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Data analysis in HEP
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Figure 2: The observed and expected (pre-fit) inclusive four-lepton invariant mass distributions for the selected
Higgs boson candidates, shown for an integrated luminosity of 139 fb�1 and at

p
s = 13 TeV. The uncertainty in the

prediction is shown by the hatched band, calculated as described in Section 8.
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Theory predictions in HEP

Quantum numbers: 
spin, colour charge etc.

Kinematics: 
Momenta in Minkowski space, masses, etc.

Cross section: 
more generally, 
differential 
observables*

Phase-space 
integral: 
over final state 
kinematics

Squared 
amplitude: 
summed over final 
states, averaged over 
initial states

PDFs: 
convolution over 
all possible initial 
state configurations

An,{λ,c,... }(pa, pb|p1, . . . , pn) : M → C

σn =
1

flux

∑

a,b

dxadxb f(xa)f(xb) dΦn

〈
|An(pa, pb|p1, . . . , pn)|2

〉
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→ Focus on calculation of amplitudes

Towards high precision

Fixed-order perturbative expansion

An = A(0)
n + A(1)

n + A(2)
n + . . .︸ ︷︷ ︸

loop amplitudes

Calculation of loop amplitudes

For complicated integrals
analytic solution impractical

→ numerical evaluation in
Feynman parameter space
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Multi-loop integral

Feynman parametrization

G =
(−1)ν Γ(ν − LD/2)

∏N
j=1 Γ(νj)

∫ 


N∏

j=1

dxj x
νj−1

j


 δ

(
1−

N∑

l=1

xl

)
Uν−(L+1)D/2

Fν−LD/2 ,

with U ≡ det(M) and F ≡ det(M)




L∑

i,j=1

Qi
(
M−1

)
ij
Qj − J − iδ


 .

U : polynomial in xi only
F : depends on xi and kinematic invariants sij ,m2

i
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Feynman parametrization

G =
(−1)ν Γ(ν − LD/2)

∏N
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∫ 

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dxj x
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
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(
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)
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

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(
M−1

)
ij
Qj − J − iδ


 .

U : polynomial in xi only
F : depends on xi and kinematic invariants sij ,m2

i

Caveats

Careful treatment of singularities in the
integral!
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Singularity structure

UV and IR singularities

show up as poles 1/εα

(1a) Overall UV poles: Γ(ν − LD/2) ∝ Γ(nε)

(1b) UV subdivergencies: arise from U(~x) = 0 for some xi = 0.

(2) IR divergencies (soft and collinear):
arise from F(x, sij ,m

2
i ) = 0 for some xi = 0.
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Cjε
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Parameter integrals

numerical integration of finite Cj

→ needs procedure to avoid poles! 4



Contour Deformation
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Neural Contour Deformation
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Standard contour deformation
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Contour deformation 
Cauchy:

transformation

deformation parameter

expand around always positive

does not spoil sign for     small enough  

Cauchy theorem:

Contour deformation

I

c

NY

j=1

dzj I(~z) =

1Z

0

NY

j=1

dxj I(~x) +

Z

�

NY

j=1

dzj I(~z)

xj ! zj(~x) = xj � i⌧j(~x)

⌧j = �jxj(1� xj)
@F(~x)

@xj

F(~z) = F(~x)� i
X

j

�jxj(1� xj)

✓
@F(~x)

@xj

◆2

� 1

2

X

j,k

⌧j⌧k
@2F(~x)

@xj@xk

+
i

6

X

j,k,l

⌧j⌧k⌧l
@3F(~x)

@xj@xk@xl
+ · · ·

�

6



Standard contour deformation

Transformation:

Contour deformation

I

c

NY

j=1

dzj I(~z) =

1Z

0

NY

j=1

dxj I(~x) +

Z

�

NY

j=1

dzj I(~z)

xj ! zj(~x) = xj � i⌧j(~x)

⌧j = �jxj(1� xj)
@F(~x)

@xj

F(~z) = F(~x)� i
X

j

�jxj(1� xj)

✓
@F(~x)

@xj

◆2

� 1

2

X

j,k

⌧j⌧k
@2F(~x)

@xj@xk

+
i

6

X

j,k,l

⌧j⌧k⌧l
@3F(~x)

@xj@xk@xl
+ · · ·

�

Contour deformation

I

c

NY

j=1

dzj I(~z) =

1Z

0

NY

j=1

dxj I(~x) +

Z

�

NY

j=1

dzj I(~z)

xj ! zj(~x) = xj � i⌧j(~x)

⌧j = �jxj(1� xj)
@F(~x)

@xj

F(~z) = F(~x)� i
X

j

�jxj(1� xj)

✓
@F(~x)

@xj

◆2

� 1

2

X

j,k

⌧j⌧k
@2F(~x)

@xj@xk

+
i

6

X

j,k,l

⌧j⌧k⌧l
@3F(~x)

@xj@xk@xl
+ · · ·

�

Deformation parameter:

19

Contour deformation 
Cauchy:

transformation

deformation parameter

expand around always positive

does not spoil sign for     small enough  

Cauchy theorem:

Contour deformation

I

c

NY

j=1

dzj I(~z) =

1Z

0

NY

j=1

dxj I(~x) +

Z

�

NY

j=1

dzj I(~z)

xj ! zj(~x) = xj � i⌧j(~x)

⌧j = �jxj(1� xj)
@F(~x)

@xj

F(~z) = F(~x)� i
X

j

�jxj(1� xj)

✓
@F(~x)

@xj

◆2

� 1

2

X

j,k

⌧j⌧k
@2F(~x)

@xj@xk

+
i

6

X

j,k,l

⌧j⌧k⌧l
@3F(~x)

@xj@xk@xl
+ · · ·

�

6



Standard contour deformation

Transformation:

Contour deformation

I

c

NY

j=1

dzj I(~z) =

1Z

0

NY

j=1

dxj I(~x) +

Z

�

NY

j=1

dzj I(~z)

xj ! zj(~x) = xj � i⌧j(~x)

⌧j = �jxj(1� xj)
@F(~x)

@xj

F(~z) = F(~x)� i
X

j

�jxj(1� xj)

✓
@F(~x)

@xj

◆2

� 1

2

X

j,k

⌧j⌧k
@2F(~x)

@xj@xk

+
i

6

X

j,k,l

⌧j⌧k⌧l
@3F(~x)

@xj@xk@xl
+ · · ·

�

Contour deformation

I

c

NY

j=1

dzj I(~z) =

1Z

0

NY

j=1

dxj I(~x) +

Z

�

NY

j=1

dzj I(~z)

xj ! zj(~x) = xj � i⌧j(~x)

⌧j = �jxj(1� xj)
@F(~x)

@xj

F(~z) = F(~x)� i
X

j

�jxj(1� xj)

✓
@F(~x)

@xj

◆2

� 1

2

X

j,k

⌧j⌧k
@2F(~x)

@xj@xk

+
i

6

X

j,k,l

⌧j⌧k⌧l
@3F(~x)

@xj@xk@xl
+ · · ·

�

Deformation parameter:

Contour deformation

I

c

NY

j=1

dzj I(~z) =

1Z

0

NY

j=1

dxj I(~x) +

Z

�

NY

j=1

dzj I(~z)

xj ! zj(~x) = xj � i⌧j(~x)

⌧j = �jxj(1� xj)
@F(~x)

@xj

F(~z) = F(~x)� i
X

j

�jxj(1� xj)

✓
@F(~x)

@xj

◆2

� 1

2

X

j,k

⌧j⌧k
@2F(~x)

@xj@xk

+
i

6

X

j,k,l

⌧j⌧k⌧l
@3F(~x)

@xj@xk@xl
+ · · ·

�

19

Contour deformation 
Cauchy:

transformation

deformation parameter

expand around always positive

does not spoil sign for     small enough  

Cauchy theorem:

Contour deformation

I

c

NY

j=1

dzj I(~z) =

1Z

0

NY

j=1

dxj I(~x) +

Z

�

NY

j=1

dzj I(~z)

xj ! zj(~x) = xj � i⌧j(~x)

⌧j = �jxj(1� xj)
@F(~x)

@xj

F(~z) = F(~x)� i
X

j

�jxj(1� xj)

✓
@F(~x)

@xj

◆2

� 1

2

X

j,k

⌧j⌧k
@2F(~x)

@xj@xk

+
i

6

X

j,k,l

⌧j⌧k⌧l
@3F(~x)

@xj@xk@xl
+ · · ·

�

6



Standard contour deformation

Transformation:

Contour deformation

I

c

NY

j=1

dzj I(~z) =

1Z

0

NY

j=1

dxj I(~x) +

Z

�

NY

j=1

dzj I(~z)

xj ! zj(~x) = xj � i⌧j(~x)

⌧j = �jxj(1� xj)
@F(~x)

@xj

F(~z) = F(~x)� i
X

j

�jxj(1� xj)

✓
@F(~x)

@xj

◆2

� 1

2

X

j,k

⌧j⌧k
@2F(~x)

@xj@xk

+
i

6

X

j,k,l

⌧j⌧k⌧l
@3F(~x)

@xj@xk@xl
+ · · ·

�

Contour deformation

I

c

NY

j=1

dzj I(~z) =

1Z

0

NY

j=1

dxj I(~x) +

Z

�

NY

j=1

dzj I(~z)

xj ! zj(~x) = xj � i⌧j(~x)

⌧j = �jxj(1� xj)
@F(~x)

@xj

F(~z) = F(~x)� i
X

j

�jxj(1� xj)

✓
@F(~x)

@xj

◆2

� 1

2

X

j,k

⌧j⌧k
@2F(~x)

@xj@xk

+
i

6

X

j,k,l

⌧j⌧k⌧l
@3F(~x)

@xj@xk@xl
+ · · ·

�

Deformation parameter:

Contour deformation

I

c

NY

j=1

dzj I(~z) =

1Z

0

NY

j=1

dxj I(~x) +

Z

�

NY

j=1

dzj I(~z)

xj ! zj(~x) = xj � i⌧j(~x)

⌧j = �jxj(1� xj)
@F(~x)

@xj

F(~z) = F(~x)� i
X

j

�jxj(1� xj)

✓
@F(~x)

@xj

◆2

� 1

2

X

j,k

⌧j⌧k
@2F(~x)

@xj@xk

+
i

6

X

j,k,l

⌧j⌧k⌧l
@3F(~x)

@xj@xk@xl
+ · · ·

�

19

Contour deformation 
Cauchy:

transformation

deformation parameter

expand around always positive

does not spoil sign for     small enough  

Cauchy theorem:

Contour deformation

I

c

NY

j=1

dzj I(~z) =

1Z

0

NY

j=1

dxj I(~x) +

Z

�

NY

j=1

dzj I(~z)

xj ! zj(~x) = xj � i⌧j(~x)

⌧j = �jxj(1� xj)
@F(~x)

@xj

F(~z) = F(~x)� i
X

j

�jxj(1� xj)

✓
@F(~x)

@xj

◆2

� 1

2

X

j,k

⌧j⌧k
@2F(~x)

@xj@xk

+
i

6

X

j,k,l

⌧j⌧k⌧l
@3F(~x)

@xj@xk@xl
+ · · ·

�

always positive

6



Standard contour deformation

Transformation:

Contour deformation

I

c

NY

j=1

dzj I(~z) =

1Z

0

NY

j=1

dxj I(~x) +

Z

�

NY

j=1

dzj I(~z)

xj ! zj(~x) = xj � i⌧j(~x)

⌧j = �jxj(1� xj)
@F(~x)

@xj

F(~z) = F(~x)� i
X

j

�jxj(1� xj)

✓
@F(~x)

@xj

◆2

� 1

2

X

j,k

⌧j⌧k
@2F(~x)

@xj@xk

+
i

6

X

j,k,l

⌧j⌧k⌧l
@3F(~x)

@xj@xk@xl
+ · · ·

�

Contour deformation

I

c

NY

j=1

dzj I(~z) =

1Z

0

NY

j=1

dxj I(~x) +

Z

�

NY

j=1

dzj I(~z)

xj ! zj(~x) = xj � i⌧j(~x)

⌧j = �jxj(1� xj)
@F(~x)

@xj

F(~z) = F(~x)� i
X

j

�jxj(1� xj)

✓
@F(~x)

@xj

◆2

� 1

2

X

j,k

⌧j⌧k
@2F(~x)

@xj@xk

+
i

6

X

j,k,l

⌧j⌧k⌧l
@3F(~x)

@xj@xk@xl
+ · · ·

�

Deformation parameter:

Contour deformation

I

c

NY

j=1

dzj I(~z) =

1Z

0

NY

j=1

dxj I(~x) +

Z

�

NY

j=1

dzj I(~z)

xj ! zj(~x) = xj � i⌧j(~x)

⌧j = �jxj(1� xj)
@F(~x)

@xj

F(~z) = F(~x)� i
X

j

�jxj(1� xj)

✓
@F(~x)

@xj

◆2

� 1

2

X

j,k

⌧j⌧k
@2F(~x)

@xj@xk

+
i

6

X

j,k,l

⌧j⌧k⌧l
@3F(~x)

@xj@xk@xl
+ · · ·

�

Does not spoil sign 
for small enough λ

19

Contour deformation 
Cauchy:

transformation

deformation parameter

expand around always positive

does not spoil sign for     small enough  

Cauchy theorem:

Contour deformation

I

c

NY

j=1

dzj I(~z) =

1Z

0

NY

j=1

dxj I(~x) +

Z

�

NY

j=1

dzj I(~z)

xj ! zj(~x) = xj � i⌧j(~x)

⌧j = �jxj(1� xj)
@F(~x)

@xj

F(~z) = F(~x)� i
X

j

�jxj(1� xj)

✓
@F(~x)

@xj

◆2

� 1

2

X

j,k

⌧j⌧k
@2F(~x)

@xj@xk

+
i

6

X

j,k,l

⌧j⌧k⌧l
@3F(~x)

@xj@xk@xl
+ · · ·

�

always positive

6



Standard contour deformation

Transformation:

Contour deformation

I

c

NY

j=1

dzj I(~z) =

1Z

0

NY

j=1

dxj I(~x) +

Z

�

NY

j=1

dzj I(~z)

xj ! zj(~x) = xj � i⌧j(~x)

⌧j = �jxj(1� xj)
@F(~x)

@xj

F(~z) = F(~x)� i
X

j

�jxj(1� xj)

✓
@F(~x)

@xj

◆2

� 1

2

X

j,k

⌧j⌧k
@2F(~x)

@xj@xk

+
i

6

X

j,k,l

⌧j⌧k⌧l
@3F(~x)

@xj@xk@xl
+ · · ·

�

Contour deformation

I

c

NY

j=1

dzj I(~z) =

1Z

0

NY

j=1

dxj I(~x) +

Z

�

NY

j=1

dzj I(~z)

xj ! zj(~x) = xj � i⌧j(~x)

⌧j = �jxj(1� xj)
@F(~x)

@xj

F(~z) = F(~x)� i
X

j

�jxj(1� xj)

✓
@F(~x)

@xj

◆2

� 1

2

X

j,k

⌧j⌧k
@2F(~x)

@xj@xk

+
i

6

X

j,k,l

⌧j⌧k⌧l
@3F(~x)

@xj@xk@xl
+ · · ·

�

Deformation parameter:

Contour deformation

I

c

NY

j=1

dzj I(~z) =

1Z

0

NY

j=1

dxj I(~x) +

Z

�

NY

j=1

dzj I(~z)

xj ! zj(~x) = xj � i⌧j(~x)

⌧j = �jxj(1� xj)
@F(~x)

@xj

F(~z) = F(~x)� i
X

j

�jxj(1� xj)

✓
@F(~x)

@xj

◆2

� 1

2

X

j,k

⌧j⌧k
@2F(~x)

@xj@xk

+
i

6

X

j,k,l

⌧j⌧k⌧l
@3F(~x)

@xj@xk@xl
+ · · ·

�

Does not spoil sign 
for small enough λ

19

Contour deformation 
Cauchy:

transformation

deformation parameter

expand around always positive

does not spoil sign for     small enough  

Cauchy theorem:

Contour deformation

I

c

NY

j=1

dzj I(~z) =

1Z

0

NY

j=1

dxj I(~x) +

Z

�

NY

j=1

dzj I(~z)

xj ! zj(~x) = xj � i⌧j(~x)

⌧j = �jxj(1� xj)
@F(~x)

@xj

F(~z) = F(~x)� i
X

j

�jxj(1� xj)

✓
@F(~x)

@xj

◆2

� 1

2

X

j,k

⌧j⌧k
@2F(~x)

@xj@xk

+
i

6

X

j,k,l

⌧j⌧k⌧l
@3F(~x)

@xj@xk@xl
+ · · ·

�

always positive

10 5 10 4 10 3 10 2

10 4

10 3

10 2

10 1

100

101

ab
so

lu
te

 in
te

gr
at

io
n 

er
ro

r

6



Λ-Glob algorithm

Complex shift

xj → zj(~x) = xj − iτj(~x),

τj = λjxj(1− xj)
∂F (~x)

∂xj
, ρ(~z(~x)) =
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∂~z(~x)
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I =
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i=1
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ρ(~xi)
= 〈I/ρ〉x

Loss function

L = σ2
I =
〈(I/ρ)2〉x − 〈I/ρ〉2x

N − 1

Note: Making λj → λj(~x) local has negligible e�ects!→ Λ-Glob
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Normalizing flow

Neural importance sampling Gao et al. [2001.05486, 2001.10028], Bothmann et al. [2001.05478]
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Results – Two-loop integrals

Example diagrams
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Figure 1: Feynman diagrams for our four example integrals, which we call pentagon1L,
ladder2L (first line) and triangle2L, elliptic2L (second line). The blue lines denote massive
lines, green lines denote massive or o↵-shell external legs (with a mass di↵erent from m).

Example diagrams

The Feynman diagrams we use to develop and benchmark our approaches are shown in
Figure 1.

The top left diagram is a one-loop pentagon integral as it occurs in the production
of a top quark pair in association with another massive particle and depends on four
independent Mandelstam invariants as well as the top quark mass and the invariant mass
of p5. Analytically it depends on logarithms and dilogarithms of ratios of kinematic
invariants, leading to a complicated branch-cut structure. After Feynman parametrization
the corresponding integral is described by 4 independent Feynman parameters.

The top right diagram is a two-loop box diagram with one massive on-shell leg and
one o↵-shell leg. This diagram is a topology occurring for example in tt̄V production at
two loops, where the boson V is radiated o↵ an external top quark. It is close to the
configuration of a 2-loop gluon ladder diagram where the exchange of gluons between
two top quark lines gives rise to a Coulomb singularity. The analytic expression for this
type of diagram is not known, but it is anticipated that it will contain elliptic functions.
This integral depends on 6 Feynman parameters and is the most complicated example we
consider in terms of dimensionality.

The diagram on the lower left of Figure 1 is a two-loop three-point function with
a massive sub-triangle occurring, for instance, in NLO corrections to Higgs production
in gluon fusion. It is the easiest 2-loop diagram we consider and serves as a stepping
stone towards more complicated 2-loop diagrams. Analytic results for this diagram can
be found in Refs. [49–51]. Depending on 5 Feynman parameters this integral is in between
the previous two examples in terms of dimensionality of the integration.

The diagram on the lower right is a topology occurring in Higgs+jet production in
gluon fusion at two loops. Its analytic expression contains elliptic functions and therefore
is cutting edge for integrals that are currently accessible analytically. It has been calculated
(semi-)analytically in Refs. [52,53] and also served as a benchmark for the development of
the program pySecDec [45], where it is contained in the list of examples. This integral is
5-dimensional, so it has the same number of Feynman parameters as the triangle diagram,
but it depends on four kinematic invariants rather than two.

5

• NLO correction to gg → h

• 5 feynman parameters

• 2 kinematic invariants:
s,m2
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• 5 feynman parameters

• 4 kinematic invariants:
s, t, p24,m
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5-dimensional, so it has the same number of Feynman parameters as the triangle diagram,
but it depends on four kinematic invariants rather than two.
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Figure 1: Feynman diagrams for our four example integrals, which we call pentagon1L,
ladder2L (first line) and triangle2L, elliptic2L (second line). The blue lines denote massive
lines, green lines denote massive or o↵-shell external legs (with a mass di↵erent from m).

Example diagrams

The Feynman diagrams we use to develop and benchmark our approaches are shown in
Figure 1.

The top left diagram is a one-loop pentagon integral as it occurs in the production
of a top quark pair in association with another massive particle and depends on four
independent Mandelstam invariants as well as the top quark mass and the invariant mass
of p5. Analytically it depends on logarithms and dilogarithms of ratios of kinematic
invariants, leading to a complicated branch-cut structure. After Feynman parametrization
the corresponding integral is described by 4 independent Feynman parameters.

The top right diagram is a two-loop box diagram with one massive on-shell leg and
one o↵-shell leg. This diagram is a topology occurring for example in tt̄V production at
two loops, where the boson V is radiated o↵ an external top quark. It is close to the
configuration of a 2-loop gluon ladder diagram where the exchange of gluons between
two top quark lines gives rise to a Coulomb singularity. The analytic expression for this
type of diagram is not known, but it is anticipated that it will contain elliptic functions.
This integral depends on 6 Feynman parameters and is the most complicated example we
consider in terms of dimensionality.

The diagram on the lower left of Figure 1 is a two-loop three-point function with
a massive sub-triangle occurring, for instance, in NLO corrections to Higgs production
in gluon fusion. It is the easiest 2-loop diagram we consider and serves as a stepping
stone towards more complicated 2-loop diagrams. Analytic results for this diagram can
be found in Refs. [49–51]. Depending on 5 Feynman parameters this integral is in between
the previous two examples in terms of dimensionality of the integration.

The diagram on the lower right is a topology occurring in Higgs+jet production in
gluon fusion at two loops. Its analytic expression contains elliptic functions and therefore
is cutting edge for integrals that are currently accessible analytically. It has been calculated
(semi-)analytically in Refs. [52,53] and also served as a benchmark for the development of
the program pySecDec [45], where it is contained in the list of examples. This integral is
5-dimensional, so it has the same number of Feynman parameters as the triangle diagram,
but it depends on four kinematic invariants rather than two.
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Conclusion and Outlook

Summary

• Improved precision of numerical loop integrals!

• Two-step procedure:
(a) Λ-Glob: complex shift
(b) Normalizing Flow: importance sampling reals

Outlook

• Further investigation of more complicated integrals

• Possibly check integrals for which standard pySecDec fails.
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