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• [Pisarski, Wilczek, 1984] O(4) universality.

Spoiled by effective U(1)A restoration?

• [HotQCD, 2019, 2020]

[Cuteri, Philipsen, Sciara, 2021]

[Kotov, Lombardo, Trunin, 2021]

Strong evidence of 2nd ord. phase trans.

(see [Philipsen, 2021] for a review)

Lattice
QCD

• Compatible with O(4).

(U(2) × U(2) not excluded, but U(1)A not so

restored at Tc [Kaczmarek, Mazur, Sharma, 2021])
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Phys. mu,md in critical region?

Lat. QCD suggests yes

Potential predictive power
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Landau-Ginzburg:

φ = (φ0, φ1, φ2, φ3) Double-well

Fφ =
∫

dx3 1
2
∂µφa∂µφa +

m2
0
2
|φ|2 + λ

4
|φ|4

+Hφ0

Explicit break.

H ∼ mq

Order parameter: 〈φ〉 ∼ qq̄

Broken phase, m0 < mc: 〈φ〉 6= 0

Restored, m0 > mc 〈φ〉 = 0



What about dynamics?
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IR dynamics

Hydrodynamics

EFT of slowly relaxing (conserved)
variables

One IR fixed point

Different hydros

Need to specify the dynamics
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1. Statics
Fφ =

∫
dx3 1

2∂µφ
a∂µφ

a +
m2
0
2 φ2 + λ

4 φ4

+Hφ0

2. Identify slow and critical d.o.f.

Cons. charges: na
V ∼ q̄γ0Taq

na
A ∼ q̄γ0γ5Taq

nab ∈ o(4)

Fj =
∫

dx3 1
2χ0

nabnab

3. Is the order parameter conserved?

〈φ〉 ∼ q̄q → No

4. Derive the E.o.M.

[Rajagopal, Wilczek, 1992]

[Grossi, Soloviev, Teaney, Yan, 2021]
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∂t field = ideal + dissipation/diffusion

{field, F}, ”closed dynamics”

Poisson brackets

− δF
δfieldNot conserved

−∇2 δF
δfieldConserved

+ noise
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{φa, nbc} = εabcdφd
{nab, ncd} = δacnbd + δbdnac − δadnbc − δbcnad

∂tφa = − 1
χ0

nabφb

+Γ0∇2φa − Γ0(m2
0 + λφ2)φa + Γ0Ha + θa

∂tnab = −∇ · (∇φ[aφb]) − H[aφb]

+D0∇2nab + ∂iΞ
i
ab

〈θa(x)θb(x′)〉 = 2TcΓ0 δab δ4(x − x′)

〈Ξi
ab(x)Ξj

cd(x′)〉 = 2Tcσ0 δijδa[cδd]b δ4(x − x′)

”Model G” of [Hohenberg, Halperin, 1977]

Solve this numerically

Compute 〈O〉: average over realizations
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0. Find phase transition (statics).

Fφ =
∫

dx3 1
2∂µφ

a∂µφ
a +

m2
0
2 φ2 + λ

4 φ4

+Hφ0

1. Explore phase diagram

2. Broken phase and soft pions EFT

3. Critical behavior

See also [Schlichting et al.]
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φ = (σ, πa), nA
a = n0a, nV

a = 1
2
ε0abcnbc

Gσσ(t, k) ≡ 1
V 〈σ(t, k)σ(0,−k)〉c

Gππ(t, k) ≡ 1
3V

∑
s〈πs(t, k)πs(0,−k)〉c

GAA(t, k) ≡ 1
3V

∑
s〈n

s
A(t, k)ns

A(0,−k)〉c

G(t) ≡ G(t, k = 0)

G(t) = 1
2π

∫
dωG(ω)eiωt

ρ(ω) = ωG(ω)



Restored phase
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Across the transition

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  200  400  600  800  1000 1200 1400

G
A
A
(t
) 
/ 
χ
0

t

zpc

 0

 50

 100

 150

 200

 250

 300

 350

 400

 450

-0.03 -0.02 -0.01  0  0.01  0.02  0.03

G
A
A
(ω
) 
/ 
χ
0

ω

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  200  400  600  800  1000 1200 1400

G
A
A
(t
) 
/ 
χ
0

t

zpc
0.7zpc

 0

 50

 100

 150

 200

 250

 300

 350

 400

 450

-0.03 -0.02 -0.01  0  0.01  0.02  0.03

G
A
A
(ω
) 
/ 
χ
0

ω

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  200  400  600  800  1000 1200 1400

G
A
A
(t
) 
/ 
χ
0

t

zpc
0.7zpc
z=0

 0

 50

 100

 150

 200

 250

 300

 350

 400

 450

-0.03 -0.02 -0.01  0  0.01  0.02  0.03

G
A
A
(ω
) 
/ 
χ
0

ω

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  200  400  600  800  1000 1200 1400

G
A
A
(t
) 
/ 
χ
0

t

zpc
0.7zpc
z=0

z=-2.2

 0

 50

 100

 150

 200

 250

 300

 350

 400

 450

-0.03 -0.02 -0.01  0  0.01  0.02  0.03

G
A
A
(ω
) 
/ 
χ
0

ω

Emergence of pion waves!

Gππ(ω) =
2χ⊥Γm2ω2

(−ω2+m2
p )

2+ω2(Γm2)2 GAA(ω) =
2χ0Γm2m2

p
(−ω2+m2

p )
2+ω2(Γm2)2

14Adrien Florio, SEWM22, 21.06.22



Across the transition

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  200  400  600  800  1000 1200 1400

G
A
A
(t
) 
/ 
χ
0

t

zpc

 0

 50

 100

 150

 200

 250

 300

 350

 400

 450

-0.03 -0.02 -0.01  0  0.01  0.02  0.03

G
A
A
(ω
) 
/ 
χ
0

ω

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  200  400  600  800  1000 1200 1400

G
A
A
(t
) 
/ 
χ
0

t

zpc
0.7zpc

 0

 50

 100

 150

 200

 250

 300

 350

 400

 450

-0.03 -0.02 -0.01  0  0.01  0.02  0.03

G
A
A
(ω
) 
/ 
χ
0

ω

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  200  400  600  800  1000 1200 1400

G
A
A
(t
) 
/ 
χ
0

t

zpc
0.7zpc
z=0

 0

 50

 100

 150

 200

 250

 300

 350

 400

 450

-0.03 -0.02 -0.01  0  0.01  0.02  0.03

G
A
A
(ω
) 
/ 
χ
0

ω

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  200  400  600  800  1000 1200 1400

G
A
A
(t
) 
/ 
χ
0

t

zpc
0.7zpc
z=0

z=-2.2

 0

 50

 100

 150

 200

 250

 300

 350

 400

 450

-0.03 -0.02 -0.01  0  0.01  0.02  0.03

G
A
A
(ω
) 
/ 
χ
0

ω

Emergence of pion waves!

Gππ(ω) =
2χ⊥Γm2ω2

(−ω2+m2
p )

2+ω2(Γm2)2 GAA(ω) =
2χ0Γm2m2

p
(−ω2+m2

p )
2+ω2(Γm2)2

14Adrien Florio, SEWM22, 21.06.22
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And criticality in all of that?



Critical behavior

Scaling hypothesis:

Gσσ(t,H)
χ‖

= Yσ

(
ξ−ζ t

)
= Ỹσ

(
Hζνc t

)
Gππ(t,H)

χ⊥
= Yπ

(
ξ−ζ t

)
= Ỹπ

(
Hζνc t

)
GAA(t,H)

χ0
= YA

(
ξ−ζ t

)
= ỸA

(
Hζνc t

)

ζ : dyn. scaling exponent
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Critical line
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ζ = 1.47± 0.01(stat.)

Compare: ζ th = 1.5
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Outlooks

• Finite k

• Expansion rate

Kibble-Zurek mechanism

• Pheno. prediction
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• mu,md = 0 deconfinement P.T.
dynamical universality class

• Studied pion waves

• Observed critical behavior

• Extracted dyn. critical exponent
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ζ = 1.47± 0.01(stat.)



Thanks!
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Lattice data

Potential predictive power
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Figure 3. Quark mass dependence of the chiral susceptibility on lattices with temporal extent N⌧ = 8 for several
values of the light quark masses. The spatial lattices extent N� is increased as the light quark mass decreases:
N� = 32 (H�1 = 20, 27), 40 (H�1 = 40), 56 (H�1 = 80, 160). Black symbols mark the points
corresponding to 60% of the peak height. Figure is taken from13.
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Figure 4. Volume dependence of the chiral susceptibility on lattices with temporal extent N⌧ = 8 for three
different spatial lattice sizes at H = 1/80. Black symbols mark the points corresponding to 60% of the peak
height. Figure is taken from13.

2.2 Results

We show results for �M in Fig. 3, on lattices with temporal extent N⌧ = 8 for 5 different
values of the quark mass ratio, H = ml/ms, and the largest lattice available for each H .
The increase of the peak height, �max

M , with decreasing H is consistent with the expected
behavior, �max

M ⇠ H1/��1 + const., with � ' 4.8 within rather large uncertainty which
restricts a precise determination of �.

In Fig. 4 we show the volume dependence of �M for H = 1/80 on lattices with tem-

5

HotQCD, PRL 123 (2019) 6, 062002 O(4) scaling, from Engels et al., Nucl.Phys.B 655 (2003) 277-299

[Rajagopal, Wilczek, 1992]
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Critical line
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Broken phase and pion EFT
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Emergence of pion waves!Pions EFT in the broken phase [Grossi, Soloviev, Teaney, Yan, 2020]:

Gππ(ω) =
2χ⊥Γm2ω2

(−ω2+m2
p )

2+ω2(Γm2)2 GAA(ω) =
2χ0Γm2m2

p
(−ω2+m2

p )
2+ω2(Γm2)2

21Adrien Florio, SEWM22, 21.06.22



Broken phase and pion EFT

Gell-Mann Oakes Renner

EFT pred. (”GOR”):(
mEFT

p
)2

= Hσ̄
χ0

Num. result:
Hσ̄
χ0

· 1(
mfit

p

)2 = 1.011± 0.001(stat.)

Pion EFT works surpisingly well!
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