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axion warm inflation︸ ︷︷ ︸
. scalar field ϕ = ϕ(t) , ~∇ϕ ≈ 0

. self-interaction potential V (ϕ)

. medium at T , T (0) ∼ 0

. friction Υ transfers energy from ϕ to medium

⇒ many time scales

. How is ϕ coupled to the heat bath?

reheatinginflation
t

φ(t)
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axion warm inflation︸ ︷︷ ︸
impose symmetry ⇒ ϕ pseudoscalar

. Axion-like coupling

. periodic potential V (ϕ)

L =
1

2
∂µϕ∂µϕ− V (ϕ)− ϕJ + Lbath

J =
g 2

fa

εµνρσF c
µνF

c
ρσ

64π2
g YM coupling, α =

g 2

4π
,

fa decay constant, c ∈ {1, . . . ,N2
c − 1}

⇒ medium thermalizes fast
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Benchmark solutions for V (ϕ) ≈ 1
2m

2ϕ2

M. Laine and S. Procacci, JCAP 06 (2021) 031 [arXiv:2102.09913v2]
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Figure 1: Left: the variables ϕ/mPl, T/(10−4 mPl), and N/50 (number of e-folds), for the parameters

in eq. (6.1), as a function of t/H−1
ref , where Href is from eq. (6.3). Right: the same for eq. (6.2).

In both cases eq. (2.1) is rather marginally satisfied, and this turns out to be essential for

the dynamics: if fa is further decreased, the vacuum part of CR starts to dominate but the

framework becomes theoretically inconsistent; if fa is increased, the effects from CR disappear,

and we return to usual (cold) chaotic inflation.

As far as phenomenology goes, the amplitude of scalar perturbations, As, can always be

chosen to match the observed value, by tuning m/mPl. Currently the most stringent test

comes from whether the spectral tilt, ns, matches the Planck result [32].6 A challenge here is

that as the solution may interpolate between the weak and strong regimes, the corresponding

predictions need to be adopted from numerical work, which is typically specific to a particular

model or parametric form of Υ (cf., e.g., refs. [33–36] and references therein). In any case,

according to ref. [17], the weak regime could lead to a phenomenologically viable value of

ns, whereas ref. [14] found that the strong regime only works by adding a constant to the

potential, i.e. by considering hybrid rather than chaotic inflation. Here we have added no

constant, and suspect that our benchmark points do not produce the correct ns. Nevertheless,

6As far as other predictions go, the tensor-to-scalar ratio r is argued to be small in warm inflation, as

scalar perturbations are increased by thermal fluctuations but tensor perturbations supposedly not, even if

we note that thermal fluctuations of a weakly coupled scalar field do yield a substantial contribution to the

gravitational wave production rate [37]. Non-Gaussianities are argued to offer for a characteristic signature of

warm inflation [38]. However, for both of these observables measurements only give upper bounds for now.

11
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IR
UV
Comparison

Reheating:

er = eγ + eν+ eGW︸ ︷︷ ︸
↓

+ . . . radiation energy density

∆er ∼ ∆(Neff − 3) ≈

{
10−3 SM prediction1

10−1 exp. accuracy2

assumption of thermal equilibrium justified: α2T > H

. obtain lower bound for eGW

. use local Minkowskian frame

1
J. Ghiglieri, G. Jackson, M. Laine and Y. Zhu, JHEP 07 (2020) 092 [arXiv:2004.11392]

2
A. Ringwald, J. Schütte-Engel and C. Tamarit, JCAP 03 (2021) 054 [arXiv:2011.04731]
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GWb production rate:

deGW

dt d ln k
∼ k3 nB(k)︸ ︷︷ ︸

distribution

k Γ(k)

. interaction rate:

k Γ(k) ∼ 1

m2
pl

Lαβ;µν︸ ︷︷ ︸
projection

ImG R
αβµν(k, k)

. retarded correlator: K · X = ωt − k · x

G R
αβµν(ω, k) = i

∫
X

e iK·X 〈[Tαβ(X ),Tµν(0)]〉T θ(t)
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k � πT : hydrodynamic fluctuations

Tµν ⊃ ∂µϕ∂νϕ+ T r
µν

. macroscopic scales ↔ collective phenomena

. correlator ↔ shear viscosity
⇒ weakly interacting particles contribute the most

. real time computation in Keldysh r/a basis

⇒ deGW

dt d ln k

k�πT
≈ cIR(k,T )

f 2
a T

5

m2
pl
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k ∼ πT : Boltzmann regime

Tµν ⊃ ∂µϕ∂νϕ− F c
µαF

c α
ν

⇓

Lαβ;µνG R
αβµν ∼ ⊕ scatn→m(g1, ϕ, g3)︸ ︷︷ ︸

phase space

Θn→m(Pg1 ,Pϕ,Pg3)︸ ︷︷ ︸
|matrix elements|2

e.g. 1→3 :

cuts
↪→ 2→2−→

⇒ deGW

dt d ln k

k∼πT
≈ cUV(k ,T )

T 9

f 2
a m

2
pl
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for axion-like inflation we found:

deGW

dt d ln k

k�πT
≈ cIR(k,T )

f 2
a T

5

m2
pl

deGW

dt d ln k

k∼πT
≈ cUV(k ,T )

T 9

f 2
a m

2
pl

compare with SM results3

deGW

dt d ln k

∣∣∣∣
SM

≈ cSM(k,T )
T 7

m2
pl

different parametric behaviours!

3
J. Ghiglieri, G. Jackson, M. Laine and Y. Zhu, JHEP 07 (2020) 092 [arXiv:2004.11392]
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y plot coefficients cSM, cIR, and cUV:

P. Klose, M. Laine and S. Procacci, JCAP 05 (2022) 021 [arXiv:2201.02317]

benchmark solutions reach Tmax ' fa/α ∼ 200 fa

⇒ small contributions from cIR . from cUV . from cSM

⇒ signal very demanding to observe
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Reheating after axion-like inflation yields

. new sources of gravitational waves

. large difference between Abelian4 vs. non-Abelian heat bath

. non-Abelian case: signal unlikely to exceed SM background

next step: more realistic potential(s)

4
P. Adshead, J.T. Giblin Jr, M. Pieroni and Z.J. Weiner, Phys. Rev. D 101 (2020) 083534 [arXiv:1909.12842]
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Axion warm inflation with V (ϕ) ≈ 1
2m

2ϕ2

L =
1

2

(
∂µϕ∂µϕ−m2ϕ2

)
− ϕJ + Lbath

↓

〈Ĵ(t)〉 = −
∫ t

0
dt ′ϕ(t ′) CR(t − t ′)︸ ︷︷ ︸

redarded correlator

+O(J3)

↓

ϕ̈+ Υϕ̇+ m2
T ϕ

2 ≈ 0

Υ ≈ ImCR(m)

m
, m2

T ≈ m2 − Re CR(m)
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Retarded pseudoscalar correlator CR ≈ C vac

R
+ C IR

R

. ω � πT : vacuum part5, 6

ImC vac
R (ω) ∼ α2ω4

f 2
a

. ω � α2T : non-perturbative dynamics7

C IR
R (ω) ' − ω∆ΥIR

ω + i∆

ΥIR = sphaleron rate, ∆ = YM thermalization rate

5
S. Caron-Huot, Phys. Rev. D 79 (2009) 125009 [arXiv:0903.3958]

6
A. L. Kataev, N. V. Krasnikov and A. A. Pivovarov, Nucl. Phys. B. 490 (1997) 505 (E) [arXiv:9612326]

7
G. D. Moore and M. Tassler, JHEP 02 (2011) 105 [arXiv:1011.1167]
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Computations of the GW production rate – IR
. retarded propagator of ϕ : ε2

p ≡ p2+m2

ΠR(ω,~p) = 1

−ω2+ε2
p−iωΥ

, ρ ≡ ImΠR ,

. retarded correlator of Tµν :

Im GR
xy ;xy (ω,k)|

k=k ez
=
∫
P1,P2

δ̄(K−P1−P2)[1+nB(ω1)+nB(ω2)]

×{ρ,x,x (P1)ρ,y,y (P2)+ρ,y,y (P1)ρ,x,x (P2)

+2ρ,x,y (P1)ρ,y,x (P2)}

⇓ ω,k,Υ�πT

de
dt d ln k

≈ k3Υ

2π3m2
pl

∫∞
0 dp

(
p3

εp

)2

nB(εp)[1+nB(εp)] F
(
k, p
εp

k,Υ
)︸ ︷︷ ︸

∼

Υ−2 k�Υ

k−2 k�Υ

.
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Computations of the GW production rate – UV
Θ1→3(Pg1 ,Pϕ,Pg3 ) =

↪→

. on shell: K2=P2
g1,g3

=0 , P2
ϕ=m2 ; Qi≡K−Pi , s13≡Q2

ϕ=(Pg1
+Pg3

)2

. vertices: = −8i
cχg2

fa
δabεαβγδPγg1

Pδg3
,

= 2iPαϕQβϕ ,

= −2iδab [QαPβηγδ+(Q·P)ηαγηβδ−ηαγPβQδ−ηαδQβPγ ]

. polarization sums:
∑
λ → Lµν;ρσ(K) ,

∑
s1,s3
→ PT

µν(Pg1,3
)

⇒ . . . ⇒ . . . ⇒ Θ1→3 ∼
s4

13 + m8

(s13 −m2)2

m≈0−→ s2
13 .
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