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Lecture 1



Standard Model (SM)

. . Standard Model of Elementary Particles
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- SM is the theory of elementary particles.



Standard Model (SM)

SM was established by Glashow, Slam and Weinberg.
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Photo from the Nobel Photo from the Nobel Photo from the Nobel
Foundation archive. Foundation archive. Foundation archive.
Sheldon Lee Abdus Salam Steven Weinberg
Glashow Prize share: 1/3 Prize share: 1/3
Prize share: 1/3 © Nobel foundation

The Nobel Prize in Physics 1979 was awarded jointly to Sheldon Lee Glashow, Abdus Salam and
Steven Weinberg "for their contributions to the theory of the unified weak and electromagnetic
interaction between elementary particles, including, inter alia, the prediction of the weak neutral
current."



2 pillars of SM

(1) Gauge principle

SM is constructed based on gauge symmetry SU(3)cxSU(2).xU(1)y.
- Lagrangian respects the symmetry.

-> All elementary particles are massless.

(2) Higgs mechanism Higgs potential
- symmetry is broken by vacuum
(Spontaneous Symmetry Breaking (SSB)). \/ \ /
.
- All elementary particles become | | N
massive.

symmetry is spontaneously broken.

Yoichiro Nambu (Nobel prize 2008):
The basic laws are very simple, yet this world is not boring.

from wikipedia



There are a bunch of particles.
how do we classify their
properties and interactions?

-> symmeftries!



Symmetries

(Bosonic) symmetries of the S-matrix in relativistic field theory
= Poiancare symmetry @ internal symmetries Coleman, Mandula, PRD159, 1251 ('67)

K Poiancare symmeitry , =c=1 (natural unit)\
. V= — b= L
Translation . vi=F8 Do pmres’r frame
ot — x'* =P + ot J g 1 0 70 0
boost z direction 0 0 1 0 0
Lorentz trf. { 8 0 0 5/ \0O
RN Iw A,LLV v . 1 0 0 .0 ym
: ’ : rotation about y axis (0 cos 0 Sme) ( 0 )
0 0 1 0 0
K 0 —sinf 0 cos6 vBm J

fIm‘ernal symmetries \
Abelian groups 91,92 € G, g192 = 9291 U(1), SO(2), Z, etc

KNon-abelian groups 91,92 € G, 9192 # 9291 SU(2), SO(3), SU(3), ey

Lagrangian is constructed to respect some symmetries.



Poincare a[gebra P, : generator of translation, M, : generator of Lorentz trf.

[Pua PI/ — O,
[Py Mpo| = i(gupPo — GuoPp),
(M, Mpo| = i(9vpMpuo — gvo Myup — 9upMyo + guo My)p)

Massive particles p?=p,pP*=m? W?=w,W* (W“ = %e“”p“PyMp(;)

-> characterized by mass and spin (i.e., J=0, 1/2, 1,...)

rest frame |
() W? = _mjs';‘ J = %ﬁj Ji, Jj| = i€iji Ik,
Pr=| ] (G k=1,2,3)

\8 ) -> (2J+1) states (m=-J, -J+1 ,..., J-1, J)

e.g, J=1/2 [ 1) = ((1)>’ b= <(1)>

Massless particles  p2—w?2 =0 W+ =\pP*
e.g.

-> characterized by helicity (-A, A)

Lorentz invariant

E

0
B
P 0
E

* |helicityl is also customarily called spin.



U(1)

e.g., symmetry of electromagnetism

phase transformation Imo

¢ N ¢/ — eia
o is constant -> global U(1)  (baryon/lepton number, etc) 0,
o depends on x -> local U(l) (QED, etfc.) -

» Reg
Let us rewrite ¢ as @ = Oor + 1Q;
¢IR T 7’¢/I — (CO& T 7;304)(¢R + Z¢I> — Coaqu — Saqbl + Z‘(304¢R + Coqul)

orthogonality special
<¢;%> B (Ca _Sa> <¢R> R"R=RR" =1, detR=1
1) \Sa cCa ) \Or Re SOQ2) U(1)~SO(2)
[N.B.] Determinant =1 is important. 1-to-1 correspondence

A:<CO,SO‘ _Sino‘>, ATA=AAT =1, detA=—-1 A O(2)
—sina  —cosa
A(CM = O) # 12><2



SU(2)

e.g., symmetry of weak interaction
Algebra

dimSuU(2)=22-1=3 .
T, T = ie®®T¢, a,b,c=1,2,3 Tr(T°T?) = iaab

U = eiTaea U'U=UU"=1 — T =T% Hermitian
detU =1 — Tr(T% =0 Traceless
Representation of SU(2)

. L . , 1 3
JQJ,f/n>:j(]—|—1)|],7n>7 j =0, > 1, e
[Ja Jb] _ iEabCJC - |
’ J°|j,m) = m|j,m) mo= =41 =1,
(2j+1)-plet singlet (j=0) doublet (j=1/2) triplet (j=1)
a b1 no higher
( ¢jil \ ¢O (fl/Q ) 00 (J>1) SU(2)
: —1/2 b_1 rep. states in
O—(j-1) right-handed left-handed weak gauge SM particles.

\ P—j ) fermions fermions, Higgs  bosons



SU(2)

Doublet (j=1/2)

Ta b

L ¢1/2 / iﬁga _T_ _-abcT_
(I)_<gb_1/2 OO =UP, U=c¢72 5o | TS

L (0 1 » (0 —i s (1 0
T‘(lO’T_iO’T_O—l

*Pauli matrices 7° are also denoted as o°.

Triplet (j=1)

$1 |
Y= | T-X=U8 U=€e"", (t")p=—ic""
P-1

0 0 0 0 0 i 0 —i 0
tt={0 0 —i), #=[0 0 0|, t#=|¢ 0 O] pureimaginary
0 i 0 —i 0 0 0 0 O

1t are real anti-symmetric. U*=U, U'U=UU' =1,detU =1. — SO(S)
3 dim. rotational group



Exercises

(1) Let ® be a SU(2) doublet. Show that ® — &' = U®, where & = ir2d*.

(2) Let &, and &, are SU(2) doub}ets. Show that €;;®% &’ (= ®LD2 — 2P)) is
o
SU(2) invariant, where ®,, 4 = ( “’d).

(3) Let X and Y operators. Show that

1

o | X XY+

(4) Let ® and X be SU(2) doublet and triplet, respectively. Show that ®Tr¢®X¢
is SU(2) invariant.



SU(3)

e.g., symmetry of strong interaction

Algebra
= dimSU(3)=32-1=8

1
T, T°) =if*T, a,bje=1,---,8  Te(T°T") = 5

Defining representation is expressed by Gell-Mann matrices (As).

2\ )\b C
[777]:7;110&[)677 &,b,Czl,"',S

OO0 OO -
o o |
~.
\_/
>~
(@))
I
=~ O = O

Hermitian and traceless



SU(3)cxSU(2)xU(1)y

symmetry of Standard Model

Direct product -> each transformation is independent.
e.g., qr(z):(3,2,1/6)
SU(3) SU(2) u(1)
ar,i (%) = dp i (2) = (€77 50 (77 05 0) 5 (DO qp ()

s=1,...,8: SU(3) generator indices, /, J = 1,2,3: SU(3) triplet indicies (color);
a=1,2,3: SU(2) generator indices, i,j = 1,2: SU(2) doublet indices;

Y,: U(1) hypercharge of ¢

Likewise ug(z):(3,1,2/3)

up () —= up p(x) = (5@ (20 @3 g (2)



Mass and spin in multiplet

- All members of an (irreducible) multiplet of internal symmetry
group have the same spin and mass.
(o)
j—1

- If not, symmetry should be broken. b5y

\ o=

* The above statement does not hold in supersymmeric theories.
Super-multiplet contains fields with different spins.



Lagrangian

Lagrangian (up to total derivatives) must satisfy

Hamiltonian is Hermitian

L. Hermificity L=L (time evolution is unitary)

2. Symmetry L L =L

Lorentz and gauge symmeftries, and could be something more.

3. Renormalizability

UV divergences are removed by a finite number of counterterms

mass dimension of operators <= 4 L] = M*
1 1
L =04+ KO5 -+ FO(} + .-+ A is mass dimensionful parameter

* Effective Field Theory (EFT) allows higher-dimensional operators.



scalars ¢(x)
O:{¢n7 (aﬁb¢)n7 ‘¢‘n7 ‘8ugb‘n} LOT’QI’ITZ inv.

Renormalizability ——» O = {¢"<*, (9,0)% |¢|"<%, |9,0[*}

The possible operators are further reduced if a symmetry exists.

E.g., global U(L) ¢ — ¢/ =™ —— O ={|¢|"<*, [0,0/>}

spinors Y (z)
Lorentz, renormalizability, hermitian —— O = {zﬁw,izﬁ“(c‘i — é_,mp}

vl =M Y

vectors A.(x)

Lorentz, renormalizability, hermitian —— O = {F,,F""'} [A.]=

M
The form of F),,, depends on gauge groups. e.g., U(1) Fu, = 0,4, — 0 A,

MM



Free Lagrangian

no interaction



Spin 0 (scalars)

real scalar

L = % M,gb@“gb — %mZng L] =M*, [0,]=M, [¢]=M

Equation of Motion (EOM) .
Klein-Gorden equation

oL oL 2 2
a“(@(am))_@_qb:o — (00" +m)p=0 p =m

complex scalar

L=0,0'0"0-m*6o= Y 3 [(0.07 (o] 0= (61 +ig

i=1,2 common mass T /
invariant under ¢ — ¢ =¢e'“¢  global U(1) 2 real fields

cf. 2 real scalars with different masses

1
L= Z [(0u0i)* —|mipi] = 0u0" 0" ¢ — S (mi +m3)d"¢ — —( —m3)(¢* + ¢*?)
= 2 different masses global U/f)
common mass < symmetry




Solutions
(8,,0" + m2)¢ —0 positive and negative frequency solutions
p —

P’ =E=+F, b (z) = e P = FplmP®)

Ep = \/p2 + m?2 ¢— (37) — e—l—ip-a: — 6—|—i(Ept—p-cc)

Complex scalar case particle antiparticle

annihilation creation

d>p 1 . .
o= [ LT
9 3 2F D
2 g ap|0) = bp|0) = 0

(27T)3 \/E P p
antiparticle particle
annihilation creation

Exercise

Why does the positive frequency mode has the annihilation operator, namely,
ape” P"*? What happens if aLe_ZP'x?



Symmetry and conservation law

Noethers theorem see, e.g., Peskins book.

If a symmetry exists, corresponding conservation law exists.

d(x) = ¢'(x) = ¢(x) + alAo(x) L(x) — L =L(x)+ ad,J"(x)
One obtains 5
. . L
aﬂju(x) :Ov ]N(x) — a(a“¢)A¢_j'u Q:/deJO(x) 88_?:0

Complex scalar case charge conservation

d— & =e P global UQ)

d3
Ny = /dsm i0(z) = i/d3m[¢T(80¢) _ (80¢T)¢} _ / (2:) (abap — bibp)
3
= / é—f)(n —n) =N —N = # of particle - # of anti-particle

-> particle-antiparticle “pair” annihilation/creation

global U(1) (phase transformation) invariance
= particle number conservation (= charge conservation)



Spin 1/2 (spinors)

Dirac field
1 —T. — <— —
L= 500" (B = 0) = m| o Dl 0 —m)y (9] = M
hermitian

integration by parts
{7 =AY+ = 29", s =iy, {9y st =0

Dirac representation convenient for non-relativistic limit

o (1 0 i (0 o (0 1

Chiral representation convenient for relativistic limit (or massless limit)

0 0 1 i 0 O'i o —1 0

1
q;%’ Yr.r = Pr.rY  4-component Y = Y1 + YR

Prr=

* Some peoples notation 1) = (gg) : 2-component (Weyl fermion)

I dont use this notation in my lecture.

Chirality eigenvalues of Y; 7V5%r = —¥L, V5%Rr = +¢r




Equation of Motion (EOM)

(i) —m)b(z) =0, P =~"d,

In momentum space helicity*2 (1)

S(y e _(ui(p _> (p° — p-o)u’(p)y = mu®(p)_,
(§ — myu*(p) = 0, u(p)—( E P -

uw’(p
particle (h' it
chirality pO:Epz\/p2+m2

(p+m)v(p) =0, v°(p)=Cu° (p))T, C =iv°y" charge conjugation

iparti = —iy*y" (Peskin’s book
antiparticle C'=—ir"y" (Peskin’s book)

particle antiparticle
annihilation creation

w(m):/ = \/QIT Z{ _ip'“;+b§v8(p)eip'x}

0= [ ot e S e s e

antiparticle particle
annihilation creation



u spinor (particle) u(p) = (ij +— chirality = L(-1)

VPG ) «— chirality = R(+1)
(po')gS:(pO_pG)gsz(E_S‘ngs Wg _SS ¢ — 41
(helicity*2)
p-o cos  sinfe "? cos 2 - _gin Q=i | *
W - (Sinﬁew —cos 6 ) ’ £(+) — (Sin%e%qb) : f( ) = ( Cosg ) ; f(i) = :|:202€(¢)

6 € 0,7, ¢ €10,2n]

v = (VEZE) o (VELIEY i = (gpen) - o 0= (V25

VE + s[p[¢’ VE( + )€
For E>>m or m=0, helicity = chirality!!

v spinor (antiparticle)
#(0) = C@ ) = 0o = (e 0 )ur o) = (Yoo m )

(VB ate) 470 = () o= (Lgpeo)

For E>>m or m=0, helicity = -chirality



Vector current

U(1) vector current

L =(iv"9, —m)yp s invariant under ) — ¢ = e Y

Corresponding Noether current is

i*(x) = Y(x)y*(x), 05" (x) = 0.

j*(z) = (n(z),j(z)) % +V-3=0 continuity eq.

Let us decompose j* into right- and left-handed currents:
i*(x) = p(x)y*Y(x) = Yr(z)v"Yr(z) + YL (x)y L (x)
_f_/ _,_/
J () ir (x)
%Jﬁ(x) = imy(z )59 (), (9“]'2(56) = —imy(x)y59(x)
Each current is not conserved if m#0.



Axial-vector current

U(1) axial-vector current

chiral transformation

L = iry"d,1b is invariant under ¢ — 1)’ = "5

r = P = € YR, Y — Py = e Y
Corresponding Noether current is

J"° (@) = (@)Y s (x),  0ug"(2) = 0.
However, the chiral symmetry is broken by the mass term.

—L 3 mypp = m(Yripr + YLYr)
In this case
32 () = p(z)V ' ysp(z) = jg(x) — Ji (x)
8,.j"% () = 2imi () y51(x)

The axial-vector current is not conserved.



Spin 1 (vectors)

Massive vector field 2J+1 = 3 polarization states

transverse longitudinal
rest frame
(m) 0 0 0
v |0 L |1 B 0 o 0
p T O 61 T O 2 1 3 0
\ 0 / 0 \0 \1
boost in z direction l l l l
B gt (Fogm) 0\ 0\ e
v = 1 0 1 0 0
LA 0 0 1 0
B=v \pzzﬁvm/ \O/ \O/ \7:%/
ITh
P =0, ewey* 6 (= 1.2,3) grows with energy

-> equivalence theorem



Lagrangian
1 1

1 ; F,, =0,V, —0,V,

Vyu: Proca field

EOM m* 40 — 0,VV=0

(O+ m*)VH* =0,
0, VH =0

O F" +m*VY =0

OVY — 8%(9,V*H) no scalar mode

@on-shell (p2=m?2)

[T %

H_*xv Uv pp

: m
1=1,2,3

e (1=1,2,3)

1

pue’ =0

It is easy to do the polarization sum in the rest frame.

(O
i=1,2,3 \

1

)

11)

(-1

\

1

)

11)

(1

\

0

)

:_g/J,V_|_

0
0

ptp”
m2

The same result is obtained in the z-boosted frame and any frame.



Massive spin-1 vector = massless vector & massless scalar.

helicity (+1,0) helicity +1 helicity O
propagator
P, — g PP
AAVAVAVA VAV B R R 2
@off-shell (p2#m? p2>0) scalar mode can propagate
(VP s \
wo_ 0 — g 4 prp _ 1
P o J m? 1
\ 0/ \ 1)

“rest frame”

spin-1 field must be gauge field (see later).



Interactions



Possible interactions

Renormalizability is assumed. -> mass dim. <= 4

D, =0, +1igA,

spin O spin 1/2 spin 1
¢ P Ay

spin 0 4%, oL o' e D¢l

¢ scalar Yukawa gauge
spin 1/2 ) N/A Vi Dy

(2 Yukawa gauge
spin | Dyol? pi' Dy | Fu P

Ay gauge gauge gauge

Particle content and gauge symmetry are specified, all interactions

are determined.



Lecture 2



U(1) gauge theory

Quantum ElectroDynamics (QED)

1 — .
LQED — _Z ,LWF'LW - w(Z/yMD,UJ o m)lb
F,=0,A,—0,A, D,=0,+1ieQA,  e=lel: positron charge

Q=-1 for electron

U(1) transformation ¢ (z) = ¢'(z) = ¥'Wy(z),
Y(x) = P (z) = P(x)e @,
Dy is transformed as
Dyp — Dy’ = (9 +ile] QA )e' )y
| | 1
_ iQ0() [c‘% + z\elQ(Au + maﬂe(x))] "

= eiQe(m)(au +ile|QAL)Y = eiQe(x)Duw

1

Therefore, Ay must transform as A4 = A, — -90,(x)  [NB]m?4,4" is forbidden.

Equation of Motion (EOM) . ( ;('gfjf)) = 8'53? —0 = G P = Qi = Q.




Note

Let us define the 4 vector potential and current as

Af(z) = (ng(x),A(aj)), j'(x) = Y(z)y"h(z) = (n(:f:),j(:z;)).

electrostatic potential electron number density

—Laqrp 2 |e|Qj" (2)Au(x) 3 —lel° () Ao(x) = —le[n(z)d(2)

!

this sign must be minus.

Therefore, the notations of the covariant derivative are either

D, =0, —1ieA, (e=le]) e is positron charge

or D,=0,+ied, (e=Cle|) e is electron charge

e.g. Peskin-Schroeders book



SU(N) gauge theory

Lagrangian

1 _
L = —iTl“(F,uyF'UJV) + w(ify'uD,u _ m)%

D,=0,+1i9A,, F. =0,A, —0,A, +iglA,, A

Note that A, = T*A% with [T, T%] = ife*Te. Al = A,, trA, =0

P and Ay transform as
b =Up =T, o =pU
A S A —UAU- + Yo - U =u
w— A, =UA, +g( LLO)U™ .

Strong interaction: SU(3)c, Weak interaction: SU(2).

Exercises
(1) Show that A =4, trA} =0.

(2) Derive EOM for A,.



SU(3)c

Hadron particles that have strong interaction

p = (uud), n = (udd), 7™ = (ud) ,#— = (du), etc.

quark antiquark
1 _ _ _ _
C]2 R ¢g—4g¢ =Uq i=(@ @ @)
o Cq]g B U= et §—q =qU'

meson ¢ — Gq=qU'Uq=qq

baryon «¢;..q'¢’¢" — € q? " = €U U7 U g ™"
— detUeijkqiqjqk = Gijkqiqjqk



Gauge fixing

Gauge fixing is necessary. Otherwise,
e.g., U(1) gauge theories.

/ dA]e'S = / [dA] exp z / dix (& » FW)]

— / [dA] exp z / d*x {%Au(x) (8%g" — 0"0") Au(x)}]

= /[dA] exp z/ Ak {lAu(k) (—k*g"" + k*k) AV(—k)}]
VALY
gauge inv. Au(k) = Au(k) + kua(k)
This functional integral is badly divergent for the kua(k) part.
Also, when you define propagator of Ay,

(6’29W — 0,0,)D"’(x —y) = i5up5(4) (x —y)

— (—k?g,, + Kk, k,)D"P(k) = i6,"
momentum space no solution since det(—k%g,, + k. k,) =0

Those issues are due to gauge invariance.



Gauge fixing

We add a gauge-fixing term in the Lagrangian. E.g., [ > _2_1§(auAM)2

{—ngW - (1 ~ %) kuk,,} D"P(k) =id,”

Now we have a solution

DH (k) =

k“k”) £=0 Landau gauge
k2% +ie

£=1 Feynman gauge
Physical observables do not depend on £ (see later).

In the SM, the gauge fixing terms are not simple. My favorite method
is "gauge fixing based on BRS invariance.’



Gauge fixing
T. Kugo and S. Uehara, NPB197 (1982) 378.
Gauge fixing based on BRS invariance (global symmetry).

Op®(x) =ige(x)P(x),
0pA,(x) = 0,c(z) +ig [c(a:), Au(x)},
dpct(x) = g [c(x), c(az)},

2
5Béa(x) (m)v
5Bba(ﬂj)

iba
0.

c*(x)T*: ghost field, ¢(x) = c*(x)T*: anti-ghost field,
b(x) = b%(x)T*: auxiliary field

LapiFp = —0p(c"F?)| Fais a gauge-fixing function

When Fa does not contain ghost Lorp = 0" F,
or anti-ghost fields Lpp =ic(x)(0pF).




Gauge fixing

E.g., SU(N) gauge theory

€ e
2

gauge-fixing function: |F¢ = 3MAZ 4

2
+ g(ba)2 — §<b + 18’%;’;) ~ L (grany?

— pApa — ., 1A
Lar = b baO" AG g e

Eliminating the b-field by EOM, one has Lgr = ——6(8“14“)

The FP ghost term is

Lrp = Z.EOJ@“DILLCO’. ot — o mat g

QED Laor = _2_§(3MA ) . Lpp = 1c®Uc".




Gauge fixing

E.g., SM Fy(z) = 0%G)(2) +

gauge-fixing function: | f2(#) =" 4.(x) —ifagz (¢T(x)
Fi(z) = 0"B,(z) — iﬁl% (¢T (2)p — ¢T¢(x)) n 551(@.

53

b3 (),

TCL

a

2

2

o)) + S5(0),
‘

where the Higgs doublet field is defined as ®(x)

Lar = b3(x) F5(z) + by (2) F5 () + by (x) F1 ()
1

N L ((‘WGZ(:I:))Q S — [8“14“( ) — €202 (W( )=

282
1
281

IN.B.| & = & simplifies calculations.

CL

TT

ol >)]

=¥

2

—[c‘WB (@) — i€ % (6! (2) -

LFP::ﬁicw{éBfgcw}4—&2@@{53F§@@}%—ﬁﬁ@@{dBﬁﬁﬁﬂ}

= ¢+ ¢(x).

w*qﬁ(x))] 2




You may think

OK, the gauge fixing is necessary. Then, the gauge symmetry is broken
at the Lagrangian level. So, is it possible to have SSB? (0

Elitzurs theorem

PHYSICAL REVIEW D VOLUME 12, NUMBER 12 15 DECEMBER 1975

Impossibility of spontaneously breaking local symmetries

S. Elitzur

Department of Physics & Astronomy, Tel Aviv University, Tel Aviv, Israel
(Received 29 July 1975)

It is argued that a spontaneous breaking of local symmetry for a symmetrical gauge theory without gauge
fixing is impossible. The argument is demonstrated in a simple system of Abelian gauge fields on a lattice.

- The local symmetry must be broken first explicitly by a gauge-fixing
term leaving only global symmetry (BRS symmetry)

- This remaining global symmetry can be broken spontaneously.



Particle content of the SM

Quarks and Leptons | SU(3)c x SU(2)r x U(1)y Q B | L
[ WL 1 2/3
qiL — ( diL ) 37 27 6 ( _1/3 ) 1/3 0
2
Ui B 31,5 2/3 1/3 1 0
1
din 3,1, /3 |1/3] 0
S (I 27 1 0
= () (5) | o]
€iR (17 ]-7 _1) —1 0 1
1. generation indices, L: left-handed fermions, R: right-handed fermions Q = T% +Y
B: baryon number, L: lepton number global U(1) symmetries
gauge fields Higgs field
SU(B)C G/SL('CE) (87170) S = 1727'” 78 gluon 1
a d(x 1,2, -
su(2) A.(z) (1,3,0) a=1,23 (@) < 2)
U(1)y B, (z) (1,1,0)



Lagrangian of the SM

Loy =Ly + L+ Ly + Ly,

1 1 1
Ly =—7Gp, G — T Fu, F" — - B, B",

L¢= qiriy" Dugir + wiriv* Dyuir + diriv* D,ydig + Ciniv* Dylin, + €riy" Dyéeir,
—Ly = Y4 G ®ujr + VG ®dir + Yl Pejr + hoc.,
Ly = (D,®) DO —V(D), V(®)=—p’0Td+A(TD)".

Field strengths G, = 0,G; — 0,G5 + g3 [ Gl Gy,
Fo, = 0,A% — 9, A% + goe™ AL AC
B,, = 8,B, — 3,B,.

Covariant derivative D, = 0, +1ig3\°G} (v) + ig2T" A (x) +1ig1Y B, ()
A\S T¢
nggs field D) 9

GT(x) ~ (v r) —iGO(x +
O(x) = ( %(v%—h(az)Jrz’Go(x)) >, CIJ(a:):iT2<I>*(:L’)=< \/5( + hlz) = iG )) ) G~ (z) = (G (2))



Parameters of the SM

notations number of parameters
gauge couplings 93, 92, 91 3
quark masses My e, 1T 6
mq, Ms, My
lepton masses Me, My, Mr 3
CKM matrix 9127 9137 9237 0 4
Hi t o T 2
iggs sector
(1%, N)
tot=18

All parameters are known with certain errors.



1 more parameter

The following operator is gauge invariant and renormalizable.

93 S SV ~YSur 1 VOO /1S 1234 L
L 327‘(‘ QQCDG G H , G MY — 56“ P Gpa € — —€1234 — 1
- CP violating.

- Contributions to Electric Dipole Moment (EDM) of the neutron.

O = fqocp — arg det(Y“Yd)

T

Yukawa couplings of quarks

Experimental upper bound Orxp < 10719 extremely small! Why?

called strong CP problem
solutions: Peccei-Quinn mechanism, Nelson-Barr mechanism, etc.



Exercise

The following operator is also gauge invariant and renormalizable.

92 ~ ~ 1
£ 0 [0 [rapy [JOpV . Z VPO [a
327T BWS ’ 2° po

However, 0w is not physical in this case. Why??



Global symmetries

L¢ = Griv'D,qir + @iriv" Dyuig + digiv" Dydig + Liniy" Dylin + €iri" Dyeir
invariant under 5 global U(3)
qr. — Uq.q1, ur — Uygur, dgr — Uqg,rdr, ¢ — Uy lr, er — Ueper
However, violated by the Yukawa interactions

—Ly = Y quCImJR—I—Y qu(I)dJR—FY ZZL(I)ejR—FhC

Only subgroups of [U(3)]5 are invariant in the full Lagrangian.
i@/?;ql_” uR%ew/BuR, dRéeiG/Sde

Uil 4p — e_iQZL, er — e Yep

U(l)s qr — e

However, U(1)s and U(1). are violated at quantum level (by chiral
anomaly). Nevertheless, U(1)s.. is still unbroken.



SU(3)cxSU(2) kU (1)y
-> SU(3)cxU(1) em

- EW symmetry is spontaneously broken by Higgs.

@@Hb A (D)’

SSB is induced by -2

symmetri¢ phgse
)

’\/w

broken phase

SM cannot answer why -2 rather than 2.



2 roles of Higgs

(1) symmetry breaker

SU(3)cxSU(2).xU(1l)y => SU(3)exU(1)em

(2) Mass generator

Mass generation of all the elementary particles

Let us look into each of them.



Gauge boson mass generation

The gauge boson masses arise from £ > (D,®)'(D"®)

[ o U |
D,UJ(I) = 8,u + 292714” + 191 §BM] d

s e (0 WE . g (G —sin?0w)Z, 0 (A, 0 G
= _8/,L+Z\/§ (W,UJ_ 0 )+ZCOSHV[/'( 0 (—%)Z'u + 1€ 0 0 %(v_i_h_'—ZGO)

R I Y Zu ) — ( cosOw  —sinby p
T = E(AM:F@AM% ( AM ) - ( Sin?w cos Oy ) ( BN

weak mixing (Winberg) angle

g2

: g1 gi192 : :

Oy = . sinfy = . e= = /g2 + g2 sin By cos Oy = Oy = 0

COS Uw \/m SN Uy \/m € \/m g5 g1 S oy COS Uy go SIN Uy .‘gll(?OS 1%
e = |€
Gauge boson masses
= 2 2 2 2
> it —p . Tz > _ 92 o 2 92T 91 2

(D, @) (D'®) > my W, W™ + TZ“ZM’ My = U, Mz =T v

Photon remains massless owing to unbroken U(1)em. | provided by Go+

Massive vector field = 2 dof (transverse) + 1 dof (longitudinal)



Fermion mass generation

The fermion masses come from the Yukawa interactions.

_['Y — Y,,;’;-Lcj“;(i)uj}g —+ K?q_qu)de -+ Y;;?ZiL(I)ejR -+ h.C.

- qb+> ( 0 > 5 2 (}(Hh(x)))
P (gbo Unitar?gauge %(U—Fh(aj)) , =170 2 0

Rotate the fields as

w ./ w. ! . d g/ L d 11 . L e |/ L e |/
UL — VL U/L, U/R — VRU’R7 dL — VL I dR — VR R eL — VL€L7 eR — VReR

Fermion masses

(Yude); can be diagonalized by bi-unitary transformations.

u,d,e

! ; y
Vl”ifud,eT (Yu,d,e)v}?éb,d,e _ y;,d,e d _£Y = mfff’ my = 7%?}
u,d,e

Y3
The fermion mass spectra are reflections of Yukawa structures.



Exercises

(1) Show that an arbitrary complex matrix can be diagonalized by bi-unitary trans-
formation:

STMU = diag(mi, ma, -+, my,)
U'U=UU"=1, STS=558"=1

(2) 2-by-2 matrix case

M:<m11 m12), STMU:<m1 )
a1 1M22 T2

Express mj 2, S and U in terms of the matrix elements m;;.



Higgs mass generation

The Higgs mass come from the Higgs potential.

V(D) = —p2dTd + \(DTP)?

2 A 1 A
V(D) > —%fuz + 104 —o(u* — M?)h — 5(,u2 — 3 ?)h* + Mvh® + Zh4
vacuum condition
oV
— — 0 —s 2 — 2
oh |, _, po=Av
Higgs mass = = : ——
ms; = 82—‘/ = —u® + 3\ = 2\° \/ U'm
h Oh? h—0 (2=Av? h

Experimental values:
v =246 GeV, my =125 GeV —— X =0.13, p® = (88.4 GeV)?



Exercises

(1) Derive mgo and mg+, where

1
V(o) > 5777%;0 (GO)2 + ngi GTG™

(2) Derive the couplings A\,o+c- and Apgogo, where
1
V() > 5)\hG0G0h(GO)2 + Mara-hGTG™

(3) Define ¥ = (G4, G2, G3)?, where G* = (G £ iGz)/\/?, G35 = GY. Show that
Vo is invariant under the global SO(3) transformation, 3 — >/ = O3X..
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