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• signatures of spontaneously broken global  symmetry

• topologically stable collective excitations, 

• non-zero winding of order parameter, 

• non-zero superfluid flow  

• non-zero vorticity 

• quantized circulation, 

U(1)

π1(U(1)) = ℤ

∮ dℓ ⋅ ∇(arg⟨ϕ⟩) = − 2π n ∈ ℤ

⃗v s = − ⃗∇ (arg⟨ϕ⟩)/M

⃗ω ≡ ⃗∇ × ⃗v s

𝒞 = ∮ dℓ ⋅ ⃗v s = ∫𝒮
dΣ ⋅ ⃗ω = (2π/M) n

3

superfluid vortices
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• dense “confined” hadronic phase

≈ Fermi liquid of neutrons

• strongly coupled dynamics

• neutron pairing & condensation

➡ spontaneously broken  baryon number symmetry

➡ neutral superfluid

➡ vortex lattice in rotating neutron star interiors

• sensitively dependent on E&M, isospin breaking, …

U(1)B

4

nuclear matter

DTP-TIFR colloquium, January 12, 2021

Dense QCD ( )Nf = Nc = 3

4

nuclear matter: interacting nucleons = quark bound states
• “confining” regime
• dibaryon condensation  spontaneous broken U(1)B  superfluid⇒ ⇒

quark matter: “CFL color superconductor”
• diquark condensate = gauge variant description
•   “Higgs regime”
• dibaryon condensation  spontaneous broken U(1)B  superfluid

⟨qq⟩ ≠ 0 ⇔
⇒ ⇒

T

μ

quark 
matter

nuclear 
matterhadron gas

quark-gluon plasma

neutron star interiors?
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idealized hadronic matter

• pure QCD, 3 flavor  symmetric

• ignore electromagnetism & weak interactions

• degenerate, stable 

SU(3)f

n, p, Λ, ⋯
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• dense “confined” hadronic phase

≈ Fermi liquid of hadrons

• strongly coupled dynamics

• di-baryon condensation

➡ spontaneously broken  baryon number symmetry

➡ neutral superfluid

U(1)B
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high density quark matter

• asymptotic freedom  weakly coupled

• dense deconfined “CFL”phase

≈ Fermi liquid of quarks

• quark pairing & di-quark condensation

➡ “color superconductor”

⇒
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high density quark matter

• asymptotic freedom  weakly coupled

• dense deconfined “CFL”phase

≈ Fermi liquid of quarks

• quark pairing & di-quark condensation

➡ “color superconductor”

⇒

6

• spontaneously broken  baryon number symmetry

• unbroken  flavor symmetry, fully Higged 

• gauge symmetries cannot truly break

➡ neutral superfluid

U(1)B

SU(3) SU(3)color

DTP-TIFR colloquium, January 12, 2021
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phase continuity?

• Schäfer-Wilczek conjecture, 1998:

• identical symmetry realizations, corresponding low-lying excitations

• no distinguishing local order parameters

7

• compatible vortex properties?
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phase continuity?

• Schäfer-Wilczek conjecture, 1998:

• identical symmetry realizations, corresponding low-lying excitations

• no distinguishing local order parameters

7

• compatible vortex properties? No!

• phase of Wilson loop linking vortex = “topological” order parameter

➡ non-trivial particle-vortex braiding statistics in CFL phase

• inconsistent with smooth phase continuity

𝒪 ≡ lim
r→∞

arg ⟨e ∮ A⟩vortex = {
±2π/3 CFL phase
0 hadronic phase C

Figure 2. A contour C (red dashed curve) which links a vortex world-line (solid black curve).
Of interest is the gauge field holonomy ⌦ ⌘ e

i
H
C A for contours C far from the vortex core.

tex in infinite space has a logarithmically divergent long distance contribution to its
self-energy. Nevertheless, vortices are important collective excitations and, in any suf-
ficiently large volume, a non-zero spatial density of vortices and antivortices will be
present due to quantum and/or thermal fluctuations. From a spacetime perspective,
vortex/antivortex world lines, as they appear and annihilate, form a collection of closed
loops, with an action scaling as L logL for loops with characteristic size L.9

Consider the gauge field holonomy, ⌦ ⌘ ei
H
C A, evaluated on some large circular

contour C surrounding a vortex of non-zero winding number k, illustrated in Fig. 2,
which we denote by h⌦(C)ik. Let r denote the radius of the contour C encircling
the vortex. We are interested in the phase of the holonomy, but as the size of the
contour C grows, short distance quantum fluctuations will cause the magnitude of the
expectation h⌦(C)ik to decrease (with at least exponential perimeter-law decrease). To
compensate, we consider the large distance limit of a ratio of the holonomy expectation
values which do, or do not, encircle a vortex of minimal non-zero winding number,

O⌦ ⌘ lim
r!1

h⌦(C)i1
h⌦(C)i

. (3.2)

Here, the numerator should be understood as an expectation value defined by a con-
strained functional integral in which there is a prescribed vortex loop of characteristic
size r and winding number 1 linked with the holonomy loop of size r, with both sizes,
and the minimal separation between the two loops, scaling together as r increases. The
denominator is the ordinary unconstrained vacuum expectation value.

9This is only a logarithmic enhancement over the linear scaling of a vortex loop action in super-
conductors (or simple Abelian Higgs models).

– 13 –
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3D Abelian-Higgs model

• 3D  gauge theory  monopole-driven confinement

• diquark condensates, dibaryon interpolating field

• single  global symmetry  baryon number symmetry

U(1) ⇒

ϕ± ≈ ϕ0 ≈

U(1)G ≈

8

fields in a non-Abelian gauge theory.3 We require the theory to have a single zero-form
global U(1) symmetry4 under which the fields �± both have charge assignments of �1

while �0 has a charge assignment of +2. These charge assignments, summarized here:

�+ �� �0

U(1)gauge +1 �1 0

U(1)global �1 �1 +2

(2.3)

are chosen in a manner which will allow independent control of the Higgsing of the U(1)

gauge symmetry (or lack thereof) and the realization of the U(1) global symmetry by
adjusting suitable mass parameters. This is the essential structure needed to examine
the issues motivating this paper in the context of a model Abelian theory.

The complete action of our model consists of the gauge action (2.1), standard scalar
kinetic terms, plus a scalar potential containing interactions consistent with the above
symmetries,

S =

Z
d3x


1

4e2
F 2
µ⌫

+ |Dµ�+|
2 + |Dµ��|

2 +m2
c

�
|�+|

2 + |��|
2
�
+ |@µ�0|

2 +m2
0 |�0|

2

� ✏
�
�+���0 + h.c.

�
+ �c

�
|�+|

4 + |��|
4
�
+ �0|�0|

4

+ gc
�
|�+|

6 + |��|
6
�
+ g0|�0|

6 + · · ·+ Vm(�)

�
. (2.4)

The mass dimensions of the various couplings are [e2] = [�c] = [�0] = 1, [✏] = 3/2, and
[gc] = [g0] = 0. The ellipsis (· · · ) represents possible further scalar self-interactions,
consistent with the imposed symmetries, arising via renormalization. The term Vm(�)

describes the effects of monopole-instantons, and is given explicitly below.
The cubic term ✏ �+���0 ensures that the model has a single U(1) global symmetry,

not multiple independent phase rotation symmetries. From here onward, we will denote
the U(1) global symmetry by U(1)G. The simplest local order parameter for the U(1)G
symmetry is just the neutral field expectation value h�0i. This order parameter has a
charge assignment (2.3) of +2 under the U(1)G symmetry; there are no gauge invariant
local order parameters with odd U(1)G charge assignments.

3The fact that our charged matter fields have minimal charges of ±1 is an essential difference from
a similar model studied by Sachdev and Park [13] in a condensed matter context, see also [15]. The
model of Ref. [13] has a U(1) global symmetry and fields with charges �1 and +2 under an emergent
U(1) gauge symmetry. The existence of non-minimally charged matter fields allowed Sachdev and
Park to use topological order ideas to delineate distinct phases. That approach does not work in our
model.

4A zero-form global symmetry is just an ordinary global symmetry which acts on local operators.
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Figure 1. A sketch of the simplest consistent phase diagram of our model as a function of
the charged and neutral scalar mass parameters m

2
c and m

2
0. The four corners correspond to

weakly-coupled regimes in parameter space; curves in the interior of the figure represent phase
transitions. These phase transition curves are robust: they cannot be evaded by varying any
parameters of the model which are consistent with its symmetries.

phase diagram as a function of the charged and neutral scalar masses, m2
c

and m2
0.

We focus on the regime where quartic and sextic scalar self-couplings are positive, the
cubic, quartic and gauge couplings are comparable, ✏/e3, |�c|/e2 and |�0|/e2 are all
O(1), and the dimensionless sextic couplings are small, gc, g0 ⌧ 1. The simplest phase
diagram consistent with our analysis is sketched in Fig. 1.

Interpreting Fig. 1 as if it were a map, let us refer to the four weakly-coupled
corners of parameter space by their compass directions:

NW : {�m2
c
� e4, m2

0 � e4}, NE : {m2
c
� e4, m2

0 � e4}, (2.11a)
SW : {�m2

c
� e4, �m2

0 � e4}, SE : {m2
c
� e4, �m2

0 � e4}, (2.11b)

each of which we discuss in turn. In this section we explain the origin of the phase
transition curve (orange) separating the NE region from the W side of Fig. 1, as well as
the (blue) curve separating the NE and SE regions. The bulk of the paper is dedicated
to understanding the origin of the phase transition curve (green) separating the SE
region from the W side of Fig. 1.

First, consider region NE where m2
c
, m2

0 � e4. In this regime our model has a
unique gapped vacuum state and no broken symmetry. To see this, one may integrate
out all the matter fields and observe that the resulting tree-level effective action is

Se↵ =

Z
d3x


1

4e2
F 2
µ⌫

+ Vm(�)

�
. (2.12)

– 9 –
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c
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We focus on the regime where quartic and sextic scalar self-couplings are positive, the
cubic, quartic and gauge couplings are comparable, ✏/e3, |�c|/e2 and |�0|/e2 are all
O(1), and the dimensionless sextic couplings are small, gc, g0 ⌧ 1. The simplest phase
diagram consistent with our analysis is sketched in Fig. 1.

Interpreting Fig. 1 as if it were a map, let us refer to the four weakly-coupled
corners of parameter space by their compass directions:

NW : {�m2
c
� e4, m2
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each of which we discuss in turn. In this section we explain the origin of the phase
transition curve (orange) separating the NE region from the W side of Fig. 1, as well as
the (blue) curve separating the NE and SE regions. The bulk of the paper is dedicated
to understanding the origin of the phase transition curve (green) separating the SE
region from the W side of Fig. 1.

First, consider region NE where m2
c
, m2

0 � e4. In this regime our model has a
unique gapped vacuum state and no broken symmetry. To see this, one may integrate
out all the matter fields and observe that the resulting tree-level effective action is
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Z
d3x


1
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�
. (2.12)
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[gc] = [g0] = 0. The ellipsis (· · · ) represents possible further scalar self-interactions,
consistent with the imposed symmetries, arising via renormalization. The term Vm(�)

describes the effects of monopole-instantons, and is given explicitly below.
The cubic term ✏ �+���0 ensures that the model has a single U(1) global symmetry,

not multiple independent phase rotation symmetries. From here onward, we will denote
the U(1) global symmetry by U(1)G. The simplest local order parameter for the U(1)G
symmetry is just the neutral field expectation value h�0i. This order parameter has a
charge assignment (2.3) of +2 under the U(1)G symmetry; there are no gauge invariant
local order parameters with odd U(1)G charge assignments.

3The fact that our charged matter fields have minimal charges of ±1 is an essential difference from
a similar model studied by Sachdev and Park [13] in a condensed matter context, see also [15]. The
model of Ref. [13] has a U(1) global symmetry and fields with charges �1 and +2 under an emergent
U(1) gauge symmetry. The existence of non-minimally charged matter fields allowed Sachdev and
Park to use topological order ideas to delineate distinct phases. That approach does not work in our
model.

4A zero-form global symmetry is just an ordinary global symmetry which acts on local operators.

– 5 –

Trivial gapped phase

(Polyakov mechanism)

U(1)G-broken

confining phase

Higgs phase

U(1)G-broken

NE

SE

NW

SW

m
2
0/e

4

m
2
c/e

4�1 +1

�1

+1

Figure 1. A sketch of the simplest consistent phase diagram of our model as a function of
the charged and neutral scalar mass parameters m

2
c and m

2
0. The four corners correspond to

weakly-coupled regimes in parameter space; curves in the interior of the figure represent phase
transitions. These phase transition curves are robust: they cannot be evaded by varying any
parameters of the model which are consistent with its symmetries.

phase diagram as a function of the charged and neutral scalar masses, m2
c

and m2
0.

We focus on the regime where quartic and sextic scalar self-couplings are positive, the
cubic, quartic and gauge couplings are comparable, ✏/e3, |�c|/e2 and |�0|/e2 are all
O(1), and the dimensionless sextic couplings are small, gc, g0 ⌧ 1. The simplest phase
diagram consistent with our analysis is sketched in Fig. 1.

Interpreting Fig. 1 as if it were a map, let us refer to the four weakly-coupled
corners of parameter space by their compass directions:

NW : {�m2
c
� e4, m2

0 � e4}, NE : {m2
c
� e4, m2

0 � e4}, (2.11a)
SW : {�m2

c
� e4, �m2

0 � e4}, SE : {m2
c
� e4, �m2

0 � e4}, (2.11b)

each of which we discuss in turn. In this section we explain the origin of the phase
transition curve (orange) separating the NE region from the W side of Fig. 1, as well as
the (blue) curve separating the NE and SE regions. The bulk of the paper is dedicated
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atomic superfluids

• superfluidity due to Bose-condensed neutral spinless atoms

• can vortices carry non-zero magnetic flux ?ΦB ≡ ⟨∮ dℓ ⋅ A⟩vortex

9

• no symmetry requires  to vanish

• long distance EFT: neutral condensate + E&M,

ΦB

2

radius. Consequently, every atom generates an electro-
static potential proportional to this smeared-out delta
function. For an arbitrary collection of widely-separated
identical atoms at positions {xi}, the net electrostatic
potential is

�(x) =
Ze a2

6✏0

X

i

f(x�xi) '
Ze a2

6✏0
n(x) . (1)

The last form, with n(x) the number density of atoms, is
valid whenever the potential is to be integrated against
functions slowly varying on the scale of a, so that the
atomic scale details of f(x) are irrelevant.

The electric field experienced by a test charge is �r�.
An inhomogeneous density distribution which is averaged
over a region of size � � n�1/3

� a induces a polariza-
tion P = 1

6 Ze a2 rn. This phenomenon has been termed
flexo-electricity in e.g. Ref. [9]. If the medium is moving
with some velocity v (small compared to the speed of
light c), relativistic invariance of electromagnetism im-
plies that there will be a magnetization M = P⇥ v.

A superfluid vortex directly embodies the above phe-
nomena. For a minimal circulation vortex, the super-
fluid velocity field vs = (~/M) ✓̂/r, with r the distance
from the vortex core andM the condensing particle mass.
This leads to a total magnetic flux

�B ⌘ µ0

Z
d⌃ ·M = Z↵�C a2�n 2

3�0, (2)

where ↵ ⌘ e2/(4⇡✏0~c) is the fine structure constant,
�C ⌘ 2⇡~/(Mc) is the Compton wavelength of the fluid
particles, �n ⌘ n̄ � n(0) is the di↵erence of the average
particle density n̄ and the reduced density n(0) at the
vortex core, and �0 = ⇡~/e is the usual magnetic flux
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interactions, with both an O(1) factor times the Bohr
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self-interactions of the scalar and EM fields, respec-
tively, while S�,EM describes the couplings between these
fields. The EFT (3), correctly constructed, will repro-
duce physics on su�ciently large spatial and time scales.
Taking units where ~ = ✏0 = 1, the spatial scales de-
scribed by the EFT must be large compared to the atomic
size a, or equivalently for spatial momenta small com-
pared to the EFT breakdown scale ⇤ ⇠ a�1. The time
scales described by the EFT must be large compared
to the inverse of the energy scale min(E⇤, Ebind), where
E⇤ ⌘ ⇤2/M is the energy associated with momentum
⇤ and Ebind ⌘ e2⇤ is the atomic binding scale. Physi-
cally, of course, E⇤ is smaller than Ebind by a factor of
m/M ⇠ 10�4, where m is the electron mass.

To compare the importance of di↵erent terms, we de-
fine the scaling dimensions of coordinates and fields as
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follows:

[x] = 1/Q, [t] = M/Q2, [�] = Q3/2, (4a)

[E] = [cB] = M�1/2 Q5/2, [e2] = [c] = Q/M , (4b)

where Q is a characteristic momentum scale. Since S is
dimensionless, every term in the Lagrange density must
have dimensions ofQ5/M . It is helpful to write each term
in the e↵ective Lagrangian in the form ci ⇤

↵i
i E�i

i Oi,
where ci is an O(1) dimensionless coe�cient, Oi is some
combination of fields and their derivatives, ⇤i and Ei

are the natural ultraviolet (UV) momentum and energy
scales associated with the particular term in question,
and the exponents ↵i and �i characterize the sensitivity
of the process described by Oi to the UV spatial mo-
mentum and energy scales. For all of the terms that we
discuss below, ⇤i = 1/a ⌘ ⇤ and Ei is either E⇤ or Ebind.

The part of the action only involving the neutral
bosons has the form

S� =

Z
dt d3x


�†

⇣
i@t + µ+ r2

2M

⌘
��

f4 a

M
|�|4 + · · ·

�
.

(5)
Here µ is chemical potential for particle number, and
the coe�cient f4 in the quartic self-interaction term is a
dimensionless O(1) low-energy parameter which is deter-
mined by demanding that the quartic interaction cor-
rectly reproduce two-particle s-wave scattering, while
the ellipsis represents additional terms involving explicit
derivatives and/or higher powers of �, whose coe�cients
must contain additional powers of a (or 1/⇤) to achieve
the correct dimensions. Such higher order terms not ex-
plicitly shown in Eq. (4) have negligibly small e↵ects on
the long-distance physics in the limit 2⇡na3 ⌧ 1, making
the properties of dilute systems of bosons systematically
calculable using the EFT, see e.g. Ref. [37].

The kinetic terms of the EM fields are contained in
SEM, which takes the form

SEM = 1
2

Z
dt d3x

�
E

2
� c2B2 + · · ·

�
. (6)

The ellipsis represents self-interactions of the EM fields
induced by radiative e↵ects.

To construct interaction terms coupling � to the EM
fields, let j ⌘ i

2M ((r�†)���†r�) denote the conserved
particle number current density and n ⌘ �†� the particle
number density. We also define the density gradient ⇢ ⌘

rn and vorticity ! ⌘ r ⇥ j. The operators ⇢ and !
will play roles analogous to electric and magnetic dipole
moment densities, respectively. The fields E and ⇢ are
parity odd while B, ! and � are parity even. Under
time reversal, B and ! are odd, E and ⇢ are even, and
� $ �†.

Now we can discuss the leading interaction terms in
S�,EM. For our purposes, it will su�ce to write out all
symmetry-allowed terms with two powers of the scalar
field, up to two powers of the EM fields, and at most two

spatial derivatives. There are three such terms1,

S�,EM =

Z
dt d3x

h
b e a2 (⇢ ·E+ ! ·B)

+ 1
2cE a3

�
nE

2
� 2 j · (E⇥B)

�
(7)

�
1
2cM e4a3

�
nB

2
�

2
c2 j · (E⇥B)

�
+ · · ·

i
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where the ellipsis stands for terms with higher powers
of fields and/or explicit time or space derivatives. Note
that terms proportional to ⇢ ·B, ! · E, and nE ·B are
ruled out by our discrete symmetries.
We have organized the terms appearing in interaction

action (7) so that each line is invariant under linearized
Lorentz boosts, up to residuals suppressed by quadratic
combinations of boost velocity over c and/or field time
derivatives over Mc2. (Such residual terms may be can-
celed by systematically adding yet higher order terms
to the action.) Imposing boost invariance reduces the
set of independent dimensionless parameters (or “low-
energy constants”) characterizing the EFT, at this or-
der, to three: b, cE , and cM , all of which will generically
be O(1) unless the interactions in the underlying micro-
scopic theory are deliberately fine-tuned.2

The factors of e and a shown explicitly in the above
three terms of S�,EM serve to render the coe�cients b, cE ,
and cM dimensionless. But since e2/c and e2Ma are di-
mensionless combinations, these factors are not solely de-
termined by dimensional analysis. The given prefactors
correspond to the statement that the relevant UV energy
scale for these EM interaction terms is Ebind. (Equiva-
lently, these factors are also determined by noting that, in
a homogeneous medium at rest, these interaction terms
should be una↵ected by sending c ! 1 and M ! 1.)
The cE and cB terms in S�,EM , which are quadratic

in EM fields, characterize the dielectric and diamagnetic
linear response of the medium, so that ✏/✏0 = 1+ cE a3 n̄

1 One could eliminate the b term by performing the electromag-
netic field redefinition, A0 ! A0 + 1

2 b ea
2
�
†
�/(1 + cEa

3
n) and

A ! A + 1
2 b ea

2j/(c2 + cMe
4
a
3
n), but this would change the

physical meaning of the E and B fields in an unhelpful manner
while not, of course, a↵ecting any observable e↵ects. We pre-
fer to use the standard electric and magnetic fields, and hence
choose to work with the action (7) in which the b term appears
explicitly.

2 If the interactions were to preserve a discrete symmetry S which
flips the EM potentials, � ! �� andA ! �A, while leaving the
neutral scalar � unchanged, then b = 0. Such a putative symme-
try is not charge conjugation, which would also conjugate �, and
is not a symmetry of the non-relativistic action (5). But if the
field � represents some composite particle built from oppositely-
charged but otherwise identical constituents, then S would cor-
respond to a charged-constituent permutation and could in prin-
ciple be a symmetry of the long-distance EFT (3). However, in
physical systems of interest there is, of course, no such symme-
try interchanging electrons and ions. Therefore the b term is not
symmetry forbidden, and one should expect the coe�cient b to
be O(1); we show this explicitly in a toy model calculation in the
Supplementary Materials.
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Here µ is chemical potential for particle number, and
the coe�cient f4 in the quartic self-interaction term is a
dimensionless O(1) low-energy parameter which is deter-
mined by demanding that the quartic interaction cor-
rectly reproduce two-particle s-wave scattering, while
the ellipsis represents additional terms involving explicit
derivatives and/or higher powers of �, whose coe�cients
must contain additional powers of a (or 1/⇤) to achieve
the correct dimensions. Such higher order terms not ex-
plicitly shown in Eq. (4) have negligibly small e↵ects on
the long-distance physics in the limit 2⇡na3 ⌧ 1, making
the properties of dilute systems of bosons systematically
calculable using the EFT, see e.g. Ref. [37].
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where the ellipsis stands for terms with higher powers
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ruled out by our discrete symmetries.
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Lorentz boosts, up to residuals suppressed by quadratic
combinations of boost velocity over c and/or field time
derivatives over Mc2. (Such residual terms may be can-
celed by systematically adding yet higher order terms
to the action.) Imposing boost invariance reduces the
set of independent dimensionless parameters (or “low-
energy constants”) characterizing the EFT, at this or-
der, to three: b, cE , and cM , all of which will generically
be O(1) unless the interactions in the underlying micro-
scopic theory are deliberately fine-tuned.2

The factors of e and a shown explicitly in the above
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scale for these EM interaction terms is Ebind. (Equiva-
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should be una↵ected by sending c ! 1 and M ! 1.)
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physical meaning of the E and B fields in an unhelpful manner
while not, of course, a↵ecting any observable e↵ects. We pre-
fer to use the standard electric and magnetic fields, and hence
choose to work with the action (7) in which the b term appears
explicitly.

2 If the interactions were to preserve a discrete symmetry S which
flips the EM potentials, � ! �� andA ! �A, while leaving the
neutral scalar � unchanged, then b = 0. Such a putative symme-
try is not charge conjugation, which would also conjugate �, and
is not a symmetry of the non-relativistic action (5). But if the
field � represents some composite particle built from oppositely-
charged but otherwise identical constituents, then S would cor-
respond to a charged-constituent permutation and could in prin-
ciple be a symmetry of the long-distance EFT (3). However, in
physical systems of interest there is, of course, no such symme-
try interchanging electrons and ions. Therefore the b term is not
symmetry forbidden, and one should expect the coe�cient b to
be O(1); we show this explicitly in a toy model calculation in the
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Here µ is chemical potential for particle number, and
the coe�cient f4 in the quartic self-interaction term is a
dimensionless O(1) low-energy parameter which is deter-
mined by demanding that the quartic interaction cor-
rectly reproduce two-particle s-wave scattering, while
the ellipsis represents additional terms involving explicit
derivatives and/or higher powers of �, whose coe�cients
must contain additional powers of a (or 1/⇤) to achieve
the correct dimensions. Such higher order terms not ex-
plicitly shown in Eq. (4) have negligibly small e↵ects on
the long-distance physics in the limit 2⇡na3 ⌧ 1, making
the properties of dilute systems of bosons systematically
calculable using the EFT, see e.g. Ref. [37].
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combinations of boost velocity over c and/or field time
derivatives over Mc2. (Such residual terms may be can-
celed by systematically adding yet higher order terms
to the action.) Imposing boost invariance reduces the
set of independent dimensionless parameters (or “low-
energy constants”) characterizing the EFT, at this or-
der, to three: b, cE , and cM , all of which will generically
be O(1) unless the interactions in the underlying micro-
scopic theory are deliberately fine-tuned.2

The factors of e and a shown explicitly in the above
three terms of S�,EM serve to render the coe�cients b, cE ,
and cM dimensionless. But since e2/c and e2Ma are di-
mensionless combinations, these factors are not solely de-
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scale for these EM interaction terms is Ebind. (Equiva-
lently, these factors are also determined by noting that, in
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should be una↵ected by sending c ! 1 and M ! 1.)
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1 One could eliminate the b term by performing the electromag-
netic field redefinition, A0 ! A0 + 1

2 b ea
2
�
†
�/(1 + cEa

3
n) and

A ! A + 1
2 b ea

2j/(c2 + cMe
4
a
3
n), but this would change the

physical meaning of the E and B fields in an unhelpful manner
while not, of course, a↵ecting any observable e↵ects. We pre-
fer to use the standard electric and magnetic fields, and hence
choose to work with the action (7) in which the b term appears
explicitly.

2 If the interactions were to preserve a discrete symmetry S which
flips the EM potentials, � ! �� andA ! �A, while leaving the
neutral scalar � unchanged, then b = 0. Such a putative symme-
try is not charge conjugation, which would also conjugate �, and
is not a symmetry of the non-relativistic action (5). But if the
field � represents some composite particle built from oppositely-
charged but otherwise identical constituents, then S would cor-
respond to a charged-constituent permutation and could in prin-
ciple be a symmetry of the long-distance EFT (3). However, in
physical systems of interest there is, of course, no such symme-
try interchanging electrons and ions. Therefore the b term is not
symmetry forbidden, and one should expect the coe�cient b to
be O(1); we show this explicitly in a toy model calculation in the
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atomic superfluids
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• can vortices carry non-zero magnetic flux ?ΦB ≡ ⟨∮ dℓ ⋅ A⟩vortex
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• long distance EFT: neutral condensate + E&M,
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radius. Consequently, every atom generates an electro-
static potential proportional to this smeared-out delta
function. For an arbitrary collection of widely-separated
identical atoms at positions {xi}, the net electrostatic
potential is

�(x) =
Ze a2

6✏0

X

i

f(x�xi) '
Ze a2

6✏0
n(x) . (1)

The last form, with n(x) the number density of atoms, is
valid whenever the potential is to be integrated against
functions slowly varying on the scale of a, so that the
atomic scale details of f(x) are irrelevant.

The electric field experienced by a test charge is �r�.
An inhomogeneous density distribution which is averaged
over a region of size � � n�1/3

� a induces a polariza-
tion P = 1

6 Ze a2 rn. This phenomenon has been termed
flexo-electricity in e.g. Ref. [9]. If the medium is moving
with some velocity v (small compared to the speed of
light c), relativistic invariance of electromagnetism im-
plies that there will be a magnetization M = P⇥ v.

A superfluid vortex directly embodies the above phe-
nomena. For a minimal circulation vortex, the super-
fluid velocity field vs = (~/M) ✓̂/r, with r the distance
from the vortex core andM the condensing particle mass.
This leads to a total magnetic flux

�B ⌘ µ0

Z
d⌃ ·M = Z↵�C a2�n 2

3�0, (2)

where ↵ ⌘ e2/(4⇡✏0~c) is the fine structure constant,
�C ⌘ 2⇡~/(Mc) is the Compton wavelength of the fluid
particles, �n ⌘ n̄ � n(0) is the di↵erence of the average
particle density n̄ and the reduced density n(0) at the
vortex core, and �0 = ⇡~/e is the usual magnetic flux
quantum.

E↵ective field theory. There are further mecha-
nisms which can generate non-vanishing magnetic flux in
superfluid vortices, including van der Waals induced po-
larization in the presence of non-uniform density, and in-
ertial e↵ects in accelerating (or rotating) systems. These
mechanisms have been discussed and analyzed in various
ways in Refs. [8–35]. In dilute systems these other mech-
anisms lead to e↵ects suppressed by additional factors of
the small parameters na3 and/or me/M relative to the
flexo-electric mechanism described above. But to be con-
fident one has not neglected some subtle yet important
physical e↵ect, it is very helpful to treat the problem
systematically, without the need to consider individual
microscopic mechanisms in isolation. This is the raison
d’être of the e↵ective field theory approach.

Consider a translation-invariant system of scalar (S =
L = 0) electrically neutral non-relativistic bosons of mass
M interacting via short-range interactions. In addition
to a conserved particle number, we assume that the in-
teractions are also parity and time reversal invariant. If
the system is dilute, meaning that � ⌧ 1, then the e↵ects
of interactions can be systematically characterized using
e↵ective field theory (EFT).

A complex scalar field � serves as a boson annihilation
operator, with the U(1) particle-number symmetry act-
ing as � ! ei↵�. The electric and magnetic fields are
related to the electromagnetic potentials A0 ⌘ �/c and
A in the usual manner, E = �r��@tA and B = r⇥A.
On the low energy scales of interest, we assume that
the only relevant degrees of freedom are those described
by the complex scalar field � together with the electro-
magnetic field. Consequently, an action built from local
gauge-invariant combinations of these fields can provide
an e↵ective description of the system.

Since our goal is to understand EM e↵ects, it will be
helpful to take into account the constraints of Lorentz
invariance within our non-relativistic EFT. To the order
to which we will work, it is su�cient to demand that
our EFT be invariant under linearized Lorentz transfor-
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To compare the importance of di↵erent terms, we de-
fine the scaling dimensions of coordinates and fields as

3

follows:

[x] = 1/Q, [t] = M/Q2, [�] = Q3/2, (4a)

[E] = [cB] = M�1/2 Q5/2, [e2] = [c] = Q/M , (4b)

where Q is a characteristic momentum scale. Since S is
dimensionless, every term in the Lagrange density must
have dimensions ofQ5/M . It is helpful to write each term
in the e↵ective Lagrangian in the form ci ⇤

↵i
i E�i

i Oi,
where ci is an O(1) dimensionless coe�cient, Oi is some
combination of fields and their derivatives, ⇤i and Ei

are the natural ultraviolet (UV) momentum and energy
scales associated with the particular term in question,
and the exponents ↵i and �i characterize the sensitivity
of the process described by Oi to the UV spatial mo-
mentum and energy scales. For all of the terms that we
discuss below, ⇤i = 1/a ⌘ ⇤ and Ei is either E⇤ or Ebind.

The part of the action only involving the neutral
bosons has the form

S� =

Z
dt d3x
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Here µ is chemical potential for particle number, and
the coe�cient f4 in the quartic self-interaction term is a
dimensionless O(1) low-energy parameter which is deter-
mined by demanding that the quartic interaction cor-
rectly reproduce two-particle s-wave scattering, while
the ellipsis represents additional terms involving explicit
derivatives and/or higher powers of �, whose coe�cients
must contain additional powers of a (or 1/⇤) to achieve
the correct dimensions. Such higher order terms not ex-
plicitly shown in Eq. (4) have negligibly small e↵ects on
the long-distance physics in the limit 2⇡na3 ⌧ 1, making
the properties of dilute systems of bosons systematically
calculable using the EFT, see e.g. Ref. [37].

The kinetic terms of the EM fields are contained in
SEM, which takes the form

SEM = 1
2

Z
dt d3x

�
E

2
� c2B2 + · · ·

�
. (6)

The ellipsis represents self-interactions of the EM fields
induced by radiative e↵ects.

To construct interaction terms coupling � to the EM
fields, let j ⌘ i

2M ((r�†)���†r�) denote the conserved
particle number current density and n ⌘ �†� the particle
number density. We also define the density gradient ⇢ ⌘

rn and vorticity ! ⌘ r ⇥ j. The operators ⇢ and !
will play roles analogous to electric and magnetic dipole
moment densities, respectively. The fields E and ⇢ are
parity odd while B, ! and � are parity even. Under
time reversal, B and ! are odd, E and ⇢ are even, and
� $ �†.

Now we can discuss the leading interaction terms in
S�,EM. For our purposes, it will su�ce to write out all
symmetry-allowed terms with two powers of the scalar
field, up to two powers of the EM fields, and at most two

spatial derivatives. There are three such terms1,

S�,EM =

Z
dt d3x

h
b e a2 (⇢ ·E+ ! ·B)

+ 1
2cE a3

�
nE

2
� 2 j · (E⇥B)

�
(7)

�
1
2cM e4a3

�
nB

2
�

2
c2 j · (E⇥B)

�
+ · · ·

i
,

where the ellipsis stands for terms with higher powers
of fields and/or explicit time or space derivatives. Note
that terms proportional to ⇢ ·B, ! · E, and nE ·B are
ruled out by our discrete symmetries.
We have organized the terms appearing in interaction

action (7) so that each line is invariant under linearized
Lorentz boosts, up to residuals suppressed by quadratic
combinations of boost velocity over c and/or field time
derivatives over Mc2. (Such residual terms may be can-
celed by systematically adding yet higher order terms
to the action.) Imposing boost invariance reduces the
set of independent dimensionless parameters (or “low-
energy constants”) characterizing the EFT, at this or-
der, to three: b, cE , and cM , all of which will generically
be O(1) unless the interactions in the underlying micro-
scopic theory are deliberately fine-tuned.2

The factors of e and a shown explicitly in the above
three terms of S�,EM serve to render the coe�cients b, cE ,
and cM dimensionless. But since e2/c and e2Ma are di-
mensionless combinations, these factors are not solely de-
termined by dimensional analysis. The given prefactors
correspond to the statement that the relevant UV energy
scale for these EM interaction terms is Ebind. (Equiva-
lently, these factors are also determined by noting that, in
a homogeneous medium at rest, these interaction terms
should be una↵ected by sending c ! 1 and M ! 1.)
The cE and cB terms in S�,EM , which are quadratic

in EM fields, characterize the dielectric and diamagnetic
linear response of the medium, so that ✏/✏0 = 1+ cE a3 n̄

1 One could eliminate the b term by performing the electromag-
netic field redefinition, A0 ! A0 + 1

2 b ea
2
�
†
�/(1 + cEa

3
n) and

A ! A + 1
2 b ea

2j/(c2 + cMe
4
a
3
n), but this would change the

physical meaning of the E and B fields in an unhelpful manner
while not, of course, a↵ecting any observable e↵ects. We pre-
fer to use the standard electric and magnetic fields, and hence
choose to work with the action (7) in which the b term appears
explicitly.

2 If the interactions were to preserve a discrete symmetry S which
flips the EM potentials, � ! �� andA ! �A, while leaving the
neutral scalar � unchanged, then b = 0. Such a putative symme-
try is not charge conjugation, which would also conjugate �, and
is not a symmetry of the non-relativistic action (5). But if the
field � represents some composite particle built from oppositely-
charged but otherwise identical constituents, then S would cor-
respond to a charged-constituent permutation and could in prin-
ciple be a symmetry of the long-distance EFT (3). However, in
physical systems of interest there is, of course, no such symme-
try interchanging electrons and ions. Therefore the b term is not
symmetry forbidden, and one should expect the coe�cient b to
be O(1); we show this explicitly in a toy model calculation in the
Supplementary Materials.
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dimensionless O(1) low-energy parameter which is deter-
mined by demanding that the quartic interaction cor-
rectly reproduce two-particle s-wave scattering, while
the ellipsis represents additional terms involving explicit
derivatives and/or higher powers of �, whose coe�cients
must contain additional powers of a (or 1/⇤) to achieve
the correct dimensions. Such higher order terms not ex-
plicitly shown in Eq. (4) have negligibly small e↵ects on
the long-distance physics in the limit 2⇡na3 ⌧ 1, making
the properties of dilute systems of bosons systematically
calculable using the EFT, see e.g. Ref. [37].
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where the ellipsis stands for terms with higher powers
of fields and/or explicit time or space derivatives. Note
that terms proportional to ⇢ ·B, ! · E, and nE ·B are
ruled out by our discrete symmetries.
We have organized the terms appearing in interaction

action (7) so that each line is invariant under linearized
Lorentz boosts, up to residuals suppressed by quadratic
combinations of boost velocity over c and/or field time
derivatives over Mc2. (Such residual terms may be can-
celed by systematically adding yet higher order terms
to the action.) Imposing boost invariance reduces the
set of independent dimensionless parameters (or “low-
energy constants”) characterizing the EFT, at this or-
der, to three: b, cE , and cM , all of which will generically
be O(1) unless the interactions in the underlying micro-
scopic theory are deliberately fine-tuned.2

The factors of e and a shown explicitly in the above
three terms of S�,EM serve to render the coe�cients b, cE ,
and cM dimensionless. But since e2/c and e2Ma are di-
mensionless combinations, these factors are not solely de-
termined by dimensional analysis. The given prefactors
correspond to the statement that the relevant UV energy
scale for these EM interaction terms is Ebind. (Equiva-
lently, these factors are also determined by noting that, in
a homogeneous medium at rest, these interaction terms
should be una↵ected by sending c ! 1 and M ! 1.)
The cE and cB terms in S�,EM , which are quadratic
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physical meaning of the E and B fields in an unhelpful manner
while not, of course, a↵ecting any observable e↵ects. We pre-
fer to use the standard electric and magnetic fields, and hence
choose to work with the action (7) in which the b term appears
explicitly.

2 If the interactions were to preserve a discrete symmetry S which
flips the EM potentials, � ! �� andA ! �A, while leaving the
neutral scalar � unchanged, then b = 0. Such a putative symme-
try is not charge conjugation, which would also conjugate �, and
is not a symmetry of the non-relativistic action (5). But if the
field � represents some composite particle built from oppositely-
charged but otherwise identical constituents, then S would cor-
respond to a charged-constituent permutation and could in prin-
ciple be a symmetry of the long-distance EFT (3). However, in
physical systems of interest there is, of course, no such symme-
try interchanging electrons and ions. Therefore the b term is not
symmetry forbidden, and one should expect the coe�cient b to
be O(1); we show this explicitly in a toy model calculation in the
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Here µ is chemical potential for particle number, and
the coe�cient f4 in the quartic self-interaction term is a
dimensionless O(1) low-energy parameter which is deter-
mined by demanding that the quartic interaction cor-
rectly reproduce two-particle s-wave scattering, while
the ellipsis represents additional terms involving explicit
derivatives and/or higher powers of �, whose coe�cients
must contain additional powers of a (or 1/⇤) to achieve
the correct dimensions. Such higher order terms not ex-
plicitly shown in Eq. (4) have negligibly small e↵ects on
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the properties of dilute systems of bosons systematically
calculable using the EFT, see e.g. Ref. [37].
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combinations of boost velocity over c and/or field time
derivatives over Mc2. (Such residual terms may be can-
celed by systematically adding yet higher order terms
to the action.) Imposing boost invariance reduces the
set of independent dimensionless parameters (or “low-
energy constants”) characterizing the EFT, at this or-
der, to three: b, cE , and cM , all of which will generically
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physical meaning of the E and B fields in an unhelpful manner
while not, of course, a↵ecting any observable e↵ects. We pre-
fer to use the standard electric and magnetic fields, and hence
choose to work with the action (7) in which the b term appears
explicitly.

2 If the interactions were to preserve a discrete symmetry S which
flips the EM potentials, � ! �� andA ! �A, while leaving the
neutral scalar � unchanged, then b = 0. Such a putative symme-
try is not charge conjugation, which would also conjugate �, and
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field � represents some composite particle built from oppositely-
charged but otherwise identical constituents, then S would cor-
respond to a charged-constituent permutation and could in prin-
ciple be a symmetry of the long-distance EFT (3). However, in
physical systems of interest there is, of course, no such symme-
try interchanging electrons and ions. Therefore the b term is not
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atomic superfluids

• superfluidity due to Bose-condensed neutral spinless atoms

• can vortices carry non-zero magnetic flux ?ΦB ≡ ⟨∮ dℓ ⋅ A⟩vortex
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• long distance EFT: neutral condensate + E&M,
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radius. Consequently, every atom generates an electro-
static potential proportional to this smeared-out delta
function. For an arbitrary collection of widely-separated
identical atoms at positions {xi}, the net electrostatic
potential is

�(x) =
Ze a2

6✏0

X

i

f(x�xi) '
Ze a2

6✏0
n(x) . (1)

The last form, with n(x) the number density of atoms, is
valid whenever the potential is to be integrated against
functions slowly varying on the scale of a, so that the
atomic scale details of f(x) are irrelevant.

The electric field experienced by a test charge is �r�.
An inhomogeneous density distribution which is averaged
over a region of size � � n�1/3

� a induces a polariza-
tion P = 1

6 Ze a2 rn. This phenomenon has been termed
flexo-electricity in e.g. Ref. [9]. If the medium is moving
with some velocity v (small compared to the speed of
light c), relativistic invariance of electromagnetism im-
plies that there will be a magnetization M = P⇥ v.

A superfluid vortex directly embodies the above phe-
nomena. For a minimal circulation vortex, the super-
fluid velocity field vs = (~/M) ✓̂/r, with r the distance
from the vortex core andM the condensing particle mass.
This leads to a total magnetic flux

�B ⌘ µ0

Z
d⌃ ·M = Z↵�C a2�n 2

3�0, (2)

where ↵ ⌘ e2/(4⇡✏0~c) is the fine structure constant,
�C ⌘ 2⇡~/(Mc) is the Compton wavelength of the fluid
particles, �n ⌘ n̄ � n(0) is the di↵erence of the average
particle density n̄ and the reduced density n(0) at the
vortex core, and �0 = ⇡~/e is the usual magnetic flux
quantum.

E↵ective field theory. There are further mecha-
nisms which can generate non-vanishing magnetic flux in
superfluid vortices, including van der Waals induced po-
larization in the presence of non-uniform density, and in-
ertial e↵ects in accelerating (or rotating) systems. These
mechanisms have been discussed and analyzed in various
ways in Refs. [8–35]. In dilute systems these other mech-
anisms lead to e↵ects suppressed by additional factors of
the small parameters na3 and/or me/M relative to the
flexo-electric mechanism described above. But to be con-
fident one has not neglected some subtle yet important
physical e↵ect, it is very helpful to treat the problem
systematically, without the need to consider individual
microscopic mechanisms in isolation. This is the raison
d’être of the e↵ective field theory approach.

Consider a translation-invariant system of scalar (S =
L = 0) electrically neutral non-relativistic bosons of mass
M interacting via short-range interactions. In addition
to a conserved particle number, we assume that the in-
teractions are also parity and time reversal invariant. If
the system is dilute, meaning that � ⌧ 1, then the e↵ects
of interactions can be systematically characterized using
e↵ective field theory (EFT).

A complex scalar field � serves as a boson annihilation
operator, with the U(1) particle-number symmetry act-
ing as � ! ei↵�. The electric and magnetic fields are
related to the electromagnetic potentials A0 ⌘ �/c and
A in the usual manner, E = �r��@tA and B = r⇥A.
On the low energy scales of interest, we assume that
the only relevant degrees of freedom are those described
by the complex scalar field � together with the electro-
magnetic field. Consequently, an action built from local
gauge-invariant combinations of these fields can provide
an e↵ective description of the system.

Since our goal is to understand EM e↵ects, it will be
helpful to take into account the constraints of Lorentz
invariance within our non-relativistic EFT. To the order
to which we will work, it is su�cient to demand that
our EFT be invariant under linearized Lorentz transfor-
mations representing boosts by some velocity v ⌧ c.
Such transformations act on the fields as �(x, t) !

e�iMv·x �(x0, t0), E(x, t) ! E(x0, t0) + v ⇥ B(x0, t0) and
B(x, t) ! B(x0, t0)� v⇥E(x0, t0)/c2, where x

0
⌘ x+ v t

and t0 ⌘ t+ v · x/c2.

Although the particles (atoms) created by �† are neu-
tral, they contain charged constituents and interact with
EM fields through non-minimal couplings. To describe
these interactions we assume, for simplicity, that the s-
wave scattering length characterizing particle collisions
is comparable to the charge radius a relevant for EM
interactions, with both an O(1) factor times the Bohr
radius aB . To enable a systematic treatment we initially
assume that the system is dilute, � = 2⇡na3 ⌧ 1, and
subsequently discuss implications when extrapolating to
liquid helium with � = O(1).

Under these assumptions, the most general e↵ective
action will contain a sum of all local terms, consistent
with our symmetries, built from �, E, and B and their
spatial derivatives. The result may be expressed as

S = S� + SEM + S�,EM , (3)

where S� and SEM contain the free kinetic terms plus
self-interactions of the scalar and EM fields, respec-
tively, while S�,EM describes the couplings between these
fields. The EFT (3), correctly constructed, will repro-
duce physics on su�ciently large spatial and time scales.
Taking units where ~ = ✏0 = 1, the spatial scales de-
scribed by the EFT must be large compared to the atomic
size a, or equivalently for spatial momenta small com-
pared to the EFT breakdown scale ⇤ ⇠ a�1. The time
scales described by the EFT must be large compared
to the inverse of the energy scale min(E⇤, Ebind), where
E⇤ ⌘ ⇤2/M is the energy associated with momentum
⇤ and Ebind ⌘ e2⇤ is the atomic binding scale. Physi-
cally, of course, E⇤ is smaller than Ebind by a factor of
m/M ⇠ 10�4, where m is the electron mass.

To compare the importance of di↵erent terms, we de-
fine the scaling dimensions of coordinates and fields as
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discuss below, ⇤i = 1/a ⌘ ⇤ and Ei is either E⇤ or Ebind.
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Here µ is chemical potential for particle number, and
the coe�cient f4 in the quartic self-interaction term is a
dimensionless O(1) low-energy parameter which is deter-
mined by demanding that the quartic interaction cor-
rectly reproduce two-particle s-wave scattering, while
the ellipsis represents additional terms involving explicit
derivatives and/or higher powers of �, whose coe�cients
must contain additional powers of a (or 1/⇤) to achieve
the correct dimensions. Such higher order terms not ex-
plicitly shown in Eq. (4) have negligibly small e↵ects on
the long-distance physics in the limit 2⇡na3 ⌧ 1, making
the properties of dilute systems of bosons systematically
calculable using the EFT, see e.g. Ref. [37].

The kinetic terms of the EM fields are contained in
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The ellipsis represents self-interactions of the EM fields
induced by radiative e↵ects.

To construct interaction terms coupling � to the EM
fields, let j ⌘ i

2M ((r�†)���†r�) denote the conserved
particle number current density and n ⌘ �†� the particle
number density. We also define the density gradient ⇢ ⌘

rn and vorticity ! ⌘ r ⇥ j. The operators ⇢ and !
will play roles analogous to electric and magnetic dipole
moment densities, respectively. The fields E and ⇢ are
parity odd while B, ! and � are parity even. Under
time reversal, B and ! are odd, E and ⇢ are even, and
� $ �†.

Now we can discuss the leading interaction terms in
S�,EM. For our purposes, it will su�ce to write out all
symmetry-allowed terms with two powers of the scalar
field, up to two powers of the EM fields, and at most two

spatial derivatives. There are three such terms1,
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where the ellipsis stands for terms with higher powers
of fields and/or explicit time or space derivatives. Note
that terms proportional to ⇢ ·B, ! · E, and nE ·B are
ruled out by our discrete symmetries.
We have organized the terms appearing in interaction

action (7) so that each line is invariant under linearized
Lorentz boosts, up to residuals suppressed by quadratic
combinations of boost velocity over c and/or field time
derivatives over Mc2. (Such residual terms may be can-
celed by systematically adding yet higher order terms
to the action.) Imposing boost invariance reduces the
set of independent dimensionless parameters (or “low-
energy constants”) characterizing the EFT, at this or-
der, to three: b, cE , and cM , all of which will generically
be O(1) unless the interactions in the underlying micro-
scopic theory are deliberately fine-tuned.2

The factors of e and a shown explicitly in the above
three terms of S�,EM serve to render the coe�cients b, cE ,
and cM dimensionless. But since e2/c and e2Ma are di-
mensionless combinations, these factors are not solely de-
termined by dimensional analysis. The given prefactors
correspond to the statement that the relevant UV energy
scale for these EM interaction terms is Ebind. (Equiva-
lently, these factors are also determined by noting that, in
a homogeneous medium at rest, these interaction terms
should be una↵ected by sending c ! 1 and M ! 1.)
The cE and cB terms in S�,EM , which are quadratic

in EM fields, characterize the dielectric and diamagnetic
linear response of the medium, so that ✏/✏0 = 1+ cE a3 n̄

1 One could eliminate the b term by performing the electromag-
netic field redefinition, A0 ! A0 + 1

2 b ea
2
�
†
�/(1 + cEa

3
n) and

A ! A + 1
2 b ea

2j/(c2 + cMe
4
a
3
n), but this would change the

physical meaning of the E and B fields in an unhelpful manner
while not, of course, a↵ecting any observable e↵ects. We pre-
fer to use the standard electric and magnetic fields, and hence
choose to work with the action (7) in which the b term appears
explicitly.

2 If the interactions were to preserve a discrete symmetry S which
flips the EM potentials, � ! �� andA ! �A, while leaving the
neutral scalar � unchanged, then b = 0. Such a putative symme-
try is not charge conjugation, which would also conjugate �, and
is not a symmetry of the non-relativistic action (5). But if the
field � represents some composite particle built from oppositely-
charged but otherwise identical constituents, then S would cor-
respond to a charged-constituent permutation and could in prin-
ciple be a symmetry of the long-distance EFT (3). However, in
physical systems of interest there is, of course, no such symme-
try interchanging electrons and ions. Therefore the b term is not
symmetry forbidden, and one should expect the coe�cient b to
be O(1); we show this explicitly in a toy model calculation in the
Supplementary Materials.
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 = atomic mass,  = nuclear charge
 = atomic charge radius

 = atom density
 = atom number flux

 = density gradient
 = vorticity
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vortex magnetic effect
• vorticity sources magnetic flux

• underlying physics: density gradient induced polarization

• neutral atoms: electrostatic potential  particle density

• ,  smeared ,  so 

•

• density gradient  electric polarization 

• rotating polarization  magnetization 

• superfluid vortex: , , 

• magnetic flux 

b ≠ 0 ⇒

∝

ρ(r) = − ∇2( Zea2

6 f(r)) f(r) ≈ δ3(r) ρ̃(k) = Ze a2

6 k2 + O(k4)

Φ(x) = ( − ∇2)−1ρ/ϵ0 = Zea2

6ϵ0 ∑
i

f(x − xi) ≈ Zea2

6ϵ0
n(x)

⇒ P = 1
6 Zea2 ∇n

⇒ M = P × v

∇n ∝ ̂r vs = (ℏ/M) ̂θ/r M ∝ ̂z

ΦB = μ0 ∫ dΣ ⋅ M = π
3 μ0ℏ Zea2 n /M = 2

3 Zα λC na2 Φ0
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A.M. Kosevich, 2005

 = superconducting flux quantumΦ0 = πℏ/e
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observability?

• largest effect in dense superfluid, at limit of EFT validity

• superfluid helium:

• helium charge radius , diluteness parameter 

• potentially observable:

• quantum-limited SQUID noise 

a ≈ aB na3 ≈ 0.0034

∼ 45 × 10−9 Φ0/ Hz
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bosonic atoms, 
atomic number A

ΦB

Φ0
= 8πα2 b n a2aB

me

M = 7 × 10−7 b
A ( aB

a ) na3

ΦB

Φ0
≈ 1 × 10−10
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The end
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• vortices, gauge holonomies, effective field theory, 
macroscopic electrodynamics, dense QCD, cold atoms: 
combining old ingredients can make interesting new 
stories…

conclusions


