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Introduction

Why 2PI?

@ Strong coupling and high temperatures: usual perturbation theory
converges poorly — need resummation methods.

@ 2Pl formalism provides a non-perturbative approach in which the
action is expressed in terms of the background field, and the
corresponding resummed two-point function.

@ Introduces a two-point source in the action which incorporates
out-of-equilibrium correlators — allows studying of
out-of-equilibrium phenomena.
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Introduction
@00

2P| Effective Action

(c.f. J. M. Cornwall, R. Jackiw, and E. Tomboulis (1974))
I2P[6, G0, D) = Sa[6,v] + 5 Tr [nG™] + S T [,

— T [nDY] —iTy [D;D} +T2P[6, G, 4, D] + const.
[ —

> 2-loop

S—1 _ 628, 1 _ 8%S.
where G¢ = 5¢2‘ andD MJ&I/}

e For practical calculations, T'3"! is evaluated up to a fixed loop order.

@ Physical one- and two-point functions obtained using stationary
conditions
51‘\2PI 61—\2PI 6I\2PI
—_— =0, —_— =0, —_— =0
¢ 13aD 0G |55D D |3ap
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Introduction
oeo

Equations of Motion (EOMs)

The stationary conditions lead to EOMs for ¢, G and D

ST

(O +m*)o(z) + g

=2

(e + m?)G(x, 2) +

(i#hy — M)D(z,2) + / S(z,9)D(y, 2) = 6(z — 2)

Yy

where
2P 1 -1 . "
Tine = Sint + 5 Tr [GWMG] —4iTr [DWMD} + 'z + const.
with the self-energies

ST
5G

< ,or

$76 6D

I =2i

¢,G,.D
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Introduction
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Equations of Motion (EOMs)

Aim: Obtain the renormalized EOMs
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General Aspects

Take a generic classical action

Scl.[(bvqﬂ =
2 B A _
/ {;aﬂqsa% - %qs? + (i — M)y — %df” - @rﬁ“(w) - gzbwqé}

Gives corresponding 2PI Effective Action up to 2-loop order
I*"¢, G, D]

Se. [P, Y] — { D+m)G—foz¢G—f)\G2 )\¢2

+Tr[(i(?fM) ]fggﬁTr } //[ @ G3+ ngTr[DQ]

7/29



Renormalization
(o] le}

General Aspects

@ Define renormalized fields and propagators from the bare ones in
usual way

1
¢ = Z(;Q(va G = Z¢,0 GR 3
1
V=23 ,Yr, D=Zyo0Dr,
@ The mass and coupling constant counterterms are accordingly

2

Zyom? =m% + dm3, Z Zoafaz+5aRl (1=0,1,2,3)

Zyom® = mp + 6m3, ZifZé‘fa DN = Apy+6X (7=0,2,4),
k 1—k
ZyoM = Mg + 0 My Zw’oZ;,ZZd)f) g = gRr,k + 0gk (k =0, 1)

@ Need a tadpole counterterm to cancel loop-induced contributions

linear in ¢
—/5t1 (}51{(37)
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Renormalization
ooe

Renormalized EOMs

Finally, can write down renormalized EOMs

[(1 4 625,0)0+ m3(x)] pr(x) = —bt1 — @

= (91 +691) Tx[Dg(z, x)],

Gr(z,x)

[(1+62,.0)0 + i(@)] Grl.9) = 6w —) ~ [ T(a,2)Gn(zn),

z

[1(1+0200) 8. - Mo(@)] Din(e,) = 8 ) ~ [ £(@.2)Daern)

z

@ Self-energies have been split into a local part (absorbed into mass
term) and a non-local part (“memory integrals”).

@ Renormalized EOMs can be solved numerically with initial
conditions.

@ However, need to determine the unknown counterterms.
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Renormalization
@00

2P| Kernels

@ Resummed nature of 2-point functions “mixes” different orders in
perturbation theory — usual BPHZ procedure to determine
divergences does not really work for 2PI.

@ Renormalization of coupling constants needed to properly take into
account sub-divergences appearing in the renormalization of the
2-point functions.

@ Thus, besides renormalizing couplings in S, one also needs to
renormalize couplings between one-point functions and two-point
functions, and between just two-point functions.

@ Solution: define vertex functions resummed using Bethe-Salpeter
equations — allows for consistent renormalization with finite
number of counterterms.
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Renormalization
(o] o}

2P| Kernels

Example of such a vertex function
_ _ i [— _
Vd}%d) = Aﬁ) + 5 /Aff G Vf‘j

where we use the (scalar) 2Pl kernel

212PI

K‘,’;"’:z;é Dot

- 2

3G2,
YT AT e ’
S S S S
- ~ 3 ~ - 7 ~
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Renormalization
ooe

Procedure

o Identify the vertices involving two-point functions.

@ Using stationary condition for G and D, obtain gap equations
Gp'=Gy'-1I, DR'=Dy'-%

@ Use the vertex functions as aid to solve the gap equation(s) for the
two-point functions.

@ Work in momentum space to employ usual techniques.

12/29



Applications
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Hartree Approximation

J.-P. Blaizot, E. lancu and U. Reinosa (2003, 2004); A. Pilaftsis and D. Teresi (2013, 2017), M. Carrington et al. (2015, 2016).......

Focus on obtaining counterterms in broken phase (¢ # 0).

Fiznil [d)R; GR] =
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Applications
O@00000

Vertex Counterterms

K?f = —(Ar+dN) — momentum independent!

N b - N . N == .
~ - ~ )\ P N , \ 3
Vv <AL <
= S + 6 b
) ¢ o« A Ny
s ~ s N 7\ ~
z ~ s N ’ N 7 ~
a ~ - ~ s - _ - ~
’ ~ z N - ~
7 7z N 7z
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Applications
[e]e] lele]ele)

Vertex Counterterms

K?f = —(Ar+dN) — momentum independent!

@ Set V?(ﬁ) = —\p at some fixed point
@ Obtain the counterterm

AR

0Xo = —A _
0 R+1—%>\RI(]5)

with  I(p) :/GR(Q)GR(p+q)

For d\2, use auxiliary vertex function

_ i 2 oo : _ e
VR—AR+2/ARGRVR ,  with AR_45G52¢R

Obtain | dAa = 6o — peculiar feature of Hartree
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Applications
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Gap Equation

In Hartree, we have

(A + 520) / Gr(q)

q

(Mg + 6X2)0h — i(820 p° — 5m)

N =

Gr' (p%) = —i(p” — mz) +
+

Impose on-shell renormalization conditions,
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Applications
[e]e]e]e] lele)

Gap Equation

In Hartree, we have

' (\r 4 620) / Gr(g

Q
-

I
=
=

[\V)
|

3
E/

l\)\@

(AR + 0X2)dR — i(8Zo p° — dmp)

[\)\s.

Impose on-shell renormalization conditions, obtain
0Zo =0
my =~ O+ 8h0) [ Grla) = 500 +530)%
q

Gr' (%) = —i(p” — m&) = Gy ' ()

Thus, can obtain dm3 = —m%
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Applications
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Field Counterterms

@ Remaining counterterms related to the field; take field derivatives of
the 2PI Effective Action, i.e.
5nF2H

F(n)(x17...,$n) = m

o Carefull GG depends on ¢, need to use chain-rule — leads to a
system of coupled integral equations.
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Applications
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Example: Field Two-Point Function

52F?P' 52 5
F(2) G int + int Gr—0@G
o T 52, 56r0GR  “opr T

Use the same on-shell renormalization conditions used for GG; obtain

(522 __ )\?{(]ﬁ{ BO (m?% m?% m?%)
12872 (p2,m%, m%) — Bo(m%, m%,m%)]
A\r¢? 1
dm3 = —mk +mpdZs — 10k

41— 32 552z [Bo(p?, m%, my) — Bo(my, my, m%)]

_ (Ar+ M) @R
2

For ¢r = 0 (unbroken phase), have

0725 =0Zy| and 5m§ = 5m(2)

(Consistent with J. Berges et al (2005))
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Applications
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With a Trilinear Interaction

@ Example of a memory integral

o Will use to demonstrate subtleties involving a momentum-dependent

kernel
Dint[¢r, GR] =
1 1
Dint, Hartree — / {5t1¢R — {5(043 +0a1)prGR + ?(QR + 5&3)4’%} }
K2 2 A3
// {12(0434—5040) GR}
o]
L —————— 1\ O ====- II ,. O ====- (/
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Applications
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Momentum-dependent Kernel
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Applications
0O0@000

Momentum-dependent Kernel

R0 = —(Ar +6X0) — 2i02, G
Obtain
Sho = g+ 2B a%b(z?z,}i )
L+ 511(p, p3, Pa)
where

Li(p,k,r) = /GR(Q)GR(p + OV (q+p,—gq, k1)
q

Ll p, kyr) = / Gr(l+ Q)Cr(@)Cr(p+ OV (a + p—a, ky7)
q
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Applications
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Gap Equation with a Momentum-Dependent Kernel

. 2
G ) = =il —mi) + 50+ %) [ Grla) — %2 [ Gala)Gnlp+0)
q q
+ %()\R —+ 5A2)¢i3 =+ i(CMR =+ 5&1)¢R — 2(520 p2 — 57’)7,8)

Use on-shell conditions to obtain counterterms

p2=m?%
'LaR

smi = — (AR+5AO)/GR(q)— - UGR GR(p+q)] ‘

2—_m2
p=mp

(AR + 6X2)¢R — (g + an1)dr + 6 Zomy

More difficult to determine the form of G.
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Applications
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Solution to Gap Equation

Trick: plug back in the counterterms

Gr'(p?) =

+ 56 =) { o | [ GrtoGnti+ )] |

22
k2=m%

@ Only a coupling appears.

@ Have a consistent integral equation for G — solve iteratively,
initializing with Gj.

@ Shift to Euclidean space for the numerics.
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Applications
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Solutions to Gap Equation

G;l (n) (%) =

.2 2 Oé?a { a1 g (n—1) (n—1),~
—3 —m%) - & +q) — G G +
(17 R) 2 _/q R (Q) R (p+q) |:/q R (Q) R (P Q):|

52:m%}

a? 2 n— n—
5o g [ -t k]
q

:2—m?2
k =m%

a=100GeV,n=1
a=10GeV,n=1
a=1GeV,n=1

----- a=100GeV,n=2
----- a=10GeV,n=2

mpr = 1OOGeV, AR =0.8
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Yukawa Theory

I‘int[¢7R7 GR7 ¢R7 DR] =

Dint, Hartree + / {(iéZw,oﬁ — 0Mo) DR + g (i0 229 — SM2)Yr(x)
_ %//(QR +690)’Gr(z,y) Tr[Dr(z,y) Dr(y, z)] —/6t1¢R(a¢)

- / [(gr + 691)6r(x) Tx[Dr(z, 2)] + (g5 + 69)br(2) P n(2)br(2)]
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Applications

Coupled Gap Equations

Obtain a system of coupled equations for D and G
Gr'(0*) =

i —mE) — %()\R +5/\o)/GR(Q)

~ gk [ T DR@Dr(p+ )] — 5 (An -+ Bk — (0207 — 5d)
q

Dz'(p) =

—i(p— Mp) +i(gn + 8g1)6r + gk / Di(p+ )G r(q) —i(0Zu0 p — 6My)

X (p2)p+Y (p?)
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Coupled Gap Equations

Use same trick as before to simplify the system of equations
Gr' (") =

—i(p® —m%) — gr {/Tr [Dr(q)Dr(p+ q)] — [/q Tr [DR(G)DR(’ﬁLQ)]}

q

2 2}
k2=m%

vkt = mio {5z | [ TrDs@ itk 0]

2_,,2
k2=m%

Dy (p) = —i(p — M) + zzﬁ{g% [X () — X(M3)] } L RY0R) - V(M)

— 295 MR (p — Mr) {Bip? [MrX(p*) + Y (p°)] }

22
pe=Mgp,
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Applications

Scalar Two-Point Function

G;{l (n)(pQ) _

ip? - m%) - o} {/q Tr [Dg““m)p};“l)(p + q)] - [/q Tr [Dg‘*”(qm%”*”(k + q)H |k2=m%}

, . .
+iok? -~ mip { 2 [ [ we 0GP @ng Vo] |},
~—"R

107
B —g=08n=1
1 10 —g=008n=1
ol
sle (v aeeemm —--e- g=08,n=2
2] 10

----- g=0.08,n=2
1071

] ‘

‘
50 100 500 1000 5000 10%
p (GeV)

mpr = 100GeV, Mr = 60GeV, A = 0.8
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Applications

Fermionic Two-Point Function

DRl = —i (WePp - 267))

a
W(»?) =1 +i(gp + 590)2 [X(»?) — X(ME)] — 2i(ap + 690)> Mp {— [MpX (%) + Y(ﬁ}} ‘
ap2 p2=M§

o
Z(%) = Mg — i(gg + 690)%[Y 07) — Y(ME)] - 2i(gR + 690)> ME {—[MRXM) + Y<p2>]} \ .
ap2 p2=M3

500 1000 5000 10° 50 10 500 1000 5000 10*
p (Gev) p (GeV)

mpr = 100GeV, Mrp = 60GeV, A = 0.8
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Conclusions and Outlook
[ 1o}

Conclusions and Outlook

@ 2PI provides a systematic approach to study phenomenon in strong
coupled systems.

@ Carried out renormalization in the broken phase, relevant for the
calculation of the effective potential.

@ For momentum dependent kernels, demonstrated an iterative
procedure to solve gap equations which converges sufficiently fast.

@ Can investigate models such as the SM and scalar extensions of the
SM (singlet, SU(2) doublets, etc.) in a similar manner
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Thank you for your attention!
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Backup: 2Pl Generating Functional

@ Begin with generating functional

7

2. 1) = [ Doecp (islel+i [ h@ete) + 5 [ otwntm o)

e Define W[Jy, J3] = —iln Z[J1, Jo] to obtain the macroscopic field
and the connected propagator

Wy, g

B OW [ Jy, Jo]
¢($)—W7 o2

G(ﬁ,y) - 5J2($’y)

— o(x)9(y) -

@ More intuitive to describe the system using ¢ and G — perform
Legendre transformation w.r.t. sources Ji o

"o, G) = WJy, Jo */ML@) */ Mh(%y)

- 6J1($) 5]2(.’17,1})
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Backup: Fermionic 2Pl Kernels

U. Reinosa (2006)

With fermions, need to be more careful — have more kernels

AR ap) (ve) = _ ST
« v¥o6) = 5
SD DY
— §°Th
AR a = -2—

Former resummed using
VY “Yy . “VY Yy
VR (ap),(v6) = MR (a),(v8) +Z/AR<aﬁ>,<ap>DRwVRw»(wé)DRvp

Need to take into account additional divergent structures; define
modified scalar kernel

Ree =A% 4 / Tr [DR A% D Xgﬁ] n / / Drus N8 g0 DranV n ) (o)
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Backup: d)\4 in Hartree

T (p1,pa2, p3, pa) = —(Ar + 0Xa) + Ar [J(p1 + p2) + J(p1 — p3) + J(p1 — pa)]
+2%,0% [T(p1 + p2) T (93) T (pa)Co(p1 + P2, pa) + J(p1 — p3) T (p2) T (pa)Co(p1 — p3, pa)
+ J(p1 — pa)J(p2)J(p3)Co(p1 — pa,p3) + J(p1)J (p2)J (ps + pa)Co(p1, ps + pa)
+ J(p1)J (p3)J (p2 — p4)Co(p1,p2 — pa) + J(p1)J (ps)J (P2 — p3)Co(p1, p2 — p3)]
— NgoR J(p1)J (p2)J (p3) I (p4) [Do(p2, p1 + D2, p3) + Do(p2, 2 — p3, p3) + Do(p2, p2 — pa,pa)]
+2%0% J(p1) I (p2)J (93)J (p4) [T (p1 + p2)Co(P1,P1 + p2)Co(pa + pa, pa)

+ J(p1 — p3)Co(p1,p1 — p3)Co(pa — P2, pa) + J(p1 — p4)Co(p1, p1 — P4)Co(P3s — p2, p3)]

where we have introduced

by ~ —1
I = [1= 28 (Bo( iy m) = Bow® i mi)]
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Backup: Loop Integrals in Euclidean Space

In four-dimensional Euclidean spacetime, one obtains the following
formula for the integral over two propagators

/ GE(Ilal)G5(lp + all)

1 A - [(a+1lpIDI
— o [ daaGh@) [ duu /NG TR 6
TP Jo [(a—IlpI])I

and
ANz, y,2) =22 + 9% + 2% — 2zy — 2yz — 222
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