jtAfWJ8/G16TOw==</latexit>

sigma-thresholding for detection
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MBHB initial search: F-statistic on small data segments

• Select short data segment

• F-statistic: approximate response, optimize 
analytically over extrinsic parameters

• Sampling easier for a lower dimensionality

• Get a first guess of intrinsic parameters + 
time

M
<latexit sha1_base64="TZF+eVNlk4JMpAyP9a1j7y4iBTo=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUwS4LbtwIFewDpkPJpJk2NJMMSUYoQz/DjQtF3Po17vwbM+0stPVA4HDOveTcEyacaeO6305pY3Nre6e8W9nbPzg8qh6fdLVMFaEdIrlU/RBrypmgHcMMp/1EURyHnPbC6W3u956o0kyKRzNLaBDjsWARI9hYyR/E2EwI5tn9fFituXV3AbROvILUoEB7WP0ajCRJYyoM4Vhr33MTE2RYGUY4nVcGqaYJJlM8pr6lAsdUB9ki8hxdWGWEIqnsEwYt1N8bGY61nsWhncwj6lUvF//z/NREzSBjIkkNFWT5UZRyZCTK70cjpigxfGYJJorZrIhMsMLE2JYqtgRv9eR10m3Uvat64+G61moWdZThDM7hEjy4gRbcQRs6QEDCM7zCm2OcF+fd+ViOlpxi5xT+wPn8AYDWkV0=</latexit>

q
<latexit sha1_base64="AMBmwAoSicxAmUKUOA6H5Z/OJAc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI4kXjxCIo8ENmR26IWR2dl1ZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj27nffkKleSzvzSRBP6JDyUPOqLFS47FfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1Y9adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd1WuNK5LtWoWRx7O4BwuwYMbqMEd1KEJDBCe4RXenAfnxXl3PpatOSebOYU/cD5/ANnpjO8=</latexit>

χ+
<latexit sha1_base64="yKIyo2bxrN+M5xszeHt6e4iTd9M=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIsgCGW3CvZY8OKxgq2FdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzwkRwYz3vGxXW1jc2t4rbpZ3dvf2D8uFR26hUU9aiSijdCYlhgkvWstwK1kk0I3Eo2EM4vpn5D09MG67kvZ0kLIjJUPKIU2Kd1O7REe9f9MsVr+rNgVeJn5MK5Gj2y1+9gaJpzKSlghjT9b3EBhnRllPBpqVealhC6JgMWddRSWJmgmx+7RSfOWWAI6VdSYvn6u+JjMTGTOLQdcbEjsyyNxP/87qpjepBxmWSWibpYlGUCmwVnr2OB1wzasXEEUI1d7diOiKaUOsCKrkQ/OWXV0m7VvUvq7W7q0qjnsdRhBM4hXPw4RoacAtNaAGFR3iGV3hDCr2gd/SxaC2gfOYY/gB9/gAcko7K</latexit>

χ
−

<latexit sha1_base64="fAgRR2cbz7txvmF7EwUE/T2ZGr0=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgxbJbBXssePFYwdZCu5Rsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sZ73jQpr6xubW8Xt0s7u3v5B+fCobVSqKWtRJZTuhMQwwSVrWW4F6ySakTgU7CEc38z8hyemDVfy3k4SFsRkKHnEKbFOavfoiPcv+uWKV/XmwKvEz0kFcjT75a/eQNE0ZtJSQYzp+l5ig4xoy6lg01IvNSwhdEyGrOuoJDEzQTa/dorPnDLAkdKupMVz9fdERmJjJnHoOmNiR2bZm4n/ed3URvUg4zJJLZN0sShKBbYKz17HA64ZtWLiCKGau1sxHRFNqHUBlVwI/vLLq6Rdq/qX1drdVaVRz+Mowgmcwjn4cA0NuIUmtIDCIzzDK7whhV7QO/pYtBZQPnMMf4A+fwAfmo7M</latexit>

<latexit sha1_base64="g4XHFy8yfMHfk98rujWPJF17FX4=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCHjxWsB/QhrLZbtqlm03cnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38z89hPXRsTqAScJ9yM6VCIUjKKVOr1bLpES7JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/d0rOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6KYc3PhEpS5IotFoWpJBiT2fNkIDRnKCeWUKaFvZWwEdWUoY2oZEPwll9eJa2LqndVvby/rNRreRxFOIFTOAcPrqEOd9CAJjCQ8Ayv8OY8Oi/Ou/OxaC04+cwx/IHz+QOPYY+j</latexit>

∆t
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MBHB initial PE: sampling with low frequencies

• Initialize from F-statistic samples, draw 
randomly extrinsic parameters

• Restrict to low frequencies

• Sample and get a first guess of all params
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MBHB final PE: sampling with all frequencies

• Initialize from samples obtained with low-
frequencies only

• Include all frequencies

• Sample and get final posterior
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Outline

• Reminder about LISA sources and signals: MBHBs, GBs

• Data analysis - the basics

• Status of lisabeta

• Example PE for MBHBs

• Improving the search for MBHBs

•Improving the sampling for MBHBs
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MBHB sampling with degeneracies: need efficient method

• Complicated structures in extrinsic 
parameters make it hard to sample

• Proposals work best for Gaussian-looking 
posteriors

• Proper convergence requires to explore 
the full parameter space (multiple times), 
gets very costly
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MBHB sampling with degeneracies: parameter map

• Ignoring motion and high-frequency effects: 
response becomes very simple

• Use variables as close as possible to what we really 
observe, to make the posterior look Gaussian

• Sampling can be done in any set of parameters, with 
Jacobian of the transformation analytic here

�+ = ⇢e2i'
⇥

t4✓e
�2i L + t4◆ e

2i L

⇤

e�2i�a ,

�� = ⇢e2i'
⇥

e�2i L + t4✓t
4
◆ e

2i L

⇤

e2i�a ,

Response variables: 2 complex (+ 2 sky angles)

⇢(d, ◆, ✓L) =
1

4d

r

5

⇡

1

(1 + t2◆ )
2
(1 + t2✓)

2
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MBHB sampling with degeneracies: parameter map

Toy problem, completely degenerate extrinsic 22 likelihood without motion and high-f effects

Blue: no param map
Red: parameter map, iterations/10
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MBHB sampling with degeneracies: parameter map

Original (physical) parametersTransformed parameters

Sampling greatly simplified
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Demonstration notebooks

• https://gitlab.in2p3.fr/marsat/lisabeta/-/blob/master/
examples/example_mbhb.ipynb

• https://gitlab.in2p3.fr/marsat/lisabeta/-/blob/master/
examples/ldc1_mbhb_demo.ipynb

https://gitlab.in2p3.fr/marsat/lisabeta/-/blob/master/examples/example_mbhb.ipynb
https://gitlab.in2p3.fr/marsat/lisabeta/-/blob/master/examples/example_mbhb.ipynb
https://gitlab.in2p3.fr/marsat/lisabeta/-/blob/master/examples/ldc1_mbhb_demo.ipynb
https://gitlab.in2p3.fr/marsat/lisabeta/-/blob/master/examples/ldc1_mbhb_demo.ipynb
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Noise properties

Noise PSD

• Noise autocorrelation function:
(stationarity: depends only on    )

• Noise PSD formal definition:

• Stationarity: independance in FD

• Gaussianity: noise in freq. bins is Gaussian

K(τ) = hn(t)n(t+ τ)i
<latexit sha1_base64="3Br07sIQUupzhTCt6i5tjVoTU3A=">AAACD3icbZDLSgMxFIYz9VbrrerSTbAoLUKZqYLdCAU3gpsK9gKdoWTStA3NZIbkjFCGvoEbX8WNC0XcunXn25hOu9DWHw78fOcckvP7keAabPvbyqysrq1vZDdzW9s7u3v5/YOmDmNFWYOGIlRtn2gmuGQN4CBYO1KMBL5gLX90Pe23HpjSPJT3MI6YF5CB5H1OCRjUzZ/eFl0gcQlfYVcQORAMyyKUTJ2l3FUp7OYLdtlOhZeNMzcFNFe9m/9yeyGNAyaBCqJ1x7Ej8BKigFPBJjk31iwidEQGrGOsJAHTXpLeM8EnhvRwP1SmJOCU/t5ISKD1OPDNZEBgqBd7U/hfrxNDv+olXEYxMElnD/VjgSHE03BwjytGQYyNIVRx81dMh0QRCibCnAnBWTx52TQrZee8XLm7KNSq8ziy6AgdoyJy0CWqoRtURw1E0SN6Rq/ozXqyXqx362M2mrHmO4foj6zPHy4Smts=</latexit>

We are making probabilistic statements…
Assuming properties of the random noise !

τ
<latexit sha1_base64="jVEmwB1Zghk9IkLOC0mo2LGLgQY=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWMF+wFtKJvtpl26m4TdiVBC/4IXD4p49Q9589+4aXPQ1gcDj/dmmJkXJFIYdN1vZ2Nza3tnt7RX3j84PDqunJx2TJxqxtsslrHuBdRwKSLeRoGS9xLNqQok7wbTu9zvPnFtRBw94izhvqLjSISCUcylAdJ0WKm6NXcBsk68glShQGtY+RqMYpYqHiGT1Ji+5yboZ1SjYJLPy4PU8ISyKR3zvqURVdz42eLWObm0yoiEsbYVIVmovycyqoyZqcB2KooTs+rl4n9eP8Ww4WciSlLkEVsuClNJMCb542QkNGcoZ5ZQpoW9lbAJ1ZShjadsQ/BWX14nnXrNu67VH26qzUYRRwnO4QKuwINbaMI9tKANDCbwDK/w5ijnxXl3PpatG04xcwZ/4Hz+AB95jkI=</latexit>

Sn(f) = 2

Z
dτe2iπfτK(τ)

<latexit sha1_base64="VPC2uFE5t9lqbAJb3Au9DS91qVM=">AAACGHicbVBNS8MwGE79nPNr6tFLcAjbZbZTcBdh4EXwMtF9wFpLmqZbWJqWJBVG2c/w4l/x4kERr7v5b0y3HnTzgZAnz/O+5H0fL2ZUKtP8NlZW19Y3Ngtbxe2d3b390sFhR0aJwKSNIxaJnockYZSTtqKKkV4sCAo9Rrre6Drzu09ESBrxBzWOiROiAacBxUhpyS2d3bscVoIqvIJ1m3IFfVuhBJLHtE7tmMIAZu8JvK1kdxW6pbJZM2eAy8TKSRnkaLmlqe1HOAkJV5ghKfuWGSsnRUJRzMikaCeSxAiP0ID0NeUoJNJJZ4tN4KlWfBhEQh8920z93ZGiUMpx6OnKEKmhXPQy8T+vn6ig4aSUx4kiHM8/ChIGVQSzlKBPBcGKjTVBWFA9K8RDJBBWOsuiDsFaXHmZdOo167xWv7soNxt5HAVwDE5ABVjgEjTBDWiBNsDgGbyCd/BhvBhvxqfxNS9dMfKeI/AHxvQHSAWdaw==</latexit>

hñ(f)ñ⇤(f 0)i =
1

2
Sn(f)δ(f � f 0)

<latexit sha1_base64="sc68RDcTifz0+ISGvMquTvTZXgg="></latexit>

Less-than ideal assumptions for LISA ! 
Non-stationarity, glitches…

ñ(f) ∼ N (0,
1

2∆f
Sn(f))

<latexit sha1_base64="pAnPrNh51H6lwOqqHzL3PL1tvks="></latexit>

Example PSD
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Likelihood and Bayesian analysis

ph1|h2q “ 4Re

ª

df
h̃1pfqh̃˚

2
pfq

Snpfq

Bayesian formalism

• Matched-filtering overlap:

• For Gaussian, stationary noise, for independent 
channels:

• Bayes theorem defines the posterior:

lnL(d|θ) = −

X

channels

1

2
(h(θ)− d|h(θ)− d)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

p(θ|d) =
L(d|θ)p0(θ)

p(d)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

prior
evidence

p0(θ)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

p(d)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Likelihood

• Likelihood: 

• PDF of the noise: collection of independent 
Gaussian noise variables in each bin

• Likelihood is the probability that the noise makes 
up for the difference between observed data and 
theoretical signal: d = h(θ) + n

<latexit sha1_base64="T7j+3e3ja0URptw9PZq5sh0vtQ4=">AAAB+nicbVBNS8NAEN3Ur1q/Wj16WSxCRShJFexFKHjxWMF+QBvKZrNpl242YXeilNif4sWDIl79Jd78N27bHLT1wcDjvRlm5nmx4Bps+9vKra1vbG7ltws7u3v7B8XSYVtHiaKsRSMRqa5HNBNcshZwEKwbK0ZCT7CON76Z+Z0HpjSP5D1MYuaGZCh5wCkBIw2KJR9f41GlDyMG5AyfY6OV7ao9B14lTkbKKENzUPzq+xFNQiaBCqJ1z7FjcFOigFPBpoV+ollM6JgMWc9QSUKm3XR++hSfGsXHQaRMScBz9fdESkKtJ6FnOkMCI73szcT/vF4CQd1NuYwTYJIuFgWJwBDhWQ7Y54pREBNDCFXc3IrpiChCwaRVMCE4yy+vknat6lxUa3eX5UY9iyOPjtEJqiAHXaEGukVN1EIUPaJn9IrerCfrxXq3PhatOSubOUJ/YH3+AIjmkjQ=</latexit>

ln p(n = ni) = const−
1

2

X
i

∆f
2

Sn(f)
|ñi|

2

= −

1

2
4

Z
df

Sn(f)
|ñ(f)|2 = −

1

2
(n|n)
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L = p(data|signal params)
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ln p(d|θ) = ln p(n = d− h(θ)) = −

1

2
(d− h(θ)|d− h(θ))
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parameters
data stream
signal params.
noise real.
noise PSD   
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Parameter estimation tools

Fisher matrix analysis

• Quadratic expansion of log-likelihood around true 
signal, approx. likelihood as a Gaussian

• Matrix inversion to get to the covariance of the 
Gaussian

• Valid at high SNR, and misses degeneracies

lnL = −

1

2
∆θiFij∆θj +O(∆θ

3)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Levels of approximation

• Fisher: for high SNR limit (depends 
on signal !)

• Set noise realization to 0

• Initialize MCMC from Fisher

• Full run with initialization from priors

• Full run with noise

• Superposition of sources, unknown 
noise, noise artifacts…

Fij = (∂ih|∂jh)
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Bayesian sampling tools

h(θ) = h(θ0) +∆θi∂ih+ . . .
<latexit sha1_base64="pR4tByszoOp+4EkgrZVy9cSyfl4=">AAACJ3icbZDLSgMxFIYzXmu9VV26CRbBUigzVbAbpaALlwpWhU4pZ9JTJ5i5kJwRSunbuPFV3AgqokvfxLTOwtuBwMf/n5Pk/EGqpCHXfXempmdm5+YLC8XFpeWV1dLa+oVJMi2wJRKV6KsADCoZY4skKbxKNUIUKLwMbo7G/uUtaiOT+JwGKXYiuI5lXwogK3VLhyHf8SlEggo/4GHOXbfCq9w/RkXAc0lyPwVNEpTFkFf9XkKmWyq7NXdS/C94OZRZXqfd0pOdE1mEMQkFxrQ9N6XOcHyxUDgq+pnBFMQNXGPbYgwRms5wsueIb1ulx/uJticmPlG/TwwhMmYQBbYzAgrNb28s/ue1M+o3OkMZpxlhLL4e6meKU8LHofGe1ChIDSyA0NL+lYsQNAiy0RZtCN7vlf/CRb3m7dbqZ3vlZiOPo8A22RbbYR7bZ012wk5Ziwl2xx7YM3tx7p1H59V5+2qdcvKZDfajnI9PL/WjuA==</latexit>

Signal-to-noise (SNR)

• MCMC methods, nested sampling

• MCMC proposals: ensemble samplers 
(emcee), differential evolution, …

• Parallel tempering: explore full 
parameter space

• Informed proposals to deal with 
degeneracies

Measures loudness of signal:

SNR2 = (h|h) = 4

Z
df

Sn

|h|2
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Simple detection statistics: SNR>8-10
(true detection statistics LIGO/Virgo 
more complicated)
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LISA: different BHB signals

IMR Signal
Phases of the signal:

• Inspiral: covered by post-
Newtonian (PN) perturbative series

• Merger: covered only by numerical 
relativity (NR)

• Ringdown: NR, superposition of 
Quasi-Normal Modes (QNM)

         

• MBHBs: very loud, merger-
dominated (mostly short)

• SBHBs: early inspiral, some chirping 
during LISA obs. (multiband ?)

• GBs: quasi-monochromatic, 
superposed

• EMRIs: long-lived, many harmonics

• Stochastic backgrounds

• TDEs !

GW signals seen by LISA - the basics
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Contrasting LIGO/Virgo and LISA responses: LISA

Earth

Sun

1 AU (150 million km)

19 – 23°
60°

2.5 million km

1 AU

Sun

LISA-frame

SSB-frame: global view of the orbits
Low-f approximation: two LIGO-type 
detectors in motion [Cutler 1997]
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Sky localization can also come from 
high-f effects.

Short-lived 
signals: LISA 
frame

Sky localisation from the 
modulations induced by the orbits 
for long-lived signals

High-f: three channels 
with complicated 
frequency-dependence

Degeneracies - multimodality in the 
sky possible !
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Massive black holes: signals and challenges
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MBHB merger in time-domain
• Very loud sources, SNRs of 

several thousands !

• Detection of merger easy, but 
detection as early as possible ?

• Advance localization for 
multimessenger observations ?

• Signals can be short (< 1day) 
and degenerate

• Waveform model systematics 
for such loud signals ? Biases, 
residuals for other sources ?

• Subdominant features in the 
signal are important

FD signal with harmonics
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Galactic binaries: signals and challenges

Superposed signal

Individual signal

• Mostly WD-WD, some other 
compact objects

• Full galaxy: ~20 million systems !

• About ~20000 individually 
resolvable

• Form a (non-stationary) 
background

• Verification binaries

• Quasi-monochromatic GW 
emitters

• Modulation by LISA motion 
(sidebands in Fourier-domain)

• Superposition of signals in 
Fourier-domain
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Extreme mass ratio inspirals, stellar-mass black holes
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[Berry&al 2019]

• Long-lived, complex signals, large number of wave cycles

• Strong precession and eccentricity features, orbits in the 
relativistic regime around Kerr

• Exquisite determination of some parameters — also 
means that the signals are hard to find !

• Theoretical work on waveform models needed

EMRIs

Stellar-mass BHs

• Quiet signals: a few detections in the LISA band

• Inspiral regime far from merger, very large number 
of cycles

• Challenge of detection: template banks impossible

• Multiband analysis, archival searches ?
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LISA data - LDC-2 Sangria

• MBHBs: chirping signals, emerging from low-f noise

• GBs: quasi-monochromatic, horizontal lines
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LISA data - LDC-2 Sangria Time-Domain

• MBHBs: loudest ones clearly visible by eye above the noise

• GBs: superposed signals, annual modulation due to the LISA motion
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LISA data - LDC-2 Sangria Frequency-Domain

• MBHBs: loudest ones visible in the spectrum, subdominant

• GBs: signals local in frequency, both individually resolvable and building up a background  
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Earth

Sun

1 AU (150 million km)

19 – 23°
60°

2.5 million km

Transfer function for modulated and delayed signal

FT rF ptqhpt ` dptqqs “ T pfqh̃pfq

LISA Fourier-domain response

 + Time-delay interferometry (TDI)
linear combinations of        with more delays

yslr “
1

2

1

1 ´ k̂ ¨ nl

nl ¨ phptsq ´ hptrqq ¨ nl

Laser frequency shift, spacecrafts 
s to r through link l: y “ ∆ν{ν

Response

Fourier-domain for chirping signals (separation of timescales):

Tslr =
iπfL

2
sinc [πfL (1− k · nl)] exp [iπf (L+ k · (pr + ps))]nl · P · nl(tf )
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Time and frequency-dependency
Time: motion of LISA on its orbit
Frequency: departure from long-wavelength
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LISA mission - 2034

Orbits LISA Pathfinder success !
Earth

Sun

1 AU (150 million km)

19 – 23°
60°

2.5 million km

1 AU

Sun

2016

2018

Figure 11: eLISA payload.
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LISA sources MBHBs SNR

Terminology:

• Massive black holes binaries (MBHBs)

• Stellar-mass black hole binaries (SBHBs): 
masses observable by ground-based 
detectors [Sesana 2016]

• Galactic Binaries (GBs): mostly WD-WD

• Extreme Mass Ratio Inspirals (EMRIs)

• Sochastic backgrounds (GBs, cosmo.)

• TDEs !

(source-frame mass)

LISA sources
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Contrasting LIGO/Virgo and LISA responses: LIGO/Virgo

Pattern functions

s = F+h+ + F×h×
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Time-of-arrival triangulation

Simple multiplicative response

F+ =
1

2

�

1 + cos2 θ
�

cos (2φ) ,

F× = cos θ sin (2φ)
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Angular dependence:

• Two detectors: ~ring on the sky

• Better localization for 3 or more 
detectors (even low SNR!)

GWTC-1 sky localisation
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One-arm frequency observables

• Crucial to cancel laser noise

• First generation: unequal arms

• Second generation: propagation and flexing

• Michelson X,Y,Z - Uncorrelated noises A,E,T

yslr “
1

2

1

1 ´ k̂ ¨ nl

nl ¨ phptsq ´ hptrqq ¨ nl

From spacecraft s to spacecraft r 
through link s: y “ ∆ν{ν

Time-delay interferometry (TDI)

ts “ t ´ L ´ k̂ ¨ ps, tr “ t ´ k̂ ¨ pr

h “ h`P`pk̂q ` hˆPˆpk̂q GW at SSB

XGW
1 =

[
(yGW

31 + yGW
13,2) + (yGW

21 + yGW
12,3),22 − (yGW

21 + yGW
12,3) − (yGW

31 + yGW
13,2),33

]

︸ ︷︷ ︸

XGW(t)

−

[
(yGW

31 + yGW
13,2) + (yGW

21 + yGW
12,3),22 − (yGW

21 + yGW
12,3) − (yGW

31 + yGW
13,2),33

]

,2233
︸ ︷︷ ︸

XGW(t−2L2−2L3)≃XGW(t−4L)

.

Approximations
• Long-wavelength approximation: two moving LIGOs rotated by          + orbital delay

• Rigid approximation (order of the delays does not matter, delay=L simple in Fourier 
domain)

π{4

LISA instrument response
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