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BAYESIAN INFERENCE PRIMER

BAYESIAN BASICS:

Parameter estimation: Given a model, what parameter values are compatible with
experimental data, and with what precision can we determine them?
Can answer with Bayesian inference — ideal for detailed and systematic treatment of
uncertainty
Experimental data (D) and parameters (p) are each associated with probability distributions
Bayes’ theorem relates conditional probabilities. E.g., Pr(D|p) is the probability of D, given p.
The probability that both D and p are true is

Pr(p &D) = Pr(p)× Pr(D|p) = Pr(D)× Pr(p|D)

prior× likelihood = evidence× posterior

We typically want to know Pr(p|D) ∝ Pr(p) Pr(D|p)

=⇒ need to choose a prior Pr(p) and compute the likelihood Pr(D|p) from comparison with
data

Pr(D|p) ∝ e−χ2/2

with χ2 = (D −Model(p))T Σ−1 (D −Model(p))

and Σ = uncertainty covariance (exp. and theor.)
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HYDRODYNAMIC MODEL AND PARAMETERIZATION MODEL
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HYDRODYNAMIC MODEL AND PARAMETERIZATION MODEL

HYDRODYNAMICS

Main workhorse: 2nd order relativistic viscous hydrodynamics
Equation of state from Lattice ε(p)

Unknown quantities: transport coefficients
Shear ηs (T ) and bulk viscosity ζ

s (T ); second order transport coefficients τπ, τΠ, τππ (Trajectum)

8

All transport coe�cients depend on the equilibrium proper-
ties of the system, which we characterize with the temperature
T .10 We parametrize the ratios of shear and bulk viscosity to
entropy density — the unitless specific viscosities — instead
of parametrizing the viscosities themselves. A depiction of the
parametrizations for the specific bulk and shear viscosities is
shown in Fig. 1.

FIG. 1. Depictions of the parametrizations of specific bulk (left) and
shear (right) viscosity as functions of temperature. The specific bulk
viscosity has the form of a skewed Cauchy distribution, while the spe-
cific shear viscosity is piecewise-linear, with in general two di�erent
slopes. Both shear and bulk viscosities are required to be positive-
definite to satisfy the second law of thermodynamics. The exam-
ple for (⌘/s) shown here has a positive low-temperature and high-
temperature slope (alow, ahigh>0).

For the specific shear viscosity, ⌘/s, we assume that it has a
single inflection point at or above the deconfinement transition
[81]. The position of this inflection point in temperature, T⌘ ,
is a parameter, as is the value of ⌘/s at this point, (⌘/s)kink.
A linear dependence of ⌘/s on temperature is assumed, with
slopes alow below and ahigh above the inflection point, with
both positive and negative slopes allowed. Negative values for
⌘/s are not allowed. The formula for this parametrization is

⌘

s
(T ) = max

h ⌘
s

���
lin
(T ), 0

i
, (25)

with
⌘

s

���
lin
(T ) = alow (T�T⌘)⇥(T⌘�T ) + (⌘/s)kink

+ ahigh (T�T⌘)⇥(T�T⌘). (26)

Theoretically expected is a negative slope at temperatures be-
low T⌘ , i.e. alow < 0, and a positive slope at temperature above
T⌘ , i.e. ahigh > 0 [82]. Nevertheless, in this work, we will al-
low both slopes to take negative and positive values: the aim
is to ascertain whether phenomenological constraints are con-
sistent with the theoretical expectations.

For the specific bulk viscosity, we assume that it peaks near
the deconfinement temperature and that this single peak can
be captured with a skewed Cauchy distribution:

⇣

s
(T ) =

(⇣/s)max⇤
2

⇤2 + (T � T⇣)
2 , (27)

⇤ = w⇣ [1 + �⇣ sign (T�T⇣)] .

Here T⇣ is the position and (⇣/s)max the value of the peak; w⇣

and �⇣ control the width and skewness of the Cauchy distribu-
tion, respectively. Allowing for a non-vanishing skewness is a
generalization compared to Ref. [27].

Previous studies [7–10, 83] suggest that ⇣/s for QCD peaks
near the deconfinement transition. The functional form of its
temperature-dependence is still not well understood. Below
the transition (T . 150 MeV), the bulk viscosity is under-
stood to be non-zero. We emphasize that we do not attempt to
describe the dependence of the bulk viscosity below the parti-
clization temperature of our model (discussed in the next sec-
tion) which is never smaller than 135 MeV. The fact that our
parametrization of (⇣/s)(T ) rapidly approaches zero at low
temperature should therefore not be read as a physical feature:
this low temperature range is never described by the hydrody-
namic code, but rather microscopically by a hadronic transport
model. While we thus cannot make any statements about the
bulk viscosity of QCD matter at these low temperatures it has
recently been estimated in the SMASH transport model [7].

Previous theoretical work [80, 84–88] suggests that, in the
absence of conserved charges, the shear relaxation time can be
well captured by following temperature dependence:

T ⌧⇡(T ) = b⇡
⌘

s
(T ) (28)

where b⇡ is a constant that we consider unknown. The lin-
earized causality bound [89] requires b⇡ � (4/3)/(1�c2

s)� 2.
Refs. [80, 84–87] showed for a variety of weakly and strongly
coupled theories other than QCD that this causality bound is
respected, with b⇡ varying between ⇠2 and ⇠6; we use these
values to limit the prior range explored for b⇡ in our parameter
estimation.

Previous investigations of the e�ects of the shear relax-
ation time and other second-order transport coe�cients on soft
hadronic observables have found them to be of modest phe-
nomenological importance [25, 77, 78, 90], consistent with
general theoretical expectations (see e.g. Ref. [91]). Never-
theless varying the shear relaxation time in this work provides
additional quantitative insights into the typical magnitude of
e�ects from a second-order coe�cient on the Bayesian con-
straints for the first-order transport coe�cients.

C. Particlization

Particlization is not a physical process but a change of lan-
guage from a description in terms of macroscopic fluid dynam-
ical degrees of freedom to a microscopic kinetic description in
terms of particles with positions and momenta. We here imple-
ment it on a surface of constant “switching” or “particlization”
temperature Tsw. In principle, this translation requires simul-
taneous applicability of both approaches. Since hydrodynam-
ics rapidly breaks down below the confinement transition be-
cause the mean-free path increases as a consequence of color
neutralization, while the strongly-coupled nature of the color
confinement process itself makes kinetic theory inapplicable
during the phase transition, this condition puts rather tight the-
oretical constraints on the temperature range for the particliza-
tion procedure. We here impose these constraints through a
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HYDRODYNAMIC MODEL AND PARAMETERIZATION MODEL

INITIAL CONDITIONS FOR HYDRODYNAMICS

Nucleus
Nucleon positions sampled from Woods-Saxon distribution
Reject nuclei with pairs fo nucleons closer than dmin

Trento
Boost invariant
Participants determined by impact-parameter dependent cross section with nucleon width
parameter w
Energy density at time τ = 0+ proportional to generalized mean of nuclear thickness functions
multiplied by a random fluctuation γ of variance σ2

k .

τε(x) = NTR (x⊥; p) = N
(

T p
A (x⊥) + T p

B (x⊥)

2

)1/p

TA(x⊥) =
∑
i∈A

γiρ(x⊥ − xi,⊥)

Free steaming
Energy spreads out isotropically with transverse velocity v = 1 (JETSCAPE) or v ≤ 1 (Trajectum)
for time τfs, which can depend on energy via exponent α (JETSCAPE)
Full energy-momentum tensor at τfs used as initial condition for hydro
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HYDRODYNAMIC MODEL AND PARAMETERIZATION MODEL

HADRONIC AFTERBURNER

Switch from fluid description to particles (hadrons) at temperature Tsw

Equilibrium distribution function given by kinetic theory, but viscous corrections non-universal
Estimate uncertainty via 3 models

Grad (JETSCAPE)
Chapman-Enskog (JETSCAPE)
Pratt-Torrieri-Bernhard (Trajectum & JETSCAPE)

Collisions and decays via SMASH (JETSCAPE & Trajectum 1) or UrQMD (Trajectum 2)
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HYDRODYNAMIC MODEL AND PARAMETERIZATION ANALYSIS

SYSTEMS AND OBSERVABLES

Systems
Trajectum 1 (pPb & PbPb)
Trajectum 2 (PbPb)
JETSCAPE (PbPb & AuAu)

Observables
Charged hadrons

Multiplicity dNch/dη
Transverse energy dET /dη
pT fluctuations δpT /〈pT 〉
Integrated anisotropic flow (JETSCAPE) v2{2}, v3{2}, v4{2}

Identified hadrons (pion, kaon , proton)
Yield dN/dy
〈pT 〉
Differential anisotropic flow (Trajectum) v2{2}(pT ), v3{2}(pT )
pT spectra (Trajectum)
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RESULTS AND DISCUSSION

POSTERIOR

After a lot of work (emulator validation,
closure tests, etc.) one of the main results is
the multi-dimensional posterior Pr(p|D)

Visualize by marginalizing posterior over
various parameters
Point of maximum probability is the
Maximum a Posteriori (MAP)

25

FIG. 10. The posterior for Grad (blue) and Chapman-Enskog (red) viscous corrections for select parameters related to the initial state, pre-
hydrodynamic evolution and switching temperature. The histograms on the diagonal are the marginal distributions for each parameter, with
appended numbers denoting the median and the left and right limits of the 90% credible interval. O�-diagonal histograms display the joint-
posterior of each pair of parameters, marginalized over all others.

counter-intuitive e�ects on the subsequent hydrodynamic flow
and its dependence on ⌧fs. Recent studies demonstrate that
this problem persists when the free-streaming module is re-
placed by a thermalizing but conformal e�ective kinetic the-
ory, and that the magnitude of the mismatch depends on cen-
trality [151]. Although we have not been able to fully dissect

the mechanisms leading to positive preferred values for ↵ in
our analysis, we strongly suspect that these issues play a role.

Turning to the later stages of the collision, we now look
at the posterior for the switching temperature in Fig. 10. Its
marginalized posterior turns out to be quite di�erent for the
two particlization models. We find that for the selected exper-
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RESULTS AND DISCUSSION

MARGINALIZED POSTERIOR: SHEAR AND BULK VISCOSITY 23

FIG. 9. The 90 % credibility intervals for the prior (gray shaded area)
and for the posteriors (colored outlines) of the specific bulk (left)
and shear (right) viscosities, for three viscous correction models:
Grad (blue), Chapman-Enskog (CE, red) and Pratt-Torrieri-Bernhard
(PTB, green). The Pratt-Torrieri-McNelis (PTM) posterior is not
shown, but is nearly identical with the Chapman-Enskog result.

evitably this a�ects the results of the phenomenological con-
straints we obtain on the shear and bulk viscosity of QCD: the
posterior for every model parameter depends on the choice of
viscous correction at particlization. Recall that in this work,
we chose to study four di�erent models of viscous corrections
(see Section III C): (i) Grad (“14-moments”); (ii) Chapman-
Enskog in Relaxation Time Approximation; (iii) an exponen-
tiated version of the Chapman-Enskog model referred to as
“Pratt-Torrieri-McNelis”; and (iv) an additional exponentiated
model of viscous corrections referred to as “Pratt-Torrieri-
Bernhard”. In our tests, we found that the posteriors for the
exponentiated Chapman-Enskog ansatz called “Pratt-Torrieri-
McNelis” were always very similar to the results for the lin-
earized Chapman-Enskog ansatz. To avoid clutter we there-
fore decided not to show the posteriors for the Pratt-Torrieri-
McNelis model, neither in this Section nor anywhere else in
this work. We begin with the marginalized posteriors for the
QGP viscosities, shown in Fig. 9. The Figure exhibits clear
di�erences in the experimentally preferred shear and bulk vis-
cosities for the di�erent viscous correction models. Remem-
ber that it is important to read Fig. 9 with respect to the param-
eter prior whose 90% credibility region is indicated by the gray
shaded area. A posterior that covers the same area as the prior
should be interpreted as indication for weak or even absence of
experimental constraints. On the other hand, a posterior that
systematically excludes certain regions of the prior provides
good evidence that parameter values in these excluded regions
are disfavored by data.

For the bulk viscosity (left), we can see in Fig. 9 that each
of the di�erent viscous correction models excludes only rel-
atively small regions of the prior. For all four particlization
models the constraints on ⇣/s are tighter at lower tempera-
tures than at higher ones. However, the ⇣/s regions favored
by each model at low temperature di�er from each other: the
Grad viscous correction model favors a larger ⇣/s where the
Chapman-Enskog model favors lower values, with the Pratt-
Torrieri-Bernhard model lying in between. We note in partic-
ular that the Pratt-Torrieri-Bernhard posterior is very narrow at

low temperature. We understand this to be a consequence of
mean transverse momenta and harmonic flows being very sen-
sitive to the specific bulk viscosity near the switching tempera-
ture for the Pratt-Torrieri-Bernhard viscous correction model.
We quantify and revisit this di�erence in sensitivity of the vis-
cous correction models in Section X.

Overall, only large values of ⇣/s at low temperature are ex-
cluded by all three viscous correction models. As such, our
constraints on the bulk viscosity are limited, especially after
accounting for the model uncertainty introduced by the vis-
cous corrections.

For the shear viscosity shown in the right panel of Fig. 9
we encounter a similar situation: limited constraints on ⌘/s
at higher temperatures, and exclusion of large values of ⌘/s
at low temperature by all viscous correction models. Over-
all, shear viscosity is best constrained at temperatures around
200 MeV.

From the results of this section, we see that viscous cor-
rections represent a considerable uncertainty in constraining
the QGP shear and bulk viscosities. It is important to remem-
ber that all viscous correction models studied in this work are
based on relatively simple assumptions. The capacity of any of
these models to describe correctly the momenta and chemistry
of a realistic out-of-equilibrium system of hadrons is still under
investigation (see Ref. [97, 98] and references therein for a re-
cent overview). For instance, all of these particlization models
assume that the hydrodynamic shear stress is shared “demo-
cratically” among the hadronic species. This approximation
greatly simplifies the models, but microscopic transport theory
suggests that it may not be suitable for heavier hadrons such as
protons [96]. Additional theoretical e�orts (see e.g. Refs. [95–
98, 147]) may be able to shed more light on this question and
provide additional insights that can be used for tightening our
prior assumptions in future Bayesian analyses. Until this hap-
pens the particlization model uncertainty must be considered
as “irreducible” and is best accounted for by Bayesian Model
Averaging as reported in [28].

B. Transition to and from hydrodynamics: initial state and
switching temperature

The previous section focused on the uncertainty originating
from transitioning from hydrodynamics to a particle descrip-
tion of the system. This transition occurs on a hypersurface
defined by a temperature Tsw. Recall that this switching tem-
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while we vary the shear and bulk relaxation times ⌧⇡ and
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Finally, the hydrodynamic fluid undergoes particliza-
tion at a temperature Tswitch, whereby viscous contribu-
tions as well as resonances are included according to the
algorithms presented in [16, 17]. These hadrons are then
evolved using the SMASH hadronic cascade code [18–20].
Experimental data - To compare our model to experi-
ment we start with the dataset used in [6]: PbPb charged
particle multiplicity dNch/d⌘ at 2.76 [21] and 5.02 TeV
[22], transverse energy dET /d⌘ at 2.76 TeV [23], identi-
fied yields dN/dy and mean pT for pions, kaons and pro-
tons at 2.76 TeV [24], integrated anisotropic flow vn{k}
for both 2.76 and 5.02 TeV [25] and pT fluctuations [26]
at 2.76 TeV. On top of this we added identified trans-
verse momentum spectra using six coarse grained pT -bins
separated at (0.5, 0.75, 1.0, 1.4, 1.8, 2.2, 3.0) GeV both for
PbPb at 2.76 [24] and pPb at 5.02 TeV [27], anisotropic
identified flow coe�cients using the same pT bins (statis-
tics allowing) at 2.76 [28] and 5.02 TeV [29]. As in [30]
we use ṽn{k} anisotropic flow coe�cients for pPb at 5.02
TeV [31] [32] as well as mean pT for pions, kaons and
protons at 5.02 TeV [33]. All of these use representative
centrality classes, whereby we also specifically included
high multiplicity pPb classes for its anisotropic flow coef-
ficients, giving a total of 418 and 96 datapoints for PbPb
and pPb collisions respectively.
Posterior distribution - In order to estimate the like-
lihood of all 21 parameters (bold in the model) we used
Trajectum [34] to simulate the full PbPb (pPb) model at
1000 (2000) design points located on a Latin Hypercube
in the parameter space using 6k (40k) events per design
point (the parameter ranges can be found in the poste-
rior distributions later) [35]. For each system we apply
a transformation to 25 principal components (PCs), for
which we train Gaussian emulators [16, 30, 36]. Cru-
cially, the emulator also estimates its own uncertainty
(which we validated) and through the Principle Compo-
nent Analysis this includes correlations among the dat-
apoints. Full details as well as emulator results can be
found in our companion paper [37].

Using either PbPb only or both PbPb and pPb em-
ulators we ran a Markov Chain Monte Carlo (mcmc)
employing the EMCEE2.2 code [16, 30, 38], using 600
walkers for approximately 15k steps. This led to the
converged posterior distributions in Fig. 1, shown with

FIG. 3. We highlight a few interesting or strong correlations
among the posterior distributions shown in Fig. 1.

1/4π

0.15 0.20 0.25 0.30 0.35
0.0

0.1

0.2

0.3

0.4

T [GeV]

η/
s

0.15 0.20 0.25 0.30 0.35
0.000
0.002
0.004
0.006
0.008
0.010
0.012
0.014

T [GeV]

ζ/
s

FIG. 4. Posterior distributions for the specific shear and bulk
viscosities versus temperature together with their mean and
90% confidence band (blue). The 90% confidence bands for
the prior distribution is shown in gray (extending till 0.08 for
⇣/s, not shown).

(solid) and without (dashed) the pPb data. Fig. 2 shows
results from 100 random samples of the posterior distri-
bution for a representative selection of our datapoints.
In general these compare well, even for pT -di↵erentiated
identified vn{2} distributions for both central and pe-
ripheral collisions.

For pPb the posterior distributions are significantly
wider than the experimental uncertainties, since even for
2000 design points the model is su�ciently complicated
that a significant emulator uncertainty remains. It is for
this reason that including pPb for the posterior (blue
solid versus green dashed in Fig. 1) does not change the
probabilities as much as perhaps expected, though for
parameters especially sensitive to small and short-lived
systems better constraints are obtained (nc, ⌧fs, w, dmin

and �fluct).

Perhaps the most striking feature in Fig. 1 is that the
posterior for the maximum of ⇣/s peaks at zero. This
is in contrast to previous work [6, 7, 39] that prefers a
positive bulk viscosity in order to reduce the mean pT . A
larger bulk viscosity, however, makes it hard to describe
the pT identified spectra (Fig. 2 (middle,top)).

Given the scope of our 21 parameter model it is per-
haps not surprising that constraints on the parameters
and in particular the second order transport coe�cients
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RESULTS AND DISCUSSION PRIOR AND INFORMATION GAIN

PRIOR Pr(p) AND INFORMATION GAIN DKL

Pr(p|D) ∝ Pr(p) Pr(D|p)

The prior Pr(p) represents knowledge or
belief about parameters before
measurement
There doesn’t exist a neutral or uninformed
choice
The choice of prior can significantly affect
the posterior
Should compare prior and posterior. Can
quantify the information gain

DKL ≡
∑

p

Pr(p) log

[
Pr(p)

Pr(p|D)

]

parameter full prior range restricted prior
range or value

– [≠0.3, 0.3] 0.0
T÷ [GeV] [0.13, 0.3] 0.154
alow [GeV≠1] [≠2, 1] 0.0
⁄’ [≠0.8, 0.8] 0
bfi [2, 8] 5
p [≠0.7, 0.7] [≠0.5, 0.5]
w [fm] [0.5, 1.5] [0.5, 1.0]
·R [fm/c] [0.3, 2] [0.3, 1.5]
(’/s)max [0, 0.25] [0.01, 0.1]
T’ [GeV] [0.12, 0.3] [0.15, 0.2]
w’ [GeV] [0.025, 0.15] [0.025, 0.1]

Table 5.3: Table of full (left) and restricted (right) parameter ranges. The restricted prior
is similar to the prior employed in Ref. [79].

Figure 5.16: The 90% posterior credible intervals of the specific bulk (left) and shear (right)
viscosities for the Pratt-Torrieri-Bernhard viscous correction model, including only observ-
ables from LHC Pb-Pb collisions at Ô

sNN = 2.76 TeV, depending on whether one uses a
more informed or less informed prior.

a second-order transport coe�cient).

Since the posterior of any Bayesian inference is proportional to the product of the

prior and likelihood function, a tightening of the prior also causes the posterior to tighten.

Insofar the results shown in Fig. 5.16 are in principle expected. However, the observed large

131
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RESULTS AND DISCUSSION EVALUATING MODELS

BAYESIAN MODEL AVERAGING

Results are always interpreted in the context
of a particular model — if something is
missing from a model, this error does not
appear in the results
Can compare multiple models with Bayesian
evidence Pr(i)(D) =

∫
dp Pr(i)(D|p) Pr(p)

E.g., models for the hadron distribution at
hydro→kinetic theory transition
Grad:PTB:CE ' 5000:2000:1
=⇒ CE disfavored by data
Probability-weighted Bayesian model
average:
PrBMA(p,D) ∝∑i Pr(i)(D) Pr(i)(p|D)
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SUMMARY / CONCLUSIONS

CONCLUSIONS

A lot of tools and techniques have been developed for sophisticated and detailed extraction of
information from data-to-model comparisons
We now have better knowledge of QGP properties than at any time in the past, but
improvements to the simulation models will make them more robust and accurate. For
example:

Systematic exploration of viscous corrections to the freeze-out distribution function and other
aspects of final hadronic evolution
Improvement of initial state / hydrodynamization model — is the Trento + free streaming model
sufficiently flexible?
Inclusion of other data (more observables, more collision systems, rapidity-dependent dynamics)
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EXTRA SLIDES

MODEL PARAMETERS

A state-of-the-art simulation model was used with 18 parameters, including a parameterized
initial condition, viscous hydrodynamic evolution (including temperature dependent shear
visocity and bulk viscosity), and hadron cascade afterburner
Separate simulations were done with different models for particlization at the end of hydro
(“Grad”, “PTB”, “CE”)

Parameter Symbol Prior Parameter Symbol Prior

Norm. Pb-Pb 2.76 TeV
N[2.76 TeV] [10, 20]

temperature of (η/s) kink
Tη [0.13, 0.3] GeV

Norm. Au-Au 200 GeV
N[0.2 TeV] [3, 10]

(η/s) at kink
(η/s)kink [0.01, 0.2]

generalized mean
p [–0.7, 0.7]

low temp. slope of (η/s)
alow [–2, 1] GeV−1

nucleon width
w [0.5, 1.5] fm

high temp. slope of (η/s)
ahigh [–1, 2] GeV−1

min. dist. btw. nucleons
d3
min [0, 1.73] fm3

shear relaxation time factor
bπ [2, 8]

multiplicity fluctuation
σk [0.3, 2.0]

maximum of (ζ/s)
(ζ/s)max [0.01, 0.25]

free-streaming time scale
τR [0.3, 2.0] fm/c

temperature of (ζ/s) peak
Tζ [0.12, 0.3] GeV

free-streaming energy dep.
α [–0.3, 0.3]

width of (ζ/s) peak
wζ [0.025, 0.15] GeV

particlization temperature
Tsw [0.135, 0.165] GeV

asymmetry of (ζ/s) peak
λζ [–0.8, 0.8]
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EXTRA SLIDES

EVALUATING MODEL SUCCESS

Posterior does not tell the overall quality of model/fit (only
relative quality at different parameter points)
Must evaluate success of model separately
E.g., direct observable comparison of posterior predictive
distributions (right), or discrepancy relative to experimental
uncertainty (below): 4

FIG. 1. The 90% credible intervals for the prior (gray), the
posteriors of the Grad (blue), Chapman-Enskog (red) and
Pratt-Torrieri-Bernhard (green) models, and their Bayesian
model average (orange) for the specific bulk (left) and shear
(right) viscosities of QGP.

ized posterior of the three particlization models stud-
ied here. The high-credibility ranges for the di↵erent
particlization models show similar qualitative features;
however they di↵er significantly in detail, especially in
the low-temperature region between 150 and 250 MeV
where the Bayesian constraints tighten. Importantly, at
high temperature, the posteriors are close to the 90%
credibility ranges of the prior (gray shaded region): this
strongly suggests that measurements used in this work
do not constrain the viscosities significantly for temper-
atures & 250 MeV. At these high temperatures our re-
sults appear to di↵er significantly from previous works
such as Ref. [19]. This is mainly a consequence of
the choice of prior, P(x) in Eq. (2), which can be a
double-edged sword: strongly informed priors can over-
whelm the constraining power of the data-driven likeli-
hood P(i)(yexp|x). This is a benefit if it excludes values
of parameters that are considered unlikely on the basis of
external evidence; however, it also ties the results of the
Bayesian inference to the validity of these additional as-
sumptions. We found [30] that the apparent tighter pos-
terior constraints in Ref. [19] are a consequence of their
use of narrow priors, and not constraints from measure-
ments. In this sense, the current results are consistent
with those of Ref. [19]: constraints on the viscosities at
high temperatures originate primarily from priors, and
not from the data. This conclusion can be easily missed
without a careful comparison of posteriors and priors.
Exploring the sensitivity of conclusions to prior assump-
tions must therefore be a key component of future stud-
ies.

There is insu�cient theoretical evidence at the mo-
ment to establish which particlization model is a bet-
ter description of the process in heavy-ion collisions. In
absence of such prior theoretical insights, we use ex-
perimental measurements to judge the quality of each
particlization model. This is done by using the Bayes
evidence P(i)(yexp) from Eq. (2), which corresponds to
the average of the likelihood over the parameter space.
The Bayes evidence favors good agreement with data

FIG. 2. The 90% credible intervals of the posterior predic-
tive distribution of observables for Pb-Pb collisions at the
LHC as functions of centrality, for the Grad (blue), Chapman-
Enskog (red) and Pratt-Torrieri-Bernhard (green) particliza-
tion models. Plotted is the model discrepancy in units of
the experimental standard deviation �exp; the vertical axes
are labeled with shorthand notation y ⌘ (ymodel�yexp)/�exp

where y stands for the observable whose model discrepancy is
shown. The gray bands represent a discrepancy of one �exp

above and below zero.

(high likelihood) while disfavoring model complexity, as
additional model parameters that do not significantly
improve agreement with the data dilute the average of
the likelihood [71]. The ratio of Bayes evidences is ap-
proximately 5000:2000:1 for the Grad, Pratt-Torrieri-
Bernhard and Chapman-Enskog particlization models
respectively, clearly disfavoring the Chapman-Enskog
model.

The Bayesian evidence can be used as a data-driven ap-
proach to combine the results for the three particlization
models into one posterior distribution [72], as defined by
Bayesian Model Averaging [29]:

PBMA(x|yexp) /
X

i

P(i)(yexp)P(i)(x|yexp). (3)

This results in the orange band in Fig. 1. Being strongly
disfavored by the Bayesian evidence, the impact of the
Chapman-Enskog particlization model on the Bayesian
model average (3) is minor.

The level of agreement of each particlization model
with a representative subset of measurements is shown in
Fig. 2. The bands represent the 90% posterior predictive
distributions of observables, obtained by sampling the
parameter posterior P(i)(x|yexp). All three particliza-
tion models show reasonable agreement with the data,
giving credence to their respective posterior estimates of
the shear and bulk viscosity (and other model parame-
ters) that were inferred from the model-to-data compar-
ison. A closer look at Fig. 2 reveals tension with the
Chapman-Enskog particlization model, which struggles
at describing the pion and proton multiplicities simulta-
neously. This tension in the proton-to-pion ratio is the
origin of its small Bayes evidence. In Ref. [30] we show
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EXTRA SLIDES DEUTERONS

DIRECTED STUDY EXAMPLE: DEUTERONS (ARXIV:2203.08286)

Bayesian methods can be used for smaller,
directed studies
Heavier particles such as deuterons have a
larger sensitivity to bulk viscosity
=⇒ Deuteron measurements can be used
to better constrain ζ/s 6

FIG. 3. The differential v2 for deuterons for three central-
ity bins for Pb-Pb collisions at 2.76 TeV (left) and 5.02 TeV
(right). Our calculations for the “transport only” approach
are red crosses, and ALICE measurements [4] are black cir-
cles. The model observables are averaged over five thousand
fluctuating initial conditions.

prediction for the deuteron multiplicity and mean pT atp
sNN = 5.02 TeV is shown on the same figure. As is

the case for light hadrons, it is natural to expect our pre-
dictions for deuterons at 5.02 TeV to have very similar
agreement as for the 2.76 GeV results (see the “Transport
only” curve in Fig. 1) — that is, generally good agreement
except for an overestimated yield in central collisions.

The pT -differential v2 of deuterons in Pb-Pb collisions
at

p
sNN = 2.76 TeV and 5.02 TeV is described very

well for different collision centralities, as shown in Fig. 3.
The

p
sNN = 5.02 TeV v2 result was shown as a predic-

tion in the ALICE publication [4]. We evaluate the pT -
differential deuteron momentum anisotropy v2{2} using
the Q-cumulant method [49].

C. Sensitivity to medium properties

In this section, we explore the sensitivity of the
deuteron yield and mean transverse momentum to prop-

FIG. 4. Identified hadron multiplicity (top) and mean pT

(bottom) for Pb-Pb
p

sNN = 2.76 TeV as a function of
centrality, with (solid line) or without (dotted line) the
bulk viscous correction �fbulk in Cooper-Frye for all parti-
cles. Deuterons are produced at particlization and allowed
to dynamically form and be destroyed, corresponding to the
“Cooper-Frye+Transport” scenario discussed in Section III A.
Note that the effect of the viscous correction on pions, pro-
tons and other hadrons propagate to deuterons through the
transport phase. ALICE measurements [34, 44] are plotted
as black triangles.

erties of the hydrodynamic medium.
As discussed in Section II, deviations of the plasma

from local thermal equilibrium lead to modifications in
the corresponding hadronic momentum distribution from
Bose-Einstein or Fermi-Dirac. This “viscous correction”
to the equilibrium distribution function is related to the
magnitude of the bulk pressure. Its dependence on the
hadron mass depends on the model used to calculate the
viscous corrections. For the Grad model used in this
work, this viscous correction increases with the hadron
mass.5 As a result, heavy particles such as protons, neu-
trons, and especially deuterons might be expected to have
a higher sensitivity to bulk viscosity, compared to the ma-
jority of produced hadrons. Despite this, there has been

5 We note that systematic studies of the mass dependence of bulk
viscous corrections, and their effect on light nuclei production,
could help differentiate between different models of viscous cor-
rections.
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FIG. 8. The posterior density of single (diagonal) and joint
(off diagonal) marginal posterior distributions of the three
model parameters, calibrated to pion and proton observables
(shaded blue) or pion, proton and deuteron observables (un-
shaded red).

in central collisions, we expect our prediction for the ra-
tio of measured yields at 5.02 TeV and 2.76 TeV to be
more robust.

The main conclusion of this study is that deuteron
observables are particularly sensitive to bulk viscosity.
We have seen in Fig. 4 that when bulk viscous correc-
tions change the proton and neutron yield by 20–25%,
the deuteron yield can be changed by as much as 50%.
While the quantitative values for the bulk viscous cor-
rections quoted above are quite large — and might be
even pushing the multistage model to its limits [58–61]
— the stronger dependence on bulk viscosity of deuterons
compared to protons should be robust.

The fact that deuterons are sensitive to the bulk vis-
cous corrections has an interesting implication: proton
femtoscopic radii should also be sensitive to the bulk vis-
cosity. Indeed, a relation between proton femtoscopic
radii and coalescence has been explicitly demonstrated
recently [10].

The overall dependence of light nuclear observables on
bulk viscosity could be used to improve constraints on
this transport coefficient, as discussed in Section III C.
We have provided a preliminary constraint in Fig. 8; a
more robust constraint will require a better understand-
ing of the bulk viscosity in heavy ion collisions, in par-
ticular viscous corrections at the transition between hy-

drodynamics and transport.
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