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Outline of this talk

1. Let’s understand axion fondamental interactions

2. Let’s build axion EFTs

3. Let’s discus anomalies in EFTs



A shift of paradig€m

« To solve: the hierarchy problem

Main candidate,

Supersymmetry . -enlarges Poincaré algebra (new energy scale)
-needs many new particles
-can preserve SM gauge group

» To solve: the strong CP puzzle

Main candidate,
‘Peccei-Quinn’ theory : -enforces CP-symmetry

-needs a new global ‘no symmetry’
(anomalous+spontaneously broken)

(new energy scale)

-entangled with SM gauge group :

SU@B)e@SUR2)rL @U(L)y iocar X [U) 5, ,PQ]global

the QCD axion: «new » Goldstone bosons combination 1 Z;



The kKey role of anomaly in QFT



QFT Anomalies

Anomalies: classical symmetry broken at the quantum level

Example: « triangle anomalies » in massless QED

1 .
gQED — _ZF,quﬂU-I_ 1/7131//

Two invariances: . 1wo classicaly conserved currents:
VH = wyty aﬂw =0

ey — ey
: — 7 5 —
Y l// — e_leAysl/j A'M - l//}/lu}/ v, aﬂAM - O

J

At the quantum level:
Vi=ygrty, 0,VF=0

But axial symmetry is broken :
1
a AM — gF ,uI/F H

* Fermionic path integral measure is not invariant: [ Fujikawa]
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The Strong CP Puzzle in particle physics
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iv° O B q anomalous
symmetry

the measure of the path integral is not invariant under this transformation
axial anomaly shifts quark mass phase to QCD vacuum

U(1)4 chiral transformation: ¢ — €

/. 1 ¥l s vV Ya
‘C’QCD — q(Z’Y'uDM o mC])q o ZGZL G,uz/ o (QQCD o QEW)_GZL G,uz/
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Yukawa coupling to the Higgs are complex Ocorar # 0

—Olg ~
L UV a
Lor =G Gy,
this induces a huge electric dipole moment for the neutron:
2] —16 _
Theory: |dn ‘ ~ ’9’ 10~ "e.cm VS Experiment: |d,| < 10 Se.em

— f <10 1Y The strong CP problem

The strong CP problem is really why the combination of QCD and EW parameters make up
should be so small...



The Peccei-Quinn Axion Solution

axial anomaly: 0 gy ) QCD

Solution to the strong CP problem of QCD: add fields such that rotate (/ to the phase of a
complex SM-singlet scalar who gets a VEV and dynamicaly drives

. 2 1 vV Ya Oés U a
Loop = (17" Dy — mye QEW)q - ZGZL Gm/ — HQCDS_WGZL Guu

1. Introduce a new global axial U (1) po symmetry S.B. at high scale
— the low-energy theory has a Goldstone boson (the axion field)

2. Design L ,.ion, Such that Q(qL) #Q(QR) — this makes the U(1)p anomalous :
a Yy d,JH~ G¢ GHY
net effect: Lyzion = Loop + —Gu GM + ... T urSa

3. Non-perturbative QCD effects induce:
—qa
['azcion — EC’hPT(a,uaa T, 1), 77/7 ) + Veff(e + —, T, 1], )
~ —AéCDCOS(H_—F—)

S

— < a>
minimum of the potential: - =

CP symmetry is dynamically restored!




Axion or Axion-like



Axion Like Particles

5 1

- QCD axion has couplings correlated to its mass, m, ~ AQCD 7
a

Non-trivial topology of
the QCD vacuum

Current bounds push the mass well below the eV

-ALP: add an explicit mass term to get a new light pseudo scalar state

1 .
Larp = E(Oﬂaaﬂa — m?aa) + couplings to SM particles
No longer solve the strong CP problem
May be a, DM candidate

Few might arise from string theory

Ma.ss window spans over sub-eV to few GeV

How to tackle ALP-SM couplings?



BSM Higgs stratesgy

BSM
‘EZHiggs

\_

experimental data —

Toy model

K(simple, intuitive, model independant, etc.)

Ex: Higgs kappa-framework

D KWg}f%WhW-I_W_ + Kk, 0 hZZ + K,8 M hit + . ..
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Ex: MSSM

experimental data —

\_

K Ultra-Violet model \
(solve problems, complicated, many parameters, etc.)

experimental data —

Ex: SMEFT

Effective Field Theory x
(phenomenological QF'T, model independant, etc.)

Lavierr = Lo + E ¢; O;
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BSM Axion strategy

Ultra-Violet model

~

QCD axion |«

Ex: PQWW axion

KSVZ invisible axion

DFSZ invisible axion
ALP models

etc.

On going theoretical effort J

\_

11

-

BEx:

D=5
ga—SM

D>6
ga—SM

\_

Effective Field Theory

~

Lspyparp—err = Lsy+ Lo+ L sy

ota - a ~ a =
> X Gy Trarsl + CogGuG* + Gy F F
f a - a - a .
+C}/ZXF/H/ZMU + CZZXZ'WZ'W + CWWXW,MI/W”U

Can 0 a)o"a)H H +
DF( MCZ)( Cl)

Which basis for ALP-SM couplings?

On going theoretical effort

/




Axion couplings

Energy
A

—~— At energies below fq (SSB):

o,a - a
»Ca,:m'on D) # GG +#_ _l_#gZF _I_ #_ I # ‘
2fa f a a a f a
9 a a 3 ‘ a N a
p g /;',1/‘ ,y ) |

electroweak couplings recently computed

do not follow the expected pattern
J.Q. and C. Smith, arXiv:1903.12559, 2006.06778,

2010.13683;
J.Q., C. Smith and P.N.H. Vuong , arXiv:2112.00553

—— At energies below AQCD ca—1n — 7’ — n— ... MmixXing

f7r T Mg

fa My, + My

axion mass: Mg = My

axion couplings to electrons, nucleons, mesons, N
(EDMs)
Q E
— —11.92
T o, ( )
d@@' -\06’69' @’0‘
. o @%@i})&&“

*06\0



Axion electroweak couplings

Yy
/

ca—vyy. e - W
W,z £
a— Il : a_ {:
—
- They need to be crucially explored at the LHC!
- h—>aa: -H--. ZjW=
—_ -1

« Muon anomalous magnetic moment:

1



Why axions « have » derivative
couplings?

14



An axionic toy model: simple QED extension

elocal U(1)¢,,, new scalar field ¢:

L = —i wF" + L (P +Vr(iP)VR + (Ydpror + h.c.) + 0,010" ¢ — V(o)

— Goldstone boson (axion) remnant of U(1)pg S.S.B.

< Linear representation: @(x) = v + o(x) + i

| 1
Polar representation: ¢(x) = 7(V + g(x))e—@"
2

15



Linear representation

P(x) = v + o(x) + ia(x)
Llinear O %a,u@oa'uao T %Q@EV)%@&

—The axion is a usual pseudo-scalar with no derivative couplings to fermions

16



Polar representation
p(x) = pe~ I

To remove « a » from the Yukawa terms (yoyrvg + h.c.)

One reparametrizes fermion fields:

Yr(x) = exp(iaa’(2)/v)¢r(z) , Yr(z) — exp(i(a+ 1)a’(z)/v)r(z)

— Fermion kinetic term induce derivative interactions

VL (iP)r +Yr(iP)YR
0, a’ — _ O, a _ _
O0LDer |= — Mv (v 4+ (a+1)YryHYR) = — SU ((2at+1)yYpyFap+apytys1))
—> L. D 20,a°0"a" +0Lper |+ 2
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Polar representation
#(w) = J5(v+0(@))e "

e Fermionic path integral measure is not invariant under the
fermion reparametrisation: [Fujikawa]

new local interaction (anomaly - Jacobian of the transformation)

e? e?

0L — 0 — 1)) F VFMV — OF VF'W/
Jac= T6m20 " (SEQL) (_Oé;(_qR))) g 16720 H

— L

Polar

D %auao((?“ao + 5£Der + 5£Jac

18



The 2HDM

/11 /12
VaHDM = i ®] + m®I®, + —(@[®))? + —HP]0,)° + Iy (P[P DID,) + Ay( P[P NP P,)

- two neutral scalar Higgs bosons: hand H

After Spontaneous Symmetry Breaking : - a pair of charged Higgs boson H*
- a pseudo-scalar A

linear or polar rep. !

1 Hy +1P
q)l:<?)1—|— 1+21> . Dy =

1 HY
V2 H, V2 \ v2+ Hy+iPs

-neutral CP-even Higges: ( H ) = ( : : ) (Hl)

h
GE\ # # H1
-charged Higges: ( Hi) - ( & # ) ( HE

7V 0S 3 sin 4 P
-neutral CP-odd Higges: ( C/; ) = ( cosp B, ) ( P:i)

—sinf3 cosfd

19
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Two standard axion models

Peccei, Quinn ‘77
Weinberg ‘78

PQWW axion : Wilezek 78

axion identified with a phase in a HDM (f, ~ v,,,) : ruled out
phenomenology calls for f, > v, («invisible axion ») J

Kim 79

KSVZ &XIOD. . Shifman, Vainshtein, Zakharov ‘80

New « heavy » electrically neutral quark, charged under U(1) PO
+ 8 new complex scalar singlet

Lisvz = Lsyut @L,Rﬁ\PL,R"l'y‘PL‘PRCb‘l' V(@)

Zhitnitskii '80

DFSZ a,XlOIl . Dine, Fischler, Srednicki ‘81

RHDM, SM quarks and leptons are charged under U(1)p,
+ 8 new complex scalar singlet



DFSZ axion couplings

b _ <v1+H1+i ) o, — | ( Hy )
= — 3 .
V2 H,

Standard HDM phenomenology with | A

- Axion couplings to fermions : mass-dependent pseudoscalar couplings

: ny fA( , p 1
Loy =—1 Z — 1 A(wrysYy) with  yf=y¢= prie tan j3
f=u,de ”%

- Axion couplings to gauge bosons: No A — VYV at tree level

couplings to SM gauge bosons at one loop:

: l (WYaVaValA 4 @D NS ZW
A0 / 40
{ ud.e { u.de '

—/ (P] wde,v P ude,v

'5 VN E \ NNTZ \\J_ NN\ Z, W \\.ﬁ; DAAY A

Amplitudes know for a long timme J.Gunion et al., PRD 46 (1992) 2907

Finite and non anomalous (no ambiguity of any kind)

21
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DFSZ axion couplings to SM gauge fields

a ~ a
»Caxion D # — GG I #
Ja fa
g
i
e g

a a

J.Gunion et al., PRD 46 (1992) 2907

eff a ( 2 G GH
‘Caxion — 1672 £, 8s 1 C
+ e,
De? 5 .
- (N O—SW/V em)ZWF’”’
CwiSw
2
e
+ N =282 N o+ SEN
+ 2g2,/V2 )

Breaks EW symmetry: ./, # J | # /4,




DFSZ axion couplings

o 1 .a \/§H|+ o 1 \/—H
= —=exXpyi—xX , = —¢eXp —z——
: J2 4 vl+H10 2 V2 VvV X v.,+H2

Fermion reparametrization: y — exp{ POW) },/,

Consequence 1 : non-invariance of the kinetic terms
- Axion derivative couplings to fermions :

23

Freedom/ambiguity in the PQ charge

u

d

€

14

1 _
ZLper = — ?M Z XL + 1 Gy )

a

u,d,e,v

Xy

1
20+x 2a+— 20 +—

X

1

p

Consequence 2 : non-invariance of the fermionic measure

- Anomalous axion couplings to SM gauge fields at tree-level :

(Jacobian of the transformation)

a 2 a /a,uv | 1
OLsac =gty SN TG’ NC=E(H_)

X
a

2 i :,uv 1
+——g N Wn N, =——(3a+

a
16

= v 1 4 | |
g BuvB“ N — 3a+ +_x+_+_
7z2 r= Y 2( 'B) 3 3x x



DFSZ axion couplings to SM gauge fields

couplings to SM gauge bosons at one loop:

V V
Generically : %% + a_%
4 v

Amplitudes need to be carefully regularized

Divergences and ambiguities due to QFT anomalies

24



DFSZ axion couplings to SM gauge fields

Effective couplings to SM gauge bosons at one loop:

Axion-photons :

Axion-gluons:

Convenient book-keeping of
the effect of heavy fermions

25



DFSZ axion couplings to SM gauge fields

Effective couplings at one loop:

anomalous
interaction

Vector current is not conserved l

(anomalous as Baryon-number current) .
not a reliable book-keeping of

One has to consider both couplings: the effect of heavy fermions

(0u@)7* 7 ana ((0,a)97"¢)

26



DFSZ axion couplings to SM gauge fields

Effective couplings at one loop:

a—>ZZ, WW~ .

V \s I 4 7 W \‘ I=ZW

. ),, VaVa¥a Z W . ’.s’,, VaVaV¥a 7 W : : 4 / VAVAV, Z, a S~k\5‘ -

“ud -1,:‘\ } 4 ‘ud -\z\"\s + “H _\/\\ — —‘;1 “
n.d,e,v Ao Tev I on €,V AVAVA 4 - ’
¢ l- vy i v I' §~. “7 W u,d,e,N ’_, (WAVAY 7Z W l/r,‘(?”
Ss 4 ss
contribute partially contribute contribute does not contribute

Freedom/ambiguity in the PQ charge cancel exactly

2 .. The anomalous contact int. does cancel out systematically with the anomalous part
to the triangle graphs

Laxion-gange =0 LDer|+ 0L jac
/ /

27




« Polar = Linear »

Polar | Linear
representation: representation:
A =Py
V =9y

- a—-y/l:

Y
VA

V

Vector current is not conserved

One has to consider both couplings:

(0u@)7#~°¢ ana (0,a)dy" )

« idem for ZZ and WW

anomalous

0 interaction

|

not a reliable book-keeping of
the effect of heavy fermions

28
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DFSZ axion summary

29

0 2
eff @ 2 N[99 A AYa, v 2 A YY ANy 2e V42 0?4 AN
L = T=r (gsN GG+ e NTTE,, FRY + p—— (Nl sivNo ) ZwF
2 ~ ~
+c2682 (NTZ = 253 NG 7 + sy NG7) Z, 21 + 2NWW92W;;W_’“”>
woSW

Linear Polar )
5 aPys) Anomalous 0,0 PyF 51 0,,a°YyHp
o interactions AVV AAA VAV
~ _ 1 1
g N9 = 3 (az e 5) N99 0 — —
o))
-, va_é(3;+%) N 0 — _
©
< ’YZ 1 1 "}/Z
h NJZ = N N 0 _ 0
3 | 3
5 M7=wtn | M % —INFZ 4 £ | ANFZ - N - §
g N =N N 0 0 N2 =N
=
5 NZZ = N7 N 0 0 0
B

3 3 3 A2 1 32
NP =3 +5 Ni SN = SNTZ 445 3N 5 | SATT — AL = §

J.Q. and C. Smith, arXiv:1903.12559

Effective interactions are not always equal to anomalous interactions!

Remember that J//; is ambiguous
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Implication for ALPS searches

How to construct a truly axion-like basis?

0au 0 2 0.0
Lol b= (8,&& oMa” —mia a”) + LKsSvz_like + LDFS7Z like

KSVZ like: New, heavy, electrically neutral quark, charged under U(1)pq

CLO

‘CKSVZ like — W ( ENCGZVGCL,/JJV + QQNLWMVW/LV + gIQNYB,uuB'LW)
. Typically assuming some heavy vector-like fermions

« No direct coupling to SM fermions

+ Manifestly symmetric under SU(3)c ® SU(2)r, @ U(1)r
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Implication for ALPS searches

How to construct a truly axion-like basis?

0au 0 2 0.0
Lo 5 = ((La oMa” —mia a”) + LKSvz_like + LDFSZlike

DFSZ like: 2HDM, SM quarks and leptons are charged under U(1)pq

EDFSZ like — ——3 GZX{/%E]W”%W + X£¢f7“75¢f

f a f = chiral fermions

a

T 1672 £,

(g?NCGZVéa’W + gQNLWWWW + g’QNyBWBW)

- Vector currents do contribute to physical observables

.+ Spurious & and &£ violation included

- Axion-like = need to impose anomaly cancellation!
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Implication for ALPS searches

How to construct a truly axion-like basis?

0au 0 2 0.0
Lo 5 = ((9“a oMa” —mia a”) + LKSvz_like + LDFSZlike

KG5VZ like: U(1l)rq

2 a a,uv 2 X7y 9 7
'CKSVZ 11ke_167T2f (95 GG P + g W, WH 4+ ¢ BWB“>

- Typically assuming some heavy vector-like fermions

- No direct coupling to SM fermions
- Manifestly symmetric under SU(3)c ® SU(2)r, @ U(1)y,

DFSZ like: 2HDM, SM quarks and leptons are charged under U(1)pq
1 _
O [ ]
Lo e e = — 7 a g m ¢ ;Z (V51 ¢) Anomaly cancellation
@ f = chiral fermions taken into account!

* One should not build EFTs with both anomalous couplings

and vectorial-axial fermion couplings : because of anomaly cancellations!
- Effective interactions are not always equal to anomalous interactions!




Several interesting phenomenological aspects

33



Axion and Baryon & Lepton number

2QHDM of type II:  Lyvukawa = —0rYuqr®1 — dpYaqr®) — erY L1 @) + h.c.

Ulg@U(1)2U1);@U1):2®SU(2)L® SU3)c M UlpRU(),@U(1)em ® SU(3)c
~— T = v2/v1

— 2 neutral Goldstone bosons: a, Z;

PQ((I)MCI)23¢):(CU;_1 l(ﬁU‘l‘é)) < aJ_ZL/

x 2

1 1
$ PQ(qL,uR,dR,fL,eR) = (Oé,Oé + T, + 57575 + 5)

At this stage no way to fix a & f
Ambiguity due to the invariance of the Yukawa couplings under % & &£

= t0 be used to accommodate &, £ violation

34
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Axion and the seesaw mechanism

1
Majorana mass term: £, — —§ngRuR + oY L1 ®P; + h.c. .

C ORY 1P : PQ(vR)=B+2=0,
1
vRY Lo : PQ(VR) =0 — E =0.

. 1
still: PQ(qL,uR,dR,gL,GR) = (Oz,Oz + T, o+ 57676 T _)

=

\
1
x

- No ambiguity on f# since U(1) o has never been a symmetry: f is fixed

[- Introduce operator and then set /3, not the contrary!]

1
LUDFSZ: ‘CVR = —§ﬂgYRVR¢ +vRY 41 ®; + h.c. .

= PQ(vg) = —PQ(8)/2 #0
( VpY 1P = 0 = —i (5:13 + %)
= L3
L VpY Py = = —— (33——)
4 T

- U(l)y, C U(1),; X U(1), does not correspond to the usual Lepton number
- U(1)5 : never occurs at low energy
- axion = majoron and still solve the strong CP-problem

still: ....




Axion and GUT »

B — &£ conserving

- Let’s embed the axion into SU(5) { B + F violating
violati

— one of the ambiguity immediately disappears:

1
3o+ 0 = — (JJ + 5) = 2NSU(5)
RqQ: constraint not compatible with instanton requirement: 3a + f = 0

- In axion models, PQ charges of the & Higgs doublets and the fermions are the
same up to the value of a and f

— this comes from the orthogonality condition among Goldstone bosons
(Yukawa couplings)

—the low energy phenomenology of the axion is the same in all these models since
axions couplings are independent of o and /!



Conclusion

Axion couplings to gauge bosons are not anomaly-driven

- HEssential to keep the axion vector currents in ALP basis

Axion-electroweak couplings do not always follow the expected pattern
— must be kept in mind for ALP searches

Switching to the linear representation is safer (no ambiguity)

The ambiguity in PQ charges to be used to accommodate 98, £ violation

- The low energy phenomenology of the DFSZ axion is the same in all
models since axion couplings are independent of those ambiguities

often obscured by the normalisation of the PQ charges



1. Let’s understand axion fondamental interactions

—> 2. Let’s build axion EFTs

38



Generalities with fermions in gauge theory

We start from a generic UV Lagrangian exhibiting some set of local symmetries and involving
fermionic degrees of freedom :

L =P(io " + g V' — g Ar'y’)¥

This theory is invariant under a set of gauge transformation: V, -V + 8M9(x)
A,—~A,—09,0(x) 5
P, 8,00 +ig 0 g

Our goal is to integrate out the fermion to get the EFT

This obviously means that the fermion to be integrated out should be massive, which forces
the axial gauge symmetry to be spontaneously broken

39



Spontaneous symmetry breaking & fermion mass

Let’s include the complex scalar field, ¢, which by acquiring a VEV, will spontaneously break
the axial gauge symmetry :

ot = W(ig p' + g Vrk — g Ay — yud,) ¥

To focus on manifest gauge invariance, it is convenient to include the Goldstone boson, 7,,
which explicitly enters the exponential representation of ¢, :

¢A — (V -+ GA) ei28A7A75

k» is gauge invariant, so it plays no role!

Thanks to the exponential parametrization of the Goldstone boson this theory is still manifestly
gauge invariant, with the shift transformation :

Ty = w4 — VO

40



Linear representation

By contrast, if one ingists on manifest renormalizability, it is convenient to insert the
Goldstone boson linearly :

¢ A =V+o0 A -+ lﬂ' A
N
A U(1), gauge transformation mixes these 2 components

— It is only by fully specifying the UV theory that one could maintain both
manifest renormalizability & manifest gauge invariance

41



« Polar ~ linear »

It seems legitimate to consistently account for spontaneously breaking of the axial gauge
symmetry, to consider the exponential parametrization of the Goldstone boson,

fermlon (A M U __ w5 i2g Ay’
L5 =Y (io M +g Vit — g Aty — Me' Ea )Y
W
284/
| + —imyys+ .
V
The n, — Y'Y coupling is of pseudoscalar type

and is the same as it would be in the linear rep. of ¢,

- To evaluate the one-loop effective action, we will truncate the expansion to that leading term,
since we are interested only in operators at most linear in a given Goldstone boson.

- Issues related to the apparent non-renormalizability of the exponential parametrization will
not affect our developments

42
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Fermion reparametrization

Instead of truncating the exponential parametrization, there is an exact procedure to recover
a linearized Lagrangian which allows to transfer the Goldstone dependence from the Yukawa
sector to the gauge sector, perform a field-dependent reparametrization of the fermion fields:

5 s

P P=p B Y

&» is now gauge invariant

so the mass term does not cause any trouble even for a chiral gauge symmetry

fermion N U U _ aﬂﬂA(x) _ U5
— ZLyy =Yooy -M+gViyr-g |A - - viy> |

This quadratic operator has the virtue of being manifestly gauge invariant

+ The Goldstone boson ensures the theory stays gauge invariant :
so one should not get rid of them by moving to the unitary gauge

- This form looks particularly well suited for an inverse mass expansion since M ~ v
but one should not be tempted to neglect the dim 5 operator at this stage!



Anomalies

One crucially important caveat:

the fermion field reparametrization does not leave the path integral measure invariant

The Jacobian of the transformation sums up to additional terms in the Lagrangian of the form:

b—gd [—EA(X) FWFW]
18250 | Ty A

1 74 (X) N
Jac _ 21 FA

These terms explicitly break the gauge invariance
(they get shifted under 7, — 7, — v0)

- For abelian gauge theories, this is not a serious problem since the change in the Lagrangian
sum up to an innocuous surface term

- But since our goal is to consider SM gauge interactions, this issue must be addressed

44



Two main ways to deal with Anomalies

1) If one want to hold the interactions to be gauged, a first possibility consists in tunning the
chiral fermionic content such that the total contribution to the anomaly vanishes (as in SM)

Goldstones are allowed to be moved to and from the mass terms without generating a Jacobian

i.e strict equivalence between the W ((9M7tAy”y5 ) ¥ and ¥ (My57rA/ v) Y couplings can be viewed as
AH = ‘i’y’“‘y5‘{’

the transcription of the non-anomalous Ward identity 0MA” = 2iMP { p— ‘i’yS‘P

Q) give up gauge invariance to a global symmetry

45



Scenario with combined situations

Generically, the theory corresponds to:

fermion Jac
Zyy 2 Ly T+ Loy

I on 0,74
Would be Goldstones _) ‘P laﬂ}/’u—M‘F (Vﬂ - V)}/'u_ (A — z )yﬂ}/s

Vy VA
0,7 0,7tp
—(0-—L2 )y — (0 -— yhyS | P
Vs Vp
Goldstones
+ I 7p ) L) 2y A/ 7 S puv v
1672 Vp vV vV A A 2 Vg AV

So, let us proceed and integrate out the fermion field
involvinglocal partial derivative in its quadratic operator

46



Evaluation: Feynman diagrams vs path integral

- If one decides to use Feynman diagrams to integrate out fermions, one will have to deal with
common divergent triangle amplitudes that one will have to carefully regularise

Even if this is a standard manipulation in QFT, the potential spread of the anomaly due to
group mixing have to be considered with high care

J.Q. and C. Smith, arXiv:1903.12559

- In the functional approach, the fact that the axial couplings are anomalous manifests itself
by the presence of ambiguities in the functional trace

(the ambiguity is localised in the Dirac matrix traces if one choose to use dimensional
regularisation)

J.Q., C. Smith, Pham Ngoc Hoa Vuong, arXiv: 2112.00553
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Functional matching at one loop

S ZLuv
O

d.pl-loopy o _ © <_
[d xgEFT (@] = > In det

=07l ) hard

The functional approach is powerful because it exists an elegant method to compute
this determinant based on:

- method of regions : one just needs hard region no IR details

 CDE : one works with Dﬂ, ¢ = directly gauge invariant operators,
no momentum-space Feynman rules

48



Integrating-out heavy fermions

S.A.R. Ellis, JQ, P. N. H. Vuong, T. You, Z. Zhang, arXiv:2006.16260

Generic UV Lagrangian involving fermions:
Luv]p, U] = Lo[¢p] + ¥ (P - M — X[¢] ) U

Geeneric couplings with background fields:
X[¢] — WO[Qﬂ + W [¢]fy5 + VM[¢]’7M + AM[¢]’7M’75
SelﬂcIOOp —1Irln (P M — X[qb] )

After integrating out heavy fermions:

n

1- loop .
L0P i Z / [g (<P Wolg] + WAl + Valdh + Aulgla)

-Expand order by order (ex: up to n=6)

-Integrate over momentum q (careful to ;/5 in D-dimension)
-Evaluate the Dirac traces
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Covariant Derivative Expansion and Dim. Reg. *°

[,1 loop _ . Z / [g 15\4 (=P + Wo[g] + W) [cb] Vulel® + Au[(b]w@)] n

“subtlety”:  How to have enough freedom in dim. reg. to choose
which currents are conserved or not?

. In d>4 dimension: {y*,y°} = 0 & trace cyclicity can not hold simultaneously

« The usual ambiguity (choice of integration variables) —ambiguity on the location of }/5
t’ Hooft & Veltman

- One can uses this ambiguity — [free parameters|— decide if a symmetry is broken or not
(in Slavnov-Taylor identity)
tr (A la " by” Pﬁ !A )

H t I (" Y 79 YJ qux ) +3‘ 1'('\:(1&”".’[)’#)‘ _A.'('PA.'rIAk>
d=4—¢

({—1—' (1—4—(

r(ﬁ-uV'?b\“m-P“"wAA) +B“(‘:' WY e Prak"- )
d=4 —¢ d=4—¢




Scenario with combined situations
Generically, the theory corresponds to :

gUV S o(ffermlon + o(‘f] ac

_ 0 0,7y
Would be Goldstones ) W iaﬂ}/'u—M-l- (V - V)V'M — (Aﬂ £ )7’%’5

) Vy VA
0,7 0,7tp '
Vs Vp .
Goldstones
1 7p 1 .
+ FHPFHY 4 — PR ERY FH FH
1672 < 3 4 > m2yg 4V

0,7p . 0,7p 0,1
LIPS Wy ———V Y + w4 — (A —— A)F””

EFT Vp Vp Yy, A
Ambiguous 6 7 6 - Py
S V/*A ~
_ v
TOyyy A T Ovay—— <Ay > Yy
Vs Vs VA

- To fix these ambiguities, we would like to impose the vector and axial gauge invariance

However, all these operators are gauge invariant!
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Scenario with combined situations >2

Generically, the theory corresponds to :

fermion Jac
Zyv 2 Lyy T+ Ly

_ ‘K \
0,7ty 0,70

Would be Goldstones _) \P l.a”}///t — M + Vﬂ — }/’u — Aﬂ — }/'u}/
_ Vy VA

07 o0 |
(-2 (-2
Vs Vp .

w2 (g L) L LS pu
1677:2 Vp 3 A A 16

Goldstones

- The would be Golstones (7« and 7,) and the Goldstones (g and 7p) are both writing with local
derivative acting on them

However, to minimise the number of integrals to regulazise, one might move back to
the mass term the would be Golstones

- But more importantly, this would allow to obtain gauge-variant operators from which we
hope to leverage ambiguities on several Wilson coefficients...
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Gauge variation & surface term

Ja A 5 aﬂﬂS aﬂﬂp 5
3UVZ>£ZC+‘P16W—M 1+—+ —y |+ V,—A,+ Y+ vy | Y
Vy V4 Vs Vp
0,7p 0,7
E— gEFT D) g] + a)AVV y V F py + a)VVA y gauge invariant
P S
0,7ty . 0,7p
+a)VAV v + WAAA A F'W gauge variant
Vs Vp

only ¢ dependent axial
gauge variant operator of
the EFT

Since the theory is axial gauge invariant by construction:
* S0 gauge invariance constraint does not remove any ambiguity

- One should move the gauge variation of 7¢ and zp being originally surface term to the bulk
of the theory



The trick

One way to realise this is to gauge the global symmetry See Bonnefoy et al. , arXiv:2011.10025

ocz‘/p%{/mlon S P

vy Vs g
0,7 0,7p
S|l——L22 )+ (P |- HyS | P
(&= (B )

0.7
u’s ~ ~
+oyy| S, — A + nagymaFgFy L ,
Ve > Now it exists several axial

gauge variant operators

Then gauge invariance imposes a non trivial constrain on Wilson coefficients
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Gauge invariance to remove ambiguities

Now, gauge invariance is no longer automatic:

a ﬂ'S ~ a ﬂP ~
Ve Ve

l1loop .
Z EFT > Pvva <Sﬂ

5, = 275\ FF
TOyay | Dy o a7 T NasyZal'sl'y
C

p _ 0P\ o fu FoF
VvV R ; A T NapaTial ply
C

* Nyys and 1, p4 are fully calculable, unambiguous coefficients

Vector gauge invariance:
= Wyyy = Oayy =0

Axial gauge invariance:

= Wyay = Hays

= W4 = Yapa

- The determination of wy,y, and @y 4 4 1S now transparent to concretely derive EFTs
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Application to axion phenomenology

1 - .

11 PO .7 72\ AZ V7 PO 7 7\ AZ ~AZ

Zerr 2 X7 [(nggA g/) <a FWFW) +5 (8% eY) <a FWFW>]
f

[ - 1 .
PO .w. w\ AW W ro.w. . w\ AW F=AW
+ (nggA gv ) <a F,UV FP”/) +§(gA QgA gA ) <a F,W F,W>]

Y N (.Po.Z v\ AZ BV
+4ﬂ2 (gv gAgg) <aFMVFMV>]

K&_ fermion SM gauge charge
fermion PQ charge
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J.Gunion et al., PRD 46 (1992) 2907

62
+

5
CwSw

in the limit My g — OO

Summary

(g? NQQGZVGG’W + 2N F. J g

CwWSwW

(A7 = sNG7) Zy

— (NZZ 92 NFZ + 8 NFD) 2,07 + QNWWgQWjVW_’W)

Linear Polar )
aPys) Anomalous (%aowfy“%w (9ua0¢'y“¢
interactions AVV AAA VAV
NG99 = % (aj i %) N99 0 — —
N =4 (3; + %) N 0 _ B
N7 =1 (z+ ) NT, 0 — NYZ — N
NJZ = N N 0 _ 0
NP =gmtg | M| i SINEE Gy | A - N -
N2ZZ _ Nl’YZ N; massless | 0 N2ZZ ~N;
N§4 = N1 N 0 0 0
NYW =2y 3 N SNWW _SANYZ 4 B ANWW g B AP N - 8

J.Q. and C.
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Smith, arXiv:1903.12559



Conclusion

- We have build EFTs dealing with gauge and anomalous symmetries

« The functional method is a, natural framework to use

- Careful treatment of Dirac traces involving ys in Dimensional Regularisation



1. Let’s understand axion fondamental interactions

2. Let’s build axion EFTs

—> &. Let’s discus anomalies in BEFTs
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Anomalies from the path integral

« path-integral measure for gauge theories with fermions is not invariant under the chiral transformation
« Path integral for gauge theories with fermions ». K. Fujikawa, Phys.Rev. D21 (1980) 2848

gives rise the the Adler-Bell-Jackiw anomaly and the anomalous Ward-Takahashi identities

« Anomaly of ungauged axial U(1) current : jZ = \Iw“ V5 W
understood as a non-invariance of the path integral measure under local transformations on fermion fields :

U — 6’5’7504(33)\11
U/ — \Ijei75oz(a:)

+ local matrix transformation ¥ (z) — U(z)¥(z) — [dU][d¥] — (Det UDet U) ' [dW][dP]

U(z) = '@ U =1 [dW][d¥] — [d¥][d¥]
U(z) = 150 U=u d0)[dF] — (Det 14)~Jdw)[d ]

A]id0) - exp| - 2 [ d's a(a)A@) d)aT] < /ggg{{n(ﬁllﬁ o

rx—0

anomaly function: A(z) = [Tr [7@ @4(x — :c)
at first sight no definite result : () X0 need to introduce a regulator

A(z) = —— Fp 1 PR

1672




Anomalies from the path integral a la Fujikawa

Path integral in Euclidean space: / = / DW DV exp (— / d*x Wi lD\IJ)

; ﬁ . hermitian

1PV, = A,¥,

real
[}/5, E] ;é () :Dboth operators can not be simultaneously diagonalized

In quantum theory, the primary importance is attached to the Lorentz-covariant « energy »
operator ﬁ, over ys (« chirality asymmetry » operator)

V() =Y aun(x),  P(x) = an (x)b, with / d*x @F (X)@m (X) = Sy
primary def. of the anomaly
ill-defined because conditionally convergent quantity

A(®) =) @,(0) y0.q(x)

A (x) =lim (E @ () Ty, e Pnl 40 <p,,(x)) regularize the large eigenvalues

M-ow

= lim ( D @)tz B qon(x))

M= o
changing the basis vectors to « plane waves »

4k 2
oy - -(p/ M i 4
=1im Tr f @n ) 7Vse *e (PIIY gtk « extraction of the gauge field dependence of A(x) by using the plane
M= waves which have no gauge field dependence by themselves. »
=lim Tr f @2 ysexp(ZM2 {2 ik, +D, ()2 +[y*,y"]F, (x)}

. M= ©

=lim Trys{[y*,y*1F.}*( - : )2 o g RuRE LU .5 -
g 5 ’ Ly oM2] 21 (2")4 — \ijy 75\:[]

1 1 . -
"'Z'(SnZ)Tr F"F,,(x). K Fujikawa, Phys.Rev. D21 (1980) 2848 9, ]M( ) 8—Tr [FWF ]
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Anomalies from the path integral revisited

Dy Dy — "A"Dy Dy

# less straightforward

invariance under the labeling of the path integral

Z = J@w@tpe"sw — 7 = [@w@lp’eiﬂwﬁv‘f’l

1
L

IIAII

det(iD) — m)
detip = m = 2imfys = POrs) —

It exists very efficient EFT methods to evaluate those « two » functional determinants

« indirect » evaluation of the anomaly through Covariant Derivative Expansion
(CDE) of functional determinants B. Filoche, R. Larue, J.Q., PN.H. Vuong, arXiv:2205.02248
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https://arxiv.org/abs/2205.02248

Covariant Derivative Expansion in short

Usual context in EFTSs : integrating out a fermion of mass m,

Trlog(ilp — m)

= | d*xd*q e'""trlog(il) — m)e "7+

1) Fourier transforms (x — g) : use plane o

wave basis )
= | d*xd*q trlog(iP—j—m)
| P 09 1
&) Taylor expansion of the log : T d4 X d4 q Z —tP[ i ﬁ]n
1 n q+m
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Concrete example with the ABJ anomaly

/DvDuexp( /d"xu (i — ¥V — m) ) /'Dw’Dwe

’l/') N Ciﬁl:u:)fysw‘

DyDyr — J|0|DyyDs,

"‘_f(g;) irl

=1

s : vy i v
G_ A A ‘we“r(ﬂ‘"@

‘/) Y wefﬁ{:n)q’g .

det(ilp —

J18] =

[g:L_‘m (=P + 2imbys + (0)7s)

det(if) — m — 2im~

n

Tf)_ o = exp [[d% .A(x)]

carrying ¢ dependence

A2 = i(2mPZ — 16mZ[¢?*)? + 48m>Z[¢")?) tr(D PP I 65)

z v
- —m P70 tr (E;qug)

@ﬁn = i(m*'Z} — 4m*Z(¢*))tr(PPID(#0)7s) \

i
= 8?6“ patl‘(D,‘Dqu(aag))

64

Af:l",,'div = 1602 (6 +0(6)) P tr(D,D,D,(8,9))

_ b mwpo
\ — 8¢ tr(D,D,D,(0,8)). j
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Covariant Anomaly in chiral gauge field theory

/DvDuexp( /d4xu (ig — ¥ /A/VS — m) ) /’Dw’Dq;ae i$

W — 6’:9':‘")’75 v, P @{)C""" ()3 . In which current do we want « to put » the anomaly?
Or we could do :

b — eie{m)w, ?Z _} 1,7)6—'56(:1:)

g o~ B det(il) — m) _ / 1
DyDy — J[O|DyD,  JI] = det(il) — m — 2imbrs — (PO)s) ¥ [ 4 xA{x)]

e

// k?nﬂ = (-‘HVWTTG(F'{‘ FL IF;A P4)
AL 3 W
d*g «—

|
A—f E - —iID + 2imbys + (@0) s
(2m) 1’ v r (d)( ¢ depend 1
SR  SEREReRtEs A% — atr [96“”’” FyLF; "] + 3tr [96“"" Uif}ﬁ,ﬂi}ﬂ]

Fix the free parameters: a =0, [#=—i/ 1272

dvs _ : d E A
K AP lﬁﬂue#rpatr9(3Fm,F )J

% At g — 16126,”,,,%9( A ) @ Thls is the sq-called covajmant anomaly
m

i.e the breaking of an axial global symmetry in a vector and
axial gauge field theory




More anomalies

See B. Filoche, R. Larue, J.Q., PN.H. Vuong, arXiv:2205.02248

- Straightforward to recover Bardeen’s result (1969) regarding the consistent
anomaly (fermion reparametrisation associated to a gauge transformation)

det (\,»'——_c,yQ(L’)"~> + -mg})

- Also straightforward to extend in curved space-time, J#?= R
det (-\;’ —g (D" +m? + 4211712497:'5))

to recover the so-called axial gravitational anomaly :

(4
grav __ Jvpo ppof3
A - 38472 € 1{‘ j 2l Ie(l.jpﬂ

-Alternative way to derive the scale anomaly (but without the need to introduce
space-time curvature)

() — w'(z!) = e @ D720 (x)

o 9 _ .0 i _ . e
Azt Hx'r T Qpr’ V() = v'(a’) =e e nmu'w{x}e
d4r — d4r’ = t‘.'dot']d:)?.. A, (z) = A:L(:L'.') = AJ,(I’} =e "A,(x)
. det(ifd —m)
J (T. - . ¥ cd—1 s \
' det(ilp —m + om — i%54 (o))
o 2
Ascale = 2472 tr (FMV}
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Peculiarities and interest of the method

-One first regularizes an ill-defined quantity (Jacobian) inserting as much
freedom as needed and secondly call for coherence (covariance, integrability)
of the obtained theory to fixe those ambiguities

-Systematically use dimensional regularization (no hand-made regulator)

-Evaluate the covariant and consistent anomaly from the path integral having
then the possibility to choose in which current the anomaly has to stand

-Several public codes available to build EFTs. BSM models involving QFT
anomalies are so far out of reach, but not for long!

Indeed, this method allows to compute anomalous interactions in a self-consistent manner in
the path integral formalism.
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Conclusion

Axion-electroweak couplings do not always follow the ‘expected pattern’
— must be kept in mind for ALP searches

We have build EFTs dealing with gauge and anomalous symmetries

The functional method is a natural framework to use

- We have discussed how to properly deal with several kind of ambiguities in

these EFT computations

We have presented a new way to evaluate anomalies from the path integral



Spare slides



Consistent regularisation of divergent triangle diagrams

a’ — ~vZ a® — ZZ,WHW~-
V V y y 4
au%:iy i au%\ﬂ;\vy au%Z’W + auaO_V<mZ’W+ dud A< o
u,dev u,dev u,dev
Vv Z p 7 B W p VA4 y ZW
Symmetry group point of view: Chiral Point of view:
(
Gauge current must be conserved Vector current are conserved or not
<
PQ current is not conserved (anomalous) \ Axial current are conserved or not

=one needs to have enough freedom in the regularisation to choose which
currents are conserved or not

Weinbersg:

keep track of the ambiguities in
the loop momentum routine

— > lead to 2 free parameters to
tune Ward identities

Careful: Pauli-Villars or dim. reg. enforces automatically this parametric choice
and there is no reason for this to hold in general for EW gauge bosons. 70



What are the axion couplings to all SM gauge bosons?

a’ - - -
. Tt is generally believed that: £§% =T (g?NcGZ,,Ga’W + PN W, WHY 4 g’QNyBWBW)
Georgi, Kaplan, Randall (1986) 7 fa \

function only of PQ charges

Rotation from the weak eigenstate basis to the mass eigenstate basis:

0
eff,P a 2 a ya,puv
LPQ 1672 f, ( gSNCG’“/G

+ GQNGmFH,,FW
2e2

CW SW

+ Cg;—s%v((l = 253 )N L + sy Nem) Zy, 21

+ 292/\/’LW;VV~VEV )

Nem :NL +NY

+

(NL — SIQ/V./\/’em)ZMVF“V

Manifestly SU(2); ® U(1)y invariant

Why no electroweak symmetry breaking effect? (massive chiral fermions)
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Ambiguity in the fermion PQ charges ~

aO

- It is generally believed that: L%% =

, ~T6n27 (QSNCGZ,/G&"LW + GPPNLW,, WH g’2NyBWBW)
Georgi, Kaplan, Randall (1986) a T

function only of PQ charges

- When SM fermions are charge under U(1)pq :

There are actually four entangled U(1)y ® U(1)pq @ U(1)g ® U(1) : Charges are ambiguous!

U(l)po charges when a’ — CLO—I—?}(9 :

P — exp(ix)®1, Py — exp(—i0/z)P2, Y — exp(ixy0)Y , T = vo/v; = 1/tan B
1 1
XqL:aaXUR:a+CE7XdR:Oé+_7XEL:57XGR:B+_7
\ z )
S~ free parameters: conservation B&L —
—>Af—1<+1> N = 13 N —i<x+l>
C_Zx X L__2<a+ﬁ> a3 X
CLO ZN a a,uv ZN % 262 2 N nn%
5£Ja¢ = m 9s CGMVG +e emF/u/F + p—— (@ — Sw em) Z’uyF
e’ 2 4 > 2 e
-+ 5 9 ((1 — ZSW) -+ SwNem) Z’LU/Z'UJV -+ 2 le;/W_nul/>
CwSw

3a + f reflects anomaly in the % + £ current =spurious interactions



Landscape

Axions should be very light and feebly interacting

falGeV]
10" 10 108 102 10" 100 10 108 107 10° 105 10* 10° 10% 10!
1 |l||||||| ||||||||| T ||||||||| |m||||| ‘mmTl‘|nﬂTrr|—|mﬂTﬂ—|mnTﬂ—|mﬂTﬂ—|mnTﬂ—|mnTﬂ—|mnTﬂ—|mnTﬂ—|munl T T T T T [T T
~q
op)
s ; a
. . M 1077 < 6, <0.1 0.1 <6,<3.0
%before inflation g, < <] =
Lo
(D)
E
. _ 3 too much DM OK not enough
p@fafter inflation X > 4 > a
(%) &
g
_LLLlJJJII Lol oo ||||||n|_LuJJJJ||_|_LLumL|_LLu1|||_L|1uu||_u1um|_|_|1Lu1|| |||||n|| ||||||||| T I ||||||||I N T A A A,
1013 10~ 11 1077 10 105 107* 1073 1072 107! 1 102 10° 104 105 10°

m,[eV]

( % ) for N, > 1, predictions spoiled by topological defects
DW

Axion DM constraints from laboratory experiments, from stars and cosmos observations
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