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Lecture 1



- Any particle is made of 
elementary particles, e.g.,

proton=(uud), neutron=(udd)
- 3 generations of 

quarks and leptons

[Standard Model of Elementary Particles.svg]

- Higgs is symmetry 
breaker and mass giver. 1st 2nd 3rd

- SM is the theory of elementary particles.

- 3 forces (strong, weak, 
electromagnetic forces)

Standard Model (SM)



Standard Model (SM)
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SM was established by Glashow, Slam and Weinberg.

The Nobel Prize in Physics 1979 was awarded jointly to Sheldon Lee Glashow, Abdus Salam and 
Steven Weinberg "for their contributions to the theory of the unified weak and electromagnetic 
interaction between elementary particles, including, inter alia, the prediction of the weak neutral 
current."

©︎ Nobel foundation



2 pillars of SM
(1) Gauge principle

SM is constructed based on gauge symmetry SU(3)CxSU(2)LxU(1)Y.

-> All elementary particles are massless. 

- Lagrangian respects the symmetry.

(2) Higgs mechanism

- All elementary particles become 

massive.

- symmetry is broken by vacuum 

(Spontaneous Symmetry Breaking (SSB)).

Higgs potential

symmetry is spontaneously broken.

Yoichiro Nambu (Nobel prize 2008): 

The basic laws are very simple, yet this world is not boring.  

from wikipedia



-> symmetries!

There are a bunch of particles. 
how do we classify their 

properties and interactions?



Symmetries
(Bosonic) symmetries of the S-matrix in relativistic field theory

= Poiancare symmetry ⊕ internal symmetries

Lagrangian is constructed to respect some symmetries. 

Internal symmetries
Abelian groups U(1), SO(2), Z2 etc
Non-abelian groups SU(2), SO(3), SU(3), etc

g1, g2 2 G, g1g2 = g2g1
<latexit sha1_base64="symfw/OCyQnj+ILwdre6L4DU2Bw="></latexit>

g1, g2 2 G, g1g2 6= g2g1
<latexit sha1_base64="OdPVjDkT5T6a0zGeUH9CEGTLe/8="></latexit>

Coleman, Mandula, PRD159, 1251 (’67)

Lorentz trf.

Translation

{ boost

rotation

xµ ! x0µ = xµ + aµ
<latexit sha1_base64="hTMcQdBFt7gwP8EvopzqkMHrcRY="></latexit>

xµ ! x0µ = ⇤µ
⌫x

⌫
<latexit sha1_base64="ktN2IFfguYWFui5Qg2FsyHWtPI0="></latexit>

Poiancare symmetry
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<latexit sha1_base64="VVEj2T2szzlQBEQR+xsi0/pZhmU="></latexit>

about y axis

e.g.
pµ

<latexit sha1_base64="NfkJjfaEAfFSFqagpsVvcHEaxVk="></latexit>
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<latexit sha1_base64="r5A0utjhySNbdCRFTa9zZ0mY6Fs="></latexit>

� = v
<latexit sha1_base64="qfC2T/PncTBy6xOgFDZoVk6u1co="></latexit>

� =
1p

1� �2
<latexit sha1_base64="Pou7Ck7Z1OFpEMHjR6SVa5Hdu+s="></latexit>

~ = c = 1 (natural unit)
<latexit sha1_base64="ZvWQg2+LzGzRJwQxED3v0FpIqWQ="></latexit>



[Pµ, P⌫ ] = 0,

[Pµ,M⇢�] = i(gµ⇢P� � gµ�P⇢),

[Mµ⌫ ,M⇢�] = i(g⌫⇢Mµ� � g⌫�Mµ⇢ � gµ⇢M⌫� + gµ�M⌫⇢)
<latexit sha1_base64="YtSuGhkF4vbm55174ihAyNQujao="></latexit>

Poincare algebra Pµ : generator of translation, Mµ⌫ : generator of Lorentz trf.
<latexit sha1_base64="JXlGPa/sl4tRHQSGYikbYL2GHKo="></latexit>

Massless particles

-> characterized by helicity (-λ, λ)e.g.

* |helicity| is also customarily called spin. 
Lorentz invariant

P 2 = W 2 = 0, Wµ = �Pµ
<latexit sha1_base64="MFldDA0tQ3oDJ2T7zWGP4ZGsdDY="></latexit>

Pµ =

0

BB@

E
0
0
E

1

CCA

<latexit sha1_base64="6o2pL9N2aiL4Dj27aOY0YMJ9RzY="></latexit>

Massive particles

Pµ =

0

BB@

m
0
0
0

1

CCA

<latexit sha1_base64="ZmVlbwvh1kHmPVOq2gqCSxw3Brg="></latexit>

rest frame
W 2 = �m2J2

<latexit sha1_base64="Y+kIhqaagkbnt4+J1LSFU8pNL84="></latexit>

J =

0

@
M23

M31

M12

1

A

<latexit sha1_base64="794yw3Zy0UJh2TEyZ67zCzaSCA4="></latexit>

P 2 = PµP
µ = m2, W 2 = WµW

µ

✓
Wµ =

1

2
✏µ⌫⇢�P⌫M⇢�

◆

<latexit sha1_base64="Im8nz6UeZ/+FX3Kn5eZctEIC7EM="></latexit>

spin

-> (2J+1) states (m=-J, -J+1 ,…, J-1, J)

-> characterized by mass and spin (i.e., J=0, 1/2, 1,…)

e.g, J=1/2

[Ji, Jj ] = i✏ijkJk,

(i, j, k = 1, 2, 3)
<latexit sha1_base64="2KAdpLyk5BX59vyxKZcEUAVAK+c="></latexit>

| " i =
✓
1
0
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, | # i =
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0
1
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<latexit sha1_base64="u4f7OsMxnH+CvPcMh2tEzMVgTiA="></latexit>



U(1)

� ! �0 = ei↵�
<latexit sha1_base64="R+uS16GbyDd0QkM1vufHif2ZlwI="></latexit>

phase transformation

↵
<latexit sha1_base64="jng3egCMlFUmxhV5F3hPlGO31BI="></latexit> Re�

<latexit sha1_base64="QWDhHm5OpN1kgPw2DWG1nnKjBr0="></latexit>

Im�
<latexit sha1_base64="vtZndnORY4TA/k0MXjWoyF1cgUA="></latexit>

�
<latexit sha1_base64="/+roq/8iQYi+teWraCi2Vp9dfH4="></latexit>

α is constant -> global U(1)
α depends on x -> local U(1)

e.g., symmetry of electromagnetism

(baryon/lepton number, etc)
(QED, etc.)

[N.B.] Determinant = 1 is important.

A 2 O(2)
<latexit sha1_base64="BqWDTnIdtZLncJ4yBMqJukjh6h8="></latexit>

A =

✓
cos↵ � sin↵
� sin↵ � cos↵

◆
, ATA = AAT = 1, detA = �1

<latexit sha1_base64="tJNvI6Suo16q8su1ZorjAG9MpyA="></latexit>

A(↵ = 0) 6= 12⇥2
<latexit sha1_base64="XgmhTJ8iVz7EzJudyH15EaNRycs="></latexit>

Let us rewrite φ as � = �R + i�I
<latexit sha1_base64="achJ7NkeojStIujqO29gSwuFUuw="></latexit>

�0
R + i�0

I = (c↵ + is↵)(�R + i�I) = c↵�R � s↵�I + i(s↵�R + c↵�I)
<latexit sha1_base64="4UYv3HRzpweDhHthhJ+SDBJPHsQ="></latexit>

✓
�0
R
�0
I

◆
=

✓
c↵ �s↵
s↵ c↵

◆✓
�R

�I

◆

<latexit sha1_base64="GagxNrPDGL1r5yceNToTf8MTqhY="></latexit> U(1) ' SO(2)
<latexit sha1_base64="VP+bYgKxWzeaCFm/1BjPsmtndOQ="></latexit>⌘ R

<latexit sha1_base64="shg/xFlleo6ETOaxtxCRpO1CqJ0="></latexit>

RTR = RRT = 1, detR = 1
<latexit sha1_base64="Cqtpw5NQ32w4c9Jvl9DaAgOWuco="></latexit>

R 2 SO(2)
<latexit sha1_base64="BrajAI50qQeyrWO5HTXUSR1/bU0="></latexit>

1-to-1 correspondence

specialorthogonality 



SU(2)

Tr(T aT b) =
1

2
�ab

<latexit sha1_base64="V7KIly8AlRAATMAgSwnZQAMARWY="></latexit>

0

BBBBB@
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�j�1
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��(j�1)

��j

1

CCCCCA

<latexit sha1_base64="VmXcnN24v8zNAcyiw5Vgym9z2cE="></latexit>

(2j+1)-plet

[Ja, Jb] = i✏abcJc
<latexit sha1_base64="mFNadKGbjLfKjL1XNFUlLczGITs="></latexit>

Representation of SU(2)
J2|j,mi = j(j + 1)|j,mi,
J3|j,mi = m|j,mi

<latexit sha1_base64="6suDArt6Dbc7wWK358QSKZ70GQE="></latexit>

j = 0,
1

2
, 1,

3

2
, · · ·

<latexit sha1_base64="HzLJ96jx/bnSa6VcAvoTf2tlH0M="></latexit>

m = �j,�j + 1, · · · , j � 1, j
<latexit sha1_base64="r1zXrshvrsW7kfPbEKRozqX9bsU="></latexit>

singlet (j=0)

�0
<latexit sha1_base64="vrUyWPE2f+OuRgMM0HoFhThZKQQ="></latexit>

right-handed 

fermions

✓
�1/2

��1/2

◆

<latexit sha1_base64="BneRu+LNH+l1TPzGFMEAE55Ik1s="></latexit>

doublet (j=1/2)

left-handed 

fermions, Higgs

0

@
�1

�0

��1

1

A

<latexit sha1_base64="y8uYmvOvoKdgt3q4CwZlQ3M0cPE="></latexit>

triplet (j=1)

weak gauge 
bosons

no higher 
(j>1) SU(2) 
rep. states in 
SM particles.

[T a, T b] = i✏abcT c, a, b, c = 1, 2, 3
<latexit sha1_base64="z2fL//U8uOtVgu42HyT2l0SWnng="></latexit>

Algebra

U = eiT
a✓a

<latexit sha1_base64="LP3M968MGBVU9nnKrano0HFXS2o="></latexit>

T a† = T a
<latexit sha1_base64="HhGGq7OljN48je47f26baJch0wM="></latexit>

U†U = UU† = 1
<latexit sha1_base64="Mom7hEfFYQ3l+Zhjvz2ufbQ+9uU="></latexit>

detU = 1
<latexit sha1_base64="5f8RYn+DIqj4X30dZ7C7kohetOI="></latexit>

Tr(T a) = 0
<latexit sha1_base64="BVDJOdBKGQSD9Va71bhCZ31UqUQ="></latexit>

Hermitian

Traceless

dimSU(2)=22-1=3

e.g., symmetry of weak interaction



SU(2)

⌧1 =

✓
0 1
1 0

◆
, ⌧2 =

✓
0 �i
i 0

◆
, ⌧3 =

✓
1 0
0 �1

◆

<latexit sha1_base64="5B3jQfoYPA7zjOQc7p62Taelxu8="></latexit>

� ! �0 = U�, U = ei
⌧a

2 ✓a

<latexit sha1_base64="I1jnThwmpKJ9qLmHZuJx4kYAZzw="></latexit>

*Pauli matrices ⌧ i are also denoted as �i.
<latexit sha1_base64="91X9DLIrI4tA7oJxVQnSwDVLaDg="></latexit>

Doublet (j=1/2)

� =

✓
�1/2

��1/2

◆

<latexit sha1_base64="kee1t3hMrtfnsX2aOMHxSwKwff0="></latexit>


⌧a

2
,
⌧ b

2

�
= i✏abc

⌧ c

2
<latexit sha1_base64="dw8rJLRHbUj/ij6HthQXl4CdmdY="></latexit>

Triplet (j=1)

⌃ =

0

@
�1

�0

��1

1

A

<latexit sha1_base64="laBMVVBttCkK1wy8pZxcorINppo="></latexit>

⌃ ! ⌃0 = U⌃, U = eit
a✓a

, (ta)bc = �i✏abc
<latexit sha1_base64="iYEhEvzlWlND6g4lofmVepfxBDg="></latexit>

t1 =

0

@
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0 0 �i
0 i 0

1
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0
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0 0 i
0 0 0
�i 0 0

1

A , t3 =
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1

A

<latexit sha1_base64="+2jamz4LFCwKfoFsGpoUY7hH1ZI="></latexit>

⇥
ta, tb

⇤
= i✏abctc

<latexit sha1_base64="GtG5mEAebag2xlTeZIldq5KQewo="></latexit>

pure imaginary

ita are real anti-symmetric.
<latexit sha1_base64="yuSfMoZHcwoEPGZrJfVJg6Uhw2w="></latexit>

SO(3)
<latexit sha1_base64="zOY+wd1DhpxgF/A25moMhtiX+LU="></latexit>

U⇤ = U , UTU = UUT = 1, detU = 1.
<latexit sha1_base64="EobVsoxaJ6zDsmwl00YXZ859sBg="></latexit>

3 dim. rotational group



Exercises

(4)

(1) Let � be a SU(2) doublet. Show that �̃ ! �̃0 = U �̃, where �̃ = i⌧2�⇤.
<latexit sha1_base64="HfAtYMX4aDmH1b0AC/HyekD73hE="></latexit>

(2)

Let � and ⌃a be SU(2) doublet and triplet, respectively. Show that �†⌧a�⌃a

is SU(2) invariant.
<latexit sha1_base64="NXKFVIU71WPxs09yBYwAzYBXvJI="></latexit>

Let �u and �d are SU(2) doublets. Show that ✏ij�i
u�

j
d(= �1

u�
2
d ��2

u�
1
d) is

SU(2) invariant, where �u,d =

✓
�1

u,d

�2
u,d

◆
.

<latexit sha1_base64="Px20/Z0w0Ui1zmeG79t3dtcY53E="></latexit>

(3)

eXY e�Y = Y + [X,Y ] +
1

2!

⇥
X, [X,Y ]

⇤
+

1

3!

h
X,

⇥
X, [X,Y ]

⇤i
+ · · ·

<latexit sha1_base64="dCBcou31IlaHuc+7paW/Xyy3U4U="></latexit>

Let X and Y operators. Show that
<latexit sha1_base64="yFmRMNuJLJJBjJWTghsAhnvtw9E="></latexit>



SU(3)
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<latexit sha1_base64="C30qfe92Ff8F3lRKQZqiwDSxuqE="></latexit>

Hermitian and traceless

Tr(T aT b) =
1

2
�ab

<latexit sha1_base64="V7KIly8AlRAATMAgSwnZQAMARWY="></latexit>

Algebra
dimSU(3)=32-1=8


�a

2
,
�b

2

�
= ifabc�

c

2
, a, b, c = 1, · · · , 8

<latexit sha1_base64="wiftT900udGz2aS4+ZUz7s8mm9A="></latexit>

Defining representation is expressed by Gell-Mann matrices (λs). 

where

[T a, T b] = ifabcT c, a, b, c = 1, · · · , 8
<latexit sha1_base64="EEAzsKuFw98UGmKdmuT/nFYIdkc="></latexit>

e.g., symmetry of strong interaction



SU(3)CxSU(2)LxU(1)Y

Direct product -> each transformation is independent.

SU(3) SU(2) U(1)

e.g.,

symmetry of Standard Model

s = 1, ..., 8: SU(3) generator indices, I, J = 1, 2, 3: SU(3) triplet indicies (color);
a = 1, 2, 3: SU(2) generator indices, i, j = 1, 2: SU(2) doublet indices;
Yq: U(1) hypercharge of q

<latexit sha1_base64="2aGG+MrOP0Kq4i7IXlfd42dMJbs="></latexit>

qL,I,i(x) ! q0L,I,i(x) = (ei
�s

2 ✓s
3(x))IJ(e

i ⌧a

2 ✓a
2 (x))ij(e

i✓1(x)/6)qL,J,j(x)
<latexit sha1_base64="GVPg+Q2i7qWuDM/2afJi9H205K0="></latexit>

qL(x) : (3,2, 1/6)
<latexit sha1_base64="0J4xOqFOiS2TJkVB7jpdmLVq4Uw="></latexit>

Likewise uR(x) : (3,1, 2/3)
<latexit sha1_base64="pMeG+Mle26A6Wl777WYUMxcY+mw="></latexit>

uR,I(x) ! u0
R,I(x) = (ei

�s

2 ✓s
3(x))IJ(e

i2✓1(x)/3)qL,J(x)
<latexit sha1_base64="T8OXSIg6DnqwD048zbiUbvcSLAg="></latexit>



Mass and spin in multiplet

0

BBBBB@
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��(j�1)

��j

1

CCCCCA

<latexit sha1_base64="VmXcnN24v8zNAcyiw5Vgym9z2cE="></latexit>

- All members of an (irreducible) multiplet of internal symmetry 

group have the same spin and mass.

- If not, symmetry should be broken.

* The above statement does not hold in supersymmeric theories. 

Super-multiplet contains fields with different spins.



Lagrangian
Lagrangian (up to total derivatives) must satisfy 

2. Symmetry L ! L0 = L
<latexit sha1_base64="R64vPLMxWzw/Ql8alKeQ0ynHTD0="></latexit>

Lorentz and gauge symmetries, and could be something more.

1. Hermiticity L = L†
<latexit sha1_base64="3yg80idImU4XbAw+CgILOgFuKTk="></latexit>

Hamiltonian is Hermitian

(time evolution is unitary)

3. Renormalizability

mass dimension of operators <= 4
UV divergences are removed by a finite number of counterterms

[L] = M4
<latexit sha1_base64="i2Q2FD3R6QOpSiGnArWrvc43sto="></latexit>

L = O4 +
1

⇤
O5 +

1

⇤2
O6 + · · · ⇤ is mass dimensionful parameter

<latexit sha1_base64="6p4VA4FEVwdX6JkrTERtJyLv7M8="></latexit>

* Effective Field Theory (EFT) allows higher-dimensional operators. 



scalars
O = {�n, (@µ�)

n; |�|n, |@µ�|
n
}

<latexit sha1_base64="qG70azbIjY2cdOZNtwzzjOOM9RI="></latexit>

Renormalizability O = {�n4, (@µ�)
2; |�|n4, |@µ�|

2
}

<latexit sha1_base64="UY76YGO/mY9IsnEOrI0ae9QlZtI="></latexit>

[@µ] = M, [�] = M
<latexit sha1_base64="7p2reNg35GZbIHLtFSY0cJAgsEA="></latexit>

Lorentz inv.

spinors
Lorentz, renormalizability, hermitian

[ ] = M3/2
<latexit sha1_base64="P7uFUYQ5M7ppxhiYblKpMjBkS/A="></latexit>

 † 
<latexit sha1_base64="KhLD/d3kGaemLoakvoDu1cx4yFM="></latexit>

O = { ̄ , i ̄�µ(
!
@µ �

 
@µ) }

<latexit sha1_base64="C3UYZrwEIbRpPDkVwsuZL8azXIk="></latexit>

 (x)
<latexit sha1_base64="jcYp2vwYryRNmo8edhPAS/lsrDE="></latexit>

�(x)
<latexit sha1_base64="QGzscgcORk24So5CWPwldfTnghA="></latexit>

E.g., global U(1) � ! �0 = ei↵�
<latexit sha1_base64="R+uS16GbyDd0QkM1vufHif2ZlwI="></latexit>

The possible operators are further reduced if a symmetry exists.

O = {|�|n4, |@µ�|
2
}

<latexit sha1_base64="evQGzt/WV/Ie260IRt8gdGg/O58="></latexit>

vectors
Lorentz, renormalizability, hermitian O = {Fµ⌫F

µ⌫
}

<latexit sha1_base64="n1Rt6H72i6BLGL8+HpewYmAsBdo="></latexit>

Fµ⌫ = @µA⌫ � @⌫Aµ
<latexit sha1_base64="SyYVBAWyrdi3Rk3nVPOnU/TiEmM="></latexit>

e.g., U(1)The form of Fµ⌫ depends on gauge groups.
<latexit sha1_base64="/cjY3pWnPPXTIK15Q3PqpEaG2qU="></latexit>

[Aµ] = M
<latexit sha1_base64="978IIoVlpphtP64dvVaenqtccR8="></latexit>

AµA
µ

<latexit sha1_base64="hYR0JYxc4a9A5WBECxjTXkZY2tQ="></latexit>

Aµ(x)
<latexit sha1_base64="twELP5RpwwboTt1CBnhpYYdvTR4="></latexit>



Free Lagrangian
no interaction



Spin 0 (scalars)

L =
1

2
@µ�@

µ�� 1

2
m2�2

<latexit sha1_base64="7eDq3lDETxzNsW8wS+Q47wtpTgg="></latexit>

real scalar

2 real fields

complex scalar

� ! �0 = ei↵�
<latexit sha1_base64="R+uS16GbyDd0QkM1vufHif2ZlwI="></latexit>

invariant under global U(1)

� =
1p
2
(�1 + i�2)

<latexit sha1_base64="mz2kn4zTUnl4lnJ2hIdiU1JV/W8="></latexit>

L = @µ�
⇤@µ��m2�⇤� =

X

i=1,2

1

2

⇥
(@µ�i)

2 �m2�2
i

⇤

<latexit sha1_base64="d1noEB/+Ve40lZLjhaFjKN7flwI="></latexit>

cf. 2 real scalars with different masses

L =
X

i=1,2

1

2

⇥
(@µ�i)

2 �m2
i�

2
i

⇤
= @µ�

⇤@µ�� 1

2
(m2

1 +m2
2)�

⇤�� 1

4
(m2

1 �m2
2)(�

2 + �⇤2)
<latexit sha1_base64="DRC+YndAnQebvpQ/K778uGk/Fpo="></latexit>

common mass

different masses global U(1)

[L] = M4, [@µ] = M, [�] = M
<latexit sha1_base64="oI1+gNo4Ams2O9vjoOeKvKu5vm0="></latexit>

Equation of Motion (EOM)

(@µ@
µ +m2)� = 0

<latexit sha1_base64="13MCjd6cZNHXAMM4+w+dAXNj8AU="></latexit>

@µ

✓
@L

@(@µ�)

◆
� @L

@�
= 0

<latexit sha1_base64="V1KReMAG5foJpE7KDTboPJ/1Whs="></latexit>

Klein-Gorden equation
p2 = m2

<latexit sha1_base64="7nI+sDQi374CZIi/2rMIe06BeVo="></latexit>

common mass ↔︎ symmetry



Ep =
p

p2 +m2
<latexit sha1_base64="D1DFEbARf5AuAtecFfGGRpDDik4="></latexit>

�(x) =

Z
d3p

(2⇡)3
1p
2Ep

h
ape

�ip·x + b†pe
ip·x

i

<latexit sha1_base64="RSukrqQ4G0XLnvrFq+9nCHraZv8="></latexit>

Complex scalar case particle 

annihilation 

antiparticle 

creation 

antiparticle 

annihilation 

particle 

creation 

�†(x) =

Z
d3p

(2⇡)3
1p
2Ep

h
bpe

�ip·x + a†pe
ip·x

i

<latexit sha1_base64="Z4SS/LYUGOXoITxYNOdNEX9mrRk="></latexit>

ap|0i = bp|0i = 0
<latexit sha1_base64="m+JCD4Ytb2YFKRgb0b5xLisur1w="></latexit>

Exercise
Why does the positive frequency mode has the annihilation operator, namely,

ape�ip·x? What happens if a†pe
�ip·x?

<latexit sha1_base64="c4gLd6KejNn7VF5a8lgycIgQFOs="></latexit>

positive and negative frequency solutions (@µ@
µ +m2)� = 0

<latexit sha1_base64="13MCjd6cZNHXAMM4+w+dAXNj8AU="></latexit>

��(x) = e+ip·x = e+i(Ept�p·x)
<latexit sha1_base64="9kQ2xAgnSq1kXtRTkUg5t0fgFzU="></latexit>

�+(x) = e�ip·x = e�i(Ept�p·x)
<latexit sha1_base64="CFICbkxWhFe0r1dWi7XOtHeu4u8="></latexit>

Solutions

p0 = E = ±Ep
<latexit sha1_base64="yNEwziiRdoW5WMEvLV3JSh3y7Ag="></latexit>



Symmetry and conservation law
Noether’s theorem

If a symmetry exists, corresponding conservation law exists.

�(x) ! �0(x) = �(x) + ↵��(x)
<latexit sha1_base64="6xQav371dvjVUvSRMLe1He0KyAk="></latexit>

L(x) ! L0 = L(x) + ↵@µJ µ(x)
<latexit sha1_base64="IiKTHduPS5IwRglLVtoqDKPW58k="></latexit>

� ! �0 = e�i↵�
<latexit sha1_base64="uOL/XdwVm+hZKnCyBlbbWXX0bf8="></latexit>

Complex scalar case
global U(1)

see, e.g., Peskin’s book.

@µj
µ(x) = 0, jµ(x) =

@L
@(@µ�)

��� J µ

<latexit sha1_base64="O3hB+VInPez447ylA3GMfdSw/rU="></latexit>

One obtains
Q =

Z
d3x j0(x)

<latexit sha1_base64="uAGyG/bnq8fo6NkLPLeBTSSrsic="></latexit>

@Q

@t
= 0

<latexit sha1_base64="EjAJvWzE7kqzWrzlyYunvBh2l2s="></latexit>

global U(1) (phase transformation) invariance 

= particle number conservation (= charge conservation)

N� =

Z
d3x j0(x) = i

Z
d3x

h
�†(@0�)� (@0�†)�

i
=

Z
d3p

(2⇡)

�
a†pap � b†pbp

�

=

Z
d3p

(2⇡)

�
n� n̄) = N � N̄

<latexit sha1_base64="mnS6GH6RpvRZ1xzNzv7NV4Wc59s="></latexit>

= # of particle - # of anti-particle

charge conservation

-> particle-antiparticle “pair” annihilation/creation



Spin 1/2 (spinors)
Dirac field

{�µ, �⌫} = �µ�⌫ + �⌫�µ = 2gµ⌫ , �5 = i�0�1�2�3, {�µ, �5} = 0
<latexit sha1_base64="dN1/3wpYRpWVYDykyJRX/h4/B6I="></latexit>

Dirac representation

�0 =

✓
1 0
0 �1

◆
, �i =

✓
0 �i

��i 0

◆
, �5 =

✓
0 1
1 0

◆

<latexit sha1_base64="SXnIhiwlriWIk6cxdUC4xViNLs8="></latexit>

convenient for non-relativistic limit

Chiral representation

�0 =

✓
0 1
1 0

◆
, �i =

✓
0 �i

��i 0

◆
, �5 =

✓
�1 0
0 1

◆

<latexit sha1_base64="7jPYJPDUIAzseiTiPkVhPFt8xfo="></latexit>

convenient for relativistic limit (or massless limit)

�5 L = � L, �5 R = + R
<latexit sha1_base64="l42mIdvhqElaGFiaCZ2HjINpzoQ="></latexit>

Chirality eigenvalues of γ5

 =

✓
 L

 R

◆

<latexit sha1_base64="8+pkI8xfePu6xqwVuY+mK0zVrZo="></latexit>

* Some people’s notation 2-component (Weyl fermion)
I don’t use this notation in my lecture.

L =
1

2
 ̄
h
i�µ(

!
@µ �

 
@µ)�m

i
 !  ̄(i�µ@µ �m) 

<latexit sha1_base64="XV7HofgLO3SeTj1uT4oSLpk7Prc="></latexit>

[ ] = M2/3
<latexit sha1_base64="pADv3VrakILdKroFyFrDmtwwxaY="></latexit>

hermitian

4-componentPL,R =
1⌥ �5

2
,  L,R = PL,R 

<latexit sha1_base64="HgmRtskR8f/FvxEP+E1FBuzPG9k="></latexit>

 =  L +  R
<latexit sha1_base64="MI0muST+gnMl41UBDd02LbAwXtc="></latexit>

integration by parts



Equation of Motion (EOM)

(i@/ �m) (x) = 0, @/ ⌘ �µ@µ
<latexit sha1_base64="2l2G3HGgg/Z1WRM+hz20zrIR7y4="></latexit>

 (x) =

Z
d3p

(2⇡)3
1p
2Ep

X

s

h
aspu

s(p)e�ip·x + bs†p vs(p)eip·x
i

<latexit sha1_base64="mOmgLv7PeKPb9DqFI/ReAvKUg8Y="></latexit>

 ̄(x) =

Z
d3p

(2⇡)3
1p
2Ep

X

s

h
bspv̄

s(p)e�ip·x + as†p ūs(p)eip·x
i

<latexit sha1_base64="j/c+uqbJVvlPuuuZG4wjKPP+ggw="></latexit>

particle 

annihilation 

antiparticle 

creation 

antiparticle 

annihilation 

particle 

creation 

(p/+m)vs(p) = 0, vs(p) = C(ūs(p))T , C = i�2�0
<latexit sha1_base64="aeKCO04Y//VD/MfeUFddyl/TeJY="></latexit>

charge conjugation

antiparticle C = �i�2�0 (Peskin’s book)
<latexit sha1_base64="BL9W+WjQL8bY1XYqlB1L6zgU678="></latexit>

particle
us(p) =

✓
us(p)�
us(p)+

◆

<latexit sha1_base64="NcsZO9PiJf+aAIDbbBXjGrQNEQg="></latexit>

(p/�m)us(p) = 0,
<latexit sha1_base64="OHjnU6Six/ASil0HmitS1p9is8g="></latexit>

(p0 � p · �)us(p)+ = mus(p)�,

(p0 + p · �)us(p)� = mus(p)+
<latexit sha1_base64="hWmcIJhjT0oIQcPlB2TN7goU0Rw="></latexit>

In momentum space helicity*2 (±1)

chirality p0 = Ep =
p
p2 +m2

<latexit sha1_base64="Bx3s7pyKVql7uODMfBT5AGJthFo="></latexit>



For E>>m or m=0, helicity = chirality!!

For E>>m or m=0, helicity = -chirality

us(p) =

✓p
p · �⇠sp
p · �̄⇠s

◆

<latexit sha1_base64="Ye+SMVTqBo5j++92cG4lksEsDTs="></latexit>

u spinor (particle) chirality = L(-1)
chirality = R(+1)

p · �
|p| ⇠s = s⇠s

<latexit sha1_base64="DqjFpfXecufnehGNsmvANmdix4I="></latexit>

s = ±1
<latexit sha1_base64="RJrwOlMBkVdULtcpper8AtHFEWo="></latexit>

(helicity*2)
(p · �)⇠s = (p0 � p · �)⇠s = (E � s|p|)⇠s

<latexit sha1_base64="gFhu+bnEpi3XAIZBs0A2yFhsOvc="></latexit>

us(p) =

✓p
E � s|p|⇠sp
E + s|p|⇠s

◆
!

E�m

✓p
E(1� s)⇠sp
E(1 + s)⇠s

◆

<latexit sha1_base64="XNjtv+Rhwg0JUAKv0FzXuZDOzk8="></latexit>

u(+)
R (p) =

✓
0p

2E⇠(+)

◆
, u(�)

L (p) =

✓p
2E⇠(�)

0

◆

<latexit sha1_base64="7iZHRmGYdCC4Hva/gTmyoxC2xC4="></latexit>

v spinor (antiparticle)

vs(p) = C(ūs(p))T = (i�2�0)(us†(p)�0)T =

✓
0 i�2

�i�2 0

◆
us⇤(p) =

✓ p
E + s|p|(i�2)⇠s⇤p
E � s|p|(�i�2)⇠s⇤

◆

!
E�m

✓ p
E(1 + s)(i�2)⇠s⇤p
E(1� s)(�i�2)⇠s⇤

◆
, v(+)

L (p) =

✓
�
p
2E⇠(�)

0

◆
, v(�)

R (p) =

✓
0

�
p
2E⇠(+)

◆

<latexit sha1_base64="7M5l1U3gaj95NtLnapVcs7cg45w="></latexit>

p · �
|p| =

✓
cos ✓ sin ✓e�i�

sin ✓ei� � cos ✓

◆
, ⇠(+) =

✓
cos ✓

2
sin ✓

2e
i�

◆
, ⇠(�) =

✓
� sin ✓

2e
�i�

cos ✓
2

◆
, ⇠(±) = ±i�2⇠(⌥)⇤

<latexit sha1_base64="KZ9oCKISt4LeH2BZ1AJ7H0eRzcU="></latexit>

✓ 2 [0,⇡], � 2 [0, 2⇡]
<latexit sha1_base64="zgghXmHeqjR2kmELYQkZd8Zmgac="></latexit>



Vector current
U(1) vector current

 !  0 = e�i↵ 
<latexit sha1_base64="bhTvh1n5O9p9/gt9+oPGC3drA8g="></latexit>

L =  ̄(i�µ@µ �m) 
<latexit sha1_base64="nKgRfNXPdc0Q8LmQS2x10wIv2/w="></latexit>

is invariant under 

Corresponding Noether current is

jµ(x) =
�
n(x), j(x)

�
<latexit sha1_base64="48/V5diETvc2xaNbJ66FvEYRCZQ="></latexit>

@n

@t
+r · j = 0

<latexit sha1_base64="59KlRi4zR87cLrabCED1lUCwrMI="></latexit>

continuity eq.

jµ(x) =  ̄(x)�µ (x), @µj
µ(x) = 0.

<latexit sha1_base64="WBvT4KW4Yj01cst2e9a8U12TZ1U="></latexit>

@µj
µ
R(x) = im ̄(x)�5 (x), @µj

µ
L(x) = �im ̄(x)�5 (x)

<latexit sha1_base64="DnYuAv0pnxIR4UL4rhRtu7XHfNI="></latexit>

jµ(x) =  ̄(x)�µ (x) =  ̄R(x)�
µ R(x)| {z }

jµR(x)

+  ̄L(x)�
µ L(x)| {z }

jµL(x)
<latexit sha1_base64="f9Lux+SLnytto5o6pSfgWzMUeak="></latexit>

Let us decompose jμ into right- and left-handed currents:

Each current is not conserved if m≠0.



Axial-vector current
U(1) axial-vector current

Corresponding Noether current is

jµ5(x) =  ̄(x)�µ�5 (x), @µj
µ5(x) = 0.

<latexit sha1_base64="AEozcj3WMip2jphkPulhagLntKE="></latexit>

chiral transformation

 R !  0
R = e�i↵ R,  L !  0

L = e+i↵ L
<latexit sha1_base64="/BC8VmuOQVrn6XgK9VAWhZ+2qhc="></latexit>

is invariant under L =  ̄i�µ@µ 
<latexit sha1_base64="ltC7DS7UEXPTiiM5QOyPF1Se9hg="></latexit>

 !  0 = e�i↵�5 
<latexit sha1_base64="kxf+2Z3ugf4c7D53wJxvtuuDZ34="></latexit>

However, the chiral symmetry is broken by the mass term.

�L 3 m ̄ = m( ̄R L +  ̄L R)
<latexit sha1_base64="OiMq0Tz+6QIMRtjZ22aYAKfj8Bo="></latexit>

In this case
jµ5(x) =  ̄(x)�µ�5 (x) = jµR(x)� jµL(x)

<latexit sha1_base64="J6VB2yen2mX+c+SEcCcdFR33b8Y="></latexit>

@µj
µ5(x) = 2im ̄(x)�5 (x)

<latexit sha1_base64="yiPWzxbmkrzqYgHD8EJpIaJFOhg="></latexit>

The axial-vector current is not conserved.



pµ =

0

BB@

m
0
0
0

1

CCA

<latexit sha1_base64="jUWX1CuMwcCxjU2aJspUvuEleE0="></latexit>

rest frame

Spin 1 (vectors)
Massive vector field

✏µ1 =

0

BB@

0
1
0
0

1

CCA

<latexit sha1_base64="RT//3QhrtG5wdB9y7VkctRwp46U="></latexit>

✏µ2 =

0

BB@

0
0
1
0

1

CCA

<latexit sha1_base64="6OXQy08V0P56P+MC9xRLz3bOMZg="></latexit>

✏µ3 =

0

BB@

0
0
0
1

1

CCA

<latexit sha1_base64="I/5P4UpbzBEUBM4Xo83hvTMJu24="></latexit>

longitudinaltransverse
2J+1 = 3 polarization states

grows with energy
-> equivalence theorem

� = v
<latexit sha1_base64="qfC2T/PncTBy6xOgFDZoVk6u1co="></latexit>

boost in z direction

0

BB@

0
1
0
0

1

CCA

<latexit sha1_base64="vWso41FQ9jpWZH7i47dZZfz55bE="></latexit>

0

BB@

0
0
1
0

1

CCA

<latexit sha1_base64="T9as4A6tqzfAFBpJwbMLTo30XfQ="></latexit>

0

BB@

�� = pz

m
0
0

� = E
m

1

CCA

<latexit sha1_base64="F3+6NlHzHGo0hIpGDikN8yV/Shw="></latexit>

0

BB@

E = �m
0
0

pz = ��m

1

CCA

<latexit sha1_base64="PGU12oaZAQ37Rwj2BfxF3PMAwWg="></latexit>

E2 � p2z = m2
<latexit sha1_base64="8I8oEjtR//UlxODhJC2//sLpA1Q="></latexit>

pµ✏
µ
i = 0, ✏iµ✏

µ⇤
j = ��ij (i, j = 1, 2, 3)

<latexit sha1_base64="Q0kq5aBz7v4N94u+KNydRVYb+qY="></latexit>

� =
1p

1� �2
<latexit sha1_base64="Pou7Ck7Z1OFpEMHjR6SVa5Hdu+s="></latexit>



L = �1

4
Fµ⌫F

µ⌫ +
1

2
m2VµV

µ, Fµ⌫ = @µV⌫ � @⌫Vµ
<latexit sha1_base64="QglQWGlVBkf+V0VHNf4XSUKrHpw="></latexit>

Lagrangian

@⌫V
⌫ = 0

<latexit sha1_base64="HTLvk9QSc/Q0PCNQ9ZjgX72Gu4g="></latexit>

m2 6= 0
<latexit sha1_base64="2kguWcbhkAbAEIrToLvsfWiivuY="></latexit>

EOM @µF
µ⌫ +m2V ⌫ = 0

<latexit sha1_base64="RPsva60z59Yz8gWO1ahwy9g9Goc="></latexit>

⇤V ⌫ � @⌫(@µV
µ)

<latexit sha1_base64="x3OadQDNEqeri0dnYrteFgWnvDU="></latexit>

=<latexit sha1_base64="5Ir8sq6cBTKxGENzwseMH3R2XhU="></latexit>

✏µi (i = 1, 2, 3) pµ✏
µ = 0

<latexit sha1_base64="Yc1+pzjSM/fflX6mYeBqhk2SUbI="></latexit>

X

i=1,2,3

✏µi ✏
⇤⌫
i = �gµ⌫ +

pµp⌫

m2
<latexit sha1_base64="CeQg2fdg2gFvtPIA4L6zr9WOXqc="></latexit>

(⇤+m2)V µ = 0,

@µV
µ = 0

<latexit sha1_base64="x1lSKqB+P9vE4ZYSrmcsCVDfAiU="></latexit>

{∴ no scalar mode

@on-shell (p2=m2)

Vμ: Proca field

X

i=1,2,3

✏µi ✏
⌫⇤
i =

0

BB@

0
1

1
1

1

CCA =

0

BB@

�1
1

1
1

1

CCA+

0

BB@

1
0

0
0

1

CCA = �gµ⌫ +
pµp⌫

m2

<latexit sha1_base64="VY5Q7e7ei4wn4O3BoFiku9xElqU="></latexit>

It is easy to do the polarization sum in the rest frame.

The same result is obtained in the z-boosted frame and any frame. 



�i

p2 �m2 + i✏


�gµ⌫ +

pµp⌫

m2

�

<latexit sha1_base64="2aWbYiQ59EGl8F81e+prfpj6xpo="></latexit>

p
<latexit sha1_base64="Y8LRkvHRvA8Xrr/7UysoXfLAgoc="></latexit>

propagator

pµ =

0

BB@

p
p2

0
0
0

1

CCA

<latexit sha1_base64="AwCF6zmSd0u1DFyyIMX6id35+2Y="></latexit>

�gµ⌫ +
pµp⌫

m2
=

0

BB@

p2�m2

m2

1
1

1

1

CCA

<latexit sha1_base64="NQjupG9/0iaTxLL/G6KvbJfFeLQ="></latexit>

scalar mode can propagate@off-shell (p2≠m2 p2>0)

“rest frame”

spin-1 field must be gauge field (see later).

Massive spin-1 vector = massless vector & massless scalar.

helicity (±1,0) helicity ±1 helicity 0



Interactions



Possible interactions

spin 0
 spin 1/2
 spin 1


spin 0


spin 1/2
 N/A

spin 1


�
<latexit sha1_base64="/+roq/8iQYi+teWraCi2Vp9dfH4="></latexit>

 
<latexit sha1_base64="Uv0GjG4KPJkRpqaDRkVkQAsN7zc="></latexit>

Aµ
<latexit sha1_base64="XsDyx6aItoGHDmOC7ngBYvKEwLE="></latexit>

 ̄ �
<latexit sha1_base64="rvWeHjJhto+kjF3uhYUwIiDmblI="></latexit>

|Dµ�|2
<latexit sha1_base64="sJBnTUNu7fKKFKfuFoxbVfMowGc="></latexit>

�
<latexit sha1_base64="/+roq/8iQYi+teWraCi2Vp9dfH4="></latexit>

 
<latexit sha1_base64="Uv0GjG4KPJkRpqaDRkVkQAsN7zc="></latexit>

Aµ
<latexit sha1_base64="XsDyx6aItoGHDmOC7ngBYvKEwLE="></latexit>

 ̄ �
<latexit sha1_base64="rvWeHjJhto+kjF3uhYUwIiDmblI="></latexit>

|Dµ�|2
<latexit sha1_base64="sJBnTUNu7fKKFKfuFoxbVfMowGc="></latexit>

Fµ⌫F
µ⌫

<latexit sha1_base64="0PKA6bk3dkmn/zYsaoNsotT712g="></latexit>

Renormalizability is assumed. -> mass dim. <= 4

Yukawa

Yukawa

gauge

gauge

gauge gauge gauge

scalar

Particle content and gauge symmetry are specified, all interactions

are determined. 

Dµ = @µ + igAµ
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Lecture 2



U(1) gauge theory
Quantum ElectroDynamics (QED)

Gauge Theory∗

Eibun Senaha

1 gauge transformation

1.1 U(1)

The U(1) transformation on ψ(x) is

ψ(x) → ψ′(x) = eiQθ(x)ψ(x), (1.1)

ψ̄(x) → ψ̄′(x) = ψ̄(x)e−iQθ(x). (1.2)

Correspondingly, the covariant derivative on ψ(x) is transformed as

Dµψ → D′
µψ

′ = (∂µ + i|e|QA′
µ)e

iQθ(x)ψ

= eiQθ(x)

[

∂µ + i|e|Q
(

A′
µ +

1

|e|
∂µθ(x)

)

]

ψ

≡ eiQθ(x)(∂µ + i|e|QAµ)ψ

= eiQθ(x)Dµψ. (1.3)

with |e| being the charge of positron. Therefore, Aµ must transform as

A′
µ = Aµ −

1

|e|
∂θµ(x). (1.4)

2 QED

The Lagrangian of the QED is

LQED = −
1

4
FµνF

µν + ψ̄(iγµDµ −m)ψ

= −
1

4
FµνF

µν + ψ̄(iγµ∂µ −m)ψ − eQψ̄γµψAµ, (2.1)

where

Fµν = ∂µAν − ∂νAµ, Dµ = ∂µ + ieQAµ. (2.2)

and e = |e| is defined by the charge of the “positron”, thus Q = −1 for the electron. The EOM
is

∂µF
µν = eQψ̄γνψ = eQjν . (2.3)
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Equation of Motion (EOM) @µ

✓
@LQED

@(@µA⌫)

◆
� @LQED

@A⌫
= 0

<latexit sha1_base64="8pvGauzsgGzeVmqGTtFt+z8RXYU="></latexit>

Therefore, Aμ must transform as A0
µ = Aµ � 1

e
@✓µ(x)

<latexit sha1_base64="DFdr1yVFhWW+14tUOp3PAOPmbxs="></latexit>

[N.B.] m2AµAµ is forbidden.
<latexit sha1_base64="TZweFKC6WxqIdexy4EZv3Pq5YSE="></latexit>

Dψ is transformed as
Dµ ! D0

µ 
0 = (@µ + i|e|QA0

µ)e
iQ✓(x) 

= eiQ✓(x)


@µ + i|e|Q

⇣
A0

µ +
1

|e|@µ✓(x)
⌘�
 

⌘ eiQ✓(x)(@µ + i|e|QAµ) = eiQ✓(x)Dµ 
<latexit sha1_base64="N23CuIRltSPZGqTFMZYbuN+xg0s="></latexit>



Note

DµD
µΦ = −2λ

(

Φ†Φ−
v2

2

)

Φ, (4.6)

with

(DµF
µν)a = (∂µδ

ac + g2ε
abcAb

µ)F
cµν. (4.7)

In the matrix representation,

DµF
µν = (DµF

µν)aT a = ∂µF
µν + g2ε

abcT aAb
µF

cµν

= ∂µF
µν − ig2[Aµ, F

µν ]. (4.8)

5 Quantization of the gauge theory

6 The Stueckelberg formalism in the Abelian-Higgs model

The starting point is the Lagragian of the Abelian-Higgs model without the Higgs potential.

LAH = −
1

4
FµνF

µν + |(∂µ − ieAµ)Φ|2, (6.1)

where

Fµν = ∂µAν − ∂νAµ. (6.2)

We parameterize Φ in terms of B(x) is the nonlinear representation.

Φ =
1√
2

mA

e
e
i e

mA
B(x)

, Φ†Φ =
1√
2

mA

e
, (6.3)

where B(x) is called Stueckelberg field. With this we have

∂µΦ = −
e

mA

∂µBΦ, (∂µ − ieAµ)Φ = ie

(

1

mA

∂µB − Aµ

)

Φ. (6.4)

Therefore, we get

LStueckelberg = −
1

4
FµνF

µν +
1

2
m2

A

(

Aµ −
1

m2
A

∂µB

)2

= −
1

4
FµνF

µν +
1

2
m2

AAµA
µ +

1

2
∂µB∂

µB −mAAµ∂
µB. (6.5)

A Notations and conventions

The four vector potential and current are defined as

Aµ(x) =
(

φ(x),A(x)
)

, jµ(x) = ψ̄(x)γµψ(x) =
(

n(x), j(x)
)

. (A.1)

Let us look into the potential term induced by electon in QED.

−LQED = |e|Qej
µ(x)Aµ(x) # −|e|j0(x)A0(x) = −|e|n(x)φ(x), (A.2)

where n(x) denotes the electron density and φ(x) is the electrostatic potential. From this, once
can see that the sign of the term −eQψ̄γµψAµ in the Lagrangian is fixed once e is defined, so
the covariant derivative must have the form Dµ = ∂µ + ieQAµ.

3

Let us define the 4 vector potential and current as

electron number densityelectrostatic potential

this sign must be minus.

Therefore, the notations of the covariant derivative are either 

Dµ = @µ � ieAµ (e = |e|)
<latexit sha1_base64="oWb9q/AULuwUhFT+3hXIwh68wk4="></latexit>

Dµ = @µ + ieAµ (e = �|e|)
<latexit sha1_base64="V7+CZi7iAofa+WwcN5KrsHoqzPA="></latexit>

or e is electron charge

e is positron charge

e.g. Peskin-Schroeder’s book

�LQED 3 |e|Qjµ(x)Aµ(x) 3 �|e|j0(x)A0(x) = �|e|n(x)�(x)
<latexit sha1_base64="I6z0E/q8u5dXafEZ3oesJvupJLg="></latexit>



SU(N) gauge theory

Dµ = @µ + igAµ, Fµ⌫ = @µA⌫ � @⌫Aµ + ig[Aµ, A⌫ ].
<latexit sha1_base64="4tNFyfERwHK6Te6XvQZHcqJEDp4="></latexit>

Note that Aµ = T aAa
µ with [T a, T b] = ifabcT c.

<latexit sha1_base64="KhO8vn5wXfYMuOnvzfdZ5KAI+bc="></latexit>

Lagrangian
L = �1

2
Tr(Fµ⌫F

µ⌫) +  ̄(i�µDµ �m) ,
<latexit sha1_base64="rTMyyVHmJrtqWnMKBDR3N8f2ccg="></latexit>

 !  0 = U = ei✓
aTa

 ,  ̄ !  ̄0 =  ̄U�1,

Aµ ! A0
µ = UAµU

�1 +
i

g
(@µU)U�1.

<latexit sha1_base64="CcarhkQlZyK/Qe3raEp3DRzecDk="></latexit>

ψ and Aμ transform as

U�1 = U †
<latexit sha1_base64="D3OQzv3T2bUT4wpxURj9aYoCH00="></latexit>

A†
µ = Aµ, trAµ = 0

<latexit sha1_base64="LfP4qPoYJ//8F/YFvfPNIpt+Ynw="></latexit>

Strong interaction: SU(3)C,  Weak interaction: SU(2)L

Show that A0†
µ = A0

µ, trA0
µ = 0.

<latexit sha1_base64="uRru3t3RBWKlSJBCO+2bhp9g+d0="></latexit>

Exercises
(1)

(2) Derive EOM for Aμ.



SU(3)C

q ! g0 = Uq
<latexit sha1_base64="iGGeCeoQJWOcpCV08Y0sQHwn7zw="></latexit>

q =

0

@
q1

q2

q3

1

A

<latexit sha1_base64="sIpN+QdUEyb9ZY8fnD3QoOxpyGc="></latexit>

R
G
B

q̄ =
�
q̄1 q̄2 q̄3

�
<latexit sha1_base64="GwcwHLN46S4C/lEKnupmkY9uFNA="></latexit>

q̄ ! q̄0 = q̄U†
<latexit sha1_base64="zOKJetDf4Mvyp6yl3vgRHzxHjGI="></latexit>

q̄q ! q̄0q = q̄U†Uq = q̄q
<latexit sha1_base64="rjuDx8aQG0IYCXrBLXPKAdWIP6E="></latexit>

meson

baryon ✏ijkq
iqjqk ! ✏ijkq

0iq0jq0k = ✏ijkU
i
`U

j
mUk

nq
`qmqn

= detU✏ijkq
iqjqk = ✏ijkq

iqjqk
<latexit sha1_base64="7YZipA4RviAL2wm6XlzMzYcvhBQ="></latexit>

Hadron particles that have strong interaction

quark antiquark

p = (uud), n = (udd), ⇡+ = (ud̄) ,⇡� = (dū), etc.
<latexit sha1_base64="6d5moUwzPFE5chNptvYC1+jfQx8="></latexit>

U = ei
�s

2 ✓s

<latexit sha1_base64="bH9u5FutweH8BK/1VdjLF/w9nGU="></latexit>



Gauge fixing
Gauge fixing is necessary. Otherwise,

Z
[dA]eiS =

Z
[dA] exp


i

Z
d4x

✓
�1

4
Fµ⌫F

µ⌫

◆�

=

Z
[dA] exp


i

Z
d4x

⇢
1

2
Aµ(x)

�
@2gµ⌫ � @µ@⌫

�
A⌫(x)

��

=

Z
[dA] exp


i

Z
d4k

(2⇡)4

⇢
1

2
Aµ(k)

�
�k2gµ⌫ + kµk⌫

�
A⌫(�k)

��

<latexit sha1_base64="tEj+OGGvTzyHiE8POXVSj5te3mc="></latexit>

This functional integral is badly divergent for the kμα(k) part.
gauge inv.

Also, when you define propagator of Aμ,
(@2gµ⌫ � @µ@⌫)D

⌫⇢(x� y) = i�µ
⇢�(4)(x� y)

<latexit sha1_base64="QmqgmQ4fOdOyYC4IIxD2UgOl6Yw="></latexit>

(�k2gµ⌫ + kµk⌫)D
⌫⇢(k) = i�µ

⇢
<latexit sha1_base64="oJ4b3fwko9SJ0b+LIW+JXr+ToVQ="></latexit>

momentum space no solution since det(�k2gµ⌫ + kµk⌫) = 0
<latexit sha1_base64="DutuSlbKfjz5qf4BmizeEL7m9aM="></latexit>

Those issues are due to gauge invariance.

e.g., U(1) gauge theories.

Aµ(k) ! Aµ(k) + kµ↵(k)
<latexit sha1_base64="cUF7MIVpfpkt4g/M/j99vVFeaq4="></latexit>



Gauge fixing
We add a gauge-fixing term in the Lagrangian. E.g.,


�k2gµ⌫ +

✓
1� 1

⇠

◆
kµk⌫

�
D⌫⇢(k) = i�µ

⇢

<latexit sha1_base64="1D+ks6ZizD2CvX++Rz/54kAFz/4="></latexit>

Dµ⌫(k) =
�i

k2 + i✏

✓
gµ⌫ � (1� ⇠)

kµk⌫

k2

◆

<latexit sha1_base64="9Gvdwm0xo/lAjosuSZYvsIEsm2U="></latexit>

Now we have a solution

ξ=1    Feynman gauge

ξ=0    Landau gauge

Physical observables do not depend on ξ (see later).

L 3 � 1

2⇠
(@µAµ)

2

<latexit sha1_base64="6PStlKScrJaNaZlynctfVVQ8nLI="></latexit>

In the SM, the gauge fixing terms are not simple. My favorite method 
is “gauge fixing based on BRS invariance.”



Gauge fixing
Gauge fixing based on BRS invariance (global symmetry).

�B�(x) = igc(x)�(x),

�BAµ(x) = @µc(x) + ig
h
c(x), Aµ(x)

i
,

�Bc
a(x) =

ig

2

h
c(x), c(x)

i
,

�B c̄
a(x) = iba(x),

�Bb
a(x) = 0.

<latexit sha1_base64="zHh5CT3J8XGrVDm0chVsRH76a4A="></latexit>

T. Kugo and S. Uehara, NPB197 (1982) 378.

LGF = baF a,

LFP = ic̄a(x)(�BF
a).

<latexit sha1_base64="GSxSYntNv3HrqOoGIb/G1u7H19w="></latexit>

LGF+FP = �i�B(c̄
aF a)

<latexit sha1_base64="+WLeEWV/2h7XKdaNuVEdRKWFbrU="></latexit>

Fa is a gauge-fixing function

When Fa does not contain ghost 

or anti-ghost fields 

c(x) = ca(x)T a: ghost field, c̄(x) = c̄a(x)T a: anti-ghost field,
<latexit sha1_base64="shFrt8y2vVpP1qE8M7qQBg8KFBY="></latexit>

b(x) = ba(x)T a: auxiliary field
<latexit sha1_base64="uuttPhUGTCauExE9KiX2WMRom9A="></latexit>



Gauge fixing
E.g., SU(N) gauge theory

F a = @µAa
µ +

⇠

2
ba

<latexit sha1_base64="8E96eBhGw74g3Jx3C41MEftvVAA="></latexit>

Eliminating the b-field by EOM, one has LGF = � 1

2⇠
(@µAa

µ)
2.

<latexit sha1_base64="uaQZy3nz9dVNKTwU/P2bwA1vH/Q="></latexit>

LFP = ic̄a@µDµc
a.

<latexit sha1_base64="5e0iqJSL7Ddwi8crUnMVGL49gRk="></latexit>

gauge-fixing function:

The FP ghost term is

QED LGF = � 1

2⇠
(@µAµ)

2, LFP = ic̄a⇤ca.
<latexit sha1_base64="Z2rbxmn0CokHKsDUpc+LAWo7e2Y="></latexit>

LGF = baF a = ba@
µAa

µ +
⇠

2
(ba)2 =

⇠

2

✓
ba +

1

⇠
@µAa

µ

◆2

� 1

2⇠
(@µAa

µ)
2

<latexit sha1_base64="VtXKWzra2vFU3Kh8dbjrMWNSpg4="></latexit>

ca† = ca, c̄a† = c̄a
<latexit sha1_base64="K5v39rpOu0DlGoaP4cnprOgY+jQ="></latexit>



Gauge fixing
E.g., SM

gauge-fixing function:

F s
3 (x) = @µGs

µ(x) +
⇠3
2
bs3(x),

F a
2 (x) = @µAa

µ(x)� i⇠2g2

✓
�†(x)

⌧a

2
'� '† ⌧

a

2
�(x)

◆
+

⇠2
2
ba2(x),

F1(x) = @µBµ(x)� i⇠1
g1
2

⇣
�†(x)'� '†�(x)

⌘
+

⇠1
2
b1(x).

<latexit sha1_base64="fh8cFM+gSiz96lA3wfViRlMVHlo="></latexit>

LFP = ic̄s3(x)
h
�BF

s
3 (x)

i
+ ic̄a2(x)

h
�BF

a
2 (x)

i
+ ic̄1(x)

h
�BF1(x)

i

<latexit sha1_base64="FZyzZyvnGC66NontrYo1DWl8Ru4="></latexit>

where the Higgs doublet field is defined as �(x) = '+ �(x).
<latexit sha1_base64="jTW8PXGbfu803PRZzVoZNNUphYw="></latexit>

[N.B.] ⇠2 = ⇠1 simplifies calculations.
<latexit sha1_base64="ysCsVhJEJgFIh1hhwbhDaORS1vI="></latexit>

LGF = bs3(x)F
s
3 (x) + ba2(x)F

a
2 (x) + b1(x)F1(x)

! � 1

2⇠3

⇣
@µGs

µ(x)
⌘2

� 1

2⇠2


@µAa

µ(x)� i⇠2g2

✓
�†(x)

⌧a

2
'� '† ⌧

a

2
�(x)

◆�2

� 1

2⇠1


@µBµ(x)� i⇠1

g1
2

⇣
�†(x)'� '†�(x)

⌘�2
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You may think
OK, the gauge fixing is necessary. Then, the gauge symmetry is broken 

at the Lagrangian level. So, is it possible to have SSB? 🤔

- The local symmetry must be broken first explicitly by a gauge-fixing 
term leaving only global symmetry (BRS symmetry)

Elitzur’s theorem

- This remaining global symmetry can be broken spontaneously.

PHYSICAL REVIEW D VO LUM E 12, NUMB ER 12 15 DECEMBER 1975

Impossibility of spontaneously breaking local symmetries

S. Elitzur
Department of Physics & Astronomy, Tel Aviv University, Tel Aviv, Israel

(Received 29 July 1975)

It is argued that a spontaneous breaking of local symmetry for a symmetrical gauge theory without gauge
fixing is impossible. The argument is demonstrated in a simple system of Abelian gauge fields on a lattice.

INTRODUCTION

A mechanism for confining quarks was suggested
recently, ' ' coupling the quarks strongly to gauge
fields (either Abelian or non-Abelian). The model
was demonstrated with a built-in ultraviolet cutoff
being defined on a space-time lattice, "and
treated by the path-integral formalism. A Ham-
iltonian version of the model was also investi-
gated' defining the fields on a space lattice and
continuous time. A simple model of this type'
consists of a field P; which is an angle variable
defined on the sites of a space-time cubic lattice
coupled to a gauge field A» „, also an angle vari-
able, defined on the link between the neighboring
sites i and i+n, where n is a primitive transla-
tion of the lattice. The action is given by

8=Z g cos(p~ —p;,„-A; „)
n

+—,

The first sum is taken over the sites and the posi-
tive translations n, the second over the sites and
the pairs of positive mutually orthogonal primitive
translations n, m. The action (1) is invariant un-
der the local (i.e. , site-dependent) gauge trans-
formation

A~-0'+&
A; „A.; „+C;—C;+„.

C; is an arbitrary c-number function of the sites.
The condition for Q to be an angle variable is some
substitution for self-interaction of the field Q. In
this way we get a compact Abelian group with sim-
ple potential generalization to non-Abelian com-
pact groups. It is emphasized" that since the
orbit of each variable under the gauge group is
compact, one can use the action in its symmetri-
cal form without introducing an asymmetrical
gauge-fixing term.
The power of the model to confine quarks (in this

case, to confine Q excitations) was illustrated in

the strong-coupling limit g —~. In the opposite
limit of weak coupling, g-0, the "magnetic"
term in the action proportional to I/g' becomes
important, and one expects for large enough E a
behavior similar to ordinary QED. It is natural
to suggest a phase transition for an intermediate
value of g. The crudest way to look for such a
transition is the mean-field approximation, and,
indeed, a critical value for g was calculated in
this approximation. In that approach one substi-
tutes in the path integral for the true action an
action in which each site and link interacts with
the mean values of the neighboring fields rather
than the fields themselves. So, one sets
a =(cosQ) and P =(cosA), and the path integral
then splits into a product of independent integrals
over each field separately, which is a function of
n and P. Using this simple path integral, one
then calculates (cosP) and (cosA) as a function
of n and P, and demands, for self-consistency,
that (cosQ) =n and (cosA) = p (see Ref. 2 for a
more accurate treatment). It is claimed that the
larger d, the dimension of space-time, is.the
better the assumption is of any site to interact
with the mean field only. The self-consistency
equation gives, indeed, ' for large g the unique
solution P =0, but for g smaller than some crit-
ical g„ it gives another solution, which turns out
to be closer in some sense to the true situation,
in which (cosA) = P &0. Since cosAq „ is not a
gauge-invariant quantity, the phase transition at
g, was related to spontaneous breaking of local
gauge symmetry. Our purpose here is to indicate
that a local symmetry cannot be spontaneously
broken (unless being explicitly broken by a gauge-
fixing term), so that such a transition, if it exists,
cannot be related to spontaneous breaking of local
symmetry. The mean value of the non-gauge-in-
variant field is not a good order parameter for de-
scribing it. The phenomenon of spontaneously
broken symmetries is characteristic of large
macroscopic systems where the broken symmetry
involves a macroscopic number of degrees of
freedom. The behavior of the macroscopic sys-
tem as a whole is, then, classical, and one can
confine the system in a small portion of its orbit



Particle content of the SM
Quarks and Leptons SU(3)C ⇥ SU(2)L ⇥ U(1)Y Q B L

qiL =

✓
uiL

diL

◆ ✓
3,2,

1

6
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�1/3
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1/3 0
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3,1,
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3

◆
2/3 1/3 0

diR

✓
3,1,�1

3

◆
�1/3 1/3 0

`iL =

✓
⌫iL
eiL

◆ ✓
1,2,�1

2

◆ ✓
0
�1

◆
0 1

eiR (1,1,�1) �1 0 1
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i: generation indices, L: left-handed fermions, R: right-handed fermions
<latexit sha1_base64="owUMNwTUbQDLlizvW4au1FPjldA="></latexit>

B: baryon number, L: lepton number
<latexit sha1_base64="wwGQ971DxJk9EL+x+GME7Hz4lyk="></latexit>
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µ(x) (8,1, 0)

Aa
µ(x) (1,3, 0)

Bµ(x) (1,1, 0)
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gauge fields Higgs field

a = 1, 2, 3
<latexit sha1_base64="dctVN9hbDXxqIK/M5uDE7pb1Yd0="></latexit>

s = 1, 2, · · · , 8
<latexit sha1_base64="Jyihy2UuASgIkfWa7y/S9FAuCNg="></latexit>

SU(3)C
SU(2)L
U(1)Y

global U(1) symmetries

gluon

Q = T 3 + Y
<latexit sha1_base64="PgX40eW0/C+XDD0IbA/KyH3hmxE="></latexit>



Lagrangian of the SM
LSM = Lg + Lf + LY + LH ,

<latexit sha1_base64="A62Rz/Ek1OHGccCJUESIczLFPyI="></latexit>

Lg = �1

4
Gs

µ⌫
Gsµ⌫ � 1

4
F a

µ⌫
F aµ⌫ � 1

4
Bµ⌫B

µ⌫ ,

Lf = q̄iLi�
µDµqiL + ūiRi�

µDµuiR + d̄iRi�
µDµdiR + ¯̀

iLi�
µDµ`iL + ēiRi�

µDµeiR,

�LY = Y u

ij
q̄iL�̃ujR + Y d

ij
q̄iL�djR + Y e

ij
¯̀
iL�ejR + h.c.,

LH = (Dµ�)
†Dµ�� V (�), V (�) = �µ2�†�+ �

�
�†�

�2
.
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⌘

�G�(x)

!

<latexit sha1_base64="pTHkfADGpLQoLtmVTLWuiSpLlCg="></latexit>

Dµ = @µ + ig3⇤
sGs

µ(x) + ig2T
aAa

µ(x) + ig1Y Bµ(x)
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Covariant derivative
Higgs field

Field strengths Gs
µ⌫ = @µG

s
⌫ � @⌫G

s
µ + g3f

stuGt
µG

u
⌫ ,

F a
µ⌫ = @µA

a
⌫ � @⌫A

a
µ + g2✏

abcAb
µA

c
⌫ ,

Bµ⌫ = @µB⌫ � @⌫Bµ.
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Parameters of the SM
notations number of parameters

gauge couplings 3

quark masses 6

lepton masses 3

CKM matrix 4

Higgs sector 2

g3, g2, g1
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mu, mc, mt
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tot=18
All parameters are known with certain errors.



1 more parameter

- CP violating.

- Contributions to Electric Dipole Moment (EDM) of the neutron.

Yukawa couplings of quarks

Experimental upper bound

called strong CP problem

The following operator is gauge invariant and renormalizable.

extremely small! Why?✓̄EXP < 10�10
<latexit sha1_base64="kLsQibKYc2p0Zw20rUNwg5Wv4M8="></latexit>

solutions: Peccei-Quinn mechanism, Nelson-Barr mechanism, etc. 

✓̄ = ✓QCD � arg det(Y uY d)
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Lg 3 g23
32⇡2

✓QCDG
s
µ⌫G̃
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1

2
✏µ⌫⇢�Gs

⇢� ✏1234 = �✏1234 = 1
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Exercise
The following operator is also gauge invariant and renormalizable.

However, θEW is not physical in this case. Why??

Lg 3 g22
32⇡2

✓EWF a
µ⌫ F̃

aµ⌫ , F̃ aµ⌫ =
1

2
✏µ⌫⇢�F a

⇢�
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Global symmetries
Lf = q̄iLi�

µDµqiL + ūiRi�
µDµuiR + d̄iRi�

µDµdiR + ¯̀
iLi�

µDµ`iL + ēiRi�
µDµeiR
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qL ! UqLqL, uR ! UuRuR, dR ! UdRdR, `L ! U`L`L, eR ! UeReR
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invariant under 5 global U(3)

�LY = Y u
ij q̄iL�̃ujR + Y d

ij q̄iL�djR + Y e
ij
¯̀
iL�ejR + h.c.
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However, violated by the Yukawa interactions

qL ! ei✓/3qL, uR ! ei✓/3uR, dR ! ei✓/3dR,

`L ! e�i✓`L, eR ! e�i✓eR
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Only subgroups of [U(3)]5 are invariant in the full Lagrangian.

U(1)B
U(1)L

However, U(1)B and U(1)L are violated at quantum level (by chiral 
anomaly). Nevertheless, U(1)B-L is still unbroken. 



V (�) = �µ2�†�+ �(�†�)2

SM cannot answer why -μ2 rather than +μ2.

symmetric phase 

broken phase

SU(3)CxSU(2)LxU(1)Y 

-> SU(3)CxU(1)em

- EW symmetry is spontaneously broken by Higgs.

h�i =
✓

0
v/

p
2

◆
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SSB is induced by -μ2.



2 roles of Higgs

 Mass generation of all the elementary particles

SU(3)CxSU(2)LxU(1)Y -> SU(3)CxU(1)em

Let us look into each of them.

(1) symmetry breaker

(2) Mass generator



Gauge boson mass generation
L 3 (Dµ�)

†(Dµ�)
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The gauge boson masses arise from

e = |e|
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Gauge boson masses

Photon remains massless owing to unbroken U(1)em.

weak mixing (Winberg) angle

Massive vector field = 2 dof (transverse) + 1 dof (longitudinal)
↓provided by G0,±
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The fermion masses come from the Yukawa interactions.
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Rotate the fields as

Fermion mass generation
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(Yu,d,e)ij can be diagonalized by bi-unitary transformations.
Fermion masses
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The fermion mass spectra are reflections of Yukawa structures.



Exercises

(2)

(1)

S†MU = diag(m1,m2, · · · ,mn)
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U†U = UU† = 1, S†S = SS† = 1
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Express m1,2, S and U in terms of the matrix elements mij .
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2-by-2 matrix case
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Show that an arbitrary complex matrix can be diagonalized by bi-unitary trans-
formation:
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The Higgs mass come from the Higgs potential.

Higgs mass generation

V (�) = �µ2�†�+ �(�†�)2
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Higgs mass

Experimental values:
v = 246 GeV, mh = 125 GeV
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Exercises

(2) Derive the couplings �hG+G� and �hG0G0 , where
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(3) Define ⌃ = (G1, G2, G3)T , where G
± = (G1 ± iG2)/

p
2, G3 = G

0. Show that
V0 is invariant under the global SO(3) transformation, ⌃ ! ⌃0 = O3⌃.
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Derive mG0 and mG± , where
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