
Lecture 3



Feynman rules of QED
External line (incoming)

= us(p)
<latexit sha1_base64="zrdjPzx09cB0HSPiMoVBHEhpdXI="></latexit>

p
<latexit sha1_base64="Y8LRkvHRvA8Xrr/7UysoXfLAgoc="></latexit>

p
<latexit sha1_base64="Y8LRkvHRvA8Xrr/7UysoXfLAgoc="></latexit> = v̄s(p)

<latexit sha1_base64="GnXeFLDQVcgut0N99Ig48mc0Dlk="></latexit>

particle annihilation 

antiparticle annihilation 
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Z
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<latexit sha1_base64="mOmgLv7PeKPb9DqFI/ReAvKUg8Y="></latexit>
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2Ep
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s
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s(p)e�ip·x + as†p ūs(p)eip·x
i

<latexit sha1_base64="j/c+uqbJVvlPuuuZG4wjKPP+ggw="></latexit>

particle 

annihilation 

antiparticle 

creation 

antiparticle 

annihilation 

particle 

creation 

annihilation creation

Propagator

=
i(p/+mf )↵�
p2 �m2

f + i✏
<latexit sha1_base64="agIsH9pQOijOVgSm/O5w+qKhEmU="></latexit>

p
<latexit sha1_base64="Y8LRkvHRvA8Xrr/7UysoXfLAgoc="></latexit>

p
<latexit sha1_base64="Y8LRkvHRvA8Xrr/7UysoXfLAgoc="></latexit>

=
�igµ⌫
p2 + i✏

<latexit sha1_base64="USIvfDm5P4Tn0DIX5vNnhm4RMZA="></latexit>

Feynman gauge

ξ=1

= ✏µ(p)
<latexit sha1_base64="NIAGeEJwZo7lY0XBuEp8cnt27Ow="></latexit>

p
<latexit sha1_base64="Y8LRkvHRvA8Xrr/7UysoXfLAgoc="></latexit>

photon annihilation 

External line (outgoing)
p

<latexit sha1_base64="Y8LRkvHRvA8Xrr/7UysoXfLAgoc="></latexit>

p
<latexit sha1_base64="Y8LRkvHRvA8Xrr/7UysoXfLAgoc="></latexit>

particle creation = ūs(p)
<latexit sha1_base64="naKXODp27McHyrWlGkgyOCpGSYA="></latexit>

= vs(p)
<latexit sha1_base64="HJ21KDBoXFho7wpVcwZfiRdAJbI="></latexit>

antiparticle creation 
p

<latexit sha1_base64="Y8LRkvHRvA8Xrr/7UysoXfLAgoc="></latexit>

= ✏⇤µ(p)
<latexit sha1_base64="AdnHeqTyjQqYTcLJqn26NZGLh9Q="></latexit>

photon creation

Vertex

 �
<latexit sha1_base64="nt1BvC73crUXk8hOaNXdC8NhHrM="></latexit>

 ̄↵
<latexit sha1_base64="8Fi4NYjbdy2r0RsdEpcXobhAzmA="></latexit>

Aµ
<latexit sha1_base64="XsDyx6aItoGHDmOC7ngBYvKEwLE="></latexit>

= ie(�µ)↵�
<latexit sha1_base64="7ooK5RTuN6XZ1W7YZ/X1Q1uO9fI="></latexit>
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Z
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i

<latexit sha1_base64="3uWpqH6qsT6GIbrfqlvLJx4dFEI="></latexit>



e+e- -> μ+μ-

p1
<latexit sha1_base64="V9IUsXWuyQw2Em0bwJ+NT52f2P0="></latexit>

p2
<latexit sha1_base64="BEz+IeYyUau993IlJARyyQg92Ug="></latexit>

e�
<latexit sha1_base64="mUxckAMrui9GrZXWBScCTt30XV4="></latexit>

e+
<latexit sha1_base64="T9QVqsZINQRdrbtPxOhK+951Xnw="></latexit>

µ�
<latexit sha1_base64="c2cIK2C3XCi9Hfj5Efs5fyBQHxg="></latexit>

µ+
<latexit sha1_base64="Bn3GbbzluWE5KGey9RAkjA6wyZY="></latexit>

�⇤
<latexit sha1_base64="zxN6S6HGH6vgsFYJU5AOKSve7/I="></latexit>

k1
<latexit sha1_base64="pUgy7pe0mooXFcHGlp5dj6LbPTU="></latexit>

k2
<latexit sha1_base64="aBQGiI9dc1QtWua1/crcwIlBVhM="></latexit>

q
<latexit sha1_base64="WK/TR71pObxEnVrsJca4KwzSExU="></latexit>

q = p1 + p2 = k1 + k2
<latexit sha1_base64="xu7mmD9/wK/o8Oho1355rw6Tfa0="></latexit>

Let’s consider a simple QED process.

q2 6= 0
<latexit sha1_base64="+nHb7Zscfxca3gH1Ma5IjYsX3IE="></latexit>

photon cannot be on-shell (virtual)

iM =
h
ūr
µ�(k1)(�ie�µ)vr

0
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i �igµ⌫
q2 + i✏

h
v̄s

0

e+(p2)(�ie�⌫)us
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i

<latexit sha1_base64="3J7foh7nVxYa8MtVuAeeqoQm+rc="></latexit>

Amplitude
X

spins

|M|2 =
1

2
· 1
2

X

s,s0,r,r0

|M|2

<latexit sha1_base64="JYQNWkkUBeVYdD8QPSMkxD360ok="></latexit>

X

s

us(p)ūs(p) = p/+m,
X

s

vs(p)v̄s(p) = p/�m
<latexit sha1_base64="eocd+Wm9El18t+nr64jbbw/qh/Y="></latexit>

Differential cross section

e�
<latexit sha1_base64="mUxckAMrui9GrZXWBScCTt30XV4="></latexit>

e+
<latexit sha1_base64="T9QVqsZINQRdrbtPxOhK+951Xnw="></latexit>

µ�
<latexit sha1_base64="c2cIK2C3XCi9Hfj5Efs5fyBQHxg="></latexit>

µ+
<latexit sha1_base64="Bn3GbbzluWE5KGey9RAkjA6wyZY="></latexit>

✓
<latexit sha1_base64="WsopL2HY0AY19uM/RKeFbE11MPs="></latexit>

p1 = (E, 0, 0, E)
<latexit sha1_base64="swtt5bm0ZSl8+Pmpgf41yzeIzsw="></latexit>

p2 = (E, 0, 0,�E)
<latexit sha1_base64="s0GC2gM+OXo7wvnU660QBRCXxSE="></latexit>

k1 = (E,E sin ✓, 0, E cos ✓)
<latexit sha1_base64="N6nWHUdj+eXoI+WGe5RWGHmuifY="></latexit>

k2 = (E,�E sin ✓, 0,�E cos ✓)
<latexit sha1_base64="GS8+/z6jzqpgI952TcEio2y6UtE="></latexit> z

<latexit sha1_base64="EH0dV+wGdQc7od6cy1b3gNeywQ4="></latexit>

x
<latexit sha1_base64="LrmLgUlTYbImNRjnVwjB8LMM9c8="></latexit>

s = E2
CM = 4E2

<latexit sha1_base64="GzW433R0l2Ess+5ziMdhvGJml+M="></latexit>

d�

d⌦
=

1

64⇡2s

X

spins

|M|2 =
E�mµ

↵2

4s
(1 + cos2 ✓)

<latexit sha1_base64="w1+IaONPedwepjV130GgtfJgg5o="></latexit>

� =
↵2

4s

Z 2⇡

0
d�

Z 1

�1
dcos ✓ (1 + cos2 ✓) =

4⇡↵2

3s
<latexit sha1_base64="vhG9Wd/rIYYBnl9c+fzRY6F9y1Y="></latexit>



Chirality & Helicity 

Chirality eigenvalues of γ5 �5 R = + R, �5 L = � L
<latexit sha1_base64="/R3b3Ft1adnm10Le7WOp3c0vglY="></latexit>

�5 =

✓
�1 0
0 1

◆

<latexit sha1_base64="st/I3UROY/GpVpOcGeGLWQzDvFI="></latexit>

- In the high-energy limit (E>>m) or massless limit (m=0),
helicity (x2) = chirality particles
helicity (x2) = -chirality antiparticles

4 component spinor can be expressed by chirality and helicity.

- For massive particles, helicity is frame dependent!

↺ ↺boost
h=1/2 h=-1/2pi ! �pi

<latexit sha1_base64="+BUAARH0zv0EkxkPOwSvLl8d0N4="></latexit>

Helicity

h=+1/2 right-handed (RH)

↺
↺

h=-1/2 left-handed (LH)

h ⌘ p̂ · S =
1

2
p̂i

✓
�i 0
0 �i

◆

<latexit sha1_base64="d4Eh8mdDAsLFpVNqEI4TWI3ZuuY="></latexit>

p̂ : unit momentum vector, S : spin
<latexit sha1_base64="p+9mJ3fybCKoHxd/a4IT8aeniGk="></latexit>

p̂
<latexit sha1_base64="3vDwtf+Q8PvVvOC1e21KSlw6cTI="></latexit>

S
<latexit sha1_base64="zaLt0DXYEXVhWlQ3KE5VkH/ieR0="></latexit>

S
<latexit sha1_base64="zaLt0DXYEXVhWlQ3KE5VkH/ieR0="></latexit>

p̂
<latexit sha1_base64="3vDwtf+Q8PvVvOC1e21KSlw6cTI="></latexit>



e.g.,

In the high-energy limit (massless limit),

p1
<latexit sha1_base64="V9IUsXWuyQw2Em0bwJ+NT52f2P0="></latexit>

p2
<latexit sha1_base64="BEz+IeYyUau993IlJARyyQg92Ug="></latexit>

 R
<latexit sha1_base64="r3dwKlJkUWWB2SxIBIUPDUb/uxQ="></latexit>

e�R
<latexit sha1_base64="DTBEDYUIYg4q7EX7lAvc6km1GJ4="></latexit>

 ̄R
<latexit sha1_base64="r8bkNnT7HPd6f4H0GKvz0qzmS5o="></latexit>

e+L
<latexit sha1_base64="rSYTi1xVmw2stQaipkgWfYpOVjw="></latexit>opposite

v̄R(p2)�
µuR(p1)

<latexit sha1_base64="ow/zYoBxj+2RtE+7/GHioe1ulQc="></latexit>

same

 ̄
<latexit sha1_base64="IZ6wUNoe9hpNi4iThUvkqGeg/AQ="></latexit>

 
<latexit sha1_base64="Uv0GjG4KPJkRpqaDRkVkQAsN7zc="></latexit>

p1
<latexit sha1_base64="V9IUsXWuyQw2Em0bwJ+NT52f2P0="></latexit>

p2
<latexit sha1_base64="BEz+IeYyUau993IlJARyyQg92Ug="></latexit>

e�
<latexit sha1_base64="mUxckAMrui9GrZXWBScCTt30XV4="></latexit>

e+
<latexit sha1_base64="T9QVqsZINQRdrbtPxOhK+951Xnw="></latexit>

µ�
<latexit sha1_base64="c2cIK2C3XCi9Hfj5Efs5fyBQHxg="></latexit>

µ+
<latexit sha1_base64="Bn3GbbzluWE5KGey9RAkjA6wyZY="></latexit>

�⇤
<latexit sha1_base64="zxN6S6HGH6vgsFYJU5AOKSve7/I="></latexit>

 ̄�µ 
<latexit sha1_base64="8d5rMQzgrpoO8VVn/hHkNeiDX4o="></latexit>

 ̄�µ =  ̄R�
µ R +  ̄L�

µ L
<latexit sha1_base64="vfaKbocBy8iLksmGH4lx6vUKsrU="></latexit>

vector coupling preserves

chirality.

Ref. Sec.5.2 in Peskin-Schroeder’s booke+e� ! �⇤ ! µ+µ�
<latexit sha1_base64="wDIniKa2f6hwdGyXgHT6zj86q6k="></latexit>

↺
e�R

<latexit sha1_base64="DTBEDYUIYg4q7EX7lAvc6km1GJ4="></latexit>

e+L
<latexit sha1_base64="rSYTi1xVmw2stQaipkgWfYpOVjw="></latexit>

↺same spin direction <-> spin=1 photon

v̄(�)
e+R(p2)�

µu(+)
e�R(p1)

<latexit sha1_base64="VlHGNiwnLVI1ViJ0+MOcr+YxTqE="></latexit>

p1
<latexit sha1_base64="V9IUsXWuyQw2Em0bwJ+NT52f2P0="></latexit>

p2
<latexit sha1_base64="BEz+IeYyUau993IlJARyyQg92Ug="></latexit>

e�L
<latexit sha1_base64="v1zwEvtDd/4vc4A3Z7ZEIjmyj/Y="></latexit>

e+R
<latexit sha1_base64="aJMlZHVZwop4EBBa2qzwpArJ5pQ="></latexit>

 L
<latexit sha1_base64="MTXBj9p6O+DzWhLy5+ah/lBeRIc="></latexit>

 ̄L
<latexit sha1_base64="TMWE/wjNqIAK1jS44NLaWs1AGIQ="></latexit>opposite

v̄L(p2)�
µuL(p1)

<latexit sha1_base64="0Q6qZYJmuobG57EP0JVYmSrBiSA="></latexit>

same

↺↺e�L
<latexit sha1_base64="v1zwEvtDd/4vc4A3Z7ZEIjmyj/Y="></latexit>

e+R
<latexit sha1_base64="aJMlZHVZwop4EBBa2qzwpArJ5pQ="></latexit>

same spin direction

v̄(+)
e+L(p2)�

µu(�)
e�L(p1)

<latexit sha1_base64="1+ZNVxaV6kG2J/AGW2XgoHSXUzw="></latexit>



e�Re
+
L ! �⇤

<latexit sha1_base64="8KbkJYMd1LV0s3m5ZniyRNe6ZX0="></latexit>

what is this??

z
<latexit sha1_base64="EH0dV+wGdQc7od6cy1b3gNeywQ4="></latexit>

x
<latexit sha1_base64="LrmLgUlTYbImNRjnVwjB8LMM9c8="></latexit>

J3(= M12) =

0

BB@

1 0 0 0
0 0 �i 0
0 i 0 0
0 0 0 0

1

CCA

<latexit sha1_base64="T7map2Sdcn005m14SNR6/17U8fI="></latexit>

Recall that photon polarizations in the z direction (helicity eigenstates).

J3✏µ+ = ✏µ+, J3✏µ� = �✏µ�
<latexit sha1_base64="GXIAz5VPn7EnHn9tgVS3NZJQen0="></latexit>

✏µ+ =
1p
2

0

BB@

0
1
i
0

1

CCA

<latexit sha1_base64="PljCWLGafe0zatIgr97KnkQ7b+Y="></latexit>

✏µ� =
1p
2

0

BB@

0
1
�i
0

1

CCA

<latexit sha1_base64="INXBawvatiBZmn0sVzEMMvrXwq0="></latexit>

p1
<latexit sha1_base64="V9IUsXWuyQw2Em0bwJ+NT52f2P0="></latexit>

p2
<latexit sha1_base64="BEz+IeYyUau993IlJARyyQg92Ug="></latexit>

e�R
<latexit sha1_base64="DTBEDYUIYg4q7EX7lAvc6km1GJ4="></latexit>

e+L
<latexit sha1_base64="rSYTi1xVmw2stQaipkgWfYpOVjw="></latexit>

v̄R(p2)�
µuR(p1)

<latexit sha1_base64="ow/zYoBxj+2RtE+7/GHioe1ulQc="></latexit>

�⇤
<latexit sha1_base64="zxN6S6HGH6vgsFYJU5AOKSve7/I="></latexit>

↺
e�R

<latexit sha1_base64="DTBEDYUIYg4q7EX7lAvc6km1GJ4="></latexit>

e+L
<latexit sha1_base64="rSYTi1xVmw2stQaipkgWfYpOVjw="></latexit>

↺

v̄(�)
e+R(p2)�

µu(+)
e�R(p1) = �2E

0

BB@

0
1
i
0

1

CCA

<latexit sha1_base64="xRmbYsV6URaW5iZH6gQaGCAgntM="></latexit>

(right-handed circularly polarized)∴ v̄(�)
e+R(p2)�

µu(+)
e�R(p1) = �2E

p
2✏µ+

<latexit sha1_base64="2PPNmZ4xvqu0L7L2noly8eodtoI="></latexit> ↺

(left-handed circularly polarized)

e�Le
+
R ! �⇤

<latexit sha1_base64="ZgLFmylUEz8MHD3rzJR5eXtUknY="></latexit>

v̄(+)
e+L(p2)�

µu(�)
e�L(p1) = �2E

0

BB@

0
1
�i
0

1

CCA = �2E
p
2✏µ�

<latexit sha1_base64="rph5or9t5mrmf/9oppko0HERfV4="></latexit>

↺



ū(+)
µ�R(k1)�

µv(�)
µ+R(k2) = 2E

0

BB@

0
cos ✓
�i

� sin ✓

1

CCA

<latexit sha1_base64="PTd59AIJflc3zaDgYx4JBcfTSwg="></latexit>

µ�
Rµ

+
L

<latexit sha1_base64="KMC2qCWlMXkksPOk+GVbns8R+JY="></latexit>

ū(�)
µ�L(k1)�

µv(+)
µ+L(k2) = 2E

0

BB@

0
cos ✓
i

� sin ✓

1

CCA

<latexit sha1_base64="2m7t/3JYK0mUoqv6GFSA680LsWc="></latexit>

µ�
Lµ

+
R

<latexit sha1_base64="pTq1038U9r8/z0FG5Vt8hre8h+U="></latexit>

M(e�Re
+
L ! µ�

Rµ
+
L) = M(e�Le

+
R ! µ�

Lµ
+
R) = e2(1 + cos ✓)

<latexit sha1_base64="p7RI1vdUNwc3IisLYyq3yGJYOZ4="></latexit>

M(e�Re
+
L ! µ�

Lµ
+
R) = M(e�Le

+
R ! µ�

Rµ
+
L) = e2(1� cos ✓)

<latexit sha1_base64="TpHG8xQZt8Z8bNdGjowkFAvgPg8="></latexit>

parity invariance (L ↔︎ R)

parity invariance (L ↔︎ R)

e�
<latexit sha1_base64="mUxckAMrui9GrZXWBScCTt30XV4="></latexit>

e+
<latexit sha1_base64="T9QVqsZINQRdrbtPxOhK+951Xnw="></latexit>

µ�
<latexit sha1_base64="c2cIK2C3XCi9Hfj5Efs5fyBQHxg="></latexit>

µ+
<latexit sha1_base64="Bn3GbbzluWE5KGey9RAkjA6wyZY="></latexit>

✓
<latexit sha1_base64="WsopL2HY0AY19uM/RKeFbE11MPs="></latexit>

p1 = (E, 0, 0, E)
<latexit sha1_base64="swtt5bm0ZSl8+Pmpgf41yzeIzsw="></latexit>

p2 = (E, 0, 0,�E)
<latexit sha1_base64="s0GC2gM+OXo7wvnU660QBRCXxSE="></latexit>

k1 = (E,E sin ✓, 0, E cos ✓)
<latexit sha1_base64="N6nWHUdj+eXoI+WGe5RWGHmuifY="></latexit>

k2 = (E,�E sin ✓, 0,�E cos ✓)
<latexit sha1_base64="GS8+/z6jzqpgI952TcEio2y6UtE="></latexit>

z
<latexit sha1_base64="EH0dV+wGdQc7od6cy1b3gNeywQ4="></latexit>

x
<latexit sha1_base64="LrmLgUlTYbImNRjnVwjB8LMM9c8="></latexit>

⇠(+) =

✓
1
0

◆
, ⇠(�) =

✓
0
1

◆

<latexit sha1_base64="zOVMM5pxT0JuKGJjUrLgRpY3x0I="></latexit>

⇠(+) =

✓
0
1

◆
, ⇠(�) =

✓
�1
0

◆

<latexit sha1_base64="QfflGOMT8JvyWaN8eKBsgaqTMTU="></latexit>

✓ = 0, � = 0
<latexit sha1_base64="oPDkumgL1s1ZV1izUBiDPwO51Tk="></latexit>

✓ = ⇡, � = 0
<latexit sha1_base64="kAguOvy9IvsTJJKYxt66z69SXgE="></latexit>

✓ = ⇡ � ✓, � = ⇡
<latexit sha1_base64="kojgU74AP7g+Y6W+FXQv3UaWOjs="></latexit>

✓ = ✓, � = 0
<latexit sha1_base64="jzfqrhrMQsvvlnf1uZGb6l1Je2k="></latexit>

⇠(+) =

 
cos ✓

2

sin ✓
2

!
, ⇠(�) =

 
� sin ✓

2

cos ✓
2

!

<latexit sha1_base64="zaE+THeMm3MFfQ5teQYATJyL+EY="></latexit>

⇠(+) =

 
sin ✓

2

� cos ✓
2

!
, ⇠(�) =

 
cos ✓

2

sin ✓
2

!

<latexit sha1_base64="cnsZ1ROSzVEhxeRgx3WLOW/u86k="></latexit>

(same as before)
d�

d⌦
=

E�mµ

↵2

4s
(1 + cos ✓2)

<latexit sha1_base64="p5frwWPfH+CiUqFDYEhJKqXYgwU="></latexit>



Cancellation of ξ

M = e2
h
ūr
µ�(k1)�

µvr
0

µ+(k2)
i 1

q2 + i✏

✓
gµ⌫ � (1� ⇠)

qµq⌫
q2

◆h
v̄s

0

e+(p2)�
⌫us

e�(p1)
i

<latexit sha1_base64="GglrVVt1fvqpkdZxFdgGE1Sh6fc="></latexit>

Amplitude

v̄s
0

e+(p2)q/u
s
e�(p1) = v̄s

0

e+(p2)(p1/+ p2/ )us
e�(p1) = v̄s

0

e+(p2)(m�m)us
e�(p1) = 0

<latexit sha1_base64="lrDNcMgWptJAhBkbouhGhg1m7jg="></latexit>

(p/ �m)us(p) = ūs(p)(p/ �m) = 0,

(p/ +m)vs(p) = v̄s(p)(p/ +m) = 0
<latexit sha1_base64="isdvyFdV3zkB20Ziy72384HBq54="></latexit>

EOMs

Therefore, the ξ dependent term drops. 



R-ratio

R =
�(e+e� ! hadrons)

�(e+e� ! µ+µ�)
<latexit sha1_base64="niXdqUT1HD2vHSqBIHSb7J2ttxU="></latexit>

R-ratio (Drell ratio)
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53.3 ‡ and R in e+e≠
Collisions

‡ and R in e+e≠ Collisions
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Figure 53.2: World data on the total cross section of e+e≠ æ hadrons and the ratio R(s) = ‡(e+e≠ æ
hadrons, s)/‡(e+e≠ æ µ+µ≠, s). ‡(e+e≠ æ hadrons, s) is the experimental cross section corrected for initial state
radiation and electron-positron vertex loops, ‡(e+e≠ æ µ+µ≠, s) = 4fi–2(s)/3s. Data errors are total below 2 GeV
and statistical above 2 GeV. The curves are an educative guide: the broken one (green) is a naive quark-parton model
prediction, and the solid one (red) is 3-loop pQCD prediction (see “Quantum Chromodynamics” section of this
Review, Eq. (9.7) or, for more details [99], Breit-Wigner parameterizations of J/Â, Â(2S), and Ã (nS), n = 1, 2, 3, 4
are also shown. The full list of references to the original data and the details of the R ratio extraction from them can
be found in [100]. Corresponding computer-readable data files are available at http://pdg.lbl.gov/current/xsect/.
(Courtesy of the COMPAS (Protvino) and HEPDATA (Durham) Groups, August 2021. Corrections by P. Janot
(CERN) and M. Schmitt (Northwestern U.))
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53.4 Annihilation Cross Section Near MZ
Courtesy of M. Grünewald and the LEP Electroweak Working Group, 2007.

 

 

Figure 53.4: Combined data from the ALEPH, DELPHI, L3, and OPAL Collaborations for
the cross section in e+e≠ annihilation into hadronic final states as a function of the center-of-mass
energy near the Z pole. The curves show the predictions of the Standard Model with two, three, and
four species of light neutrinos. The asymmetry of the curve is produced by initial-state radiation.
Note that the error bars have been increased by a factor ten for display purposes. References:
ALEPH [101], DELPHI [102], L3 [103], OPAL [104], Combination [105],
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The number of neutrinos with masses less than mZ/2 is 3.



Z-pole observables

22 10. Electroweak Model and Constraints on New Physics

Table 10.5: Principal Z pole observables and their SM predictions (cf. Table 10.4). The first s̄
2
¸

is
the e�ective weak mixing angle extracted from the hadronic charge asymmetry at LEP 1 [14], the
second is the combined value from the Tevatron [268], and the third is from the LHC [269–272].
The values of Ae are (i) from ALR for hadronic final states [273]; (ii) from ALR for leptonic final
states and from polarized Bhabba scattering [274]; and (iii) from the angular distribution of the
· polarization at LEP 1 [14]. The A· values are from SLD [274] and the total · polarization,
respectively. Note that the SM errors in ≈Z , the R¸, and ‡had are largely dominated by the
uncertainty in –s.

Quantity Value Standard Model Pull
MZ [GeV] 91.1876 ± 0.0021 91.1882 ± 0.0020 ≠0.3
≈Z [GeV] 2.4955 ± 0.0023 2.4942 ± 0.0009 0.6
‡had [nb] 41.481 ± 0.033 41.482 ± 0.008 0.0
Re 20.804 ± 0.050 20.736 ± 0.010 1.4
Rµ 20.784 ± 0.034 20.735 ± 0.010 1.4
R· 20.764 ± 0.045 20.781 ± 0.010 ≠0.4
Rb 0.21629 ± 0.00066 0.21581 ± 0.00002 0.7
Rc 0.1721 ± 0.0030 0.17221 ± 0.00003 0.0
A

(0,e)
F B

0.0145 ± 0.0025 0.01619 ± 0.00007 ≠0.7
A

(0,µ)
F B

0.0169 ± 0.0013 0.5
A

(0,·)
F B

0.0188 ± 0.0017 1.5
A

(0,b)
F B

0.0996 ± 0.0016 0.1030 ± 0.0002 ≠2.1
A

(0,c)
F B

0.0707 ± 0.0035 0.0736 ± 0.0002 ≠0.8
A

(0,s)
F B

0.0976 ± 0.0114 0.1031 ± 0.0002 ≠0.5
s̄

2
¸

0.2324 ± 0.0012 0.23153 ± 0.00004 0.7
0.23148 ± 0.00033 ≠0.2
0.23129 ± 0.00033 ≠0.7

Ae 0.15138 ± 0.00216 0.1469 ± 0.0003 2.1
0.1544 ± 0.0060 1.2
0.1498 ± 0.0049 0.6

Aµ 0.142 ± 0.015 ≠0.3
A· 0.136 ± 0.015 ≠0.7

0.1439 ± 0.0043 ≠0.7
Ab 0.923 ± 0.020 0.9347 ≠0.6
Ac 0.670 ± 0.027 0.6677 ± 0.0001 0.1
As 0.895 ± 0.091 0.9356 ≠0.4

defined analogously to Eq. (10.27). The latter was measured precisely by the SLD collaboration at
the SLC [273], and has the advantages of being very sensitive to s̄

2
¸

and that systematic uncertain-
ties largely cancel. After removing initial-state QED corrections and contributions from photon
exchange, “–Z interference, as well as the EW boxes in Eq. (10.40a), one can use the e�ective
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Abstract

We report on the final electroweak measurements performed with data taken at the Z resonance by the experiments operating at
the electron–positron colliders SLC and LEP. The data consist of 17 million Z decays accumulated by the ALEPH, DELPHI, L3 and
OPAL experiments at LEP, and 600 thousand Z decays by the SLD experiment using a polarised beam at SLC. The measurements
include cross-sections, forward–backward asymmetries and polarised asymmetries. The mass and width of the Z boson, mZ and
!Z, and its couplings to fermions, for example the " parameter and the effective electroweak mixing angle for leptons, are precisely
measured:

mZ = 91.1875 ± 0.0021 GeV,

!Z = 2.4952 ± 0.0023 GeV,

"! = 1.0050 ± 0.0010,

sin2 #lept
eff = 0.23153 ± 0.00016.

The number of light neutrino species is determined to be 2.9840 ± 0.0082, in agreement with the three observed generations of
fundamental fermions.

The results are compared to the predictions of the Standard Model (SM). At the Z-pole, electroweak radiative corrections beyond
the running of the QED and QCD coupling constants are observed with a significance of five standard deviations, and in agreement
with the Standard Model. Of the many Z-pole measurements, the forward–backward asymmetry in b-quark production shows the
largest difference with respect to its SM expectation, at the level of 2.8 standard deviations.

Through radiative corrections evaluated in the framework of the Standard Model, the Z-pole data are also used to predict the
mass of the top quark, mt = 173+13

−10 GeV, and the mass of the W boson, mW = 80.363 ± 0.032 GeV. These indirect constraints are
compared to the direct measurements, providing a stringent test of the SM. Using in addition the direct measurements of mt and
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Giga/Tera-Z (future)
Production of 109-1012 Z bosons to study its properties in great 
detail (discovery from precision measurements).

- ILC-GigaZ

- FCCee-TeraZ

Some new physics models predict lepton-flavor-changing Z decays:

Z ! e±µ⌥, e±⌧⌥, µ±⌧⌥
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B(Z ! µ±⌧⌥) < 1.2⇥ 10�5
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current upper bounds

- CEPC CEPC-SPPC Preliminary Conceptual Design Report. 1. Physics and Detector

1905.00220 

1809.01830

https://inspirehep.net/literature/1395734
https://arxiv.org/abs/1905.00220
https://arxiv.org/abs/1809.01830


Weak interacting 
processes



Various weak interacting processes

- Hadron only
- Lepton only
- Hadron and lepton
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Effective Lagrangian
Effective Lagrangian is more convenient for low energy physics.

4 fermion interactions
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Integration of W bosons
We literally integrate out W boson fields.

J+µ = ūi�
µ(VCKM)ij(1� �5)dj + ⌫̄i�

µ(1� �5)ei,

J�µ = d̄i�
µ(V †

CKM)ij(1� �5)uj + ēi�
µ(1� �5)⌫i.
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G. Buchalla, A. Buras, M. Lautenbacher, hep-ph/9512380 (RMP)

https://arxiv.org/abs/hep-ph/9512380
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inverse of propagator

Fermi constant

determined by μ decay (see later)
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propagator

4 fermion interactions

Shifting the W fields to complete the square and integrating them out,
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where Le↵
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Equivalent method
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We erase W fields by their equation of motion (EOM).
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Plugging W+ field back to the above Lagrangian, one gets
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When W bosons are sufficiently heavy, we may drop kinetic term in 
the Lagrangian.



Higgs VEV from μ decay
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Let us estimate Higgs VEV from the muon decay.

GF
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' 246 GeV
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⌧EXP
µ = (2.1969811± 0.0000022)⇥ 10�6 s
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PDG 2022

~ = 6.5821⇥ 10�25 GeV s
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mµ = (105.6583755± 0.0000023) MeV
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Effective Lagrangian

⇡+ ! µ+⌫µ
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vacuum saturation approximation 
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d4x hµ+⌫µ|(ūd)V�A(µ̄⌫µ)V�A|⇡+i

= �i
GFp
2
Vud

Z
d4x hµ+⌫µ|µ̄�µ(1� �5)⌫µ|0ih0|ū�µ(1� �5)d|⇡+i
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pion decay constant
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Amplitude

Why??
�
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BR(⇡+ ! µ+⌫µ) = (99.98770± 0.00004)%
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BR(⇡+ ! e+⌫e) = (1.230± 0.004)⇥ 10�4
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Experimental data PDG2021

You may think the latter should be dominant because of the larger 
phase space me ⌧ mµ
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Decay rate
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Electron mode is also calculated in the same way. 

�(⇡+ ! e+⌫e)

�(⇡+ ! µ+⌫µ)
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e(m

2
⇡ �m2

e)
2

m2
µ(m
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' 1.28⇥ 10�4
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consistent



(3) Since π+ is spin 0 and W+ is spin 1, it seems to violate the angular 
momentum conservation at the rest frame of π+. How can we explain 
this?

Exercises

(1) π+ mostly decays to μ+ rather than e+. Why?

(2) GF = 1.16⇥ 10�5 GeV�2, |Vud| = 0.973, m⇡+ = 139.6 MeV, ⌧⇡+ = 2.6⇥ 10�8 s,

mµ = 105.7 MeV.
<latexit sha1_base64="gJXfDk4DuKbX5Bs+5sG2zsSUfR4="></latexit>

Using those values, determine f⇡.
<latexit sha1_base64="bVWTJMs/paSrXYvAloJQfVzDquQ="></latexit>



Lecture 4



C trf.

P trf.

e.,g. QED
h
i�µ(@µ � ieAµ)�m

i
 (x) = 0,
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i
 C(x) = 0,
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EOM of electron

EOM of positron
In theories with P conservation, particle-anti-particle symmetry 

is described by C transformation.

- Dirac fermions -

C = i�2�0
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�↵ 2 (1/2, 0), ⌘̄↵̇ 2 (0, 1/2)
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SL(2,C) spinors

 (x) !  C(x) ⌘ C (x)C�1 = C( ̄(x))T ,  ̄ =  †�0, C�1�µC = �(�µ)T
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 (t,x) !  P (x) = P (t,x)P�1 = �0 (t,�x)
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See, e.g.,  Bjorken-Drell’s book

C is unitary operator that acts on creation/annihilation operators.
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N.B.

CP transformation



 L,R(t,x) !  P
L,R = P L,R(t,x)P�1 = �0 R,L(t,�x)
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P trf.

- Chiral fermions -

 L,R(t,x) ! CP L,R(t,x)P�1C�1 = C�0 R,L(t,�x)C�1 = �0C
�
 ̄L,R(t,�x)

�T
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CP trf.

 ̄L(t,x)�R(t,x)
CP! �̄R(t,�x) L(t,�x),

�̄R(t,x) L(t,x)
CP!  ̄L(t,�x)�R(t,�x)
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�(t,x)
CP! �⇤(t,�x)
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for scalars 

LY = yij ̄Li(t,x)�Rj(t,x)�(t,x) + y⇤ij�̄Rj(t,x) Li(t,x)�
⇤(t,x)
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Yukawa interaction

Therefore, SY = SCP
Y if yij 2 R.
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However, yij 2 C does not always break CP.
<latexit sha1_base64="n2hwrtl+eoUMxt0FEYbSBY7eIIU="></latexit>

CP transformation



CP violation
E.g., 1 generation

LY = y ̄L�R�+ y⇤�̄R L�
⇤
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For y = |y|ei✓, we can remove the phase by the field definition �0
R = ei✓�R.

<latexit sha1_base64="XKJc+O/a5AFZ6uDgS3JKTyqcmwo="></latexit>

“To have CP violation, at least 3 generations (6 quarks) are needed.”
(* At that time, only 3 quarks were known.)

Condition for CPV

M. Kobayashi T. Maskawa
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LieRj�+ h.c.
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Let us consider N generation fermions and 1 Higgs doublet.

i, j = 1, 2, . . . , N
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Rotate the fields as
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Mass eigenstate
(Yu,d,e)ij can be diagonalized by bi-unitary transformations.

Masses and hff couplings

�LY 3 mf
i f̄ifi +

mf
i

v
hf̄ifi
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same flavor fermion mass

hf
f This relation can be 


modified in NP models
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Flavor mixing matrix

Condition for CPV
In general, # of degrees of freedom (dof) in the NxN unitary matrix 
is given by 

(N2 ⇥ 2)�
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N +

N(N � 1)
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⇥ 2

◆
= N2

<latexit sha1_base64="LLtfGtyM2xQ5D++OoTnnCjblzTU="></latexit>

V †V = V V † = 1
<latexit sha1_base64="2oqHcJLjjaEEIiAKrFK+SjF/VPY="></latexit>

where V = V u†
L V d

L
<latexit sha1_base64="nj+r7sR9S4VNU0O9yzq7U9Ncqbc="></latexit>

(flavor mixing matrix, called CKM matrix for N=3)
Cabibbo-Kobayashi-MaskawaWe can simply redefine ⌫0L = V e†

L ⌫L.
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-> no flavor mixing matrix in the lepton sector
* if neutrinos have masses, a similar flavor mixing matrix (UPMNS) would appear.

Pontecorvo-Maki-Nakagawa-Sakata



However, # of usable phases = 2N-1. Why is there “-1”?
∵

V = V u†
L V d

L ! P †
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L V d

L )P� = P †
↵V P�
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matrix elements
e�i(↵i��j)Vij = e�i(↵i��j�✓ij)|Vij |
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V u
L ! V u

L P↵, V d
L ! V d

LP� , P↵ = diag(ei↵1 , ei↵2 , · · · , ei↵N ), P� = diag(ei�1 , ei�2 , · · · , ei�N )
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Only “relative phases” can be used to eliminate phases of V.
This is because Lagrangian has U(1)B symmetry (αi=βj) -> “-1”

N=2 case for illustration
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rank(A)=3, det(A) = 0

=A

↵i � �j � ✓ij = 0, i, j = 1, 2, · · · , N
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Conditions we can use are

only 3θij can be removed.

Since we have 2N quarks, we naively think that we can remove 2N 
complex phases by redefinitions of LH quark fields.

qiL ! ei✓iqiL
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We must subtract (2N-1) from N2.

total dof = N2 � (2N � 1) = (N � 1)2
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<latexit sha1_base64="vn8KMbl45JNUHR1yUvNUhDJqJz0="></latexit>

# of complex phases = total dof - (# of angles)

To realize CP violation, at least 3 generations (6 quarks) are needed!!

E.g., N=3 in the SM: # of angles = 3; # of phases = 1.

# of angles in the N dimensional space:

NC2 =
N(N � 1)

2<latexit sha1_base64="g8Uvvd9AsHWkJZEfQI77cDJoG3Q="></latexit>

angles are defined by choosing any 2 axises.

i
<latexit sha1_base64="3EP+0AhBcNLs82si7sssvMzd9do="></latexit>

j
<latexit sha1_base64="VEWvJ08tY+8O+JjhL4J7qfGknGc="></latexit>

✓ij
<latexit sha1_base64="+NUUko7edxF+gmea6gvY0I5nVKg="></latexit>



Quark mixing
Quark flavor can change via the CKM matrix.

LW 3 � g2p
2
W+

µ

�
ūL c̄L t̄L

�
�µ

0

@
Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

1

A

0

@
dL
sL
bL

1

A

<latexit sha1_base64="oBpSdPTU3kObF7VbGxceF11il38="></latexit>

dj
<latexit sha1_base64="iSuftlXQNdECVKGgh6FoyaGKasM="></latexit>

ui
<latexit sha1_base64="JuyPwm9HRf420Z0LdDkL0GbomkM="></latexit>

W+
<latexit sha1_base64="nf7XiK6Cx2QQ1XUfPZWSeeMJ3KE="></latexit>

(VCKM)ij
<latexit sha1_base64="5C0z4k6MxAeffPjd7FrmZL/2k9w="></latexit>

fL are the mass eigenstates (“prime” is suppressed).
<latexit sha1_base64="urvkvgDmKkP8e1LBHKtQt/E2JGo="></latexit>

e.g., β-decay

W�
<latexit sha1_base64="TaALQLdsP/D0VqOFVX9R3/qA/SI="></latexit>

u
<latexit sha1_base64="T5PI30BtmSgjNbPjIneHuD3N5LE="></latexit>

d
<latexit sha1_base64="J8MMMMKOnCsp8PoaWOrDsGr7MpE="></latexit>

u
<latexit sha1_base64="T5PI30BtmSgjNbPjIneHuD3N5LE="></latexit>

u
<latexit sha1_base64="T5PI30BtmSgjNbPjIneHuD3N5LE="></latexit>

d
<latexit sha1_base64="J8MMMMKOnCsp8PoaWOrDsGr7MpE="></latexit>

d
<latexit sha1_base64="J8MMMMKOnCsp8PoaWOrDsGr7MpE="></latexit>

n
<latexit sha1_base64="7aQlksgFwWzaLcZZMJHOlzkHWuU="></latexit>

p
<latexit sha1_base64="Y8LRkvHRvA8Xrr/7UysoXfLAgoc="></latexit>

e�
<latexit sha1_base64="mUxckAMrui9GrZXWBScCTt30XV4="></latexit>

⌫̄e
<latexit sha1_base64="b/c24XG/MkLPX0eXr3kdw8dIN5Y="></latexit>

Vud
<latexit sha1_base64="GC5obw25Q5RGth8NcCAtQLVNhvA="></latexit>

No tree-level Flavor-Changing Neutral Current (FCNC)

di
<latexit sha1_base64="Rx1QGWx0rsmf8+xeZOu/oCD4Ukk="></latexit>

dj
<latexit sha1_base64="iSuftlXQNdECVKGgh6FoyaGKasM="></latexit>

�, Z
<latexit sha1_base64="gK+nU/vqyLpCfQNHnwDxtus+UXY="></latexit>

🚫 i 6= j
<latexit sha1_base64="+Xh4/BrZmETyC7NH9zJfQM3WZ1s="></latexit> b

<latexit sha1_base64="eeqr3IyxsFHJC91rUlSr7WgSzDs="></latexit>

s
<latexit sha1_base64="l6fey5LAh+lagJSC6hKBMfKLvAw="></latexit>

W
<latexit sha1_base64="Nvu8FxvgATvcug2RIeBUe0AMz+w="></latexit>

�
<latexit sha1_base64="TlJiMnudXOodZJzcPufTRURsf1Q="></latexit>

u, c, t
<latexit sha1_base64="Qk9wgrNymze08IVUtKHx9UgUBnQ="></latexit>

However, FCNC at 
loop levels exists.

e.g. b->s+γ

penguin diagram



Wolfenstein parametrization

VCKM =

0

@
1� �2/2 � A�3(⇢� i⌘)

�� 1� �2/2 A�2

A�3(1� ⇢� i⌘) �A�2 1

1

A+O(�4)

<latexit sha1_base64="7WCHoLbnr0vjij6ccA8RZ74apjk="></latexit>

VCKM =

0

@
1 0 0
0 c23 s23
0 �s23 c32

1

A

0

@
c13 0 s13e�i�

0 1 0
�s13ei� 0 c13

1

A

0

@
c12 s12 0
�s12 c12 0
0 0 1

1

A

<latexit sha1_base64="b7nDagWMG25A4heqMq8yEBvTvO0="></latexit>

VCKM matrix is parametrized by 3 angles and 1 phase

(✓12, ✓13, ✓23, �) ! (�, A, ⇢, ⌘)
<latexit sha1_base64="9qqx873BVlkxprR3TrstsO2HcoY="></latexit>

sij = sin ✓ij � 0, cij = cos ✓ij � 0
<latexit sha1_base64="tXfQmAAfQ8fA7yWyJOELg4Euuq4="></latexit>

Experimentally known -> s13 << s23 << s12 << 1

s12 = �, s23 = A�2, s13e
i� = A�3(⇢+ i⌘)

<latexit sha1_base64="oOs/esb5xDdUSsvr8SkmBbzzHCc="></latexit>

VCKM is approximated to



Unitarity triangle

VudV
⇤
ub + VcdV

⇤
cb + VtdV

⇤
tb = 0

<latexit sha1_base64="MgiKem6KGs3QotNuA9Mx7H28RMk="></latexit>

Unitarity conditions

VudV
⇤
us + VcdV

⇤
cs + VtdV

⇤
ts = 0

<latexit sha1_base64="TADsOxYexq4BiK61OXCa6A1IUNk="></latexit>

s ! d
<latexit sha1_base64="t2bPjPr3xTnKdhi7dAhqpqvPsoE="></latexit>

K0 ⇠ ds̄, K0 ⇠ sd̄
<latexit sha1_base64="kWedgYHhvtDW+/MErd9scSRsbh4="></latexit>

b ! d
<latexit sha1_base64="ODG3Ljv341DIbCJMulmVi0awoOM="></latexit>

B0 ⇠ db̄, B0 ⇠ bd̄
<latexit sha1_base64="Z+UZqKjlf5KGCjh+ZTdc34FUBTU="></latexit>

B0
s ⇠ sb̄, B0

s ⇠ bs̄
<latexit sha1_base64="yY920Xs6p95CljBCuHMMElxf5zM="></latexit>

b ! s
<latexit sha1_base64="ci0uuNr6R/Q2PGaNXfXBRFLblx0="></latexit>

VusV
⇤
ub + VcsV

⇤
cb + VtsV

⇤
tb = 0

<latexit sha1_base64="R23P6qsXJHO5sjnt3DlVHPA9qz8="></latexit>

X

k=u,c,t

VkiV
⇤
kj = �ij (i, j = d, s, b),

X

k=d,s,b

VikV
⇤
jk = �ij (i, j = u, c, t)

<latexit sha1_base64="NSPgnt1p/lDhcDxsZtlnwOLfP8s="></latexit>

6 conditions

O(�)
<latexit sha1_base64="cWTiwdcQF/C3tVxTvYNjZAmWUpQ="></latexit>

O(�)
<latexit sha1_base64="cWTiwdcQF/C3tVxTvYNjZAmWUpQ="></latexit>

O(�5)
<latexit sha1_base64="s/JiSQyxsnMnzjNKchH3ZLMrNS0="></latexit>

O(�3)
<latexit sha1_base64="UqUeomCuP2sluMN9u4K0ehG1v1k="></latexit>

O(�3)
<latexit sha1_base64="UqUeomCuP2sluMN9u4K0ehG1v1k="></latexit>

O(�3)
<latexit sha1_base64="UqUeomCuP2sluMN9u4K0ehG1v1k="></latexit>

O(�4)
<latexit sha1_base64="IlEqm1MZZgBlXtbROFBBGtsrAVE="></latexit>

O(�2)
<latexit sha1_base64="WNA1ZbPHRB6Hw/sdWIw0s2cQeus="></latexit>

O(�2)
<latexit sha1_base64="WNA1ZbPHRB6Hw/sdWIw0s2cQeus="></latexit>

3 sides are the same order in magnitude. 

Areas of all the triangles are the same (see later) 
Angles are determined by CP asymmetry



Unitarity triangle

VudV
⇤
ub + VcdV

⇤
cb + VtdV

⇤
tb = 0

<latexit sha1_base64="MgiKem6KGs3QotNuA9Mx7H28RMk="></latexit>

Unitarity condition

�1 = � = Arg

✓
�VcdV ⇤

cb

VtdV ⇤
tb

◆
, �2 = ↵ = Arg

✓
� VtdV ⇤

tb

VudV ⇤
ub

◆
, �3 = � = Arg

✓
�VudV ⇤

ub

VcdV ⇤
cb

◆

<latexit sha1_base64="i6u56RrqfTMwHoUaau6MUswqqZE="></latexit>

����
VudV ⇤

ub

VcdV ⇤
cb

����
<latexit sha1_base64="/m7Snl6spr+V78JvORp3t9W6MBc="></latexit>

����
VtdV ⇤

tb

VcdV ⇤
cb

����
<latexit sha1_base64="B6+Tk5eYsRNXO/V6jTI8zpqOBNo="></latexit>

(⇢̄, ⌘̄)
<latexit sha1_base64="pLHcYUSRCNXf9MGNTW9SImKgN+c="></latexit>

(0, 0)
<latexit sha1_base64="qdoMtssMS8JXE7o9hoB4+bySD2o="></latexit>

(1, 0)
<latexit sha1_base64="dStMRbxL/JRNQoCHBqIZLR11EEg="></latexit>

�2 (↵)
<latexit sha1_base64="o8svdKUZgyejm3R/QlrCHuCIRWM="></latexit>

�1 (�)
<latexit sha1_base64="rlAZ5QlbL/5u/jeNdMQqrn/+T5s="></latexit>

�3 (�)
<latexit sha1_base64="l02m1kIlbRb3S2SVDbJYXzgwxqQ="></latexit>

⌘̄
<latexit sha1_base64="Z4OyvN1HphrBN0uVNkmYrfnVg6M="></latexit>

⇢̄
<latexit sha1_base64="jj3yuEAfbfFH7aA3nJfnomGDHyA="></latexit>

⇢̄+ i⌘̄ = �VudV ⇤
ub

VcdV ⇤
cb

' (⇢+ i⌘)

✓
1� �2

2
+ . . .

◆

<latexit sha1_base64="x3XR5nSgikiFUOWbyjanq6CzUFQ="></latexit>

VudV ⇤
ub

VcdV ⇤
cb

+ 1 +
VtdV ⇤

tb

VcdV ⇤
cb

= 0
<latexit sha1_base64="1HMe4h+e8RVkyp/7O7b5Ny8Ltt4="></latexit>

re-phasing invariant



Unitarity triangle

* Experimental values are quoted from PDG 2021.

�2 (↵)
<latexit sha1_base64="o8svdKUZgyejm3R/QlrCHuCIRWM="></latexit>

�1 (�)
<latexit sha1_base64="rlAZ5QlbL/5u/jeNdMQqrn/+T5s="></latexit>

�3 (�)
<latexit sha1_base64="l02m1kIlbRb3S2SVDbJYXzgwxqQ="></latexit>

⌘̄
<latexit sha1_base64="Z4OyvN1HphrBN0uVNkmYrfnVg6M="></latexit>

⇢̄
<latexit sha1_base64="jj3yuEAfbfFH7aA3nJfnomGDHyA="></latexit>

sin 2�1 = 0.699± 0.017
<latexit sha1_base64="8/Rruf/Uf4Hjarv3whVUTGhNeoI="></latexit>

�2 = (84.9+5.1
�4.5)

�
<latexit sha1_base64="OdEFtohWfLfls6SYBq0C8iSTnAI="></latexit>

�3 = (72.1+4.1
�4.5)

�
<latexit sha1_base64="HikW0eWRQAT1mRYvZ4zNv44U3SA="></latexit>

B ! ⇡⇡
<latexit sha1_base64="dt5bGa3UJg5jJxgS/9Ydbip7bR0="></latexit>

B ! ⇢⇡
<latexit sha1_base64="HAa9KpK5L3RMTFXKTh1/x70cmzI="></latexit>

B ! ⇢⇢
<latexit sha1_base64="wvF0f4jesSDvKqZIkI4w128ysus="></latexit>

B ! J/ KS
<latexit sha1_base64="sRV9mfazh1YdEl/cH2WkLeXQPEE="></latexit>

B ! DK
<latexit sha1_base64="vvF7cmeLEE/MWux91pypW/QHQm0="></latexit>

�1 = 22.2�
<latexit sha1_base64="u8Qljd+8ag4oNXCm/b+WfCFYOoE="></latexit>

�1 + �2 + �3 = 179.2�
<latexit sha1_base64="UzS7Nzq7b7CVkzA0rv65stdc78A="></latexit>

 no indication new physics…



CP asymmetry
- general discussion -

A(i ! f) = A1 +A2 = |A1|ei�1ei�1 + |A2|ei�2ei�2 ,

A(i ! f) = A1 +A2 = |A1|e�i�1ei�1 + |A2|e�i�2ei�2
<latexit sha1_base64="OOuRXqtHJFwhctSdN9Uze7U3hmw="></latexit>

where φ: CP phases; δ: phases from cuts (absorptive parts)
CP-violating CP-conserving

(CP-conjugate)

Given amplitudes such as

ACP =
�(i ! f)� �(i ! f)

�(i ! f) + �(i ! f)

=
�2|A1A2| sin(�1 � �2) sin(�1 � �2)

|A1|2 + |A2|2 + 2|A1A2| cos(�1 � �2) cos(�1 � �2)
<latexit sha1_base64="+8rz05bBw1Q9j4Q0Hj3xNNciG1k="></latexit>

CP asymmetry

To have CP asymmetry, both CP-conserving and -violating phases are 
needed!!

In B physics, φ is often called weak phase and δ strong phase.



Jarlskog invariant
C. Jarlskog, PRL55, 1039 (1985);

Z.Phys.C 29 491 (1985)

[M†
uMu,M†

dMd] = iC, Mu,d =
Y u,dvp

2
, C† = C, trC = 0.

<latexit sha1_base64="vmoPApPtKrSeCqCHo5lq4+5PQis="></latexit>

Let us define

- If any of the 2 masses are degenerated in up/down sectors, detC=0.

detC = �2(m2
c �m2

u)(m
2
t �m2

u)(m
2
t �m2

c)(m
2
s �m2

d)(m
2
b �m2

d)(m
2
b �m2

s)J
<latexit sha1_base64="HV6hfxhJpdAVJbrQh15H9aNOcmQ="></latexit>

- J = (�1)r+sIm(VijVk`V
⇤
i`V

⇤
jk)

<latexit sha1_base64="6Z+S9rKcgu4tZ3jo9vlUO+GlPHo="></latexit>

✓
V11 V ⇤

12

V ⇤
21 V22

◆

<latexit sha1_base64="xXjOPBH70Egwey8NdeGAVCjX9sI="></latexit>

J = Im(V11V22V
⇤
12V

⇤
21)

<latexit sha1_base64="/oj0bULvdrr8gN30YYO6L+NdF54="></latexit>

0

@
V11 V12 V13

V21 V22 V23

V31 V32 V33

1

A

<latexit sha1_base64="+cBQtAlHPdooKlTHL9IOVx5S+BU="></latexit>

r = s = 3
<latexit sha1_base64="jzWVO0lDZMtkabpQf6i4qVejALk="></latexit>

i
<latexit sha1_base64="3EP+0AhBcNLs82si7sssvMzd9do="></latexit>

j
<latexit sha1_base64="VEWvJ08tY+8O+JjhL4J7qfGknGc="></latexit>

k
<latexit sha1_base64="Po2voQoIIi6/QVGaFcqWwxOTlmc="></latexit>

<̀latexit sha1_base64="KYAAy1ZYuvrTgF12pohj3vKquok="></latexit>e.g. 

9 different ways to express J.

i
<latexit sha1_base64="3EP+0AhBcNLs82si7sssvMzd9do="></latexit>

j
<latexit sha1_base64="VEWvJ08tY+8O+JjhL4J7qfGknGc="></latexit>

k
<latexit sha1_base64="Po2voQoIIi6/QVGaFcqWwxOTlmc="></latexit>

0

@
V11 V12 V13

V21 V22 V23

V31 V32 V33

1

A

<latexit sha1_base64="+cBQtAlHPdooKlTHL9IOVx5S+BU="></latexit>

<̀latexit sha1_base64="KYAAy1ZYuvrTgF12pohj3vKquok="></latexit>

r = 1, s = 3
<latexit sha1_base64="CmNdVF4WzyUfVVwPH9lklxTaLXM="></latexit>

✓
V21 V ⇤

22

V ⇤
31 V32

◆

<latexit sha1_base64="nr8TRK8wyiKuAqwqfngsqDJlGHA="></latexit>

J = Im(V21V32V
⇤
22V

⇤
31)

<latexit sha1_base64="5m31CEhEW75psS0SZgmNd7S8vx8="></latexit>



Jarlskog invariant

V u
L ! V u

L P↵, V d
L ! V d

LP� , P↵ = diag(ei↵1 , ei↵2 , ei↵3), P� = diag(ei�1 , ei�2 , ei�3)
<latexit sha1_base64="up0FUwieesvXZRMouUY8KxWt0+E="></latexit>

V11V22V
⇤
12V

⇤
21 ! e�i(↵1��1)V11e

�i(↵2��2)V22e
i(↵1��2)V ⇤

12e
i(↵2��1)V ⇤

21 = V11V22V
⇤
12V

⇤
21

<latexit sha1_base64="M6E5m2kbDxykC8jLRSQiQf6/3f0="></latexit>

J is rephasing invariant

VCKM = V u†
L V d

L ! P †
↵(V

u†
L V d

L )P� = P †
↵VCKMP�

<latexit sha1_base64="MlqEWKE6uLOsn+LRkV28XdQPAKQ="></latexit>

e�i(↵i��j)(VCKM)ij
<latexit sha1_base64="CmcUUBhchjJgIepUjwBK5QbABls="></latexit>

matrix elements

-> J is rephasing invariant.

- |J|= (are of unitarity triangle              )x2 


